ORBIT EQUIVALENCE AND OPERATOR ALGEBRAS

NARUTAKA OZAWA

ABSTRACT. This treatise came out of the lecture given by Narutaka Ozawa
at the University of Tokyo during the winter semester 2006-2007. It includes
an elementary theory of orbit equivalence via type II; von Neumann algebras,
Liick’s dimension theory[4] and its application to L2 Betti numbers [3], con-
vergence of the semigroup associated to a derivation and a theorem of Popa
on embeddability of subalgebras.
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1. INTRODUCTION

1.1. Orbit equivalence.

Definition 1. Let Y be a topological space. Let By denote the o-algebra of the
Borel sets of Y. When Y is a separable complete metric space, (Y, By) is said to
be a standard o-algebra.

Remark 1. When X is a standard Borel space, X is either (at most) countable or
isomorphic to the closed interval [0, 1].
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Definition 2. A standard Borel space with a Borel probability measure is said to
be a (standard) probability space. A point z € X of probability space (X, u) is
said to be an atom of (X, ) when pu(x) > 0. A probability space (X, u) is said to
be diffuse when there it has no atom.

Example 1. (Examples of standard probability space)
(1) The infinite product (] ], cy {0, 1}, ®npin) where py, is a probability measure
on {0,1} for each n € N.
(2) When G is a separable compact group, the Haar measure on G makes G
into a standard probability space.

When a probability space (X, ) is given, we obtain a (w*) separable von Neu-
mann algebra L°°(X) and a normal state p on it. When ¢ : (X, u) — (Y, v) is an iso-
morphism of probability spaces, we obtain an isomorphism ¢, : L>(Y) — L*®°(X)
such that po ¢, = v.

Theorem 1. (von Neumann)
(1) When (X,pn) and (Y,v) are diffuse probability spaces, (L*°(X,p),p) =~
(L=(Y,v),v).
(2) For each isomorphism o : L>®(Y) — L*(X) with uo = v, there ezists a
Borel isomorphism ¢ : X — Y such that ¢p.u=v and ¢, = 0.

Proof. (Outline): (1) We may assume that ¥ = [[{0,1}, 1 = ®(%, 1). Since X is
diffuse, we have a decomposition X = Xy [[ X1 with u(Xo) = % We can continue
this as Xo = Xoo [ [ Xo1, #(Xoo) = %, so on. Note that there is a separating family
(Bn)nen in Bx to make the partition by X..... fine enough, which will imply the
desired isomorphism between L>°X and LY.

(2) We assume that Y = [0, 1] here. For each r € QN [0, 1], put £, = o(X[0,r))-
Define ¢ : X — [0,1] by ¢(z) = inf {r : x € E,}. The inverse image ¢—1([0,t)) =
Ur<¢ B, is Borel, which means that ¢ is a Borel map. By o(xo,r)) = @« (X[0,r)) for
r € QNJ0,1], we have 0 = ¢, and ¢.u = Lebesgue measure.

It remains to replace ¢ by a Borel isomorphism. Let (B, )nen be a separating
family of X. For each n, there exists F,, € By such that ¢.xr, = xB,. Thus
N =U,B,A¢~'F, is anull set. On X \ N, z € B,, is equivalent to ¢(x) € F,. If
x and y are distinct points of OV, there exists an integer n such that z € B,, while
y & B,,. Thus ¢(x) # ¢(y) and ¢ is injective on CN. We may assume that N and
Y \ ¢(CN) are uncountable so that N ~ Co(CN). O

Let I' ~ (X, ) be a measure preserving action by a discrete countable group.
(We may assume that it acts by Borel isomorphisms.) Then we consider an action
o~ L®(X, u) preserving the state p.

Definition 3. Two actions I' ~ (X, ) and I' ~ (Y, v) are said to be conjugate
when there exists an probability space isomorphism ¢ : (X,u) — (Y,v) a.e. I'-
equivariant. This is equivalent to the existence of a I'-equivariant state preserving
isomorphism o : L®(Y,v) — L (X, p).

Definition 4. Let I' ~ (X, p) be an action by measure preserving Borel isomor-

phisms. Zr~ (x,u) = {(sz,2) : s € '} is called the orbit equivalence relation.

Definition 5. Two actions I’ ~ (X, ) and A ~ (Y, v) are said to be orbit equiv-
alent when there exists a measure preserving Borel isomorphism ¢ : Y — X such
that Dé(y) = ¢(Ay) for ae. y €Y.
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Definition 6. A partial Borel isomorphism on X is a triple (¢, A, B) where A, B €
Bx and ¢ : A= B is a Borel isomorphism.

Definition 7. A measure preserving standard orbit equivalence is a subset & of
X x X satisfying the following conditions:

(1) Z is a Borel subset in the product space structure.

(2) Z is an equivalence relation.

(3) For each z € X, the class of x is at most countable.

(4) For any partial Borel isomorphism ¢ whose graph is contained in %, ¢ is
measure preserving.

Theorem 2. (Lusin) Let X, Y be standard spaces.

(1) If ¢ : X =Y is Borel and countable-to-one, $(X) is Borel. Moreover there
exists a Borel partition X = [[ X,, such that ¢|x, is a Borel isomorphism
onto ¢(X,).

(2) When Z is a standard orbit equivalence, Z = 4 (¢,,) where ¢y, is a partial
Borel isomorphism for each n.

Lemma 3. Let A be a subset of a standard space X, ¢ a mapping of A into X. ¢
and A are Borel if and only if the graph 9 (¢) = {(¢px,xz) : © € A} of ¢ is Borel in
X xX.

Proof. < is a consequence of Lusin’s theorem.
=: Let (Bn)neN be a separating family of X. y 7$ ¢(x) is equivalent to (y,z) €
Un(CBy) x 61 (By). Thus 9(6) = C(UCB,) x 6~ (B). 0

1.2. Preliminaries on von Neumann algebra. Let A be a x-subalgebra of
B(H). (A will generate a von Neumann algebra M of our interest.) In the fol-
lowing A is often assumed to admit a cyclic tracial vector &, € H, i.e. ||| = 1,
AE; is dense in H, and that the vector state 7(a) = (a&;,&;) is tracial.

Remark 2. A state 7 is tracial means that two sesquilinear forms 7(ab*) and 7(b*a)
agree. To check this, it is enough to show 7(aa*) = 7(a*a) by polarization. Under
the assumption above &, becomes a separating vector for A”. Indeed, a&; = 0
implies 7(bc*a) = 0 for b, ¢ € A, which means 7(c*ab) = 0 and in turn (aH, H) = 0.

Notation. Put @ = a&, so that (a,b) = 7(ab*).

Remark 3. We have a conjugate linear map J : H — H defined by a — a*. Then
we have JaJb = ba* which implies JAJ C" and JA”J C A’. On the other hand,
x € A’ and a € A imply

(Jx&r,a&r) = (Ja&r, x&r) = (a"&r, 2r) = (2767, ar),

ie. Jx& = x*&;, thence &, is a cyclic tracial vector for A’. The J-operator for
(A, &;) is exactly equal to the original J. Doing the same argument as above, we
obtain JA'J C A”.

Theorem 4. The map A” — A’,a — JaJ is a conjugate linear *-algebra antiiso-
morphism.
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1.3. Crossed products. Let I' ~ (X, u) be a probability space with a measure
preserving action of a group I'. Let s be an element of I'' When f is a complex
Borel function defined on X, put as(f) : @ +— f(s~'z). This induces a u-preserving
x-automorphism on L (X).

On the other hand, we get a unitary representation 7 : I' ~ L?(X, i) given by
nsf = asf for f € L?(X). Note that 7, fr* = as(f) for s € T and f € L>=(X).

With the regular representation A : I' ~ B(¢3I"), the von Neumann algebra
L>®(X) xT on L?(X) ® £, is generated by the operators m ® A(s) for s € I' and
f®1for fe L>*(X) is called the crossed product of L*(X) by «.

Let A denote {> g 0 fs ®1-m® A(s)} C L>(X) x T'. By abuse of notation, in
the following f stands for f ® 1 and A(s) for 7 ® A(s). Now & =1 ® . is a cyclic
tracial vector for A. Indeed, 7(fA(s)) = ¢ sp(f) implies

T(fA(s)gA()) = bst.efrs(g) = Ors,cn(f)g = T(gA(E) FA(3))-

Note that the above expressions are nonzero only if s = ¢~ 1.

Let V denote the isometry L?(X) — L*(X) ® £, f — f ® d.. Then the
contraction £ : L®(X) x T' — B(L*(X)), a — V*aV has image L>°(X), i.e. E is
a conditional expectation onto L>°(X). Note that 7 = po E.

1.4. von Neumann algebra from orbit equivalence. Let &% be a standard
orbit equivalence on X. Hence it is a countable disjoint union [[, ¥ (¢,) of the
graphs of partial isometries. We may assume that ¢9 = Idx. We will define a
“Borel probability measure” on Z.

Observe that when f: # — Cis Borel, X — C,z — > f(y,2) =3_, f(¢nz, )
is also Borel. Define a measure v on Z by [&dv = [ >, &y, z)dp(x) for each Borel
function ¢ : Z — C. Thus when B is a Borel subset of %Z, v(B) = [|n; (z) N
B|du(z) for the second projection 7, : Z — X, (y,x) — .

We get a pseudogroup [#] of %, defined to be the set

{¢ : partial Borel isomorphism, ¥(¢) C Z}.

Thus, Id4 € [#] for any Borel set A C X, ¢ € [#] implies ¢! € [Z], and the
composition ¢ o of ¢ and 1 is defined when dom(¢) contains the image of .

For ¢ € [#], define vy € B(L*(Z,v)) by vsé(y,x) = &(¢~ 'y, z). Thus vevy
Vgoy. On the other hand, {xg(s) : ¢ € [#Z]} is total in L*(Z,v) and vyxgy =
X% pwy- Moreover, we have

(VoXzy, Xw0) = /g(éfnﬁ) NG (0)dv = p{z : ¢z =0z} = (Xgp, vy-1X50),
which implies v} = vg-1.

Definition 8. The von Neumann algebra vN(Z) generated by {vg : ¢ € [Z]} i
called the von Neumann algebra of Z.

—
»n

§r = X@(1dx) 18 a cyclic tracial vector: in fact,

T(vgy) = p({z = po(x) = x})
ly vy =y}) (y=0""2)
= T(0yp)-
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Note that L>X C vNZ “in the diagonal,” subject to the relation vy f = (fog™!)vg.
We have a conditional expectation F : VNZ — L* X, a — V*aV implemented by
the “diagonal inclusion” isometry V : L2X — L2%. We have E(vg) = X{z: pwez}-

2. ELEMENTARY THEORY OF ORBIT EQUIVALENCE

2.1. Essentially free action. Suppose we are given an action I' ~ (X, ). Then
we get two inclusions of von Neumann algebras:

(1) L>=(X) C L*®(X) x T in B(L?X ® £,1).

(2) L®(X) C WN(Zr~(x,u)) in B(L2Z).
In general these are different, e.g. when the action is trivial.

Definition 9. An action I' ~ (X, u) is said to be essentially free when Vs €
P\ {e}u({z : st ==x})=0.

Theorem 5. When the action is essentially free, the above two inclusions of von
Neumann algebras are equal.

Remark 4. Jug = vg-1 implies JE(z,y) = £(y, x).

Proof of the theorem. Identification of the representation Hilbert spaces is given by
U:L*X @I — LQ%, gR — g - X9 (t)- When s = ¢, fX%(s) = gX9(t) by the
essential freeness assumption. Now,

U vsU(g ® 6t) = U as(g)vsxeg @) = Uras(g)Xg(st) = as(g) @ Ost-
This shows U*v,U = m ® A(s). On the other hand, U* fU = f ® 1 is trivial. O

Definition 10. Let A C M be a von Neumann subalgebra (in the following A is
often assumed to be commutative). N(A) = {u € U(M) : uAu* = A} is called the
normalizer of A. NP(A) = {v € M : partial isometry, v*v, vv* € A, vAv* = Avv*}
is called the partial normalizer (?) of A.

Lemma 6. For any v € NP(A), there exit u € N(A) and e € Proj(A) such that
v = ue. For any ¢~€ [%], there exists a Borel isomorphism ¢ whose graph is
contained in # and Plaom ¢ = ¢-

Proof. We prove the second assertion. Put E = dom¢ and F' = ran¢. When
w(EAF) = 0, there is nothing to do. When u(EAF) # 0, 3k > 0 such that ¢*(E'\
F)N(F\E) is non-null. If not, ¢*(E\ F) C FNC(F\E) = FNE C E up to a null
set and ¢**1 can be defined a.e. on E '\ F. Thus we get a sequence (¢*(E\ F))xen
of subsets with nonzero measure. For any pair m < n, ¢"(E\) N ¢"(E\) is equal
to ¢™(¢" "™ (E\ F)N (E\ F)) which is null. This contradicts to pu(X) = 1.

Now, put ¢; = d)]_[(gb’k|¢k(E\F)m(F\E)). Use the maximality argument (Zorn’s
lemma) to obtain a globally defined Borel isomorphism. O

2.2. Inclusion of von Neumann algebras.

Definition 11. Let M C N be an inclusion of von Neumann algebras. £ : N — M

is said to be a conditional expectation when F is a unital completely positive map
satisfying E(azb) = aE(z)b for a,b € M and z € N.

Fact. When N is finite with a faithful tracial state 7, there exists a unique con-
ditional expectation E that preserves 7. Then we obtain an orthogonal projection
ea : L2N — ME. ~ L>M extending F.
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Remark 5. (Martingale) If we are given Ny C Ny C --- C M with N = V,;N;
or M D Ny D Ny D --- with N = N;NN;, together with conditional expectations
E,: M — N,and E: M — N, e, — e in the strong operator topology implies
|E@) — Bu(@)]l, — 0.

For example, let A C M be a finite dimensional commutative subalgebra, e;
(1 < i < n) the minimal projections of A. Then Exnn(z) = D1, e;ze;. If we
have a sequence A; C Ay C -+ C M of finite dimensional commutative subalgebras
and A = VA;, we have Ear ny — Eany. The latter is equal to E4 if and only if
A is a maximal abelian subalgebra.

Definition 12. A C M is said to be a Cartan subalgebra of M when A is a
maximal abelian subalgebra and N'(A)” = M. (Then we also have M = NP(A)")

Theorem 7. L>*X C vNZ is a Cartan subalgebra.

Proof. Since the generators v, are in N(A), it is enough to show that L>*X is
maximal abelian in vNZ. Recall that Z = [[ ¥4 (¢,) with ¢y = Idx. Then let a be
an element of the relative commutant of L*°X. G can be written as ) fuXw(e,)-
By assumption fa = af for any f € L>°X. Thus,

Fa=>"ffaXan), af =JfJa= foo faxu(s,)-

Hence ff, = f o ¢, fn for any n and any f, which implies f,, = 0 except for
n = 0. ]

Definition 13. Z is said to be ergodic when any Z-invariant Borel subset of X is
either of measure 0 or 1. An action I' ~ (X, ) is said to be ergodic when %Zr x
is ergodic.

Corollary 8. vNZ is a factor if and only if Z is ergodic.
Proof. The Cartan subalgebra L°°X contains the center of vNZ. O

Put A = L>®°X, M = vNZ. Let v € NP(A) be given. The projections v*v
and vv* of A are respectively denoted by xg and yg for Borel sets E, F C X.
The map L*FE — L>®°F, f — vfv*e is a *-isomorphism. Thus there exists a
Borel isomorphism ¢, : E — F such that vfv* = fo¢,'. (v = ovy, for some
o €U(L>®F).)

Theorem 9. AV JAJ = L¥% and vév* = £(¢; 1 (y), z) v-a.e. for any v € NP(A)

v

and any x € L°°(#). In particular, ¢, € [Z] up to a null set.

Proof. fJgJ € L*™ for f,g € A: indeed, fJgJ is the multiplication by the function
f(y)g(x) on 2.
vfJgJv* =vfv*Jg] = fod, JgJ (JMJ =M.

Hence vév*(y,x) = v(¢, ty,x) for £ € AV JAJ. It remains to show X«(1dx) €
AV JAJ. Because, if this is satisfied, we would have xg(4,) = VX»1a)v" € L*Z.

Take an increasing sequence A; C Ay C --- of finite dimensional algebras with
A = VAg. The conditional expectation F,, : M — A,, is equal to Zk eén)Je,(cn)J (as
an operator on L?) for the minimal projections (egcn))k of A,. Now, E,, converges
to the conditional expectation E 4 onto A in the strong operator topology, which is
equal to the multiplication by x¢ay). Hence xguq) € AV JAJ. O
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Remark 6. (2-cocycle) Suppose we are given a map o4y : ran(¢y) — T for each
pair ¢, € [[%]], satisfying OppOdap,0 = (Jw,g o Q571)0'¢7¢9. Then ’U:;’U:Z = O’¢7¢’Ugw
determines an associative product on C[#Z] with a trace 7. The GNS representation
gives an inclusion L*X C vN(Z, o) C B(L>#) of von Neumann algebras.

Fact. Any Cartan subalgebra of vN(Z, o) is isomorphic to L>X.

Theorem 10. Let #Z (resp. /) be an orbit equivalence on X (resp. Y ), F: X =Y
a measure preserving Borel isomorphism. The induced isomorphism F, : L*X —
L>®Y can be extended to a normal x-homomorphism vNZ — vN.%7 if and only if
F# C .7 up to a v-null set.

Proof. For simplicity we identify Y with X by means of F. If [Z] C [], the
required homomorphism is induced by the isometry L2%# — L2.%. Conversely, if
7w : VNZ — vN.7 is an extension of Fy, for any ¢ € [#] we have

m(vg)m(f)m(vg)* =m(fog™!) = foo™t,
which implies 7(vy) = ogvg4 for some o, € LX. O
Let M be a finite von Neumann algebra with trace 7, identified to a subalgebra of
B(L?>M). Suppose A is a von Neumann subalgebra of M. Let e4 be the projection
onto the span of A¢, and put (M, A) = (M U{ea})”. Note that eqx&, = E4(x)&;.
For any x € M and & € LA,

—

o —_—
eaxd = epxa = Ea(xa) = Ex(x)a

which implies eqzes = Ea(x)es. Moreover, e4 € A’ implies

(M, A) = {ijeij +2z:xj,y,% € M}

wop

Now,
eadzJeqi = eqax* = E(ax*) = aEs(z*) = JE(x)Ja
implies (M, A) = M' N {ea} = JAJ, consequently (M, A) = (JAJ)'. Note that
when A is commutative, esJa.J = a*ee.
We have the “canonical trace”: Tr: (M, A) 3 Y. x;eay; — 7(D_,; x;y;) which is
a priori unbounded. Still, Tr is normal semifinite, and its trace property is verified
as follows:

HZ L€AY

2
o Tr(> yreazizjeay;) = Y m(yi Ealz}a;)y;)

= 2 T(Ealysy) Balwiz;)) = lyieaz] |30
Suppose A C M is Cartan. Put A = {4, JAJ}" C (M, A) and consider Tr| ;.

Example 2. A=L®X, M =VvN%. Then A = L%, es = xa and Tr = [ dv on
L>®Z. Indeed,

Te(fea) = 7(f) = /A fdu = / fdv (f € LX)
implies

Tr(ufeAu*):Tr(feA):/Afdﬂ:/ufeAu*dV (f e L*X,u e N(A)).
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Remark 7. When A C M is Cartan and p € Proj(A), A, C pMp is also Cartan
since N7y p, (Ap)pNp, (A)p.

Example 3. When Y C X, the restricted equivalence Z|y =Y x Y NZ gives
VN%|Y = pyVNg%y.

Exercise 1. Show that when A is a Cartan subalgebra of a factor M, 7p; = 7ps
for p1,p2 € Proj(A) implies the existence of v € NP(A) such that p; ~ py via v.
This implies that given an ergodic relation % on X, subsets Y; and Y3 of X with
the same measure, one would obtain (Ap,, C My, ) ~ (Ap,, C M,,, ) via v.

2.3. Theorem of Connes-Ferdman-Weiss.

Definition 14. A discrete group I' is said to be amenable when ¢,,I' has an in-
variant state.

Example 4. Commutative groups, or more generally solvable groups are amenable.
Countable union of amenable groups are again amenable.

Definition 15. A cartan subalgebra A C M is said to be amenable when there
exists a state m : A — C invariant under the adjoint action of N'(A). An orbit
equivalence Z on X is said to be amenable when L>°X C vN&Z is amenable.

Remark 8. Let ' ~ X be an measure preserving essentially free action. Since I is
assumed to be discrete, #Z can be identified to I' x X and invariant measure on %
is nothing but a product measure on I' x X of an invariant measure on I" times an
arbitrary measure on X. Thus, #Z is amenable if and only if I" is amenable.

Definition 16. A von Neumann algebra M is said to be injective when there exists
a conditional expectation ® : BH — M.

Fact. The above condition is independent of the choice of the faithfull represen-
tation M — B(H). Moreover, M is injective if and only if it is AFD.

Theorem 11. (Connes-Ferdman-Weiss [2]) Let M be a factor with separable pre-
dual, A a Cartan subalgebra of M. The following conditions are equivalent:

(1) The pair A C M is amenable.

(2) This pair is AFD in the sense that for any finite subset F of N(A) and a
positive real number € > 0, there exists a finite dimensional subalgebra B
of M such that

e B has a matriz unit consisting of elements of NP A.
o |[v—Ep()| <e€ foranyve . Z.

(3) (A, M) is isomorphic to (D,@MC where D = @Ds for the diagonal sub-
algebra Dy C Ms. (Note that NP(D) essentially consists of the “matriz
units” of Mo~ = QMsy.)

(4) M is injective.

Lemma 12. In the assertion of (2), B may be assumed to be isomorphic to My~
for some N.

Proof of the lemma. Perturbing a bit, we may assume T(ez(;l)) € 27VN for large

enough N where (e%i))d,lgi,jgnd is a matrix unit of B = ®4M,,. By taking a

partition if necessary, we may assume that T(el(-f ) = 2N for any d and ¢. Then,

since M is a factor, we have egf) ~ e%) in M for any d, f,i and J. This means B
is contained in a subalgebra of M which is isomorphic to Myw. ([l
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Proof of (2) = (3): Note that there is a total (with respect to the 2-norm)
sequence (vg)reny C NP(A). We are going to construct an increasing sequence of
subalgebras (By,) in M with compatible matrix units (eg?)iﬁj satisfying By ~ My,

and ||Ep, (v;) — vl < 1 for I < k. Suppose we have constructed By, ..., By. Now

apply the assertion of (2) to the finite set F#' = {egfi)vleifcf}, we obtain a matrix
. k

units (fi;),; such that Y fi; = egl) and

1
(| Espans;; () — || < DR+ 1)

where n(k) denotes the size of By. By the assumption that A is a maximal abelian
subalgebra of M, the projections of NP(A) are actually contained in A. Thus
we obtain the inclusion D C A (hence, the equality between them) under the
identification M ~ QM.

Proof of (3) = (4): By assumption M = (UB,,)” where B,, are finite dimensional
subalgebras of M, M' = (UJB,J)". Let ®,, denote the conditional expectation of
B(H) onto (JB,J)": ®,(x) = fM(JBnJ) uzru*du where du denotes the normalized
Haar measure on the compact group U (J B, J). For each z, the sequence (|| @, (x)||)n
is bounded above by ||z||. Thus we can take a Banach limit ®(x) of (®,,(x)),, which
defines a conditional expectation of B(H) onto N, (JB,J) = (UJB,J) = M.

Proof of (4) = (1): Put H = L?M and let ® be a conditional expectation
of B(H) onto M. Then 7® is an AdU(M)-invariant state on B(H) . N(A) is
obviously contained in U(M) and so is A in B(H).

Remark 9. When A C M is an amenable Cartan subalgebra and e is a projection
in A, A. C M, is also amenable.

We are going to complete the proof of Theorem 11 by showing (1) = (2).

Lemma 13. Let ¢ be a measure preserving partial Borel isomorphism on X and
let Eq denote the fized point set X? = {x € dom¢ : ¢x = x}. There exist Borel
sets By, B, By of X satisfying X = H0§i§3 E; and ¢F; N E; is null for i > 0.

Proof. Take E; to be a Borel set with a maximal measure satisfying ¢Fy N E; = ().
Put By = ¢FE;. Then ¢F; N E — 2 = () by the injectivity of ¢. Finally, put
FEs = E(UogiggEi). Then ¢E3 N E3 is null by the maximality of Fj. O

Corollary 14. For any finite set F of NP(A), there exists projections qi, ..., qm
of A (m = 4171) satisfying 3" qx = 1 and that qrvqy is either 0 or in U(A,,) for
any v € F.

Lemma 15. (Dye) For any finite subset F C N(A) and € > 0, there exists a € A,
with Tr(a) = 1 and 3, 5 [uau —ally g < €. (ol 2y = Tr(l2])

Proof. Let m : A — C be an Ad N (A)-invariant state. Since L' is w*-dense in
(L°°)*, there exists a net a; € Ay satisfying Tr(a;) = 1 and Tr(a;x) — m(z) for
any x € A. Then

Tr((uau* — a;)x) = Tr(a;u*zu) — Tr(a;x) — m(u*zu) —m(z) =0
for any u € N(A) and z € A. The element ua;u* — a; is weakly convergent to

0. By Hahn-Banach’s theorem, taking the convex combination, we may assume
[|ua;u* — aill; m, — 0 for each u € N'(A). O
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Lemma 16. (Namioka) Let %, € be as above. There exists a projection p of A
L . 2 2
satisfying Tr(p) < oo and 3, ¢ 7 [lupu* — pll5 1, < €l|pll5 1y

Proof. Let a € A.,r be an element given by Lemma 15. For each r > 0 put P, =
X(r,00)(@). We have

[ee}

o0
e — wlly = / luPo* = Pl pedr 1= Jlally g = / 1Pl gy -

Hence

/0 S JuPoa — Byl gy dr < € / 1Py e

u€F
Thus there exists 7 such that p = P, satisfies ) |lupu™ — p||; 1. < €||p|l; .- Since
the summands are differences of projections, thus [[—||, 1, is approximately equal

2
to 1=l m- U

Lemma 17. (Local AFD approzimation by Popa) Let F, € be as above. There
exists a finite dimensional subalgebra B C M with matriz units in NP(A), satis-
fying || EB(eue) — (u — eJ-ueJ-)Hg <€ ||e||§ for every u € F, where e denotes the
multiplicative unit of B and Ep the conditional expectation eMe — B.

Proof. We may assume 1 € #. Take p € ;1+ as in Lemma 16. Since Trp < oo, we
may assume that p can be written as Y ., v;eav} for v; € N?(A). By Corollary
14, there exist projections (gx)r in A with Y gx = 1 and each gzv}uv;qs is either
0 or is in U(Agqy) for 1 < 4,7 < n,u € F#. Taking finer partition if necessary, we
deduce that dist(grv;uv;qi, Car) < \/6/7 Thus

* 2 * 2 2 2
SN lupu® = p)aed|ls g =D lupu* = plls 1 < ellplm = Y IpTarT |5 7 -
k uesF ueq k

Hence for some k, q = g, satisfies 3 ||(upu* — p)JqJ||> < €|lpJqJ||*. By pJqJ =
Yo vieaJqJvl =) vigeavy, replacing v; by v;q, we may assume v;v; = J; jq and
pJqJ = p. (Note that p = > v;eqv] is a projection, which means that tge v; are
mutually orthogonal.) Thus we obtain 3" [upu* — p||*> < €||p||?, each viuvy € Ay is
close to a constant z;; by \/6/7717 and (v;); is a matrix unit in A,. Put e = > v;v}.
Thus,

912 0, = Te(3 " vreavs) = tau(S vior) = el
Consequently,
[lupu* _p||§,Tr =2Trp — 2Tr(upu*p) = 27(e) — 2Tr(z uveAV; U V€ AV;)
=27(e) — 27’(2 uvv; utvv;) = 27(e) — 27 (ueue)
~ ueu” — ],
Hence ), & |lue — equ < eHeHg. Now eue = ) vjvjuvvi & ) zijviv] ~ € llell?

j
in H—||§T Hence

2 2 2 2
leue — Ep(eue)|s, <cllells,  [[Er(eue) — (u—etue)|l, < 2¢lle]f; -
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When we have a family (B;) of mutually orthogonal finite dimensional algebras sat-

isfying the assertion of the lemma, e = _ 1, satisfies | Egp, (eue) — (u — et ue') H; <
) ;

2 ell2. O

Lemma 18. In the notation of Lemma 17, e = 1.

Proof. Otherwise we can apply Lemma 17 to A,. C M,. and .F' = e-Fet, to
obtain a finite dimensional algebra By C M,. satisfying the assertion of Lemma
17. Use the Pythagorean equality. (I

Proof of (1) = (2): Take By,..., B, satisfying [|> lBi||§ >1—¢€ Put B=
@®;B; ®C(>_1p,)*. Then we have |[Ep(u) — u||g < 3e for u € F. O

3. L?-BETTI NUMBERS

3.1. Introduction. Let Q, X be sets. Put (2, X) denote the set of the mappings
of Q into X. Let I' be a discrete group. Let A denote the left regular representation
of I on />I". We have the “standard complex” of right I' modules

0—> £l —2 > F(T, 6,T) — 25 §(I2,0,T) —> - --

Let H;(T',¢5T") denote the ith (co)homology group of this complex. Note that this
complex is a complex of RI" modules. The space of 1-cocycles

Zy = {be (D, 6T) : b(st) = b(s) + A(s)b(t)}

is identified with the space of derivations from I' to ¢5I" with respect to the trivial
right action. When b € Z; the map

. < )\E)s) b(ls) >
of T' into B({2I" @ C) becomes multiplicative. On the other hand the space of
1-boundaries

By ={beF[,LT) : 3f € lT,b(s) = A(s)f — f}
is identified with the space of the inner derivations. Note that for any b € Z;, there
is a function f € F(T',C) such that b(s) = A(s)f — f if we do not require the square
summability of f. Indeed, a vector system (b(s))ser is a derivation if and only if
we have (b(s),d0;) = (b(st) — b(t),d.) for any s,¢ € I', and in such a case we may
put f(s) = (b(s),ds) to obtain b(s) = A(s)f — f.

Remark 10. The 0-th homology grouop Hy = Z; is the space of the I-invariant
vectors in /o', Thus this becomes 0-module when the group is infinite.

In the following we assume that the group I' admits a finite generating set ..
Let DI" denote the space Z; of the derivations, Inn DI" the space By of the inner
derivations. Let €% denote the mapping b — (b(s))se.» of DI" into @ o5, This
is an injective RI’-module map. Note that the range of &5 is closed. Indeed,
(f(s))se.# is in ran O if and only if

F(s1) +A(s1)f(s2) + -+ Als1 -+ 8n-1)f(80) = 0

holds for each relation s; - - - s, = e among elements of .%.
A sequence (fp)nen of unit vectors is said to be an approximate kernel of
the restriction 0|1 pr when A(s)f, — fn tends to zero (in norm) for any s €
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7. O|mnpr has an approximate kernel if and only if T' is amenable. Thus
O »(Inn DT) is closed if and only if T' is finite or non-amenable.

Let P, @ denote the orthogonal projections onto € (DI') and & (Inn DT).
These commute with the diagonal action of R[ on &« /5I", i.e. P,Q € MyLI.
We can measure them by the trace 7 = Tr®7. The first Betti number ﬂ%z) =
dim| r H (T, £3) is equal to the difference 7(P) — 7(Q).

Example 5. When T is a finite group, 562) = ﬁ while 57?2) =0 for 0 < i because

any CI' module is projective. On the other hand when I' is equal to the free
group F,, generated by a set . consisting of n elements, ran 0y = @ #lI" and
ﬁf) =n-—1

We omit the injection ¢ and identify DI' with a subspace of @ /¢sI". Thus
0% : loT — F(T, £oT) factors through @ o lol" and 9V : £oT — @ ol is written as
f = ()\(S)f - f)sey'

Let 652) i @b’ — LoI' denote the adjoint of 0. Thus 552) is expressed as
(&s)ser — > ser(A(s™h) —1)& and the orthogonal complement of ker 652) is equal
to the closure of ran @ = Inn DI

Proposition 19. When we identify CI" with the space of vectors with finite support
in €T, we have DI = (ker e§2) N®»Cr)*.

Proof. The space CT" has §(I",C) as its algebraic dual. A vector system b € ® o0y
is in DT if and only if there is an f € F(I',C) such that b(s) = A(s)f — f. The
latter implies

v € ker et N @, CL, (,0) = Y (€(5),b(s)) = D _((A(s™") = 1)E(s), f) = 0.

S S

Conversely, when (b(s))se.s is orthogonal to ker 652) N & .~Cr, the functional (b, —)
on ®.»CI is induced by a functional f on the kernel of the map CI" — C. This f
can be extended to a linear map on the whole CT", and we have b(s) = A(s)f — f,
ie. be DI U

Remark 11. The i-th cohomology group H*(T,/¢,I') is dimension isomorphic to
Tort" (C, 6,T). This is seen by considering the exact functors E — E* on the
category of LI-modules and that of LI'-bimodules, where E* denotes the dual
module of the weak closure of E. We have functors (A,B) — A ®cr B and
(A, B) — Homgcr(A4, B) of CI'-mod x LI-bimod into LT-mod. Then the functor
equivalence (A ®cr B)* ~ Homcr(A, B*) up to dimension implies the dimension
equivalence between the derived functors Tor,(A, B)* ~ Ext”(A, B*). The case
A = C and B = /5" describes the desired isomorphism.

For example, we have a flat resolution P. of the trivial I'-module C with Py = CT"
and P; = CT' ®¢C., with di(a®b) = ab—a. The first torsion group TortT (6T, C)

is by definition the quotient ker(idy,r ® dy)/lel’ ® kerd;. Now idp,r ® d = 6§2)

implies ker(idy,r ® di) = Inn DT while /I’ ® kerd; = ker 6&2) N &« CI' implies
621—‘ ® ker d1 = DFJ‘

3.2. Operators affiliated to a type II; algebra. Let (M,7) be a finite von
Neumann algebra with a faithful normal tracial state (7 is unique if M is a factor),
L?M the induced Hilbert M-M module. For each n € N put ¥ = 7 ® Tr on
M@ M, C~ M, M.
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Definition 17. Let H be a left Hilbert module over M. A densely defined closed
operator T on H is said to be affiliated to M, written as T' ~ M, when we have
uT = Tu for any u € U(M'). Here the equality entails the agreement of the
domains, i.e. udomT = domT.

Remark 12. An operator T is affiliated to M if and only if for the polar decompo-
sition T' = v|T| the partial isometry v and the spectral projections of |T'| are in M.
Note that in such cases 7 takes the same value on the left support I(T') = vv* of T
and the right support r(T') = v*v.

We consider the case H = L?2M. Suppose T ~ M. It is said to be square
integrable when 1 € dom 7. This condition is equivalent to

(|T)?) = |IT1)* = /thT(E) < oo

for the spectral measure T = [¢dE of T. For each £ € L?M let L¢ denote the
unbounded operator defined by dom Lg = M c L2M and Lix = Ex.

Proposition 20. The operator Lgxz is closable and its closure L¢ is affiliated to
M. Moreover we have Ly = Lye. If T is affiliated to M and square integrable,
T =Lps.

Proof. We show the inclusion L5, C (Lg)*. For any elements z,y € M,

(Lew, g) = (Ex,y) = (J5, J (Ex)) = (ly*, & JE) = (&, (JE)y)-
On the other hand, when u € UZ)y, uLlg = L{u implies uLg = Leu.

Next we show the inclusion (L¢)* C Lje. Let n € dom(Lg)*. Consider the polar
decomposition Lje = v|Lje| and the spectral decomposition |Lye| = [;° Adex.
Then e v*Lje = ex|Lje| is bounded (i.e. is in M, ) for any A. By definition,
Lye(yl) = (J&)y for y € M. Hence e)\U*Ljf(yi),\ = exv*((JEy) = (eaxv*JE)y.
Putting y = 1, we obtain exv*L ¢l = exv*JE € M.1 for any A > 0.

Thus, by definition of (L¢)*, we have

((Le)*n, (exv*)"yl) = (. Le(exv*) yl) = (n. &(exv*)"y) = (n, Jy* (exv*) JE)
= (n, Jy*exv*Lyel) (by using above)
= (1, (exv*Le)*y1).

Hence exv*(Lg)*n = exv*Ljen = |L je|ean for any A > 0. By letting A — oo, exn —
n and |Ljelean — v*(Le¢)*n. Since |Lje| is a closed operator, nn € dom(|Lj¢|) =
dom(Ly¢). Hence (L¢)* C Lye and |Lye| = v*(Le)*.

Finally, let us prove the last part. Let T ~ M with the polar decomposition
v|T| = T. Note that v* = 1v* € domT, 1 € domT*, T*1 = |T|v*. Put £ = T1,n =
T*1. Since T ~ M, Lg C T, L; C T* and we obtain L¢ C T C Ly, O

3.3. Projective modules over a finite von Neumann algebra. Let m,n €
N. We have an isomorphism Mor(M®™ M®") = M,, ,(M) by multiplication of
matrices on column vectors.

Definition 18. An left M-module V' is said to be finitely generated projective
module when it is a projective object in the category of the M-modules and has a
finite set generating itself.



14 NARUTAKA OZAWA
Remark 13. Any finitely projective M module is isomorphic to some M®™ P for
a natural number m and an idempotent matrix P in M,,M.

Lemma 21. In the above we may replace P with an orthogonal projection P* = P
without changing the value of 7(P).

Proof. Let Py be the right support of P. P(P — Py) = 0 implies Py(P — Fy) = 0.
Thus S = Id +(P — P) is invertible. With respect to the orthogonal decomposition
Id = Py @ Pg-, these operators are expressed as

Id 0 Id 0 Id 0
PO_(O 0)’ P‘(? 0)’ S‘(? Id)'
The operator SPy = SPyS~! is Hermitian. O

Remark 14. When M®™P and M®"(Q are isomorphic, 7(P) = 7(Q).

Definition 19. For each finitely projective M-module V isomorphic to M®™P
where P is a orthogonal projection in M,, M, dimy; V — 7(P) is called the 7-
dimension

Lemma 22. Let V be a submodule of M®". When V is closed M®" with respect
to the L*-norm (V is weakly closed), V is finitely generated and projective.

Proof. The L? completion VII'l2 ¢ L2M®™ is written as L2M® P for an orthogonal
projection P. Then V is equal to M®"P. O

Lemma 23. For each T € Mor(M®™ M®™) its kernel and range are finitely
generated projective modules.

Proof. Obviously the kernel of T' is weakly closed in M®™. On the other hand for
the projection P such that kerT = M®™P, T induces an isomorphism MP+ —
ranT'. (Il

Remark 15. When a submodule V' C M®™ is finitely generated, V is projective.
In fact, V.= M®™A for some A € M, ,,(M). Thus we have

V o M®"(A) =~ M®™"r(A) ~ V.
Hence dim; V = dimy, V.

Remark 16. If W C V are finitely generated projective modules, dimy, W <

Definition 20. Let V be an M-module. Put
dimp, V =sup {dimy, W : W C V,W is projective} € [0, x0].

Remark 17. Note that the above definition of dimj,; is compatible with the pre-
vious one for finitely generated projective modules. In general, W C V implies
dimy; W < dimp, V and (‘/i)iel TV (V = Uiel‘/z‘) implies dimy; V' = lim; dimp; V.

Theorem 24. (Liick [4]) When

0—=Vo——=Vi ">V, —=0

is exact, we have dimy; Vi = dimpys Vy + dimp, Vs.
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Proof. When W C V, is finitely generated and projective, 7~'W is identified to
W @ Vy. Hence dimV; > dim Vy + dim V,. Conversely, let W C V; be finitely
generated projective. The weak closure (Vo N W is closed in a finite free module,
hence is projective. From the sequence (Vo "W — W — W/iVy N W, we have
dim W = dim Vo N W + dim W/Vy N W. Note that there is a natural surjection
W/iVo N W — W/iVoNW. By the first part of the argument this implies the
dimension inequality dim:Vo N W < dim:Vo N W. On the other hand W/.Vo N W
is identified to a submodule of V5. O

Corollary 25. Let V be a finitely generated M -module. We have a decomposition
V =V, ®V, where V, is projective and dimV = dimV,,. (Hence dimV; =0.)

Proof. We have a surjection T : M®™ — V. Note that ker T may not be closed
since we have no matrix presentation of 7. Nonetheless, V' ~ M®™ /ker T and the
next lemma imply that Vj, = M®™ /ker T satisfies

dimV =m —dimkerT = m — dimker T' = dim V},. O

Lemma 26. Let W be a subset of a finite free module M®™. We have dim W =
dim .

Proof. Put L={A € M,,M : M® A C W}. This is a left ideal of M,, M. We get
a right approximate identity A; of L. For the orthogonal projection P such that
W = M®™P, the right support r(A; converges to P in strong operator topology
(for any normal representation, thus, in the ultrastrong topology). Thus for any
€ >0, Py — X[e1)(Aj A;) is in L and converges to P in the ultrastrong operator
topology. ([l

Proposition 27. For any LT'-module V, dimV = 0 s equivalent to
VEeV,e>03dP € ProjM : 7P >1—¢ and P§ = 0.

Proof. =: Let £ € V. Consider the exact sequence 0 — L — M — M.£ — 0 where
L is the annihilator of £&. dim L = dim M implies the existence of projections F;
convergent to 1 in the ultrastrong topology.

<: If VO M.Q, P satisfies 7P > 1 — 7Q) and PQ # 0. O

Definition 21. A homomorphism ¢ : V' — W of L-modules is said to be a dimen-
sion isomorphism when dimp; ker ¢ = dimp; cok ¢ = 0.

Lemma 28. The standard inclusion M — L*(M) is a dimension isomorphism.

Proof. Let & € L2M. We get the corresponding square integrable operator affiliated
with M. Put P, = x[0,n)(£¢*) € Proj M. Then P,,¢ € M and P, — 1, thus P, [¢]—0
in the quotient LM /M. O

When H is a Hilbert M-module, i.e. a normal representation of M on H,
H ~ L>?M®" P for some cardinal n and an idempotent P in M, M.

Lemma 29. In the above notation, dimy; H = 7(P).
Proof. We have the following commutative diagram

MO pe——s [2)fOn p ——> cc%k
p.b. O I

\
MO ——— [2 [ ——— cok.
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The cokernel in the lower row has dimension 0, thus so does the one in the upper
row. [l

Definition 22. 8{%(T") = dimip TorS (LT, Cyyiy) is called the n-th L2-Betti num-
ber of T.

Remark 18. ﬂ,(f)(I‘) is equal to dimy TorgF (o1, Ciriv)-

Example 6. B,@(FT) =r — 1 when n = 2, 0 otherwise. This is seen as follows:
let g1,...,9- be the standard generators of F,.. A free resolution of the trivial
C[F,]-module C is given by
0 —— (CR)) —— CfF,] —— C
1 «

where dy : (&)f—; — >_(A;, — 1)& and « is the augmentation map. Now, d; is
injective: let x; € {sF, be the characteristic function of F,g;. Then (Ag, —1)x; =
0;.x0c and (&x)x € kerd; implies

0= (A5 = Dérxg) = D _ (&> Qg — D) = &)
k k
Replacing x; by X§ =x;(—t71) for t € T', we have &;(t) = 0 for any j and t. Thus,
the torsion group is the cohomology of the complex
0 —— (L°F,)" p L°F, 0.
1
Let R be a ring. Recall that a right R-module N is flat if and only if the tensor
product functor NV ®p — preserves injections V < F where F' is a finitely generated
free module. The latter holds if and only if N ® g — preserves the injectivity of
inclusion I — R of the left ideals.

Theorem 30. Let M — N be a trace preserving inclusion of finite von Neumann
algebras. Then N is flat over M and dimy N ®p; V = dimp; V' for any M -module
V.

Proof. Recall that any finitely generated submodule of a free M-module is projec-
tive. (That is, M is semihereditary.) To see this, let V' be a finitely generated
submodule of a finitely generated free module M®™. V ~ M®" A for some (m,n)-
matrix A. Then V is projective, being isomorphic to M®.I(A). Now,

N@V ~ NP J(A) ~ NP"A — N® ~ N @ M®™,

Thence N is flat over M.

Let V be a finitely generated M-module. Suppose we had an inclusion & :
M®™ P — V of a projective module. Then N®™. P — N @V by the flatness of N.
This shows that dimy N ®3; V' < dimy; V. On the other hand, for any surjection
7M®" = V, the induced homomorphism 7, : N®* — N ® V is surjective and
dim N ®V =n—dimm,, thus dimN ® V < dimV. O

3.4. Application to orbit equivalence.

Notation. Let o : I' ~ (X, 1) be a probability measure preserving essentially free
action. Put A = L>®°(X,u),M = LT, N = L>®°(X,u) x T = vyN(Zr~x). Let Ry
denote the linear span alg(L*> (X, u),T') of fA(s) for the f € A,s € T'. Let R denote
the linear span alg(N(A)) of fv, for the f € A, ¢ € [[Z]].
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Remark 19. Ry is free over CT' and Ry ®¢r C ~ L*°(X). The induced left Rg-
structure on L™ (X) is given by >_ fsAs).g = >_ fsas(g) thus Ro®cr C ~ A and we
have Tor (N, A) ~ Tor®™ (N, C). The latter is isomorphic to N @y Tort! (M, C)
by the flatness of N. Note that dimy N ®j; TorS' (M, C) = dimy; TorSh (M, C) =
().
Our goal is to show the equality dimy Tor (N, A) = dimy Tor(N, A). Note
that the latter only depends on the orbit equivalence Zr .

Lemma 31. For any x € R and € > 0, there is a projection p in A such that 7p > €

and xpt € Ry.

Proof. When z is of the form vy f, the assertion is trivial by the expression vy =

> Mgk )er- The general case reduces o the above by 7(pV ¢) < 7p + 7¢. O
For the time being let A denote an arbitrary finite von Neumann algebra.

Definition 23. Let V be a left A-module. For £ € V,

[l =inf{rp : p € ProjA,p¢ - ¢}
is called the rank norm of &.

Remark 20. [£] is subadditive and scalar invariant. V; = {£ : [§] = 0} is the largest
submodule with dim4 V; = 0. Any A-module homomorphism ¢ : V' — W contracts
[€]. Moreover for any 1 € ker ¢ and € > 0, there is an element &n € ¢~ such that
€] < [n]+e

Definition 24. Let V be an A-module. Consider a metric on V defined by d(&,n) =
[€ —mn]. Let C(V) denote the completion of V' with respect to d.

Remark 21. C(V) admits an left action of A: the continuity with respect to d
follows from [a&] < min[a], [£]: p§ = & implies
ap€ = l(ap)ap€ — l(ap)ag = [af] < 7(I(ap)) = 7(r(ap))
C(V) contains V/V; as a dense subspace.

Remark 22. V. C W is dense if and only if for any £ € W and € > 0, there exists
p € A such that 7p < e such that p~¢ € V, which, in turn, happens if and only if
dim W/V = 0.

Lemma 32. The functor V +— CV is exact.

Proof. Right exactness: consider an exact sequence V3 — Vy — 0. Let £ € C'Vp,
(€x)nen C Vi a sequence convergent to &. We may assume that d(&,&,) < 2-(+1),

We can inductively lift (£,) to (n,) in V4 such that d(n,, gp+1 < 277
General exactness: let

Va Wi Vo
g f

be an exact sequence, £ an element of ker C'(f). Choose a sequence (&, ), convergent
to & Then f(&,) — C(f)(§) = 0. This implies the existence of a sequence (7),)n,
convergent to 0 and fn, = f€,. £ =lim¢, — nn is in the closure of the image of g,
which, by the right exactness of C, is equal to the image of C(g). O

Now we turn to the orbit equivalence situation: A C Ry C R C N. We consider
A-rank metric on Rg-modules.
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Lemma 33. When V is an Ry (resp. R) module, CV admits an Ry (resp. R)
module structure.

Proof. If x — 25:1 Vg, fn, for any £ € V we have the estimate [2¢] < n[¢]. O
Lemma 34. When V is an Ry module, CV admits an R-module structure.
Proof. Let x € R, (xy,)n be a sequence in Ry convergent to . For any & € V, 2,¢
is A-rank convergent to z¢. d
Lemma 35. When V is a left Ryg-module. N ®pr, V — N ®gr, CV is a dimension
isomorphism.
Proof. Suppose © = > a; ® & (a; € N,& € V) represents 0 in N ®p, CV. In the
tensor product over C,

doai@& = (b @n; —b; @)
for b; € N,v; € Ro,n; € CV. For each j, there is a projection p; such that
7(p;) ~ 0 and pj-nj € V. Thus we get a representative of x given by

> (b5 @ pjm; — by @vipim;) + > (bjv; @ py; — by @ vip;n;)
The second summand becomes 0 in N ®pr, V. Now, choose the smallest projection
p in N such that pv;p; = v;p;,p; < p. Then z = (1 ® p)x and [z]y ~ 0. Hence
N®V — N®CV is an isometry. When &, € V converges to £ € CV, a ® &,
converges to a ® £ in [—]n. O

Remark 23. For any R-module W, N®gr, W — N ®r W is an dimy-isomorphism.
Theorem 36. dimy Tor’®(N, A) = dimy Tor’* (N, A).

Proof. Consider projective resolutions of A: P, — A as an Ryp-module, Q. — A as
an R-module. We have morphisms ¢, : P, — Q. and v, : Q. — CP,. Thus we get
a commutative diagram

P, .. Py A
- I

8 [

CP, e CPy CA
Jew s |

cQ., e CQo CA.

By the uniqueness of projective resolution up to homotopy, compositions of two
homomorphisms ,,¢,, and C¢,1,, are homotope to the the standard inclusion
isomorphisms. Thus the theorem follows once we know that P, — CP, induces a
dim y-isomorphism between the cohomology groups.

The torsion N-modules {V : dimy V = 0} form a Serre subcategory of N-mod.
Thus, in general, when a morphism V, — W, of complexes is a dimension isomor-
phism, the induced homomorphism between the cohomology groups is also an di-
mension isomorphism because it factors through an isomorphism in the localization
category of the N-module complex category over the torsion module category. [
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Corollary 37. LetT' ~ (X, 1) and A ~ (Y, v) be essentially free probability mea-
sure preserving actions. If Br~x ~ Zr~y 7(12)(F) = ﬂ,(f) (A).

Remark 24. Put 32(A, N) = dimy Tor? (N, A). For any nonzero projection p in A,
B2(A,N) = 7(p)B(pA,pNp).

4. DERIVATION ON VON NEUMANN ALGEBRAS

In the following we only consider normal Hilbert (bi)modules. Examples include
the identity bimodule L?N and the coarse (M, N)-module L?M ® L?N.

Let T be a countable discrete group, (w, Hp) a unitary representation of I'. A
map b : I' — Hy is said to be a derivation when it satisfies b(st) = b(s) + m(s)b(t)
i. e. a derivation for the (m, triv)-bimodule structure. A derivation b is said to be
inner when there exists £ € Hy such that b(s) = 7(s)€ — &. Put

HY(T, ) = {derivations} / {inner derivations} .

When b is a derivation, ¢,(s) = eI for > 0 determines a positive semidefi-
nite semigroup. Our goal is to show that it extends to a semigroup ¢, : LI' — LT’
of 7 preserving completely positive maps.

4.1. Densely defined derivation. Let M denote L?T". Consider H = M ® Hy.
A left action M — B(H) is defined by A(f) — A® m(f) (this is possible by the Fell
absorption.) On the other hand we have a right action M° — B(H) is defined by
p(g) — p(g) ®id. Put 6(s) = s @ b(s) € £eI'®Hy. By

§(st) = 05 @ (b(s) + m(s)b(t)) = p@ 1(t~1)d(s) + A @ 7(s)d(t),

0 extends to a (possibly unbounded) derivation CT' — H satisfying §(zy) = x0(y) +
6(x)y.

Notation. Let (M, 7) be a finite von Neumann algebra with a faithful normal
tracial state, Z a weak*-dense x-subalgebra of M. Let H be a Hilbert bimodule
over M, § : M — H a derivation defined on & which is closable as a densely defined
operator L?M — H. Let § denote its closure.

~ We are going to show that the domain of § is a x-subalgebra of .Z(H) and that
4 is a derivation.

Notation. Let [|—|[;;, denote the 1-Lipschitz norm:
[f(z) = f(y)]
[fllLip = sup :
P ek -yl

Let Lip, denote the space of 1-Lipschitz continuous functions which map 0 to 0.

For any = € L?M,,, regarded as a self adjoint unbounded operator on L?M, we
can consider its functional calculus f(x).

Proposition 38. When x,y € L?>M,, and f € Lip,, the functional calculus
f(x), f(y) is in LM and

(@) = FW)lly < [ flluip 2 =yl -
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Proof. For the spectral measure E(t) of x, x = [tdE(t) and ||z||3 = [|z|?drE(T).
Thus ||f(2)||5 = [|f(t)2drE(t) < 1 fllLip J1t1?drE(t) and f(x) is in L*M. For the
second assertion, consider the bilinear map

Co(R)? 2 (f,9) = 7(f(2)g(w)) = {f(2)1] (), 1).

This defines a linear form Co(R x R) — C, i.e. 7(f(z)g(y)) = [ fgdp for some
measure 1 on R x R. Thus, 7(|f(z) — f(y)|?) is equal to

J156) = 1@ Pduts.t) < UFIEy, [Is = tPdntsit) =17 lo = ol O
Definition 25. Let I be a bounded closed interval in R, f € C1(I). The function

@)~ f) (z #
z o y)
fley)=<q ¥
f'(x) (z=y)
is called the difference quotient of f.

Note that HfH = || f'll- When a € M,, and [—||a|,|la||] C I, we have
7o s O x 1) = B(H) by ma(f @ )¢ = f(a)ég(a).
Lemma 39. For any a € 9 and f € C'(I), the operator f(a) is in domd and
3(f(a)) = ma(f)d(a).
Proof. The assertion is obvious for polynomial functions. The equality for the

general C'!-functions follows from it because it is compatible with the C'-norm. [

Remark 25. When T is a closed operator on H, z, — x (n — o0) in H and
sup,, |7z, < oo imply that 2 € dom T and that Tz € (), ._,conv {Tz, : n>m},
where conv denotes the closed convex span. This is because, taking a suitable
subsequence if necessary, we may assume that the bounded sequence T'z,, is weakly
convergent to some y. Taking the convex closure, we can find a sequence (2, )nen
such that Tz, — y in norm and that z, is in the algebraic convex closure of
{z}, : k > n}. By construction, (z,)nen converges to x.

Lemma 40. Let z be an unbounded self adjoint operator on L?M which is in dom 6,
f € Lip,. Then f(z) € dom§ and ||6(f(z))| < £l |6(2)]-

Proof. Choose a mollifier (¢,,), and set f, = f * ¢,. Thus f, is of C! class and
fn — f uniformly on I. By

[fny) = fn(2)] = /lf(y —r) = f(z=r)[¢n(r)dr < |[fllLip v — 21,

we have || fn ||, < [IfllLip- Now take a sequence (an)nen in Zsq Which is convergent
to x in ||—||,-norm. Then

1@ = || ma(Fs(@)]| < 1falluy, ldal.
This shows f(z) € dom 4. O

Definition 26. A derivation ¢ : M — H is said to be real when we have
(6(2),6(y)z) = (2"6(y", ")
for any z,y,z € M.

Remark 26. We summarize a few properties of real derivations.
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e When M is the group von Neumann algebra LI' of a group I', the above
condition is equivalent to (6(s),d(t)) € R.

e In general, when we have a J-operator, ¢ is real if and only if Jxd(y)z =
2*§(y*)x*, since, by definition, (6(x),d(y)z) is equal to (z*J(y), Jo(x)).

e When § is real, dom § is self adjoint.

Let 2 denote dom 6.

Lemma 41. Let § be a real derivation. When x € 9, |z| is also in 9 and M N9
1s a *-subalgebra of M.

Proof. Consider the linear map 6@ MyP — MoH ~ H®'. Then 6?2 = §® and
for any z € 2,
2> 0

0 |Z*|2

w:[o z }Gdomé@):uﬂz{
z 0

] € dom 6.

Thus |2]? is in 2.
Let x,y € 2. The polarization

1
Tty = 1 Z i* |z 4 iy
shows z*y € 2, and in particular 2* € 2 follows from 1 € 2. O

Lemma 42. For any * € 9 N M,,, there exists a sequence (Tp)nen i Dsq such
that

lzn = @ll; = 0, [|8(2n) — 6(2)|| — Oand]|z(l, <l -

In particular, ,, — x in the ultrastrong topology.

Proof. The only nontrivial part is the last inequality. This is achieved by the
functional calculus with respect to the function

2l (2l <)
ft)=qt (It < llzll)
7l < =llzl) O

Theorem 43. The restriction of  to 2 N M s a derivation.

Proof. Let x € 2N M. Choose a sequence (z,, )nen in 2 weakly convergent to  and
§(zn) — 8(z). For each y € 2N M, we have z,,y — xy in the ||—||,-norm. Since y
is bounded, we have §(x,)y — dy. On the other hand, the representation of M on
H is normal, which implies 2,6(y) — 2d(y). Thus we have &(zy) = zd(y) + §(x)y.
Similar approximation in y shows that 6(xy) = 26(y)+0(x)y. foranyy € 2NM. O

4.2. Semigroup associated to a derivation. In the following we assume M N
9 = 9. Put A = §*6. This is a positive self adjoint operator on L?M satisfying
Al =1 and commutes with the .J operator so that we have “A(z*) = (Az)*.” Put
¢, = e t2. This is a semigroup of positive contractions satisfying ¢;1 = 1 and
¢: /" Id as t \, 0. The normalized resolvents

@
a+ A

Na =
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for o > 0 are again positive contractions on L?M with n, /" Id a a / co. These
operators are connected by

eXp- Laplace trans.
¢ ————>Tla
der. )

A
4

inverse

where the Laplace transform is given by

Na = a/ e gudt =/ e tpudt.
0 0 «

Recall that any unital completely positive map ¢ : M — M is expressed as V*m(x)V
for some representation 7 : M — B(K) and an isometry V : L2M — K (Steine-
spring’s theorem). When ¢ is normal, 7w can be taken as a normal representation
(we may take the normal part of general 7 given by Steinespring’s theorem). Thus,

(1) For any x € M, ¢(x*x) — ¢p(x*)p(x) = V*rr*(1 — VV*)rzV > 0. When ¢
preserves 7, ||¢(z)], < [z A

(2) When ¢ preserves 7, [[¢(z*y) — p(z*)p(y)|l, = ||[V*ra(l = VV*)ayVi|| is
bounded from above by

é(a*z) — pa*dx|Z (r(6(y™y) — by dw))* <2l lly — o)l

by T(6(y*y) — by dy) = |lylls — llyll3, etc.

Fact. Consider the 1-norm |[z|; = sup {|7(zy)| : |Jyl|,, <1} for z € M. z €
L2M is in M if and only if sup {|7(zy)| : |ly|l, < 1,2y € M} is finite.

Theorem 44. (Sauvageot, [1]?) The contractions ¢; and 1, map M into M, are
unital completely positive and T-symmetric, i. e. T(d¢(x)y) = T(xP:(y)) ete.

Proof. Observe that ¢tn) = e~ tA" where A = §(W*5(M) for (V) . M, 9 — M, H.
Thus, it is enough to show that the maps are positive to conclude that they are
actually completely positive. Put

al
Ay, = - =a(l — 7).
Then
tam
—tA : —tA : —ta @
= =1 @ =] E
d)t € € agnoo € ag‘noo € "0 n!

where the limit is taken in the strong operator topology (note: this might be the
norm topology, as we are using ¢y functions converging from below). The last
expression is compatible with the z — 7(zy) (||y[; < 1) functionals. Thus it
reduces to show that 7, restricts to a positive map on M.

By scaling §, we may assume that « = 1. Let x € M, and put y = (1+A) "z €
dom A. We have

6911 + lyll2 = (v, Ay) + (y,y) = (y, z)
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Then the function ®(z) = ||5(z) H +z — $||; for z € D4, satisfies

|w@—ym”uvfmﬁzulan—2sz+w5 P + 1201 = 202, ) + Iyl
= |8)|)* + Il — 2z, 2) + |l
—(8@)[* + gl — 20y, 2) + [1]1*)
= V(2) — ¥(y).
Consider a function
2]l (2l <)
ft) =19t (0<t<z])
0 (t <0).
of Lip, class with || f||;;, = 1. Then

V(f(2)) = 60D+ 1£(z) = )] < (2).

Take a sequence (zp)nen in Zs, with ||z, —y|l, — 0 and Hézn — SyH — 0. Then
we have

£ 20 = yll3 < (f2n) = U(y) < U(z0) = U(y) — 0.
Thus y = lim fz, and 0 < y < ||z|| and 7 is shown to be unital positive. O

Let B be a von Neumann subalgebra of M. Then we are interested in “when ¢
converges uniformly on B;?” Roughly, this means “§ is inner on B.”

Lemma 45. Let Q C M;. Then ¢y — id uniformly on  as t — 0 if and only if
Na — td uniformly on Q as a — oco.

Proof. =: We have

Hw—mﬂbSA e o — 2 (@) ds.

but ||z — q[),(x)Hz does not exceed 2.
<: Suppose ¢s did not converge uniformly on 2. Then there is a constant ¢

such that for any ¢ there exists an element z; of Q satisfying (x: — iz, x4) > c.
Then

(o)
(Te —nawe, ap) = / e " (T — P, Ti)ds
0

1

> e *(wy — Py(xy), x4)ds
0
>c(l—e™h)
and 7, is not uniformly convergent on (2. O

Lemma 46. For the latter convenience we record the following equalities:

(1) In B(L2M),
1 [t 2
= ;/ mna(u—t) dt.
0 t

Qrol=

Ui
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(2) In B(L*M),

oo ,—1
(Id _na>% = l/ b2 (1 — Na@+t) )dt =1Id —Qa
™ Jo 1+¢ 7t

where 0, restricts to a unital completely positive map on M.

1
(3) 1y = e7tA? is T-symmetric and unital completely positive on M.

Proof. (1): we have

1 [ L1 [
s :f/ i t—%dt:mgé:f/ e 4=3 gt
T™Jg s+t T Jg t+Na

On the other hand,

(S

Ta « 1

t+na a(l+b)+tA 1+t

Na@+t) .
t

(3): We have Aé =a2(Id—ny)? = a2(Id—0,). Thus 1, can be written as
"N 3t ta2o
lim e "2% = lim e @ *e'*" %, a
Lemma 47. For z,y € 9, put T'(z*,y) = A%(x*)y + x*A%(y) — 5%(x*y), Then
we have

T, y)lly < 4l6@) [zl 1) Iyllo -

Proof. First we have

D, y) = 5 (Wnley) — e )

t=0
Note that |[¢:z| < ||z||. Define a sesquilinear form on 2 ® M by {(y ® b,z ® a) =
7(a*T(z*, y)b). This is positive semidefinite by

o0y n ) - }%T(Zaiwt(@%) —twtx;-*wt(maj) <.

For z = v|z| € M, we have

I7(D(z*, y)2)| = [y ©vlz|2, 2@ |2]2)] < (y@o|z|3,y@0|2]2) 3 (z© 2|2, 2@ |2]2)3.
Here, (z ® a,2 ® a) < |laa*[|, |T(z*, )|, and
In@* o)l < [|a%a"| llzl, + lo*)l. |[A%a]| +]|at@ )|
2 2
<48()] ] -

2

(Here we used the fact that HA% (x*x)Hz =||d(z*)x + x*§(x)||.) Hence we arrive at

(D (@™, 9)2)[* < T @)y Nzl 1 )l 2],
thus [Tz, 9)|* < [|IF(z", 2)ll, 211(y", y)I- O

2
‘ 2

ba (@) = (1 =na)z, ) and o], () —

Put ¢, = né. Az, = Aé = (Id—n4)? (hence bounded) and HAéx

o{(Id —na)z, ). Put 64 = a26(,. Thus
0 if and only if || — naz|y, — O.




ORBIT EQUIVALENCE AND OPERATOR ALGEBRAS 25

Theorem 48. (Peterson?) Let Q C My and suppose 0, — Id uniformly on €.
Then we have ||d4(azx) —Ca(a)ga(ac)H — 0 (o — o0) uniformly for a € Q and

r € M

Proof. By assumption (, and 6, converge uniformly to Id on Q, by e.g. .

1 [ t2
= | T

In particular, 8, (azx) = 0,(a)0,(z) =~ abd,(x) whre ~ means the 2-norm convergence
under o — 0o0. Now,

a2 A% (o (az) = a2 (1d —0,)(az) ~ o~ Za(ld =0, )(z) ~ o~ 7 (ala)(Id —0,)(z)
= 072 (a(a) A G (@) m @72 A% (Ca(@)Ca(®)) — dal(@)Ca(®)

where the last approximation is given by applying Lemma 47 to get the error

estimate
iy ot oo ot otas],

6%(4’1(@)” ~ 0 and Hoﬁ(;(ax ‘ is bounded by 1.

Finally we arrive at
Ja(az) = a~26(Ca(a)la(2)) — ba(a)Ca(@) = Cala)dala). O

Theorem 49. (Haagerup) Let M be a von Neumann algebra. M is finite injective
if and only if for any nonzero central projection p of M, there exist n € N and
U, ... up € U(pM) such that |37 1 u; @ ugl|

Proof. (Outline) =: By Connes’ theorem, M @i, M — B(L?M) can be defined
by (a ®b)5v—cgg* Now, (-7, u; ® ;).1 = nl when u; € U(M).

<«: The minimal tensor product M ®min M acts on HQH i.e. the Hilbert-
Schmidt space of H. For any finite set F' C U(M) containing 1 and ||Zu€F U® EH =
|F|, there exists T € HS(H) of 2-norm 1, ||3°,cpuTu*|| = |F|. Then uTu* ~ T.
Now, define ¢p(x) = Tr(T*2T). Then ¢p(uzu*) =~ ¢o(z) for u € F. We ob-
tain an ultrafilter convergence ¢p — ¢ € S(B(H)) such that ¢(uzu*) = ¢(x)
for any u € U(M). This holds under any central projection, which means M is
injective. t

1

Here, o™z

Recall that we are investigating closable real derivations on M. Thus, H is an
M-bimodule with a J—operator: J(ad(x ) ) = b*d(z*)a*. We have the operators

Mo = == Ca = 03,8 =0 36C0 s M — H.

a—l—é*
‘2

i = Ja-

= 7((a —naa)a”) \, 0.

Theorem 50. Let (M;7) be a finite von Neumann algebra, H = (L?M ® L>M)®N.,
Suppose Q@ C M is a von Neumann subalgebra without injective summand. Then

¢t — Id uniformly on (Q' N M);.

As o — oo, we have

Proof. 1t is enough to show that for any nonzero central projection p € @, there
exists a central projection ¢ < p in @ such that ¢; — Id on ¢(Q' N M);. In fact,
then by the maximal argument we would get a family (p;);c; of nonzero central
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projections such that ) .., p; = 1 and ¢; — Id on p;(Q" N M), for each i. Taking
a finite subset Iy C I such that 7(3_¢; pi) < §, we find #o such that ¢ > #o implies
lp¢(a) — all, < § for a € p1,(Q'NM)1. On the other hand, for any a € p;, (Q'NM);
7(a —pra) < 5.

Thus we are going to prove the negation of the above claim leads to that pQ is
injective. Let ¢ < p be a nonzero central projection in @, u1,...,u, € U(qQ). As

¢+ does not converge uniformly on ¢(Q’ N M)y, there exists x, € ¢(Q' N M), for
any « such that lim inf HSQ(;BQ)H > 0.

Applying Theorem 48 to the finite subset @ = {wq,...,u,} on which ¢, is
uniformly convergent, for any x € ¢(Q' N M), as a — oo,

Z Co(13)0 () Co (uF) ~ Z bal(uszul) = ndy(z).

Zi Ca (UZ) ® Ca (uz)
normal unital completely positive map, H > Calui) ® Calus)

Thus, ‘

~ — mnas a — oo. On the other hand, since ¢, is a
min

~ is always bounded
min

by ||>° u; ® ;]|, which shows that ||> u; ® @;|| = n. Thus we have the injectivity
of p@Q by Theorem 49. O

Remark 27. If a l-cocycle b : F, — (oFP™ satisfies ||b(s)\|§ = |s|, we obtain a
derivation § on l3FF, @ (2FP™ given by d(s) = da ® b where Ja is the “diagonal”
operator on #5F, which multiplies the standard base ds by |s|. The semigroup
¢, associated to this derivation is written as ¢;(A(s)) = e t*I\(s), thus it is in
K(L?M).

When B is a von Neumann subalgebra of LF,., ¢; — Id uniformly on B; if and
only if B is a direct sum @M, of finite dimensional algebras.

Corollary 51. Let QQ be a von Neumann subalgebra of LF,. without injective sum-
mand. Then the relative commutant Q' N LF,. is completely atomic. In particular,
Q® L>([0,1]) Z LF,.

Theorem 52. Let (M;7) be a finite von Neumann algebra, H = (L*M @ L2 M)N,
0 a closable real derivation. If B C M is diffuse (i.e. without minimal projection)
von Neumann subalgebra such that ¢, converges to Id uniformly on By, one has

¢+ — Id uniformly on N(B)Y.

Proof. Since B is diffuse, there exists a sequence (vy)nen in U(B) ultraweakly
convergent to 0 (e.g. e*™" € 1°°[0,1] for n € N). For any u € N(B),

| G (1) = ) ()" 05|

The convergence holds uniformly for u. It remains to apply the following lemma to
N(B)=G. U

ba(u) H < lim inf

— ‘ ba(t) — O (vpuu*viu)

’:O (n — o)

Lemma 53. When ¢ — Id uniformly on G C U(M), we have the uniform con-
vergence ¢ — Id on GY.

Proof of the lemma. Let ¢ : M — M be a 7-symmetric unital completely positive
map (hence a contraction). Consider the Stinespring construction on M ®,1s LM
by (a®z, bRy) = ($(b*a)x,y). This is positive semi definite by the unital completely
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positivity. The M-M-action a.(¢ ® x).b = ac ® xb is bounded and induces an M-
bimodule structure on the completion.
Now, for =101 € M ® L?>M,

lago — &oall* = 7(6(aa®)) + T(aa”) — 2R7(¢(aa*)) = 27((a — ¢(a))a®).
On the other hand,

1
3 lla— (a)ll3 < llago — &oall < 2(la— d(a)ll, - llall, -

Thus, if ||u — ¢(u)| < €, we have ||& — u&ou*| < v/2e. Taking the circumcenter
of {uéou* : u € G}, we get a G-invariant vector 7y satisfying [|€o —nol| < V2
(this is possible by the Ryll-Nardzewski’s fixed point theorem). Thus we obtain
lla&o — &oall < 2v/2¢ for a € (G”);. O

APPENDIX A. EMBEDDABILITY OF SUBALGEBRAS

Let A C M be an inclusion of finite von Neumann algebras with a trace 7 on

M. Recall that we have e4 € B(L?M), the orthogonal projection onto L?A = Al
and the basic extension (M, A) of M:

"
(M, Ay =vN{M,es} = {Z Ti€AYi © Ty Yi € M}

finite

and the semifinite trace Tr(}_ z;eay;) = > 7(z;y;) on (M, A).

Theorem 54. (Popa) Let A C M be an inclusion of separable finite von Neumann
algebras, p a nonzero projection in M, B C pMp a von Neumann subalgebra. The
the followings are equivalent:

(1) There are no sequence (wy,), in U(B) such that [|[Ea(y*wpx)|y — 0 for
any x,y € M.

(2) There exists a nonzero positive element d € (M, A) of finite trace such that
0 ¢ conv” {wdw* : w e U(B)}

(3) There exists a closed nonzero B=A submodule H of pL> M such that dimy Hy <
0.

(4) There exists a projection e in A, another 0 # f in B and a normal *-
homomorphism 0 : fBf — eAe such that there exists a nonzero partial
isometry v € M satisfying xv = v0(z) for any x € fBf, andvv* € (fBf)'N
fMf, vtv € 0(fBf) NeMe.

Proof. (1) = (2): By assumption there exits a finite set . % C M and € > 0 such

that

inf Ex(y*wez 2>
iy 3 VBl

Now, put d =3_ . 7 yeay™ € (M, A);. By definition Tr(d) < oo and we have

> (widwd ) = Y {eaytwr,gruz) = Y [|Ba(y wa)|} > ¢
TEF T, YyeF T, yeEF
for any w € U(B).
(2) = (3): Let C denote the closed convex hull of {wdw* : w € U(B)} in
L?(M, A). We can take the circumcenter dy of C which is not equal to zero by
(2). Then dy is in B’ N p(M, A)p and Tr(dy) < Tr(d) < co. Thus we can take a
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nonzero spectral projection g of dy such that Tr(q) < oco. Now, H = ¢qL?M is a
B-A submodule with dimyg Hy = Tr(q).

(3) = (4): Fact. When H is a B-A module with dimg H4 < oo, there exists a
nonzero projectionf of B, an fBf-A module K C fH such that K4 < L?A4 as a
right A-module.

Thus, let V denote such an injection K4 — L?A4. When z € fBf, VaV* €
End4(L?A4) = A. Thus, putting 6(z) = VzV*, we obtain a normal *-homomorphism
(since V is injective) @ of fBf into eAe for e = VV*. Put £ = V*1 € K. Since
VE=VV*1 =¢, £ #£0. On the other hand, for any = € fBf,

& =V*VaV*1l = V*(zx)l
=V*10(z) (0(x) € eAe)
=£0(x).

Now we are going to investigate
€K C fHCpL*?M C LM

as a square integrable operator affiliated with M. By above we have 2L¢ = L¢f(x)
for any x € U(fBf). Let v|L¢| be the polar decomposition of L¢. Then

|Le* = (wLe)* (wLe) = (Leb(w))" LeO(x) = 0(x)"| Le[*0(x)

for x € U(fBf). Thus |L¢| commutes with 8(fBf). In particular v*v = s(|L¢|) €
0(fBf) NeMe. Finally,

wo|Le| = wLe = Lef(x) = v|Le|0(2) = v0(x)[ Lel,

which implies zvv*v = vl(z)v*v, i.e. zv = vl(z) for any © € fBf.

(4) = (1): Take e, f,v as in (4). Let Ep denote the conditional expectation
eMe — O0(fBf). Then 0 # Ey(v*v) € Z(0(fBf)), vEg(v*v)?v* € (fBf) N fMf.
Let (f;)icr be a maximal family of mutually orthogonal nonzero projections satis-
fying fo = f and f; 3 f in B. Thus, ) _ f; is equal to the central support zp(f) of
fin B. Put up = f. For each ¢, take a partial isometry wu; satisfyikng w;u} = f;
and uju; < f. Put v; = u;v. Now we have, for w € U(B),

Y IBa@iww)l5 = Y llov* Eg(viweo)|3 = - - - = m(Eg(v*v)°*) > 0.
i i
Since ||v;‘||§ < 1 and ||Ez(viwvo)|ly < ||vf|l5, there exists a finite subset . of
{vi i € I} containing vo and >_, . » ||v:‘||§ < 7(Eg(v*v)3)/2. O

Definition 27. Let A and B be von Neumann subalgebras of M. B is said to
embed into A inside M when the equivalent conditions of Theorem 54 hold for B
and A.

Corollary 55. If B does not embed into A inside M, there exists a commutative
von Neumann subalgebra Bg of B which does not embed into A inside M. Equiv-
alently, if any commutative subalgebra of B embeds into A, B also embeds into

A.

Remark 28. The above theorem is useful when we have T-symmetric unital com-
pletely positive maps ¢; : M — M which restrict to the identity map on A, giving
¢; € (M, A) N A’. Often one has ¢; € K(M, A) = C*(zeqy : x,y € M).
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B C M is said to be rigid when ¢; — Id uniformly on the unit ball of B;. Then,
taking ¢ = ¢;, satisfying

1
lo(b) —0bll, < 5

3 (Vb S Bl),

d=Xxp1 (¢) satisfies Tr(d) < oo and
PO 1 Aen 1 )
|wdw*1 -1 < 3 + Hw¢w*1 - 1H =3 + [|op(w*) —w*||y < 5
Hence conv? {wdw*} does not contain 0, and B embeds into A inside M.
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