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Abstract. We formulate an age-duration-structured model for
the spread of HIV infection in a homogeneous community to dis-
cuss endemic threshold and its characterization by reproduction
numbers. The basic model is formulated as a system of first or-
der (McKendrick type) partial differential equation with nonlinear
boundary condition. First we investigate the invasion problem to
establish the basic reproduction ratio for the HIV epidemic model,
which gives the invasion criterion whether the disease can invade
into the completely susceptible host population. Subsequently we
introduce the effective reproduction ratio to formulate the condi-
tion for endemicity, by which we show that the backward bifurca-
tion could occur when the basic reproduction ratio crosses unity,
so multiple endemic steady states can exist.

1. Introduction

It has been widely recognized that in most epidemic models, the threshold theorem
can be formulated by using the basic reproduction ratio denoted by R0. The basic
reproduction ratio is defined as the expected number of secondary cases produced,
in a completely susceptible population, by a typical infected individual during its
entire period of infectiousness. Then the epidemiological threshold criterion states
that the disease can invade into the susceptible host population if R0 > 1, whereas
it cannot if R0 < 1. In terms of dynamical system, the disease-free steady state is
locally asymptotically stable if R0 < 1 and it is unstable if R0 > 1. Therefore, from
the standpoint of disease prevention in a disease-free host population, to maintain
the basic reproduction ratio less than unity is the crucial criterion.

On the other hand, in many cases we can state more that there exists at least
one endemic steady state with local stability if R0 > 1 ([1], [5]) and there is no
endemic steady state if R0 ≤ 1, which means that the bifurcation of endemic steady
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state at R0 = 1 is forward one and the disease-free steady state is globally stable
if R0 ≤ 1. In such a case, the subcritical condition R0 < 1 becomes the sufficient
condition to eradicate the disease even though the disease is already endemic.

However, it has been pointed out by several authors that the backward bifur-
cation could occur for complex epidemic models (see [3], [8], [10]). In a system
with a backward bifurcation, the endemic steady state that exists for R0 just above
one could have a large infectious population, so the result of R0 rising above one
would be a drastic change in the number of infecteds. Conversely speaking, if the
disease is already endemic, reducing R0 back below one would not be sufficient to
eradicate the disease. That is, in order to eradicate the disease, we have to reduce
the basic reproduction ratio so far that it enters the region where the disease-free
steady state is globally asymptotically stable and there is no endemic steady state.
Therefore to know whether a backward bifurcation could occur or not in a given
epidemic system is practically important for the control of infectious diseases.

In this short note, we focus on the bifurcation of endemic equilibria in an age-
duration-structured model for HIV/AIDS epidemic in a homosexual community.
This model is an extension of the well known HIV/AIDS model with class age
structure which has been already studied by several authors ([4], [9]). Though
Huang, et al. [3] have already shown that there could exist multiple endemic steady
states for a multigroup HIV model, we can show that a backward bifurcation can
occur even for a single community model with age structure. For this purpose,
we develop the idea of the effective reproduction ratio by which we formulate the
endemicity condition. Our approach could give an intuitive way to understand the
reason of a backward bifurcation to occur.

2. The Basic Model

First let us formulate an age-structured HIV epidemic model for homosexual pop-
ulation with a constant birth rate. Here we assume that individuals have sexual
contacts with each other at random and the duration of a partnership is negligibly
short, so we neglect the effect of persistent partnership (for this effect, see [2], [6],
[7]). We divide the sexually active homosexual population into two groups: S (un-
infected but susceptible) and I (HIV infected). We do not introduce a latent class,
since the latent period of HIV is negligibly short in compare with its long incu-
bation period. Thus all of I-individuals are infectious and will develop full-blown
AIDS eventually. We assume that infected individuals with fully developed AIDS
symptoms are sexually inactive, hence they are removed from the spread process.

Let S(t, a) be the age-density of susceptible population at time t and age a and
let B be the birth rate of susceptible population. Here we neglect the vertical
transmission, so all newborns are assumed to be susceptible. Let I(t, τ ; a) be the
density of infected population at time t and disease-age (duration since infection) τ
who are infected at age a, which means that I is the density in an infection cohort
with infection age a. Let µ(a) be the age-specific natural death rate, γ(τ ; a) the rate
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of developing AIDS at disease age τ and infection age a and let λ(t, a) be the par
capita infection rate (the force of infection) at time t and age a. Then the dynamics
of the sexually active host population is governed by the following system:

(1)
(

∂

∂t
+

∂

∂a

)
S(t, a) = −(µ(a) + λ(t, a))S(t, a),

(2)
(

∂

∂t
+

∂

∂τ

)
I(t, τ ; a) = −(µ(a + τ) + γ(τ ; a))I(t, τ ; a),

(3) S(t, 0) = B,

(4) I(t, 0; a) = λ(t, a)S(t, a).

The force of infection λ(t, a) is assumed to have the following expression:

(5) λ(t, a) =
C(P (t))

P (t)

∫ ∞

0

∫ b

0

β(a, b, τ)I(t, τ ; b− τ)dτdb,

where P (t) is the total size of sexually active population given by

P (t) :=
∫ ∞

0

[
S(t, a) +

∫ a

0

I(t, τ ; a− τ)dτ

]
da,

and C(P ) denotes the mean number of sexual partners an average individual has per
unit time when the population size is P . We assume that C(P ) is a non-decreasing
differentiable function. Mathematical well-posedness of the system (1)-(5) can be
shown by using classical integral equation approach or semigroup approach (see
[8]).

3. Criterion for Disease Invasion

Note that the basic system (1)-(5) has a disease-free steady state (S0, I0) :=
(B`(a), 0), where `(a) is the survival functions defined by `(a) := exp(− ∫ a

0
µ(σ)dσ).

By linearizing the basic system at the disease-free steady state, we know that
in the early stage of the epidemic, the dynamics of infected population can be
described by the following equation:

(6)
(

∂

∂t
+

∂

∂τ

)
I(t, τ ; a) = −(µ(a + τ) + γ(τ ; a))I(t, τ ; a),

(7) I(t, 0; a) = S0(a)
C(P0)

P0

∫ ∞

0

∫ b

0

β(a, b, τ)I(t, τ ; b− τ)dτdb.

where P0 denotes the size of totally susceptible host population given by P0 :=∫ ω

0
S0(a)da. By integrating (6) along the characteristic line, we obtain an expression

(8) I(t, τ ; a) =

{
Γ(τ ; a) `(a+τ)

`(a) I(t− τ, 0; a), (t− τ > 0)
Γ(τ ;a)`(a+τ)

Γ(τ−t;a)`(a+τ−t)I(0, τ − t; a), (τ − t > 0)



4 HISASHI INABA

where I(0, τ ; a) is a given initial data and Γ(τ ; a) is the survival function defined
by Γ(τ ; a) := exp

(− ∫ τ

0
γ(σ; a)dσ

)
.

From (7) and (8), we obtain the following renewal integral equation for the
density of newly infected population B(t, a) := I(t, 0; a):

(9) B(t, a) = G(t, a) + S0(a)
C(P0)

P0

∫ t

0

∫ ∞

τ

K(a, b, τ)B(t− τ, b− τ)dbdτ,

where G and K are given by

G(t, a) := S0(a)
C(P0)

P0

∫ ∞

t

∫ ∞

τ

β(a, b, τ)
Γ(τ ; b− τ)`(b)

Γ(τ − t; b− τ)`(b− t)
I(0, τ−t; b−τ)dbdτ,

K(a, b, τ) := β(a, b, τ)Γ(τ ; b− τ)
`(b)

`(b− τ)
.

Let us consider G(t, a) and B(t, a) as L1-valued functions of t > 0 and let Π(τ)
be a linear positive operator from L1

+(0,∞) into itself defined by

(Π(τ)ψ)(a) := S0(a)
C(P0)

P0

∫ ∞

τ

K(a, b, τ)ψ(b− τ)db.

Then we can see (9) as an abstract renewal integral equation in L1:

(10) B(t) = G(t) +
∫ t

0

Π(τ)B(t− τ)dτ, t > 0,

Though we omit the proof (the reader may refer to [5] and [8] for the proof), if
the Laplace transform Π̂(z) :=

∫∞
0

e−zτΠ(τ)dτ is compact and nonsupporting on
the real axis, its spectral radius (that is, the Frobenius root of a positive operator
Π̂(z) for real z), denoted by r(Π̂(z)), is monotone decresing from ∞ to zero, there
exists a unique real root r0 such that r(Π̂(r0)) = 1. Then we obtain that r0 > 0
if r(Π̂(0)) > 1, r0 = 0 if r(Π̂(0)) = 1 and r0 < 0 if r(Π̂(0)) < 1. Moreover, we
can prove the renewal theorem that there exists a nonnegative constant c such that
limt→∞ e−r0tB(t) = cψ0, where ψ0 is the positive eigenvector corresponding to the
Frobenius eigenvalue one of Π̂(r0). Thus we can conclude that:
Proposition 3.1. The disease-free steady state is locally asymptotically stable if
r(Π̂(0)) < 1, whereas it is unstable if r(Π̂(0)) > 1.

Therefore it is reasonable to consider r(Π̂(0)) as the basic reproduction ratio R0.
Biologically speaking, the operator Π̂(0) =

∫∞
0

Π(τ)dτ maps the density of primary
cases (newly infecteds) to the density of secondary cases in a completely susceptible
population, so it is called as the next generation operator (see [1]). Then we can
state the criterion for invasion that the disease can invade into the host susceptible
population if R0 > 1, whereas it cannot if R0 < 1, and R0 is given as the spectral
radius of the next generation operator.

If we adopt the proportionate mixing assumption, that is, assume that the trans-
mission rate β can be decomposed as β(a, b, τ) = β1(a)β2(b, τ), we can calculate
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the basic reproduction ratio explicitly as follows:

(11) R0 =
C(P0)

P0

∫ ∞

0

∫ ∞

τ

β2(b, τ)Γ(τ ; b− τ)S0(b)β1(b− τ)dbdτ.

In this special case, the range of the next generation operator is a one-dimensional
space spanned by β1(a)S0(a), which is no other than the Frobenius eigenvector of
the next generation operator. Therefore (11) follows from the eigenvalue equation
Π̂(0) · β1S0 = R0 · β1S0.

4. Bifurcation of Endemic Equilibria

Let (S∗(a), I∗(τ ; a)) be the steady state for system (1)-(5) and let λ∗(a) be the
force of infection in the steady state. Then it follows that

(12) S∗(a) = S0(a)e−
R a
0 λ∗(ξ)dξ, I∗(τ ; a) = Γ(τ ; a)

`(a + τ)
`(a)

B∗(a),

where B∗(a) := λ∗(a)S∗(a) is the density of newly infected population. Here we
remark that we can induce the force of infection λ∗ from the knowledge of B∗ as
follows:

(13) λ∗(a) =
B∗(a)

1− ∫ a

0
B∗(σ)
S0(σ) dσ

.

It follows from (5) that B∗ must satisfy the (formal) renewal integral equation
as follows:

(14) B∗(a) = S∗(a)
C(P [λ∗])

P [λ∗]

∫ ∞

0

∫ ∞

τ

K(a, b, τ)B∗(b− τ)dbdτ,

where P [λ∗] denotes the size of steady state population with force of infection λ∗

given by

P [λ∗] :=
∫ ∞

0

S0(a)
[
e−
R a
0 λ∗(ξ)dξ +

∫ a

0

Γ(a− τ ; τ)λ∗(τ)e−
R τ
0 λ∗(ξ)dξdτ

]
da.

It is clear that (14) can be rewritten as a fixed point equation of λ∗, for which we
can apply fixed point argument to see existence of endemic equilibria. Though we
omit such arguments here, it can be proved that there exists at least one endemic
steady state if R0 > 1 (see [7], [8]).

Instead, in order to characterize the endemicity of the disease, let us introduce
the next generation operator under a given force of infection λ∗, denoted by Ψ[λ∗],
as follows:

(15) (Ψ[λ∗]ψ)(a) := S∗(a)
C(P [λ∗])

P [λ∗]

∫ ∞

0

∫ ∞

τ

K(a, b, τ)ψ(b− τ)dbdτ.

Using the next generation operator (15), the renewal process (14) can be written
as B∗ = Ψ[λ∗]B∗, which means that B∗ must be simply reproduced at the endemic
steady state, hence B∗ is the Frobenius eigenvector corresponding to the Frobenius
eigenvalue one of Ψ[λ∗] if Ψ[λ∗] is compact and nonsupporting. Then if we define its
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spectral radius r(Ψ[λ∗]) as the effective reproduction ratio with the force of infection
λ∗, denoted by R[λ∗], that is, R[λ∗] := r(Ψ[λ∗]), we could formulate the criterion
for endemicity as

(16) R[λ∗] = 1.

In other words, λ∗ gives the force of infection corresponding to the endemic steady
state if and only if λ∗ satisfies the condition (16).

The endemicity condition (16) provides us an intuitive understanding for the
reason that backward bifurcation and multiple endemic equilibria can occur. In
fact, if R[λ∗] is monotone with respect to the size of λ∗, there exists at most
one endemic equilibrium and the bifurcation is forward one, since R[0] = R0 and
R[∞] = 0. On the other hand, if R[λ∗] increases for small λ∗, endemic equilibria
would bifurcate backwardly when R0 crosses unity.

In order to calculate R[λ∗] explicitly and prove the above intuition, let us use the
proportionate mixing assumption again. That is, we assume that the transmission
rate β can be decomposed as β(a, b, τ) = β1(a)β2(b, τ). In this case, from (5) we
can write as λ∗(a) = cβ1(a) with some positive constant c > 0. Then the range of
Ψ[λ∗] is spanned by β1(a) exp(−c

∫ a

0
β1(σ)dσ)S0(a), so it follows from the renewal

relation
Ψ[cβ1] · β1e

−c
R a
0 β1(σ)dσS0 = R[cβ1] · β1e

−c
R a
0 β1(σ)dσS0,

that we have

(17) R[cβ1] =
C(P [cβ1])

P [cβ1]

∫ ∞

0

∫ ∞

τ

k2(b, τ)β1(b− τ)e−c
R b−τ
0 β1(σ)dσdbdτ,

where k2(b, τ) := β2(b, τ)Γ(τ ; b− τ)S0(b).
Thus we conclude that if the characteristic equation R[cβ1] = 1 has a positive

root c > 0, cβ1 gives the force of infection of an endemic steady state. So if R[cβ1] is
monotone with respect to c ≥ 0, there exists at most one endemic steady state, then
the bifurcation is forward one. This situation is realized if C(P ) is proportional to
P .

On the other hand, we can consider a bifurcation scenario under which the
existence of multiple endemic steady states produced by backward bifurcation is
possible as follows: Let us introduce bifurcation parameter ε as

(18) R[cβ1] = ε
C(P [cβ1])

P [cβ1]

∫ ∞

0

∫ ∞

τ

k2(b, τ)β1(b− τ)e−c
R b−τ
0 β1(σ)dσdbdτ,

where we assume that other parameters are normalized as

(19)
C(P0)

P0

∫ ∞

0

∫ ∞

τ

k2(b, τ)β1(b− τ)dbdτ = 1.

Thus ε = R[0] gives the basic reproduction ratio for the parametrized system.
Now we define a function F by F (c, ε) := R[cβ1]− 1, then F (0, 1) = 0. Suppose

that

(20)
∂F

∂c
(0, 1) > 0.
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Then it follows from the Implicit Function Theorem that F (c, ε) = 0 can be solved
as c = c(ε) at the neighborhood of (c, ε) = (0, 1), and

dc

dε

∣∣∣∣
ε=1

= −Fε(0, 1)
Fc(0, 1)

= − 1
Fc(0, 1)

< 0.

Since c(1) = 0, for small η > 0, we have c(ε) > 0 for ε ∈ (1 − η, 1). Let us fix
such a ε ∈ (1 − η, 1) and consider F (c, ε) as a function of c. Then we know that
F (0, ε) = ε− 1 < 0, F (c(ε), ε) = 0 and F (∞, ε) = −1. Moreover, from (20) ∂F/∂c
is positive at c = c(ε) if ε is small enough. Therefore we conclude that ε is less than
one but very near to unity, there exists at least two endemic steady states which
are given as positive roots of F (c, ε) = 0, and if ε = 1, then there exists at least
one endemic steady state under the condition (20), which means that the endemic
equilibria bifurcate backwardly from the disease-free steady state when ε crosses
unity.

On the other hand, if we assume ∂F (0, 1)/∂c < 0, then we have dc/dε|ε=1 > 0.
In this case, for small η, there is no c(ε) > 0 such that F (c(ε), ε) = 0, ε ∈ (1− η, 1).
Then the possible bifurcation is supercritical. If we calculate the condition (20)
explicitly, we can conclude that
Proposition 4.1. Under the bifurcation scenario given by (18) and (19), the en-
demic equilibria bifurcate backwardly from disease-free steady state when ε crosses
unity if the following holds(

1− C ′(P0)P0

C(P0)

)∫ ∞

0

`(a)
e0

∫ a

0

(1− Γ(a− τ ; τ))β1(τ)dτda

(21) >

∫∞
0

∫∞
τ

k2(b, τ)β1(b− τ)
∫ b−τ

0
β1(σ)dσdbdτ∫∞

0

∫∞
τ

k2(b, τ)β1(b− τ)dbdτ
,

where e0 :=
∫∞
0

`(a)da is the life span of susceptibles. If the opposite inequality
holds, the bifurcation at ε = 1 is forward one.

From (21), we know that if C(P ) is constant (that is, λ is homogeneous of degree
one with respect to the scale of population size), the backward bifurcation at ε = 1
is possible, while if C(P ) = αP for a constant α > 0 (that is, λ is given by the law
of mass action), then the bifurcation at ε = 1 is always supercritical.

On the other hand if the basic reproduction ratio is small enough, we can prove
that there is no endemic steady state and the disease-free steady state becomes
globally asymptotically stable (see [7], [8]):
Proposition 4.2. If we assume that supx≥0 C(x)/x < ∞, and define R† such that
R† := [supx≥0 C(x)/x]−1C(P0)/P0. Then if R0 < R†, there is no endemic steady
state and the disease-free steady state is globally asymptotically stable.

Although we have only considered the proportionate mixing case above, it is also
possible to formulate a (formal) necessary and sufficient condition of the subcritical
bifurcation for the general transmission rate by using the Lyapunov-Schmidt type
bifurcation argument (see [8]).
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