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a b s t r a c t

In this paper, we develop the theory of a state-reproduction number for a multistate class age structured
epidemic system and apply it to examine the asymptomatic transmission model. We formulate a renewal
integral equation system to describe the invasion of infectious diseases into a multistate class age struc-
tured host population. We define the state-reproduction number for a class age structured system, which
is the net reproduction number of a specific host type and which plays an analogous role to the type-
reproduction number [M.G. Roberts, J.A.P. Heesterbeek, A new method for estimating the effort required
to control an infectious disease, Proc. R. Soc. Lond. B 270 (2003) 1359; J.A.P. Heesterbeek, M.G. Roberts,
The type-reproduction number T in models for infectious disease control, Math. Biosci. 206 (2007) 3]
in discussing the critical level of public health intervention. The renewal equation formulation permits
computations not only of the state-reproduction number, but also of the generation time and the intrinsic
growth rate of infectious diseases.

Subsequently, the basic theory is applied to capture the dynamics of a directly transmitted disease
within two types of infected populations, i.e., asymptomatic and symptomatic individuals, in which
the symptomatic class is observable and hence a target host of the majority of interventions. The
state-reproduction number of the symptomatic host is derived and expressed as a measurable quantity,
leading to discussion on the critical level of case isolation. The serial interval and other epidemiologic
indices are computed, clarifying the parameters on which these indices depend. As a practical example,
we illustrate the eradication threshold for case isolation of smallpox. The generation time and serial
interval are comparatively examined for pandemic influenza.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

During the last two decades of the mathematical epidemiology
of infectious diseases, the basic reproduction number R0 has be-
come a central quantity for discussing infectious disease dynamics
as well as the control strategy. Presently, R0 is more widely used
than before, because we believe statistical estimation of R0 can rea-
sonably be performed (e.g., assuming an homogeneous spread or
approximately addressing the key aspect of heterogeneity)
[1,3,9,15].

Although the definition and theoretical implications of R0 in
heterogeneous populations have successfully been formulated
[7,8,24,52], we have come to understand that we cannot always
rely only on R0 to deal with infectious disease control. In fact, if
our disease intervention can only be applied to a specific host type,
R0 for the multistate host population cannot offer the threshold
condition by controlling a specific host type, because R0 for the
ll rights reserved.
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multistate population is the asymptotic ratio (growth factor) of
the vector quantity describing the successive generations of in-
fected individuals. When public health intervention can only be
targeted at a specific subpopulation, it is of practical importance
to know whether the disease can be prevented by intervention
with respect to the specific host type alone.

As an improvement on this issue, recent studies by Heesterbeek
and Roberts proposed a type-reproduction number, T [25,48]. The
type-reproduction number for a specific host type is interpreted
as the average number of secondary cases of that type produced
by the primary cases of the same host type during the entire course
of infection. Here, it must be noted that T takes into account not
only the secondary cases directly transmitted from the specific host
but also the cases indirectly transmitted by way of other types
(hosts), who were infected from the primary cases of the specific
host with no intermediate cases of the specific host. Roberts and
Heesterbeek [48] have shown that T is a useful measure when a
particular single host type is targeted in the disease control effort
in a community with various types of host, because, under appro-
priate assumptions, the threshold can be formulated as T < 1,
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referring only to the target host type. In particular, the well-known
control relation, 1 � 1/T, can be used as the critical condition of
eradication by means of a control effort targeted only at a specific
type of host in a heterogeneous population. This inspires the broad
applicability of T in the design of a disease control policy. However,
we can still extend the type-reproduction number theory in two
directions.

First, the type-reproduction number theory has been formu-
lated only from the generation argument, while the real-time
(i.e., dynamical system) formulation for the renewal process of
the infected population has yet to be made. As is pointed out by
Heesterbeek and Roberts [25], what is lacking to date in the
type-reproduction number theory is quantitative insight into the
ways in which a threshold quantity (such as T) could be estimated
from observed data. The renewal dynamical equations with basic
epidemiologic parameters would then provide fundamental ideas
to estimate T and other epidemiologic indices, including the gener-
ation time and intrinsic growth rate. It would be useful for epide-
miologic practice if we could compute these as a measurable
quantity allowing statistical studies of the observed data.

Second, whereas the type-reproduction number is defined
based on the next generation matrix K, in which each h-state
(which expresses heterogeneity of individuals) represents (dis-
crete) heterogeneity of state at birth (i.e., h-state at the time of
becoming infected [7]), we believe the state at birth has been va-
guely considered to define the next generation matrix in several
studies. For example, a previous study used the term ‘next genera-
tion matrix’ in a broad sense, where h-state was not necessarily
state at birth [52]. When we deal with a model for heterogeneous
population which depends on infection-age alone (in particular,
ODE models), this extension of K would not give rise to essential
difficulty to compute R0, because the dimension of the range of
the extended K is the number of state at birth, and thus, the origi-
nal next generation matrix is given as a principal submatrix by
changing the order of state number. However, if the transmission
and state transition parameters have class age (the time elapsed
from entry into the state) dependency (see, for example, [16,17]),
the dimension of the range of the net reproduction matrix (i.e.,
the extended K) of the renewal system of the multistate host pop-
ulation can be larger than the number of state at birth. Conse-
quently, for the multistate class age structured population, the
spectral radius of the net reproduction matrix does not give R0

but, what we call, the net reproduction number (although the spec-
tral radius shares the threshold property with R0).

As we will show in the present study, once the renewal dynamical
theory of a specific host type has been developed, it will enable us to
compute the (demographic) net reproduction number of a specific
host type. Then if we choose all states at birth as the target host (spe-
cific host type), its net reproduction number gives R0. In addition to
R0, it would be also useful in practice if one can compute the net
reproduction number for states other than the state at birth. To dis-
tinguish the threshold quantity from the type-reproduction number
(which is calculated for the state at birth), the net reproduction num-
ber of a specific host type (which is not necessarily the state at birth)
is hereafter referred to as the state-reproduction number.

As an application of the state-reproduction number theory, we
propose a class age structured population model for infectious dis-
eases with asymptomatic transmission, which is motivated by the
need to improve limited practical utility of the well-known SEIR
model with respect to disease control issues. Our major claim is
that an event to acquire infectiousness is not directly observable
(i.e., in reality individuals in latent and infectious periods are not
distinguishable without microbiological and contact-frequency
information), whereas the onset of an apparent disease is readily
observed and reported. In addition, the infection event is not di-
rectly observable for the majority of directly transmitted diseases.
These facts have diminished the applicability of previous epidemic
models that do not take into account the observability of variables.
That is, rather than distinguishing host types by acquisition of
infectiousness, infectious disease data may be more reasonably
analyzed if we separate host types according to the onset of the dis-
ease [22]. Similarly, whereas the generation time (time from infec-
tion of a primary case to infection of the secondary case) is in
general not directly observable, the serial interval (time from onset
of a primary case to onset of the secondary case) can be partly re-
corded using detailed contact tracing data [21,51]. Accordingly, we
propose an improved model to address these points explicitly,
assuming two different types of host, i.e., asymptomatic and symp-
tomatic individuals that are distinguished by an observable event,
the onset of the disease. Using the asymptomatic transmission
model, we compute the state-reproduction numbers for both
asymptomatic and symptomatic hosts and discuss the eradication
threshold. Subsequently, the generation time and serial interval
are also metricized, specifying parameters on which these indices
depend.

This paper is composed as follows. In Section 2, we introduce
the multistate class age structured epidemic system to describe
the heterogeneous infected population in the initial invasion
phase. Because the basic system is formulated by the multistate
stable population model, which is frequently used in mathematical
demography, its asymptotic dynamics can be characterized by the
net reproduction number. However, the net reproduction number
does not give the basic reproduction number R0, though it shares
the equivalent threshold property with R0 as long as we can com-
pute R0. Accordingly, we show the difference between the net
reproduction number and R0 in a class age structured model.

In Section 3, we formulate the renewal dynamical system of spe-
cific types of infected population, which is required to offer the real-
time dynamics of the infected population, an essential basis from
which to compute the generation time and serial interval and to de-
rive the characteristic equation for the intrinsic growth rate. As the
infected host population dynamics is described by a system of re-
newal integral equations, by solving the subsystem of renewal inte-
gral equations for non-target hosts, we induce a reduced renewal
integral equation system for the target hosts. Using its integral ker-
nel, we calculate the state-reproduction number of the target hosts
and the generation time. If a target host is composed of all states at
birth (with respect to new infection), its state-reproduction number
gives the basic reproduction number R0.

In Section 4, we develop the asymptomatic transmission model,
in which the infected host population is divided into asymptomatic
and symptomatic individuals. The symptomatic class is not only an
observable class but also a target class for public health interven-
tion. Based on the general theory developed in Section 3, we
explicitly calculate the state-reproduction numbers of target and
non-target hosts, the generation time of the non-target host, the
serial interval of the target host, and the critical proportion of iso-
lation with respect to the symptomatic class and then derive the
characteristic equation for the intrinsic rate of natural increase.

In Section 5, applying the threshold concept to smallpox con-
trol, we illustrate the critical proportion of isolation to contain
the outbreak. Further, to discuss the disease control effort of pan-
demic influenza, the state-reproduction number and the basic
reproduction number are estimated using the intrinsic growth rate
of Spanish influenza in Maryland in 1918. Theoretically, we inves-
tigate the critical proportion of isolation to prevent the spread of
the influenza pandemic in relation to the proportion of asymptom-
atic transmission. The intrinsic growth rate of influenza is also used
to clarify the difference between the generation time and serial
interval for different proportions of asymptomatic transmissions.
Finally, we discuss some limitations of our model and possible
extensions in future work.
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2. The multistate class age structured epidemic system in the
initial disease invasion phase

Suppose that infected host populations in the initial disease
invasion phase is divided into N states. Each state may represent
a different host, or it may be an epidemiological subcategory under
the infected status. Let inðt; sÞ (1 6 n 6 N) be the density of the nth
infected population at time t and class age s. The class age s is the
time that has elapsed since entering the state.1 For simplicity, here
we ignore chronological age of the host population.

Let iðt; sÞ :¼ ði1ðt; sÞ; . . . ; iNðt; sÞÞT2 be an N-dimensional column
vector of infected population at time t. Let qjkðsÞ ðj–kÞ denote the
force of transition from the kth state to the jth state at class age s.
Let djjðsÞ be the removal rate at state j defined by

qjjðsÞ ¼ �ljðsÞ �
X
n–j

qnjðsÞ; ðj ¼ 1;2; :;NÞ;

where ljðsÞ is the force of mortality or removal rate from the in-
fected state. Let Q(s) be an N � N matrix whose (j,k)th entry is
qjkðsÞ, 1 6 j, k 6 N. Let mjkðsÞ, 1 6 j, k 6 N denote the number of
the jth new infecteds produced by a k-th infected individual per
unit time at class age s. Note that the jth state is the state at birth
if mjkX0 for some k. Let D(s) be a diagonal matrix whose diagonal
entries are given by djjðsÞ;1 6 j 6 N, RðsÞ :¼ QðsÞ � DðsÞ and MðsÞ
be a N � N matrix whose (j,k)th entry is mjkðsÞ, 1 6 j, k 6 N.

In a class age structured model, infected hosts that have just en-
tered another state appear in the boundary of class age zero at that
state. Therefore, we obtain the following system:

o

ot
þ o

os

� �
iðt; sÞ ¼ �DðsÞiðt; sÞ;

iðt; 0Þ ¼
Z 1

0
ðMðsÞ þ RðsÞÞiðt; sÞds:

ð2:1Þ

Because D is a diagonal matrix, the multistate survival matrix L(s) is
defined by

LðsÞ ¼ exp �
Z s

0
DðxÞdx

� �
:

By using L(s), the multistate McKendrick equation in (2.1) is
solved along characteristic lines as follows:

iðt; sÞ ¼
LðsÞvðt � sÞ; t � s > 0;

LðsÞL�1ðs� tÞi0ðs� tÞ; s� t > 0;

(
ð2:2Þ

where vðtÞ :¼ iðt; 0Þ denotes the boundary value of the system (2.1)
and i0ðsÞ :¼ ið0; sÞ is the initial data.

Inserting expression (2.2) into the boundary condition in (2.1),
we obtain the renewal equation

vðtÞ ¼ gðtÞ þ
Z t

0
WðsÞvðt � sÞds; ð2:3Þ

where

WðsÞ :¼ ðMðsÞ þ RðsÞÞLðsÞ;

gðtÞ :¼
Z 1

t
WðsÞL�1ðs� tÞi0ðs� tÞds:

In the following, we assume that W is integrable on [0,1), which is
a reasonable assumption for our purpose, because biologically the
infectious period is finite, hence M(s) has a compact support.

From the standard argument of the multistate McKendrick
equation system [28], it is easily seen that the threshold condition
1 The classical Kermack–McKendrick epidemic models [30–32] can be seen as the
class age structured model [29].

2 T denotes the transpose of the vector.
of the class age structured system (2.1) can be formulated by the
spectral radius of K defined as

K ¼
Z 1

0
WðsÞds: ð2:4Þ

In fact, if we can assume that K is indecomposable, the asymptotic
growth rate of v(t) is positive, if and only if the spectral radius (po-
sitive eigenvalue) r(K) of K is greater than unity. Using demographic
terminology, we call K the net reproduction matrix and r(K) the net
reproduction number.

However, because v(t) denotes the number of new ‘entries’ per
unit time at time t and it does not necessarily mean ‘new infection’,
(2.3) does not represent the renewal process of a newly infected
population. Then K is not the next generation matrix and its spectral
radius r(K) is not the basic reproduction number R0 in the sense of
Diekmann et al. [7,8], though the net reproduction number r(K)
shares the equivalent threshold property with R0, provided that
we can calculate R0.

How can we calculate R0 for the class age structured model
(2.1)? As a simple yet important example, let us consider the case
in which state transition occurs sequentially from state i to state
iþ 1 as infection evolves. Then if j–k, qjk ¼ 0 except when
j ¼ kþ 1, and dnnðsÞ ¼ lnðsÞ þ qnþ1;nðsÞ. Because every newly in-
fected is ‘born’ in state unity (the state at birth can only be one),
mjk ¼ 0 provided that j – 1. According to Feng and Thieme
[16,17], we call this type of class age structured model a stage-
structured model.

Then we have

MðsÞþRðsÞ¼

m11ðsÞ m12ðsÞ m13ðsÞ � � � � � � � � � m1NðsÞ
q21ðsÞ 0 0 � � � � � � � � � 0

0 q32ðsÞ 0 � � � � � � � � � 0

..

. . .
. . .

. ..
.

..

. . .
. . .

. ..
.

..

. . .
. . .

.
0 0

0 � � � � � � � � � 0 qNN�1ðsÞ 0

0BBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCA
;

and the net reproduction matrix

K ¼
Z 1

0
ðMðsÞ þ RðsÞÞe�

R s

0
DðxÞ dx ds;

becomes a Leslie matrix.
It is well known that the eigenvalues of K are given as roots of

the following characteristic equation:

FðkÞ :¼ k11

k
þ k12k21

k
þ � � � þ k1NkNN�1 � � � k21

kN ¼ 1; k 2 C; ð2:5Þ

where kjk denotes the (j,k)th element of K. Because F(k) is monotone
decreasing with respect to positive k and r(K) is a unique positive
root of (2.5), F(1) > 1 if r(K) > 1 and F(1) < 1 if r(K) < 1. From its bio-
logical interpretation, it is easy to see that

Fð1Þ ¼ k11 þ k12k21 þ � � � þ k1NkNN�1 � � � k21;

is the average number of secondary cases produced by one infected
case during its entire period of infectiousness, that is, the basic
reproduction number R0.

For a more general example such as a host–vector system or
multi-species model with stage structure, the number of states at
birth is more than one. In such a case, we can calculate R0 by apply-
ing the same kind of argument as the type-reproduction number
theory developed by Roberts and Heesterbeek [48,25] to the net
reproduction matrix K. In the following, to distinguish our thresh-
old quantity from the ‘type-reproduction number’ (which is calcu-
lated based on the next generation matrix, all states of which are
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the state at birth), the net reproduction number of a specific host
type set (which is not necessarily the state at birth) in the class
age structured model is referred to as the state-reproduction
number.

The state-reproduction number for a specific host type in the
class age structured system is defined as the average number of
secondary entries (cases of the specific state type) of that type pro-
duced by the primary entries (cases of the specific state type) of the
same host type during its entire infected period. Here, it must be
noted that the state-reproduction number takes into account not
only the secondary cases produced directly from the specific host
but also the cases produced indirectly by way of other types that
were produced from the primary cases of the specific host with
no intermediate cases of the specific type. Then it is expected that
the basic reproduction number of the class age structured system
is given by the state-reproduction number, with respect to a type
set composed of all states at birth.

As is shown below, similar to the type-reproduction number,
the state-reproduction number is a useful index for formulating
the critical level of public health intervention. Moreover, it is useful
in practice to calculate other epidemiologic indices, including the
serial interval, the generation time and the initial growth rate for
a specific type set in the class age structured system. In the next
section, we develop a renewal theory for a specific type set in
the class age structured epidemic system to calculate these epide-
miologic indices.

3. The renewal theory of a specific type set

Let us start from the renewal equation (2.3). Now we focus on
the renewal process of a specific type set of an infected population.
Without loss of generality, we assume that the set of host type
numbers is decomposed as f1;2; . . . ;Ng ¼ f1;2; . . . ; ‘g [ f‘þ
1; . . . ;Ng ¼: ‘þ þ ‘�. The host type ‘+ is the target host for which
we would like to calculate the state-specific reproduction number
and other epidemiologic indices.

Then we decompose vðtÞ and gðtÞ as

vþðtÞ :¼ ðv1ðtÞ; . . . ; v‘ðtÞ; 0; . . . ; 0ÞT; v�ðtÞ ¼ vðtÞ � vþðtÞ;

gþðtÞ :¼ ðg1ðtÞ; . . . ; g‘ðtÞ;0; . . . ;0ÞT; g�ðtÞ ¼ gðtÞ � gþðtÞ:

We define a N � N projection matrix P associated with ‘+ as

P :¼
I11 O12

O21 O22

� �
;

where I11 denotes the ‘ � ‘ identity matrix and Ojk are zero matrices
(e.g., O22 is a (N � ‘) � (N � ‘) zero matrix). In other words,
P ¼ ðpijÞ16i;j6N such that pii ¼ 1 for i 2 ‘þ, otherwise pij ¼ 0. Then
we can write vþ ¼ Pv and v� ¼ ðI � PÞv, etc.

3.1. The renewal process of the target hosts

Corresponding to the above host type decomposition, the re-
newal equation (2.3) is divided into two equations:

vþðtÞ¼ gþðtÞþ
Z t

0
PWðsÞvþðt�sÞdsþ

Z t

0
PWðsÞv�ðt�sÞds;

¼ gþðtÞþðWþ �vþÞðtÞþðWþ �v�ÞðtÞ; ð3:1Þ

v�ðtÞ¼ g�ðtÞþ
Z t

0
ðI�PÞWðsÞvþðt�sÞdsþ

Z t

0
ðI�PÞWðsÞv�ðt�sÞds;

¼ g�ðtÞþðW� �vþÞðtÞþðW� �v�ÞðtÞ; ð3:2Þ

where Wþ :¼ PW, W� :¼ ðI � PÞW and * denotes the convolution of
functions.
Let us introduce the resolvent kernel (matrix) U�ðsÞ corre-
sponding to the integral kernel W�ðsÞ as the solution of the resol-
vent equation:

U� ¼ W� þU� �W�: ð3:3Þ

Note that the resolvent kernel U� can be calculated concretely as

U� ¼
X1
n¼1

WðnÞ� ; ð3:4Þ

where WðnÞ� is defined iteratively by

Wð1Þ� ¼ W�; Wðnþ1Þ
� ¼ WðnÞ� �W�; ðn ¼ 1;2; . . .Þ;

if the right-hand side of (3.4) converges.
Using the resolvent kernel, if we see g� þW� � vþ as the initial

data in (3.2), Eq. (3.2) is formally solved for v� as

v� ¼ g� þW� � vþ þU� � ðg� þW� � vþÞ
¼ g� þU� � g� þ ðW� þU� �W�Þ � vþ

¼ g� þU� � g� þU�vþ: ð3:5Þ

Inserting the expression of v� from (3.5) into (3.1), we arrive at the
renewal equation for v+:

vþ ¼ gþ þWþ � g� þ ðWþ �U�Þ � g� þ ðWþ þWþ �U�Þ � vþ: ð3:6Þ

Then we know that the integral kernel

AþðsÞ :¼ WþðsÞ þ ðWþ �U�ÞðsÞ; ð3:7Þ

determines the renewal dynamics of the type set ‘+.
Suppose that U� is integrable on [0,1). Then Aþ is also integra-

ble and we have

Mþ :¼
Z 1

0
AþðsÞds ¼ KþðI þ Q�Þ; ð3:8Þ

where

Kþ :¼ PK ¼
Z 1

0
WþðsÞds; K� :¼ ðI � PÞK ¼

Z 1

0
W�ðsÞds;

and

Q� :¼
Z 1

0
U�ðsÞds:

Integrating the resolvent equation (3.3), we have

Q� ¼ K� þ Q�K�: ð3:9Þ

Observe from the well-known Paley–Wiener Theorem that the
resolvent kernel U� is integrable if and only if the following condi-
tion holds [27]:

det I � bW�ðkÞ
� �

–0; ð3:10Þ

for all k 2 C such that Rk P 0, where f̂ denotes the Laplace trans-
form of a function f given by

f̂ ðkÞ :¼
Z 1

0
e�ks f ðsÞds:

Let us define WjkðsÞ 1 6 j, k 6 2 as submatrices of W such that

WðsÞ ¼
W11ðsÞ W12ðsÞ
W21ðsÞ W22ðsÞ

� �
;

where W11 is the ‘ � ‘ principal submatrix and W22 the
(N � ‘) � (N � ‘) principal submatrix. Then we have

W�ðsÞ¼
O11 O12

W21ðsÞ W22ðsÞ

� �
; I� bW�ðkÞ¼

I11 O12

� bW21ðkÞ I22� bW22ðkÞ

� �
;
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where I11 denotes the ‘ � ‘ identity submatrix and I22 the
(N � ‘) � (N � ‘) identity submatrix. Therefore it is easy to see that

k 2 Cjdet I � bW�ðkÞ
� �

¼ 0
n o

¼ k 2 Cjdet I22 � bW22ðkÞ
� �

¼ 0
n o

:

ð3:11Þ

Corresponding to the division of W, we can define submatrices
Kjk as

K ¼
K11 K12

K21 K22

� �
;

where

Kjk ¼
Z 1

0
WjkðsÞds ¼ bWjkð0Þ:

Then we have

K� ¼
O11 O12

K21 K22

� �
;

and hence

rðK22Þ ¼ rðK�Þ: ð3:12Þ

From the argument of the multistate Euler–Lotka characteristic
equation [28], as long as we assume that bW22ð0Þ ¼ K22 is indecom-
posable, we know that detðI � bW22ðkÞÞ–0 in the right half plane if
and only if rð bW22ð0ÞÞ ¼ rðK22Þ < 1, which is equivalent to
rð bW�ð0ÞÞ ¼ rðK�Þ < 1 because of (3.12). Then the condition (3.10),
that is, the integrability of U� on [0,1), holds if and only if
rðK�Þ < 1. We then adopt the following assumption:

Assumption 3.1

rðK�Þ ¼ rðK22Þ < 1: ð3:13Þ

On the other hand, if rðK�Þ > 1, the non-target host type ‘� can
maintain itself without the target type ‘+. Under the assumption of
indecomposability of the whole system, it necessarily implies that
r(K) > 1.

Under Assumption 3.1, the matrix I � K� is positively invertible,
hence we can obtain a positive solution of (3.9) as

Q� ¼ K�ðI � K�Þ�1
: ð3:14Þ

Applying the solution (3.14) to (3.8), we have

Mþ ¼ KþðI � K�Þ�1
: ð3:15Þ

The principal ‘ � ‘ submatrix of M+ in the first ‘ rows and first ‘
columns, denoted by Mþ11, gives the net reproduction matrix for
the target host type ‘+ and it follows that rðMþ11Þ ¼ rðMþÞ because
M+ has non-negative entries in the first ‘ rows and zero entries
elsewhere.

Hence, the state-specific reproduction number for the type set
‘+, denoted by T+, is calculated as

Tþ ¼ rðMþ11Þ ¼ rðMþÞ: ð3:16Þ
Proposition 3.2. Under Assumption 3.1, if we assume that Mþ11 is
indecomposable, then Tþ > 1 if r(K) > 1, Tþ ¼ 1 if
rðKÞ ¼ 1 and Tþ < 1 if rðKÞ < 1.

Proof. Let w > 0 be the Frobenius eigenvector of K associated with
r(K). Rearranging (3.15), we have

MþðI � KÞ ¼ ðI �MþÞKþ ¼ ðI �MþÞPK: ð3:17Þ

Applying (3.17) to w, it follows that

ð1� rðKÞÞMþw ¼ rðKÞðI �MþÞPw: ð3:18Þ
Because Mþw P 0 and Pw P 0, we know that if 1� rðKÞ > 0, I �Mþ
must be non-negatively invertible, hence Tþ ¼ rðMþÞ < 1. Next con-
sider the case in which rðKÞP 1. Let ðPwÞþ be the ‘-dimensional
vector whose jth entry (1 6 j 6 ‘) is the jth entry of Pw. Then if
rðKÞ ¼ 1, we have ðI11 �Mþ11ÞðPwÞþ ¼ 0. Because Mþ11 is indecom-
posable, ðPwÞþ must be its Frobenius eigenvector, so it follows that
rðMþ11Þ ¼ Tþ ¼ 1. Finally, suppose that r(K) > 1. Then ðPwÞþ <
Mþ11ðPwÞþ, which implies that rðMþ11Þ ¼ Tþ > 1 (see [5, p. 28, Eq.
(1.11)). h

In particular, if the type set is composed of only one host (type
one), that is, ‘þ ¼ f1g, then the (1,1)th element of M+ is the state-
specific reproduction number for type one, and hence is calculated
as

Tþ ¼ e;KþðI � K�Þ�1e
D E

¼ e;KðI � ðI � PÞKÞ�1e
D E

; ð3:19Þ

where e :¼ ð1; 0; . . . ;0ÞT, the first entry of which is one and other en-
tries are zero. Eq. (3.19) was given by [48] as the formula for the
type-reproduction number.

In this special case, another important index is the average gen-
eration length of type-specific reproduction. Let L+ be the average
generation length of a type one state. Then it is given as

Lþ ¼
1

Tþ

Z 1

0
sAþ11ðsÞds; ð3:20Þ

where Aþ11 is the scalar integral kernel of the renewal equation for
the type one and

Tþ ¼ Mþ11 ¼
Z 1

0
Aþ11ðsÞds: ð3:21Þ

If the target host type is the reproductive state with respect to
new infection, then (3.6) represents the renewal process of newly
infecteds and Assumption 3.1 is satisfied, because a non-reproduc-
tive state cannot maintain itself without reproductive states. In
this most important case, the state-specific reproduction number
T+ is none other than the basic reproduction number R0 of the class
age structured system.

3.2. The renewal process of non-target hosts

By repeating the same kind of argument, we can construct the
renewal equation for non-target hosts ‘� as

v� ¼ g� þW� � gþ þ ðW� �UþÞ � gþ þ ðW� þW� �UþÞ � v�:

ð3:22Þ

where U+ is the resolvent kernel satisfying the resolvent equation:

Uþ ¼ Wþ þUþ �Wþ: ð3:23Þ

Then the renewal integral kernel for type ‘� hosts is given by

A�ðsÞ :¼ W�ðsÞ þ ðW� �UþÞðsÞ: ð3:24Þ

Now let us introduce an assumption:

Assumption 3.3

rðKþÞ ¼ rðK11Þ < 1: ð3:25Þ

Under Assumption 3.3, the resolvent U+ is integrable, so it fol-
lows from (3.23) that

Qþ ¼ Kþ þ QþKþ; ð3:26Þ

where

Qþ :¼
Z 1

0
UþðsÞds:

Then we obtain
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Qþ ¼ KþðI � KþÞ�1
: ð3:27Þ

Integrating (3.24), we have

M� :¼
Z 1

0
A�ðsÞds ¼ K�ðI þ QþÞ ¼ K�ðI � KþÞ�1: ð3:28Þ

The ðN � ‘Þ � ðN � ‘Þ principal submatrix of M� in the last N � ‘
rows and last N � ‘ columns, denoted by M�22, is the net reproduc-
tion matrix of the host type ‘�.

Assumption 3.3, rðKþÞ < 1, implies that a host of type ‘+ cannot
maintain itself without a host of type ‘�. However, it should be
mentioned that even if rðK�Þ < 1 and rðKþÞ < 1, there exists a pos-
sibility that r(K) > 1.

4. Application to the asymptomatic transmission model

For many infectious diseases, it is difficult to identify when a
host becomes infected. Acquisition of infectiousness and symptom
onset are clearly separated by definition and are not directly re-
lated [1,42]. Because both the infection event and acquisition of
infectiousness are not directly observable, we cannot count the to-
tal number of infected individuals at any point in time, unless very
rigorous contact tracing was performed. In addition, there are
many infectious diseases that cause secondary transmission before
the onset of illness or even without developing any symptoms
throughout the entire course of infection, both of which are re-
ferred to as asymptomatic transmission. A previous study by Fraser
and his colleagues gives an excellent account of this subject [22],
and claims that the proportion of asymptomatic transmissions
(among a total number of secondary transmissions) plays a key
role in determining the eradicability of a disease.

When a disease-control strategy is targeted at susceptible indi-
viduals (S-control in [25]) in a static environment (e.g., mass vacci-
nation), the presence of a small fraction of asymptomatic infections
may not even be a significant concern of the disease control itself
(except for some special cases as seen in the finalization of polio
eradication). However, we are forced to target infected-individuals
(I-control), when effective vaccines are not readily available or
when an emerging disease appears. In such cases, the target of
the disease control must be the symptomatic cases.

Moreover, we usually obtain statistical data from disease sur-
veillance, mainly by accumulating observations of symptomatic
cases only (e.g., unless a seroepidemiologic survey is conducted).
These are our motivations as well as ample reasons to develop
an epidemic model that explicitly accounts for asymptomatic
transmission and allows us to compute the state-specific reproduc-
tion number of symptomatic individuals.

4.1. The class age structured asymptomatic transmission model

Let S0 be the initial density of the susceptible host population,
i1ðt; sÞ the density of the asymptomatic infected population at
infection-age (i.e., the time since infection) s and calendar time t,
and i2ðt;rÞ the density of the symptomatic infected population at
time t and disease-age (i.e., the time since the onset of symptoms)
r. The infection-age and disease-age are the class age for asymp-
tomatic and symptomatic states, respectively, with the asymptom-
atic state being the state at birth, and the symptomatic state not
being the state at birth.

We assume that asymptomatic infecteds may be infectious, that
is, the latent period (i.e., the time from infection to acquisition of
infectiousness) can be shorter than the incubation period. Let
g(s) be the rate of the onset at infection-age s, cjðxÞ the rate of
recovery at infection-age x if j ¼ 1 or at disease-age x if j ¼ 2,
b1ðsÞ the transmission rate of asymptomatic infecteds at infec-
tion-age s and b2ðrÞ the transmission rate of symptomatic infect-
eds at disease-age r. Demographic factors of the host population
such as birth, death and migration are ignored.

Under the above settings, the basic class age structured epi-
demic system corresponding to (2.1) describing the disease inva-
sion phase is formulated as follows:

o

ot
þ o

os

� �
i1ðt; sÞ ¼ �ðgðsÞ þ c1ðsÞÞi1ðt; sÞ;

i1ðt; 0Þ ¼ S0

Z 1

0
b1ðsÞi1ðt; sÞdsþ S0

Z 1

0
b2ðrÞi2ðt;rÞdr;

o

ot
þ o

or

� �
i2ðt;rÞ ¼ �c2ðrÞi2ðt;rÞ;

i2ðt; 0Þ ¼
Z 1

0
gðsÞi1ðt; sÞds:

ð4:1Þ

Note that this system is a stage-structured model, hence its basic
reproduction number is calculated as the state-reproduction num-
ber for the state at birth (asymptomatic state).

In the following, we define the number of newly infecteds per
unit time v1 and the number of new onsets per unit time v2 as

v1ðtÞ :¼ i1ðt;0Þ; v2ðtÞ :¼ i2ðt;0Þ:

Moreover, if we use the notation in the previous sections, we have

DðsÞ¼
gðsÞþc1ðsÞ 0

0 c2ðsÞ

� �
; MðsÞþRðsÞ¼

S0b1ðsÞ S0b2ðsÞ
gðsÞ 0

� �
;

then it follows that

LðsÞ ¼
C1ðsÞPðsÞ 0

0 C2ðsÞ

� �
;

where

CjðsÞ :¼ exp �
Z s

0
cjðxÞdx

� �
; ðj¼1;2Þ;

PðsÞ :¼ exp �
Z s

0
gðxÞdx

� �
:

Then C1ðsÞPðsÞ is the proportion of infecteds who remain in the
asymptomatic state at infection-age s, and C2ðrÞ is the proportion
of symptomatic cases who stay in the symptomatic class at dis-
ease-age r.

By integrating the McKendrick equations in (4.1) along charac-
teristic lines, we have the expression:

i1ðt; sÞ ¼
C1ðsÞPðsÞv1ðt � sÞ; t � s > 0;

C1ðsÞPðsÞ
C1ðs�tÞPðs�tÞ i10ðs� tÞ; s� t > 0;

(

i2ðt; sÞ ¼
C2ðsÞv2ðt � sÞ; t � s > 0;
C2ðsÞ

C2ðs�tÞ i20ðs� tÞ; s� t > 0;

( ð4:2Þ

where ij0ðsÞ ¼ ijð0; sÞ (j = 1,2) denotes the initial data.
Inserting (4.2) into the boundary conditions in (4.1), and for

simplicity, if we omit the contribution from the initial data, then
ðv1; v2Þ satisfies the renewal integral equations as follows:

v1ðtÞ ¼ R1

Z t

0
w1ðsÞv1ðt � sÞdsþ R2

Z t

0
w2ðrÞv2ðt � rÞdr;

v2ðtÞ ¼ a
Z t

0
f ðsÞv1ðt � sÞds;

ð4:3Þ

where we define

R1 :¼ S0

Z 1

0
b1ðxÞC1ðxÞPðxÞdx; R2 :¼ S0

Z 1

0
b2ðxÞC2ðxÞdx;

w1ðsÞ :¼ b1ðsÞC1ðsÞPðsÞR1
0 b1ðsÞC1ðsÞPðsÞds

; w2ðrÞ :¼ b2ðrÞC2ðrÞR1
0 b2ðrÞC2ðrÞdr

;

a :¼
Z 1

0
gðsÞPðsÞC1ðsÞds; f ðsÞ :¼ gðsÞPðsÞC1ðsÞ

a
: ð4:4Þ
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Then f(s) denotes the probability density of occurrence of the onset
at infection-age s (i.e., density of the incubation period), w1(s) the
probability density of occurrence of the secondary infection in the
asymptomatic state, w2(r) the probability density of occurrence of
the secondary infection at disease-age r after the onset, R1 the total
number of secondary cases produced by an infected individual
while in the asymptomatic state, R2 the total number of secondary
cases produced by an infected individual while in the symptomatic
state and a the total probability that an infected individual ever
develops the symptoms (given infection).

Using the definitions above, the reproduction kernel W(s) is
given by

WðsÞ ¼ ðMðsÞ þ RðsÞÞLðsÞ ¼
R1w1ðsÞ R2w2ðsÞ
af ðsÞ 0

� �
: ð4:5Þ

Thus the net reproduction matrix K is calculated as

K ¼
Z 1

0
WðsÞds ¼

R1 R2

a 0

� �
: ð4:6Þ

As introduced in Section 2, the spectral radius of K (the net
reproduction number)

rðKÞ ¼ kd ¼
1
2

R1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 þ 4aR2

q� �
; ð4:7Þ

is not interpreted as the basic reproduction number R0, but gives a
threshold condition that the disease can invade if and only if
r(K) > 1. Here, we should again mention that r(K) > 1 is possible
even if R1 < 1 and R2 < 1, in which case one host type cannot per-
sist without the other host type.

Considering the isolation measure of a disease, the target host is
the symptomatic infective population i2ðt; sÞ, so the projection ma-
trix is given by

P ¼
0 0
0 1

� �
:

Then we have

K� ¼
R1 R2

0 0

� �
: ð4:8Þ

Hence, in this case Assumption 3.1 is written as follows:

Assumption 4.1

rðK�Þ ¼ R1 < 1: ð4:9Þ

On the other hand, it is easy to see that rðKþÞ ¼ 0, hence
Assumption 3.3 is always satisfied. It is clear that the symptomatic
class cannot persist without the asymptomatic class.

Assumption 4.1 is epidemiologically important. In fact, if R1 > 1,
the asymptomatic population can grow by itself only, so the dis-
ease can always invade the host population even if we have not
yet observed the appearance of symptoms. If we cannot observe
a majority of secondary transmissions which are made before the
onset of the disease, the disease outbreak could result in the most
devastating consequences, complicating public health responses
(see also our discussion on HIV/AIDS in Section 6).

4.2. The renewal process of asymptomatic infecteds

Because it is easier to formulate the renewal process of the
asymptomatic class (the non-target host), we first calculate the
state-reproduction number of asymptomatic infecteds. The asymp-
tomatic class is only one state at birth, and its state-reproduction
number is R0.

Inserting the second equation of (4.3) into the first equation of
(4.3), we have
v1ðtÞ ¼ R1

Z t

0
w1ðsÞv1ðt � sÞds

þ aR2

Z t

0
w2ðrÞ

Z t�r

0
f ðsÞv1ðt � r� sÞds

� �
dr

¼
Z t

0
A�ðsÞv1ðt � sÞds; ð4:10Þ

where

A�ðsÞ :¼ R1w1ðsÞ þ aR2

Z s

0
w2ðrÞf ðs� rÞdr

¼ R1w1ðsÞ þ aR2ðw2 � f ÞðsÞ: ð4:11Þ

Then the state-reproduction number for the asymptomatic
class, denoted by T� and equal to R0, is computed as

T� ¼ R0 ¼
Z 1

0
A�ðsÞds ¼ R1 þ aR2: ð4:12Þ

Moreover, the generation time, denoted by L�, is calculated as
follows:

L� ¼
1

T�

Z 1

0
sA�ðsÞds ¼ R1

R0
L1 þ

aR2

R0
ðL2 þ FÞ; ð4:13Þ

where

F :¼
Z 1

0
sf ðsÞds; Lj :¼

Z 1

0
swjðsÞds; ðj ¼ 1;2Þ: ð4:14Þ

That is, F denotes the average time from infection to the onset of
symptoms, L1 [L2] denotes the average infection-age [disease-age]
at the occurrence of secondary infection in the asymptomatic
[symptomatic] state.

4.3. The renewal process of symptomatic infecteds

Subsequently, let us formulate the renewal process of the symp-
tomatic class. Because the symptomatic class is the target host
here, we adopt Assumption 4.1.

Let us introduce the resolvent kernel /1ðsÞ corresponding to the
integral kernel R1w1 as the solution of the resolvent equation:

/1ðsÞ ¼ R1w1ðsÞ þ R1

Z s

0
/1ðzÞw1ðs� zÞdz: ð4:15Þ

By using the resolvent kernel /1, we can formally solve the
renewal equation for v1 in (4.3) as follows:

v1ðtÞ ¼ R2

Z t

0
w2ðrÞv2ðt � rÞdr

þ
Z t

0
/1ðsÞ R2

Z t�s

0
w2ðrÞv2ðt � s� rÞdr

� �
ds

¼ R2

Z t

0
w2ðrÞ þ

Z r

0
/1ðsÞw2ðr� sÞds

� �
v2ðt � rÞdr: ð4:16Þ

Inserting (4.16) into the second equation of (4.3), we arrive at the
renewal equation for the target host (the symptomatic class):

v2ðtÞ ¼ a
Z t

0
f ðsÞv1ðt � sÞds

¼ a
Z t

0
f ðsÞR2

Z t�s

0
w2ðrÞ þ

Z r

0
/1ðxÞw2ðr� xÞdx

� �
� v2ðt � s� rÞdrds

¼
Z t

0
AþðrÞv2ðt � rÞdr; ð4:17Þ

where
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AþðrÞ :¼ aR2

Z r

0
f ðsÞw2ðr� sÞds

þ aR2

Z r

0

Z s

0
f ðxÞ/1ðs� xÞdx

� �
w2ðr� sÞds

¼ aR2ðf � w2ÞðrÞ þ aR2ððf � /1Þ � w2ÞðrÞ: ð4:18Þ

Because /1 is integrable on [0,1) because of Assumption 4.1,
integrating both sides of the resolvent equation (4.15), we haveZ 1

0
/1ðsÞds ¼ R1 1þ

Z 1

0
/1ðsÞds

� �
; ð4:19Þ

which yieldsZ 1

0
/1ðsÞds ¼ R1

1� R1
: ð4:20Þ

Therefore, we can compute the state-reproduction number of
the symptomatic class, denoted by T+, as

Tþ ¼
Z 1

0
AþðrÞdr ¼ aR2

1� R1
: ð4:21Þ

Note that under Assumption 4.1, Tþ > 1, if and only if R0 ¼ T� > 1.

4.4. Eradication threshold by isolation

Suppose that we can isolate symptomatic cases immediately fol-
lowing the onset. Let � 2 [0,1] be the reduction factor of isolation
(i.e., the effectiveness of isolation). With the isolation measure,
the state-specific reproduction number becomes ð1� �ÞTþ, so the
eradication condition is given by

� > 1� 1
Tþ

: ð4:22Þ

Let �* be the critical value defined as

�� :¼ 1� 1
Tþ
¼ 1� 1� R1

aR2
¼ R0 � 1

aR2
: ð4:23Þ

Then under Assumption 4.1 and Tþ > 1, �� 2 ð0;1Þ and the disease
can be controlled only by isolation, if we set � > ��.

Let us introduce a parameter h as the proportion of transmis-
sions occurring before the onset of symptoms, and define it as

h :¼ R1

R0
: ð4:24Þ

Then it is easy to see that

Tþ ¼
ð1� hÞR0

1� hR0
: ð4:25Þ

If we assume that R0 ¼ T� is fixed, T+ is a function only of h. Observe
that

1� 1
Tþ
¼ 1

1� h
1� 1

R0

� �
: ð4:26Þ

Then the critical value �* is an increasing function of h if R0 > 1 and
we can find �* in (0,1) if, and only if

hR0 ¼ R1 < 1; ð4:27Þ

which is none other than our Assumption 4.1. It is intuitively clear
that the disease outbreak cannot be contained only by isolating
symptomatic cases if R1 P 1, because asymptomatic infecteds can
persist without symptomatic infecteds.

4.5. The serial interval

The serial interval is one of the most important epidemiologic
measures to understand the spread of an infectious disease, and
is defined as the time from symptom onset in a primary case to
symptom onset in secondary cases [21]. From the renewal equa-
tion for the symptomatic class (4.17), we can compute the serial
interval as given below.

Proposition 4.2. The serial interval for the system (4.3), denoted by
L+, is computed as

Lþ ¼
1

Tþ

Z 1

0
zAþðzÞdz ¼ F þ L2 þ

R1

1� R1
L1: ð4:28Þ

Proof. Let gj, (j = 1,2,3) be given integrable functions on [0,1).
Define

Xj ¼
Z 1

0
gjðxÞdx; Yj ¼

Z 1

0
xgjðxÞdx:

Then it is easy to see thatZ 1

0
xðg1 � g2ÞðxÞdx ¼ X1Y2 þ X2Y1:

Therefore, it follows thatZ 1

0
xððg1 � g2Þ � g3ÞðxÞdx ¼ X1X2Y3 þ X3ðX1Y2 þ X2Y1Þ:

Applying the above formula to (4.18), we obtainZ 1

0
zAþðzÞdz ¼ aR2ðF þ L2Þ þ aR2½ðF þ L2ÞX þ Y �; ð4:29Þ

where

X :¼
Z 1

0
/1ðxÞdx ¼ R1

1� R1
; Y :¼

Z 1

0
x/1ðxÞdx:

On the other hand, it follows from the resolvent equation (4.15) that

Y ¼ R1L1 þ R1ðXL1 þ YÞ;

which yields

Y ¼ R1L1

ð1� R1Þ2
: ð4:30Þ

Therefore, it holds thatZ 1

0
zAþðzÞdz ¼ aR2 ðF þ L2Þ 1þ R1

1� R1

� �
þ R1L1

ð1� R1Þ2

" #
:

Dividing the above expression by T+, we arrive at the formula
(4.28). h

If we can expect that the possibility of developing symptoms
and the infectivity are proportional to the density of infective
agents in vivo, it would be a biologically reasonable assumption
that b1 is proportional to g. If we adopt this assumption, it is easy
to see that F ¼ L1. Then we observe that

L� ¼ F þ aR2

R0
L2 < F þ L2 ¼: L; ð4:31Þ

where L denotes the ‘one-step’ serial interval, which is traditionally
assumed to be the serial interval readily seen in observed data. For
example, following the pioneering ideas of Pickles [45] and Hope
Simpson [26], Bailey [2, p. 21] document that the serial interval is
the period of time from the observation of the first symptom in
one case to the observation of symptoms in a second case ‘directly’
infected from the first. If a � 1 and R1 � 0, L corresponds to the
mean serial interval observed in contact tracing data (e.g., the mean
serial interval extracted from epidemic trees of symptomatic cases
showing the network of who infected whom [37,44]). On the other
hand, our L+ gives the ‘multi-step’ serial interval defined as the aver-
age time from the primary symptomatic cases to the secondary
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symptomatic cases that are infected either directly from the pri-
mary case or indirectly by way of asymptomatic cases. If a � 1
and R1� 0, L+ reflects the mean serial interval obtained from
household transmission data (e.g., the mean serial interval in
households with more than two susceptible individuals; see [21]).

Moreover, if F ¼ L1, it is easy to see that

Lþ ¼
1

1� R1
F þ L2 > L: ð4:32Þ

Therefore, we conclude that:

Proposition 4.3. Suppose that the asymptomatic infection rate b1 is
proportional to the force of onset g. Then it follows that

Lþ ¼
1

1� R1
F þ L2; L� ¼ F þ aR2

R0
L2; ð4:33Þ

L� 6 L 6 Lþ; ð4:34Þ

where equality holds if there is no asymptomatic transmission.

It is clear that the assumption of Proposition 4.3 is satisfied if b1

and g are constant.

4.6. The intrinsic growth rate

Another very important observable parameter is the initial
growth rate (the intrinsic rate of natural increase) of symptomatic
infecteds. The Euler–Lotka characteristic equation for the intrinsic
growth rate k of the symptomatic class is given byZ 1

0
e�kzAþðzÞdz ¼ bAþðkÞ ¼ 1: ð4:35Þ

From the expression (4.18), we havebAþ ¼ aR2 f̂ ŵ2 1þ /̂1

� �
: ð4:36Þ

On the other hand, taking the Laplace transform of the resolvent
equation (4.15), it follows that

/̂1 ¼ R1ŵ1 þ R1/̂1ŵ1; ð4:37Þ

from which we obtain

/̂1 ¼
R1ŵ1

1� R1ŵ1

; ð4:38Þ

where 1� R1ŵ1ðkÞ–0 for Rk P 0, because R1 < 1.
Inserting (4.38) into (4.36), we obtain the characteristic equa-

tion for the symptomatic class:

bAþ ¼ aR2 f̂ ŵ2

1� R1ŵ1

¼ 1: ð4:39Þ

Therefore, the non-negative intrinsic growth rate is given by the
dominant non-negative root of the characteristic equation as

R1ŵ1ðkÞ þ aR2 f̂ ðkÞŵ2ðkÞ ¼ 1; ð4:40Þ

which is the same as the characteristic equation for the asymptom-
atic class obtained from (4.10).

Example 4.4 (Type II (Exponential) distributions). If we assume that
all parameters bj and cj are duration-independent, b1 and g are
proportional to each other, and hence we have

F ¼ L1 ¼
1

gþ c1
; L2 ¼

1
c2
:

Then the characteristic equation (4.40) is reduced to the following
equation:
R1
gþ c1

kþ gþ c1
þ R2

g
kþ gþ c1

c2

kþ c2
¼ 1: ð4:41Þ

Using (4.28), we have the estimates for the reproduction num-
bers as

R1 ¼
Lþ � L
Lþ � L2

; ð4:42Þ

R2 ¼ ð1þ kL2Þð1þ kF � R1Þ: ð4:43Þ

Thus we can estimate Rj and hence R0 ¼ T� and Tþ if k, L+ and Lj are
available from some data source.

Example 4.5 (Type I distributions). Let us assume that the bj are
constants, and suppose that the survival rates are given by type I
distributions, that is, step functions as

CjðsÞ ¼
1; 0 6 s < Lj

0; s P Lj
;

	
PðsÞ ¼

1; 0 6 s < F

1� a; s P F

	
;

where we assume that F 6 L1. Then f ðsÞ ¼ dðs� FÞ. Therefore, the
characteristic equation (4.40) is calculated as

R1
1� ae�kF � ð1� aÞe�kL1

kðaF þ ð1� aÞL1Þ
þ aR2 e�kF 1� e�kL2

kL2
¼ 1: ð4:44Þ

Using (4.28) and (4.42), we can compute Rj from the knowledge of
L+, F, Lj and k.
5. Numerical examples

Here, we apply the concepts and methods developed in Sections
3 and 4 to recent issues relating to smallpox and pandemic influ-
enza. For both diseases, it is appropriate to assume that the repro-
duction number of asymptomatic transmissions, R1, is smaller than
unity [12,39,22,20].

5.1. Smallpox

With regards the smallpox issue, reintroduction of mass vacci-
nation prior to an actual bioterrorist attack is currently not recom-
mended, and thus, post-attack vaccination strategies (e.g., ring
vaccination [36,47]) together with other effective public health
interventions need to be considered. Because a previous study
exploring the detailed intrinsic dynamics suggested that a combi-
nation of case isolation and contact tracing could prevent the
spread of smallpox [12,13], here we concentrate on the role of iso-
lation only, using our analytical results. Evaluations of contact trac-
ing using similar modeling approaches are given elsewhere
[13,41,34,11,4,35,22].

Based on the records of a historical outbreak in Nigeria, R0 of
smallpox is estimated to range from 4 to 10 with a mean 6.9
[12], which is supported by an impressive study by Daniel Ber-
noulli [10] in the 18th century. In our asymptomatic transmission
model, the basic reproduction number R0 is given by R1 þ aR2 (=T�)
(see (4.12)). Using R0 ¼ T� within the previously suggested range,
we calculated R1 and R2 from our knowledge of h.

In this case, we have two different scenarios of disease onset; i.e.,
the onset of fever and the appearance of a rash. Whereas it may be
relatively easy to diagnose a case as smallpox following the appear-
ance of the rash, it may be difficult to isolate the case immediately
after the onset of fever. A previous study suggests that the propor-
tion of asymptomatic transmissions h is 2.6% [43]. Further, if we de-
fine the onset as the appearance of a rash, h may range up to 20%
[12,22]. For simplicity, we reasonably assume that all infected indi-
viduals develop symptoms following infection; i.e., a = 1 [18].

Fig. 1(A) shows the eradication thresholds of smallpox by
means of case isolation only. As discussed in (4.23), the critical
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coverage of effective isolation �* increases according to assumed
values of R0 and h. The assumed range of R0 indicates the critical
coverage �* above 80%, implying that considerable effort is neces-
sary to eradicate smallpox by means of case isolation only.
Fig. 1(B) examines the state-specific reproduction number of cases
following onset for different R0 and h. Three vertical dashed lines
indicate h yielding R1 = 1 where T+ would theoretically increase
to infinity. The figure suggests that at a certain threshold of h, it be-
comes impossible to eradicate the disease by isolation only. That is,
Fig. 1(A) and (B) indicates that it would be critically important to
combine isolation with contact tracing as well as other public
health measures including emergency vaccinations.

5.2. Pandemic influenza

As an example of pandemic influenza data, we analyzed the ini-
tial phase of the Spanish influenza pandemic in Maryland in 1918
[23], which was revisited in a recent study [53]. As is convention-
ally assumed [53,37], the exponential rise of incidence is readily
seen during the initial growth stage. Fitting a linear regression to
logarithmic values gives an approximate epidemic curve for the
incidence of influenza as

v2ðtÞ ¼ kekt ; ð5:1Þ

where k is a constant coefficient and k is the intrinsic growth rate
which was estimated to be 0.277 per day (Fig. 2).

To discuss the threshold phenomena of the disease using the
above estimate of k, we consider a case in which the mean incuba-
tion period F and the serial interval L+ are known. A recent study
reanalyzed the data of seasonal influenza transmission on an air-
craft with a short flight duration estimating F as 1.48 days
[19,40], which is consistent with the historical study on Spanish
influenza [38,42].

Unfortunately, L+ is unknown, as it is not directly observable,
and thus, we assume three different mean lengths of L+, i.e., 3.0,
4.5 and 5.0 days, roughly following the estimates of the one-step
serial interval L in previous studies [19,33,54]. If exponential distri-
butions are assumed for both the incubation period distribution
and relative frequency of symptomatic transmission, the mean of
the latter distribution L2 can be given by L+ � F/(1 � R1) from Eq.
(4.32). Accordingly, L2 was calculated using a fixed R1 (=0.35), be-
cause a combination of R1 = 0.35 and L+ = 4.5 leads to the mean
Fig. 1. Eradication threshold of smallpox by means of case isolation only. (A) The critical
area above the lines indicates the critical coverage of effective isolation that is needed
immediately following fever (h = 2.6% [43]), considerable effort is necessary to eradicate s
and 20% [12]). (B) The state-reproduction number of the symptomatic class, T+, for differe
10, theoretically T+ increases to infinity as h approaches 10.0–25.0%. Vertical dashed lin
one-step serial interval L (=F + L2), being 3.7 days, roughly corre-
sponding to a recent estimate [6].

Using these parameters, R2 is estimated from (4.41), and subse-
quently, Tþ and R0 ¼ T� are estimated from (4.21) and (4.25),
respectively (see Table 1). In this model, we assume that a = 1.0
(although this assumption may be unrealistic; this point is ad-
dressed in other methods). Although flu-like symptoms resemble
those of common viral infections, and thus, a simple isolation mea-
sure may not be the choice for control strategy, our estimate of T+,
ranging from 2.0 to 2.9, suggests that the spread of influenza could
be prevented if more than 48.9–65.0% of the cases were success-
fully isolated immediately after the onset of symptoms.

Estimates of T+ can also be obtained when type I distributions
are assumed for the incubation period and relative frequency of
symptomatic transmission (from Eqs. (4.28) and (4.42)). In this
case, the probability of ever developing symptomatic infection a
is arbitrarily assumed to be 2/3, the implicit estimate of which fol-
lows a previous study [14]. Assuming that the mean infection-age
of asymptomatic transmission L1 is 3.8 days [6], and consequently
R1 = 0.17 from (4.28), Tþ and R0 ¼ T� are subsequently estimated
(Table 1). The estimate of T+, ranging from 1.9 to 2.4, suggests that
the pandemic influenza could be eliminated if more than 46.3–
58.4% of the symptomatic cases were successfully isolated.

Even when explicit distributions of the incubation period and
secondary transmission following onset are unknown, estimates
of Tþ and R0 ¼ T� can reasonably be obtained. Assuming a stable
infection-age distribution of cases, the number of newly infected
individuals at time t, v1ðtÞ, is written as:

v1ðtÞ ¼ v1ðt � sÞeks: ð5:2Þ

The renewal equation (4.10) is thus rewritten as

v1ðtÞ ¼
Z 1

0
v1ðtÞe�ksA�ðsÞds: ð5:3Þ

Removing v1ðtÞ from both sides of (5.3), we get the Euler–Lotka
characteristic equation for the asymptomatic class:

1 ¼
Z 1

0
e�ksA�ðsÞds: ð5:4Þ

We further consider the probability density of the generation time
(with a mean L�), denoted by y(s):
coverage of smallpox cases needing to be isolated effectively with different R0. The
to eradicate smallpox using an isolation measure only. Compared with isolation

mallpox if isolation is implemented following the appearance of the rash (h = 5%, 10%
nt h. For the previously suggested R0 (i.e., T� in the present study) ranging from 4 to

es suggest each threshold of h (i.e., when R1 = 1) according to the given R0.



Fig. 2. Exponential fit of the initial growth of Spanish influenza (up to 13 days since
onset of the index case) in Maryland, 1918. Assuming Poisson-distributed errors,
the intrinsic growth rate, k, is estimated to be 0.277 (95% confidence interval: 0.266,
0.287). Data source: [23].

Table 1
Estimates of key transmission parameters of pandemic influenza in Maryland, 1918a

Assumed distributions Multi-step serial interval, L+ (days)

3.0 4.5 5.0

Type II distributionsb (Exponential distributions)
T+

a 1.96 2.63 2.86
R0

a 1.62 2.06 2.21

Type I distributionsb (Delta distributions)
T+ 1.86 2.26 2.40
R0 1.71 2.04 2.16

a T+, the state-specific reproduction number of the symptomatic class; R0, the
basic reproduction number.

b Input parameters: k, intrinsic growth rate = 0.277 (per day), F, mean incubation
period = 1.48 (days), L2, mean disease-age of secondary transmissions = L+ �F
(1 � R1), where R1 = 0.35. For the calculations assuming type I distributions, L1 was
set to be 3.8 (days), and the remaining parameters were equivalent to those of type
II distributions. Probability of developing symptomatic disease, a was assumed to
be 2/3. Data source to estimate the intrinsic growth rate: see [23].

Fig. 3. Critical level of case-isolation for Spanish influenza with different generation
times and proportions of asymptomatic transmissions. Generation time is assumed
to follow a gamma distribution with mean, L� (horizontal axis), and coefficient of
variation being 50%. The probability that an infected individual ever develops
symptoms is arbitrarily assumed to be 2/3 [14]. The estimated intrinsic growth rate,
k = 0.277 (see Fig. 2), is used to derive estimates of the basic reproduction number,
R0 [54]. The critical level of isolation � is subsequently estimated using various h
(vertical axis) which is assumed to range from 25% to 50% [22].

Fig. 4. The intervals between successive generations of infected individuals. The
multi-step serial interval is compared with the one-step serial interval as well as
the generation time. Using the intrinsic growth rate, k = 0.277 (see Fig. 2), and
arbitrarily assuming a mean generation time L� = 2.5 days, the multi-step serial
interval is calculated for different h (horizontal axis). The mean incubation period F
and the mean disease-age of symptomatic transmissions L2 are assumed to be 1.48
and 2 days [19,40,38,43], respectively, resulting in a one-step serial interval L of
3.48 days. The probability that an infected individual ever develops the symptoms a
is arbitrarily assumed to be 2/3 [14].
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yðsÞ :¼ A�ðsÞR1
0 A�ðxÞdx

¼ A�ðsÞ
R0

; ð5:5Þ

where we use the relation R0 ¼ T�. Using (5.5), Eq. (5.4) can be re-
placed by

1
R0
¼
Z 1

0
e�ksyðsÞds: ð5:6Þ

The above process is exactly what Wallinga and Lipsitch [54] dis-
cussed regarding the relationship between generation time and
the basic reproduction number. Accordingly, the basic reproduction
number (which is also the state-specific reproduction number of an
asymptomatic case) can be rewritten as:

R0 ¼
1

Mð�kÞ ; ð5:7Þ

where Mð�kÞ is the moment generating function of the generation
time distribution y(s), given the intrinsic growth rate k. This argu-
ment was well known in classical human demography (see [46, p.
27]).

For example, when y(s) is arbitrarily assumed to follow a gam-
ma distribution with mean L� and coefficient of variation,
CV ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðL�Þ

p
=L�, R0 ¼ T� is given by [54]:

R0 ¼ ð1þ kL�ðCVÞ2Þ
1

ðCVÞ2 : ð5:8Þ
If the proportion of asymptomatic transmission h is also known, R1

and R2 are subsequently estimated from (4.12), and consequently,
Tþ and R0 ¼ T� can be derived from (4.21). We investigate the plau-
sible range of L� ranging from 1 to 6 days, assuming that CV = 0.5,
a = 2/3, and h ranges from 25% to 50% [22]. Fig. 3 shows the critical
level of isolation � for various L� and h within the assumed ranges.
The triangular area in the upper right corner represents the condi-
tion when R1 > 1 (i.e., where it is not possible to prevent the spread
of influenza by case isolation only). It should be noted that � is sen-
sitive not only to L� but also to h.

Fixing the mean generation time at L� = 2.5 days in the above
case, Fig. 4 further compares differences between L�, L and L+.
The same probability of developing symptomatic transmission,
a = 2/3, is assumed. Moreover, assuming that F = 1.48 and L2 = 2.0
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days, i.e., L = 3.48 days, the (multi-step) serial interval, L+ is derived
using (4.13) and (4.28).

The figure indicates that the more frequent the asymptomatic
transmission is, the longer is the multi-step serial interval.
Although many quantitative studies assumed previously that the
generation time was equivalent to the serial interval (as if it were
granted), the serial interval should be longer than generation time
as long as asymptomatic transmission is present [51], and the dif-
ference becomes more pronounced as h increases.
6. Discussion

We have established the state-reproduction number for a mul-
tistate class age structured epidemic model based on a renewal
integral equation system. Using a formal analytical solution for
non-target hosts, we induced the renewal integral equation system
for the target hosts. From its integral kernel, we computed the ba-
sic epidemiological indices including the state-reproduction num-
ber and the average generation time and derived the characteristic
equation for the intrinsic growth rate. If the non-target host cannot
persist without the target host, the disease can invade the host
population if the state-reproduction number is greater than unity,
while it cannot if the state-reproduction number is less than unity.
If the target type is composed of all states at birth, the state-repro-
duction number gives the basic reproduction number.

Subsequently, we applied our theory to the asymptomatic
transmission model, in which an infected population includes both
asymptomatic and symptomatic individuals. Although in this case
the state-reproduction number of the asymptomatic class gives the
basic reproduction number R0, the state-reproduction number of
the symptomatic class T+ was highlighted, because the onset of
symptoms is directly observable, and a critical condition of case
isolation is directly derived from the control relation 1 � 1/T+.

Our exercise has also reasonably shown that the mean lengths of
one-step and multi-step serial intervals are longer than that of gen-
eration time, as long as asymptomatic transmission exists. We have
shown that these serial intervals are characterized by the reproduc-
tion number (or proportion) of direct asymptomatic transmissions
and are estimated mainly from observable and quantifiable param-
eters, such as the incubation period and relative frequency of symp-
tomatic transmission with respect to disease-age.

Previous mathematical epidemic models did not highlight
clearly the observable events in field and in experiments, making
it difficult to apply these theoretical models to observations. The
difficulty was seen not only in the definition of intrinsic parameters
(e.g., latent and infectious periods), but also in the definition of host
types (i.e., pre-infectious (exposed) and infectious individuals)
[3,2]. Besides, compartments I and/or R of the usual SIR and SEIR
models were fitted to the observed data to derive some parameter
estimates, though they did not necessarily measure nor theoreti-
cally define I or R. Moreover, the basic reproduction number was re-
cently related to the generation time [49,54] which is also not
directly observable. To widen the applicability of statistical tech-
niques, we considered it essential to construct a theory from obser-
vable ingredients and to offer explicit interpretations for observed
quantities. In keeping with this, our approach has reasonably of-
fered a basic method for quantifying epidemiological indices for
asymptomatically transmitted diseases based on observables and
recovered the correspondence between theory and practice.

Smallpox and influenza were discussed as examples of the
asymptomatic transmission model. In practical terms, we have
shown that considerable effort is necessary to contain a smallpox
outbreak by case isolation only, and thus, it is favorable to combine
the isolation measure with contact tracing and other public health
countermeasures. With regard to influenza, the state-reproduction
number of symptomatic cases T+ and R0 were estimated using the
intrinsic growth rate obtained from historical data of a Spanish influ-
enza pandemic. Compared with R0, the eradication threshold of case
isolation, 1 � 1/T+, was shown to be greatly influenced by h.
Although it may be unrealistic to discuss the effectiveness of the iso-
lation of influenza (due mainly to the common flu-like symptoms),
and whereas there are a few unknown parameters such as the prob-
ability of developing symptoms a, we believe that the method partly
satisfies a practical need to estimate key quantities using known
information. Furthermore, we have shown that the mean (multi-
step) serial interval of influenza should be longer than the mean
one-step serial interval as well as the mean generation time.

One of the basic assumptions of our asymptomatic transmission
model is that the symptomatic transmission rate b2 is given as a
function of the disease-age (i.e., the time elapsed since the onset).
However, there is a possibility that b2 depends on the infection-
age (i.e., the time since infection), because the infectiousness might
be in part characterized by the density of pathogens in vivo (e.g.,
viral load), the time evolution of which can be parameterized by
the infection-age. On the other hand, the relative frequency of
symptomatic transmission may be mainly regulated by the dis-
ease-age, if the host behavior and his/her contact patterns are heav-
ily influenced by the severity of clinical symptoms. Developing an
asymptomatic transmission model whose symptomatic class de-
pends both on the infection-age and the disease-age is a future
challenge, which would be most useful to consider the effectiveness
of contact-tracing. Although the mathematical formulation of this
kind of two-parameter model is not difficult, its data availability
is limited. Thus from a practical point of view, our simplified one-
parameter system developed here may have wider applicability.

Moreover, it should also be noted that our applications in Sec-
tions 4 and 5 are limited to diseases of which the average number
of direct asymptomatic transmissions R1 is smaller than unity. A
typical disease violating this assumption, i.e., R1 > 1, is HIV/AIDS.
The infectiousness of HIV has been shown to vary with infection-
age, where one of the peaks is seen immediately after infection
[50] and moreover, the majority of secondary transmissions is be-
lieved to occur before the onset of AIDS [22]. If we can ignore the
symptomatic transmission caused by AIDS cases, the asymptom-
atic transmission model becomes a decomposable system. Hence,
we cannot define the state-specific reproduction number of the
symptomatic class, because symptomatic individuals cannot
reproduce themselves.

Finally, we remark that statistical extensions would be a key is-
sue to widen the practical use of the state-reproduction number
theory. For example, although our discussions in Section 5 relied
on mean estimates alone, estimation of the uncertainty bounds
would be called for. In addition, the relationships between the se-
rial interval and generation time must be explored further using
the observed data. Because these intervals are key quantities in
estimating the transmission potential from the intrinsic growth
rate [49,54], a method to derive an estimate of the generation time
simply, using the one-step serial interval and other parameters
concerning asymptomatic transmission, would be required. Such
quantitative assessments would be crucial, because, in the same
way as we illustrated the threshold of case isolation, the state-
reproduction number can provide us with a basis for discussing
public health control policy, offering an unbiased threshold of dis-
ease control for a specific targeted host.
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