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Local Sobolev-Bergman kernels of
strictly pseudoconvex domains

Kengo Hirachi and Gen Komatsu

Introduction

This article grew out of an attempt to understand analytic aspect of
Fefferman’s invariant theory [F3] of the Bergman kernel on the diagonal of
Q x Q for strictly pseudoconvex domains €2 in C" with smooth (C'* or real
analytic) boundary. The framework of his invariant theory applies equally
to the Szego kernel if the surface element on 0f) is appropriately chosen,
while the Szego kernel is regarded as the reproducing kernel of a Hilbert
space of holomorphic functions in 2 which belong to the L? Sobolev space
of order 1/2. This fact is our starting point. For each s € R, we first
globally define the Sobolev-Bergman kernel K* of order s/2 to be the
reproducing kernel of the Hilbert space H*/2(Q2) of holomorphic functions
which belong to the L? Sobolev space of order s/2, where the inner product
is specified arbitrarily.

In order to put the Sobolev-Bergman kernel K* in the invariant theory,
it is necessary to assume that K® has two crucial properties which are
satisfied by the Bergman kernel K® = K& and the (invariantly defined)
Szegd kernel K5 = K. The first one is the transformation law of weight
w € Z under biholomorphic mappings ®: ; — 2y

Kq, = (Kq, o ®) | det @'|?/(n+D) (0.1)

for a kernel (or a domain functional) K = Kq, where det &’ denotes the
holomorphic Jacobian of ®. If we write w = w'™(K) for w in (0.1), then
wil(KB) = n + 1 and wT(K®) = n. We require the inner product of
H*?(Q) to satisfy

wiH(K*) =w(s) with w(s)=n+1—s€Z,

and say that such K* is weakly invariant. However, we don’t know how
to define such an inner product for s > 0, except for the Szego kernel case
s = 1. So far, we could have defined weakly invariant Sobolev-Bergman
kernels K* = K§ only for s = 1 and s < 0 real (see Section 1). This is
a motivation to abandon the global definition via the inner product and
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consider the local kernels regarded as singularities (i.e. kernels modulo
smooth error) near a boundary point of reference.

The second crucial property satisfied by the Bergman kernel and the
Szego kernel is that the singularity is simple holonomic, that is,

K:T%—l—wlogr (w>0), K=¢r “logr (w<O0) (0.2)

with w € Z, where r is a (smooth) defining function of 02 such that
r > 0in Q, and ¢, ¥ are smooth functions on Q (near 992) such that ¢
does not vanish on 9Q. We have w = w*(K) for w in (0.2) if K = KB,
KS. Furthermore, the singularities of K® and K® are localizable to a
neighborhood of a reference boundary point. In fact, these are obtained
by patching locally defined singularities along the boundary 92. We thus
require w = w(s) in defining local Sobolev-Bergman kernels K* = K}
with simple holonomic singularity. If in addition K* is weakly invariant, we
say that K* is strongly invariant. This property is necessary in discussing
the invariant theory of K*.

In order to define local Sobolev-Bergman kernels, we first assume for
simplicity that the (local) defining function r of 92 is real analytic, so
that we may write r = r(z,Z). We then use Kashiwara’s characteriza-
tion of the local Bergman kernel KB = K (z,%). Kashiwara [Kas|] wrote
down a system of microdifferential equations characterizing K® up to a
constant multiple by using another system satisfied by logr. According to
Boutet de Monvel [BM1]-[BM3], one can in fact define a transformation
logr — KB, where the singularity logr represents the domain € locally.
In other words, KB is a local domain functional via logr. On the other
hand, Sato’s hyperfunction theory asserts that any simple holonomic sin-
gularity K, with respect to r which is fixed, is written as K = Alogr,
where A = A[K] is a specific linear transformation (a microdifferential
operator of finite order) which is holomorphic in z. Then K = A*"1KB
is again a simple holonomic singularity, where A* denotes the formal ad-
joint of A defined formally by integration by parts without taking the
complex conjugate. The mapping K — K is consistent with Kashiwara’s
transformation logr — KB, and the Szegt kernel K = K5 is obtained by
choosing K to be a constant multiple of 1/r with an appropriate choice of
r which defines 0€2 locally. Taking account of this fact, we first define in
Subsection 2.1 the local Sobolev-Bergman kernels K* = K7 . with respect
to any (local) defining function r by taking

Ks=r"° (s>0), Ks=r""logr (s<0)

for s € Z, where normalization constants are ignored. We then define in
Subsection 2.3 the (invariant) local Sobolev-Bergman kernel K = K§



Local Sobolev-Bergman kernels 3

for each s € Z as a local domain functional by requiring that the defining
functions r = rq are so chosen that K . is strongly invariant. Here, the
word “strongly” can be omitted, because the strong invariance of Kj . is
reduced to the weak one, the (local) transformation law. In case 0€2 is not
real analytic but C'*°, the local Sobolev-Bergman kernels are regarded as
formal singularities (see Section 3).

As we prove in Subsection 2.2, the invariance of K* = Kj . is equiv-
alent to that of K, which obviously comes from the transformation law
for the defining function r = ro as a local domain functional. However,
the situation is somewhat complicated because the transformation law for
r holds only approximately. In [F2], Fefferman constructed r such that
wlil(r) = —1 modulo O(r"*2). This error estimate is optimal (Theorem
2). Consequently, the local Sobolev-Bergman kernel K} . which by defini-
tion is invariant exists if and only if 0 < s < n+1 (Theorem 1). These two
theorems are the main results of this paper stated in Subsection 2.3. The-
orem 1 suggests that, for 0 > s € Z, weakly invariant Sobolev-Bergman
kernels K* which are globally defined do not have simple holonomic sin-
gularities, though we don’t know anything about the singularities in this
case.

We emphasize that the invariance of K}, for 0 < s < n + 1 holds
without error, though that of the best possible r is approximate with
error of O(r"*?). More precisely, the invariance of K follows from that
of » modulo O(r**!) for 0 < s <n+ 1.

For the local Sobolev-Bergman kernel K* with 0 < s < n + 1, we
can apply Fefferman’s invariant theory to get an approximately invariant
asymptotic expansion similar to those for KB and K®. Though there are
some technical difficulties to be examined such as the polynomial depen-
dence on Moser’s normal form coefficients A = (Ai B)’ we can verify these
by inspecting the construction (see Section 4). In fact, the polynomial
dependence on A = (A’ 5) is taken into account in the definition of K3 .
All abstract results as in Fefferman [F3] and Bailey-Eastwood-Graham
[BEG] for KB are evidently valid as well for K*, whereas explicit results
for K* such as the determination of universal constants in Graham [G1]
and [HKN1], [HKN2] for K® and K® are obtained by computer-aided
calculation. These results are stated in Sections 4 with the method of
computation explained in Appendix B.

The first author has recently obtained in [Hi| an invariant asymptotic
expansion of the Bergman kernel without error via a special family of
defining functions r of 9€), where the family is parametrized formally by
C>(092) and the transformation law is made to hold within the family.
The method applies in getting similar expansions of the Szego kernel and
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the local Sobolev-Bergman kernels in the present paper as well. Though
the present paper discusses Fefferman’s approach so that the best possible
defining functions r has the ambiguity O(r"™2), the proof of the optimality
of this error estimate (i.e. Theorem 2) is done here by using the theory in
[Hi] (see Section 5).

1. Globally defined Sobolev-Bergman kernels

Let €2 be a bounded strictly pseudoconvex domain in C" with smooth
boundary. For s € R, we denote by Hf(g (Q) the topological vector space
consisting of holomorphic functions in € which are contained in the L?
Sobolev space of order s/2. When an inner product (-, -),/2 is specified,

we write Hto/p (Q) as H%?(Q). Then H*?(Q) is a Hilbert space which
admits the reproducing kernel K*(z,w) for z,w € Q defined by

w) = 3 hi(2) By(w)

where {h;}; is an arbitrary complete orthonormal system of H*/2(£2). We
set K%(z) = K*(z,%).

Definition 1.1. The reproducing kernel K°(z,w), or rather K*(z), is called
the Sobolev-Bergman kernel associated with H*/*().

The simplest case is s = 0. If (-, - ) is the standard L? inner product

dz] A dz]

(ko= | ()R] AV (), dV = /\

then K° = KB, where K® denotes the Bergman kernel. When we wish to
emphasize the dependence on the domain 2, we write K® = K&. In fact,
the Bergman kernel is a domain functional, and it is elementary that if
®: Q; — Qy is biholomorphic then

Kg, (2) = Kq,(2(2)) | det @'(2)[%,

where & = 0®/0z and thus det @’ is the holomorphic Jacobian of ®. More
generally, we follow Fefferman and make the following:

Definition 1.2. If a domain functional K = K, satisfies
Ko, (2) = Ko, (®(2)) [ det '(z)[**/"+V (1.1)

whenever ®: 0; — ), is biholomorphic, then we say that K satisfies the
transformation law of weight w, and write wi*(K) = w.
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Another well-known example is the Szego kernel K. Here, we may
choose an inner product on H/2(Q) to be given by

(h1,h2)1/2 = /89 hl@)%”(z)a

where o is a surface element on 9Q. Thus H'/2(Q2) depends on o. It is
possible to choose ¢ in such a way that K satisfies the transformation
law, as follows.

Let us take a smooth positive defining function p € C°°(£2), and thus

Q={zeC" p(z) >0}, dp(z) #0 for z € 0.

Let J[-] denote the Levi determinant or the (complex) Monge-Ampére
operator defined by

= e (g o G0 ) k=t (2

We then have wT™(K') = n, provided the surface element o is subject to
the normalization

o Ndp = J[p|/™ VAV on 09Q.

In this case, we write K as K5 and call it the invariant Szeqé kernel or
just the Szegd kernel. Thus

w(KP)y=n+1, W™K =n.

These numbers coincide with the magnitude of the singularities. In fact,
according to a celebrated theorem of Fefferman [F1] (see also Boutet de
Monvel and Sjostrand [BS]), there exist functions ¢® = ¢B[p] and B =
¥B[p] in C*(Q) such that

n

e 2 (5]

o =0 (1.3)

Similarly, there exist ¢ = ©°[p] and ¢° = 5[p] in C>(Q2) such that

ﬂ.n

(n—1)!

S
SO n/(n
KS = ot WSlogp,  (&° =Tl V) =0 (1.4)

o0

(Note that J[p] > 0 on 92 by the strict pseudoconvexity.)
We are interested in the Sobolev-Bergman kernel K* satisfying

wi(K®) =w(s), where w(s)=n-+1—s¢cZ. (1.5)
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It will be also natural to require the existence of ©* 1* € C*(Q) such
that

S fes {ws p +tlogp  for w(s) >0, (16)

©* p~) log p for w(s) <0,

where 3B £ 0 are normalization constants so chosen that

<¢s _ J[p]w(s)/(n+1)>

o0

Definition 1.53. A Sobolev-Bergman kernel K* is said to be weakly invari-
ant if the condition (1.5) holds. If in addition the condition (1.6) holds,
then K* is said to be invariant.

If the conditions (1.5) and (1.6) are not taken into account, it is easy to
give examples of Sobolev-Bergman kernels K* for any s € R, by specifying
an inner product (-, -),/2. For instance, if s/2 > 0 is an integer, then we
may take, with the usual (commutative) multi-index notation,

()= [ % (020fm) (000 R)av, (1)

laf+[8|<s/2

though the condition (1.5) breaks down.

Remark 1. In case Q is a ball in C* and H*/2(2) is specified by the inner
product (1.7) with s/2 € Ny, Boas [Bo] showed that the reproducing kernel
K* takes the form (1.6), where the logarithmic terms appear even for
0 < s < n. It is easy to define an inner product of H*(f2), for each domain
2 which is biholomorphic to a ball, in such a way that the transformation
law (1.1) with w = w(s) holds for the reproducing kernels K = K* of such
domains. However, such reproducing kernels are not defined for domains
which are not biholomorphic to a ball. In other words, a domain functional
K?® = K¢, is not determined as a weakly invariant Sobolev-Bergman kernel.

In case s < 0 is a real number, we can define a weakly invariant

Sobolev-Bergman kernel as follows. An inner product on Htso/s (Q) is given

by
(hrha)sss = [ () ha(2) p(=) " dV (2)

for any smooth defining function p > 0 of €2. Moreover, we may replace p
by any continuous function u > 0 of the same magnitude as p to have

(ha, o)y = /Q ha(2) Tia(2) u(2)~* dV (2). (1.8)
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We have:
Proposition 1.1. Let 0 > s € R. If u = uq satisfies

wili(u) = =1, 0<infu/p <supu/p < +o0, (1.9)
then the Sobolev-Bergman kernel K* defined by (1.8) is weakly invariant.
Proof. If ®: Q; — (5 is biholomorphic, then

uy = (ug 0 @) |det &' |72 gy =g, (0=1,2).
It then follows that an isometry ®*: H*/2(Qy) — H*/?(€);) is given by
*h = (h o ®)(det )@/ (n+1),

If {h;} is a complete orthonormal system of H*/?(€y), then a complete
orthonormal system {h;} of H*/2(€);) is defined by h; = ®*h;. Thus, the
transformation law (1.1) for K* = K§ follows from

> h;|? = > |h; 0 ®|?| det @' |2w()/ (4D,
J

J

Examples of u = uq satisfying (1.9) are given by

—1/(n+1) —1/n
uP = (cfﬁl KB> or ud= (cSB KS) .

n—1n

Another important example is given by the solution u = uM# of the bound-
ary value problem

Jul=1 and u>0 in u=0 on 01, (1.10)

The unique existence of a solution of (1.10) in C*°(Q) N C™3/27¢(Q) was
proved by Cheng and Yau [CY]. Thus the first relation in (1.9) follows
from the fact (see [F2]) that if ®: Q; — Qy is biholomorphic then

Jup] = Jug) o @,  where u; = (ug o @) - |det ¢/|—2/(n+1).

The second relation in (1.9) follows from the asymptotic expansion due to
Lee and Melrose [LM]:

WMA ST (P og p)F, e € C(Q)
k=0
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where 19|asq > 0. Thus u = uM? satisfies (1.9).
If € is the unit ball 4y, then

ugball(z) = KSSZban(Z) = ugtill =1- |Z|2

In contrast to Boas’ result in Remark 1, we have:

Proposition 1.2. Let K* = K¢ be a weakly invariant Sobolev-Bergman
kernel of order s/2, 0 > s € R, defined by the inner product (1.8) with
either one of u = u®, u° or uMA. Then

o T
Qpan (1 —s) (1— |Z|2)w(5) '

Proof. For n = 1, the result follows by using the fact that monomials form
a complete orthogonal system of H s/ 2(Qpan). For n > 2, we consider

ZCM

Ko(2) = 2> |ha(2)1, hal2):

oeNg el

where || - ||5/2 is the norm corresponding to the inner product (-, - )s/2. It
suffices to show that

I'(w(s)) 1 g s
™ F(l - S) (1 - |Z|2)w(5) ’ KauX( ) Kﬂba11< )

K (2) =
The first equality is obtained by direct computation using the result for
n = 1. The second one is equivalent to the completeness of the orthonor-
mal system {h,}, and the proof of this fact is done by noting that

K, (2) =sup { A=) /IRl 0 # b€ B (Qan)}

just as in the proof for s = 0 given by Hérmander [H0]. O

2. Definition of local Sobolev-Bergman kernels

In this section, we consider the local Sobolev-Bergman kernel of order
s/2 for s € Z and the invariance in the sense of (1.5). We begin with the
motivation because the definition is somewhat technical.

An important fact is that the singularities of the Bergman kernel KB(z)
and the (invariant) Szego kernel K°(z) as in (1.3) and (1.4) can be localized
to any boundary point, say p € 9. That is, if @y NU = Q. N U for a
neighborhood U C C" of p, then Ko, — Kq, for K = KB or K® is smooth
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near p € 0f), where smooth means C'*™ or C* (real analytic) in accordance
with the regularity of 02 near p. Furthermore, one can define local kernels
Kioe = KB, and K . by requiring the following three conditions:

loc loc

(i) Kioe(z,w) is holomorphic in z and anti-holomorphic in w for z,w €
QNU. Two local kernels K. and EOC are identified when the difference
is smooth in C" near p. Thus U can be shrunk arbitrarily.

(i) Kpe = K2, and K. have singularities of the form (1.3) and (1.4),
respectively, where ¢ = B, ¢©% and ¥ = B, 1% are smooth in QN U.

(iii) Reproducing properties modulo smooth errors hold, that is,
[ K(2) fi(w) dV(w) = fi(2) ~ 0,
QU

/amU K} (2,0) fo(w) o(w) — fa(2) ~ 0,

for holomorphic functions f; and f5 in Uy, where Uy C C" is an open set
satisfying p € U € U, and each f; is regarded as the boundary value. In
case 0f) is O near p, f1(z) and f5(z) are required to be of polynomial
growth in 1/dist (z,09). (If 90 is C* near p, then no restriction on f;
and fs is necessary, provided the pairings are interpreted in the sense of
hyperfunctions, cf. Kaneko [Kan].)

The local kernels K2, and K . are uniquely determined by the require-
ments (i)—(iii). We wish to define the local Sobolev-Bergman kernel K} .
for s € N in a similar way. Our main concern is the invariance in the sense
of (1.5) under local biholomorphic mappings. However, the condition (iii)
uses the inner products, and we don’t know how to define (-, - ), for s € N
such that the Sobolev-Bergman kernel K* is invariant. We thus abandon
(iii) and instead adopt Kashiwara’s characterization of the local Bergman
kernel K, a method which applies equally to the local Szegd kernel K7 .

In this section, we assume that 02 is C* near p. We are only concerned
with local kernels Kj,.(z,w) defined near (z,w) = (p,p), and thus the
subscript loc will be omitted.

2.1. Kashiwara’s transformation. We fix a local defining function r
of Q near p € 02 and assume for a moment that r is real analytic. Then
r has a holomorphic extension to a neighborhood of M x M in C* x C,
where M C 02 is a neighborhood of p (or more precisely, a germ of 02
at p). Denoting it again by r, we set, for m € Z,

e —'Tm log r for m >0,
K r] = ¢ M

1
(=)™ (=m — 1)l —  for m <0,
r m
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and consider singularities of the form

P gplA(_w[T] —I—wk\o[r] if w>0,
) oK _u[r] it w<0,

where ¢ an 9 are holomorphic in (2, Z) near M x M for some M. We denote
by C the totality of K such that ¢ # 0 near M x M. By [SKK], if K € C;
then, for any holomorphic microdifferential operator P = P(z,0d,), there
exists an antiholomorphic microdifferential operator Q@ = Q(%z,9z) such
that PK = QK. Furthermore, if P; = Pj(z,0,) for j = 1,...,2n are
chosen independently then K is determined up to a multiplicative constant

by
Pi(2,0.)K(z,%) = Q;(2,0:)K(2,2) for j=1,...,2n. (2.1)

(A more rigorous description of [SKK] will be given in Appendix A.) Let
us consider another system of microdifferential equations for K € C;

Pi(2,0.)K(2,2) = Q}(%,0:)K(2,Z) for j=1,...,2n, (2.2)

where P}, )} are formal adjoints of P}, ();, respectively. The independence
of P; implies that of P, so that the solution of (2.2), if it exists, is unique
up to a multiplicative constant. Now

Kashiwara’s theorem ([Kas)). If K = Ko[r] = logr in (2.1) then (2.2)
is satisfied by the local Bergman kernel K = KB.

By [SKK], if K e C,* then there exists a unique invertible holomorphic

microdifferential operator A[K] such that

K(2,%2) = A(2,0.)Ko(2,2) with A =A[K], K,=Ko[r]. (2.3)

Thus, Kashiwara’s theorem yields

Lemma 2.1. If (2.1) and (2.3) hold for K € C), then (2.2) is satisfied by

K(2,2) = A*(2,0.) ' KB(2,%).

Proof. Since A is a holomorphic operator and thus Q;A = AQ);, it follows
that P;,AK, = Q;AK, = AQ, Ky, that is, A~'P,AK, = Q,K,, so that
Kashiwara’s theorem yields QK" = A*PfA*"'K® = A*P;K. Using
A*_1Q§ = Q;A*_l, we get PrK = A*_IQ;‘KB = QK. [
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Since A[KB]* = A[K®B], it follows that
CX> K K el (2.4)

given by Lemma 2.1 is an involution. We refer to it as Kashiwara’s trans-
formation.

Definition 2.1. Let r be a real analytic local defining function of {2 near
p € 00. For s € Z, we define K*[r] = K by K = K_,[r] in (2.4) and call
K*[r] the local Sobolev-Bergman kernel of order s/2 with respect to r.

By the definition via Kashiwara’s theorem, we have K°[r] =
(const.) KB independently of the choice of r. We also have Kl[r] =
(const.) K5 if J[r] =1 on 9.

2.2. Biholomorphic transformation law. We wish to define a local
Sobolev-Bergman kernel of Sobolev order s/2 for s € Z as a local domain
functional K* = (K§)q near the reference points po € 952, say pg = 0 €
C", where we continue to assume that 0f2 is real analytic near 0. In the
definition, we require three conditions of which the first two are:

Condition SB1. Each K§ is of the form K§ = K*%[rq|, where rq is a
local defining function of €2 near 0 € C". That is, K, is the local Sobolev-
Bergman kernel with respect to rq.

Condition SB2. The family r = rq is so chosen that K°® = K§ satisfies
the transformation law of weight w(s)

Kg = (K% o ®)| det @/‘2w(3)/(n+1) with w(s)=n+1—s. (2.5)

under local biholomorphic mappings ®: Q — Q) defined near the origin
such that ®(0) = 0.

The third condition is somewhat complicated, and the precise state-
ment is postponed to the next subsection. That condition is motivated by
the result of this subsection.

Assume Condition SB1. Then the validity of Condition SB2 depends
on the approximate transformation law of weight —1 for the family » =
(ro)a:

rg = (rg o ®)|det ®'|7™*)  mod O(rf), (2.6)

where O(rd)) stands for terms which are smoothly divisible by 7. In fact,
we have:

Proposition 2.1. Assume there exists Ny € N such that r = rq satisfies
the transformation law (2.6) for N = Ny but not for N = Ny + 1. Then
the transformation law (2.5) is valid if and only if 0 < s < Ny — 1.



12 K. Hirachi and G. Komatsu

This is consistent with the independence of K® and the dependence of
K5 onr=(rq).

In the proof of Proposition 2.1, we need the following property of
Kashiwara’s transformation.

Lemma 2.2. Assume Condition SB1. Then Ko = K¢ satisfies (2.5) if
and only if Kq satisfies

Ko = (Kgo ®)| det @[>/, (2.7)

Proof. We shall show that (2.7) implies (2.5). The proof of the converse
is similar. What we have to show is that

Ko =|fP"@'Kg implies Ko = |70 K,

where f = (det @)/ and ®* stands for the pull-back by ®. Let us
abbreviate by writing Ag = A[Kg], and similarly for © in place of Q.
Then the assumption (2.7) is further written as

Aqlogrg = [fI*@*Ag(P~ ") @* logrg.
The right side is simplified by setting A = P*A5(P71)*, using P* logrg =
log o, and choosing a holomorphic microdifferential operator P = P(z, 9.)

such that Plogrg = f logrq. Since A is a holomorphic operator, it
follows that

Aglogrg = fSKPlogm, so that Agq = f*AP
see Appendix A). Using ®*A%(d71)* = f*”AK*f”Jrl7 we get
( g P*AL g

(Aa)fl — fw(s)q)*(A*a)qu)fl)*ffnfl(P*>717

where "1 acts as a multiplication operator. We apply both sides to
KE. Noting that P*K& = f*KE, we have

(P)KE = FKE = Ve KR,
Since fw(s) commutes with a holomorphic operator, it follows that
. 2w(s) F* *\—17-B __ 2w(s) &* T
Ko =[f""Wo"(A5)” K = |7 " K,

which is the desired conclusion (2.5). O]
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Proof of Proposition 2.1. Let us abbreviate by writing 7 = r5 o ® and
f = (det ®)V/("+D) n case s < 0, (2.7) is written as

rotlogrg = 78| f?*/ V) log 7.

For s = 0, this is always the case. For s < 0, this is valid if and only if
(2.6) holds for any positive integer m. In case s > 0, (2.7) is written as

7"58 _ ?—s|f|2s/(n+1)‘

This is valid if and only if (2.6) holds for N > s+ 1. Thus the desired
result follows from Lemma 2.2. 0J

2.3. Definition of local Sobolev-Bergman kernel. We are in a
position to state a condition on the family r = (rq)q to be called Condition
SB3. This consists of the approximate transformation law (2.6) for m =
s+ 1 and the polynomial dependence on Moser’s normal form coefficients.
Recall that Moser’s normal form is a real hypersurface of the form

N(A): pa=2u—ZP=> > AﬂBz;%M:O,

=0 |al,|p]>2

with normal coordinates z = (2/,2,) € C* ! x C, u = Re z,, v = Im 2,,,
such that A = (Ai 3) is subject to the following conditions:

(N1) Each Al = (Aiﬁ)la\:p,\ﬁ\:q is a bisymmetric tensor of type (p,q)
on C" 1. That is, o, 3 are ordered multi-indices such as o = ay ... q,
1<ao;<n-—1,and Ai 3 is unchanged under permutation of o and that

of 3.
(N2) A 3 is Hermitian symmetric, that is AT;B = Al
(N3) trAS; =0, (tr)?A; = 0, (tr)*AL; = 0, where tr stands for the usual

tensorial trace taken with respect to Sk,

Some notation is in order. By N, we denote the totality of A = (Ai 5)
satisfying the conditions (N1)—(N3). We define N to be the set of A € N/
such that N(A) is real analytic. (In general, N(A) is a formal surface.)
The strictly pseudoconvex side p4 > 0 of N(A) is denoted by €(A), which
makes sense near the origin. We use the coordinates (2',2,pa,v) for
functions on Q U N(A).

We have assumed that each 0f) is real analytic near the origin, so
that we can place it locally in Moser’s normal form N(A) with A € N¥.
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More precisely, there exists a local biholomorphic mapping ® 4 such that
D4(02) =Q(A) and P4(02) = N(A) locally. For rq, we set

ra = (rg o ®31)| det @, | +Y),

and consider the Taylor expansion about the origin

N-1

ra= Y a2, 7.0) g+ 0. (2.8)
k=1

More precisely, we require that the family (r4),enw is well-defined in the
sense of (2.8). Now we pose:

Condition SB3. In case s > 0, the family r = (rq)q satisfies (2.6) for
N = s+ 1. Furthermore, in (2.8) for N = s+ 1, any coefficient of the
Taylor expansion of ¢ (2, 2/, v) about the origin is a universal polynomial
in A € N¥. In case s < 0, the requirements above hold for any N € N.
In case s = 0, no requirement is imposed.

Definition 2.2. By a local Sobolev-Bergman kernel of order s/2, s € Z, we
mean a local domain functional K* = (K§) satisfying Conditions SB1-3.

By virtue of Proposition 2.1, the existence of a local Sobolev-Bergman
kernel is reduced to that of a family of defining functions r = (rq)q satis-
fying Condition SB3. Our main result of this paper is:

Theorem 1. A local Sobolev-Bergman kernel of order s/2 (s € Z) exists
if and only 1f 0 < s <n+1.

The non-existence part of Theorem 1 is a consequence of:

Theorem 2. There does not exist a family of C* local defining functions
r = (rq) satisfying the requirements in Condition SB3 with N =n + 3.

The proof of Theorem 2 is given in Section 5. Let us observe that
Theorem 1 follows from Theorem 2. It suffices to show the existence of
r = (rq) satisfying Condition SB3 with N = n + 2 in place of N = s+ 1.
But this has been done by Fefferman [F2]. He constructed rq satisfying
Jirq] = 1+ O(@rgtt) and (2.6) for N = n + 2. Specifically, one starts
from an arbitrary smooth local defining function p of €2, and defines p, for
s=1,...,n+ 1 successively by

pr = J[p] YD, pps =1+ W, cs =s(n+2—s). (2.9)
s—1 s

Then J[ps] = 1+ O(p®), and p; satisfies the approximate transformation

law (2.6) for N = s 4+ 1. Thus, we may set rq = p,.1. It is clear that rq
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is real analytic dependence on A € N as in Condition SB3 is examined
if we locally place 9 in normal form N(A) and start from p = p4. In
fact, the universality of the polynomials in Condition SB3 follows from
the transformation law (2.6) for N =n + 2.

3. Local Sobolev-Bergman kernels (the C* case)

3.1. Polynomial dependence in the real analytic case. In order
to define local Sobolev-Bergman kernels in the C'*° category, we rewrite
Condition SB3 under Conditions SB1 and SB2. That is, we need to state
the polynomial dependence on Moser’s normal form coefficients A = (Ai 5)
more explicitly.

Let us first recall the notion of biweight on Af; 3 for A = (Af; B> enN
defined by

wa(Alg) = (Ja| + £ =1, (8] + £ —1).

This comes from the transformation law under dilations

OA(Z, 2n) = (N2, [ AP2) for X e C".
The notion for polynomials in A to be of (homogeneous) biweight is defined
by

wa(PL(A)Py(A)) = wa(P1(A)) + wa(P2(A))
for monomials P;(A) and P(A). If P(A) is a polynomial of biweight
(w',w"), we write

waP(A)) = ("), w(P(A)) = S + "),

and call wil(P(A)) the weight of P(A) with respect to dilations. Then,
a polynomial in A is of weight w with respect to dilations if and only if
it is a linear combination of polynomials of biweight (w’,w”) such that
w' 4+ w” = 2w. We have no essential change if we replace N' by N“.

Let K* = (K§) be the local Sobolev-Bergman kernel of order s/2 in
Definition 2.2, so that each 0f) is real analytic near the reference point
assumed to be the origin 0 € C". As in the previous section, we locally
place 02 in normal form N(A), and write K* = (K¥)enw, where each
K% corresponds to Q(A). In fact, (K¥) is a subfamily of (Kg), but there
is no loss of information via the transformation law

K3 = (K& o ®31)| det @, |72w()/(n+D) (3.1)

for 4 in Subsection 2.3. Note that (3.1) is consistent with (2.5). As in
(2.8), we have

[e.9]

KZ - Z Z Pﬁ%(‘A) Z;%UZ k\m—w(s) [pA], (32)

m=0 «,3,¢
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where PC‘;%L(A) are universal polynomials in A € A/ determined by K* =
(K%). Furthermore,

Wi (PE(A)) = S(lal +18]) + €+ m. (33

As before, we refer to the universality of the polynomials Pﬁ%(A) in (3.2)

as the polynomial dependence of K* = (K§) on A. This follows from
Condition SB3 and the construction in Subsection 2.1. Here, a crucial
fact is the polynomial dependence of the local Bergman kernel K° = KB
on A, a fact which has been examined in [HKN1].

Let us restrict ourselves to the half line z = =, for ¢ > 0 small defined
by v; = (0,¢/2) € C*~! x C. Then (3.2) implies

K300 = 3 Pul) Forcwial] (3.4)

where Pp,(A) = P¥*(A). Thus (3.3) yields
wil(P,,(A4)) = m. (3.5)
Since w®(A!5) > 0, it follows from (3.5) that:

Lemma 3.1. Each polynomial P,,(A) in (3.4) depends only on Af;ﬁ such
that Wdil(AiéE) < m.

A crucial fact is the following.

Proposition 3.1. The ezpansion (3.4) determines K* = (K¥).

Proof. We first take a small neighborhood M C 0f) of the origin. For
any ¢ € M fixed, we then place M about ¢ in normal form N(A) with
some A € N*. By [CM], we may take the local biholomorphic mappings
O, 4: M — N(A) with ®, 4(q) = 0 to depend on ¢ € M real analytically.
Setting

Sa= (Ko d, )| det @2,A|_2w(s)/(n+1),

we have, as in (3.4),

KGaln) = i P (A) k\m—w(s) [t]. (3.6)

m=0
The point is that P,,(A) in (3.6) are independent of ¢ € M. This fact
follows from the universality of Pi%”(A) in (3.2). The expansion (3.2)

about the origin is recovered from (3.6) by varying ¢ € M. Thus (3.4)
determines (3.2). O
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3.2. Definition of local Sobolev-Bergman kernels in the C*> cat-
egory. Let us define local Sobolev-Bergman kernels K* = (K§) near
0 € 0f) in case each 02 is merely C*>. We regard each K¢ as a formal
singularity. In other words, we ignore the difference by flat functions. As
before, it suffices to specify K* = (K¥%)aecn given by the transformation
law (3.1). This is done by real analytic approximation. More precisely, we
first truncate A = (Ai B) € N by neglecting A‘; 3 such that wdﬂ(Aﬁt B) > N
for N € N large, and denote the results by Ay. Then N(Ay) are alge-
braic real hypersurfaces, for which we can consider an expansion of the
form (3.2). By Proposition 3.1, this expansion is determined by an ex-
pansion of the form (3.4). In this new expansion, the coefficients P, (A)
for m < N are determined by Ay, a fact which follows from Lemma 3.1.
In other words, these P,,(A) are unchanged if Ay are replaced by Ayy1.
Consequently, we have the expansions (3.4) and (3.2) for any A € N even
when A ¢ N¥. Therefore, K* = (K§) for 02 € C* near 0 € C" is
well-defined.

Remark 2. Let s € Z and s ¢ [0,n + 1]. Then by Theorem 2, there does
not exist a local Sobolev-Bergman kernel of order s/2. Nevertheless, we
can define a similar local domain functional K* = (K§) with ambiguity.
We require K* = (K§) to satisfy Conditions SB1-3, but the exact trans-
formation law (2.5) in Condition SB2 is replaced by an approximate one.
The existence of K* = (K§) in the real analytic category is proved as in
the exact kernels case s € [0,n + 1], though we have to be more careful in
inspecting the construction in Subsection 2.1. The ambiguity of K comes
from that of K via that of A(z,0,). The definition of K* = (K§) in the
O™ category is also similar to that in the exact kernels case s € [0,n + 1]
in the previous subsection. We have (3.1) if each K§ is regarded as an
equivalence class with respect to the ambiguity. For the approximate ker-
nels as above, one can develop Fefferman’s invariant theory as in the next
section.

4. Invariant expansions of local Sobolev-Bergman kernels

4.1. Ambient metric construction. Let K* = (Kg&) be the local
Sobolev-Bergman kernel of order s/2 in the C*° category, so that s € Z
satisfies 0 < s < mn + 1. As before, we set w(s) =n+1—s. Let r = (rq)
be a family of C'"* local defining functions satisfying Condition SB3 with
N = n+2in place of N = s+1. It has been known for s = 0,1 (that is, for
the Bergman kernel and the Szegd kernel) that K* admits an expansion
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of the form

K§ = Zn: W [ral Km,w(s) [ral mod O(K,[rq)), (4.1)

m=0

where WS = W3 [rq| are Weyl functionals of weight m given by the ambi-
ent metric construction (cf. [F3], [BEG], [HKN1], [Hi]). Terminology will
be reviewed below in this subsection (Definitions 4.1 and 4.2). If n = 2
and s = 0,1 then (4.1) is refined as follows (cf. [G2], [HKN1], [HKN2]):

K§ = Z W2 [ro] K- w(s)[ral mod O(K,,3[rq)), (4.2)

m=0

where W2 = W2 rq]l (m # 3) are Weyl-Fefferman functionals of weight
m. Here, the case m = 3 is exceptional and we explain it at the end of
this subsection. The proof of these facts yields the following:

Proposition 4.1. An expansion of the form (4.1) holds in general for
0<s<n+1.

Proposition 4.2. An expansion of the form (4.2) for n = 2 holds in
general for 0 < s < 3.

In fact, we have defined the local Sobolev-Bergman kernel in such a
way that Propositions 4.1 and 4.2 are obvious. In order to explain it,
we begin by recalling the ambient metric construction. For simplicity of
notation, we drop the subscript 2 in rq and write K*[r] for K§. Though
our description below looks global near 02, it is obvious as before how to
localize or formalize to a neighborhood of a boundary point of reference.

The ambient metric g = g[r] is defined by the potential ry(zg,z) =
|20|?r(2) on C* x Q, where zy € C* = C\ {0} is an extra variable. That
is, ¢ is a Lorentz-Kéahler metric in a neighborhood of C* x 02, inside €.
Specifically,

n

= Z ngdedfk Z azjaZk dZ]de

J,k=0

Denoting by R = R][r] the curvature tensor of g, we consider successive co-
variant derivatives RP? = Vi2VP~2R. Regarding components of R4
as independent variables, we manufacture complete contractions, with re-
spect to g, of the form

W# — Contr <R(P17<11) ® “ e ® R(Pm#]m)>’ (4'3)
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where Y~ p; = Y- ¢ = 2(m~+w), the definition of w called the weight of W,.
By a Weyl polynomial W of weight w, we mean a linear combination of
complete contractions of the form (4.3) of weight w. Here, W is regarded
as a polynomial in components of R®9 for all p,q > 2.

Given a Weyl polynomial Wy of weight w, we now regard it as a
functional of r and write Wy = Wy[r]. Setting Wr] = Wx[r]|.,,=1, we
have

Wilrl(z0, 2) = |20 W) (2).

Using the terminology in [HKN2], we pose:
Definition 4.1. W = Wr| is called a Weyl functional of weight w.

If W = W]r] is a Weyl functional of weight w, then the following
transformation law holds under biholomorphic mappings ® : ; — 2

Wri] = (Wry] o ®)| det &'|2%/(n+1), (4.4)

provided r; are defining functions of €2;, subject to the restriction at the
beginning of this section, such that r; = (ry o ®)|det |~/ Fur-
thermore, (4.4) holds modulo O(r"™~%)  without assuming the relation
between r; and ry. Consequently, it follows from the construction that if
w < n then the boundary value of W[r] is a CR invariant of weight w.
This is a consequence of the polynomial dependence of Wr] on A € N in
the sense as before.

Definition 4.2 (cf. [HKN2|). Let n = 2. We say that a Weyl functional
W = Wir| of weight w is a Weyl-Fefferman functional if W|r] modulo
O(r®~*) is independent of the choice of r.

If n =2and W = W]r] is a Weyl-Fefferman functional of weight w,
then (4.4) holds modulo O(r®*). Hence, if w < 5 then the boundary
value of W{r| is a CR invariant of weight w.

By a CR invariant of weight w, we mean a polynomial P(A) in A € N
satisfying the transformation law

P(A) = P(A)| det @' (0)|?w/(+1)
under any local biholomorphic mapping ®: N(A) — N (;1) such that
®(0) = 0. We denote the totality of these P(A) by IS®. Any CR in-
variant can be regarded as a smooth function on 0€2. Propositions 4.1
and 4.2 are consequences of the following fact, except for W3[rq| in (4.2).

Proposition 4.3. If n > 3 and w < n, then any CR invariant of weight
w 1s realized by the boundary value of a Weyl functional of weight w. If
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n =2, w<>5andw # 3, then any CR invariant of weight w is realized
by the boundary value of a Weyl-Fefferman functional of weight w.

For the proof, see [BEG] and [HKN2].

Remark 3. Let us say that a Weyl functional is linear (resp. nonlinear) if
the corresponding Weyl polynomial is linear (resp. nonlinear).

(1°) Let n = 2 and w < 5. Then, any nonlinear Weyl functional of
weight w is a Weyl-Fefferman functional and any linear Weyl-Fefferman
functional of weight w is trivial. Now let W # 0 be a linear Weyl functional
of weight w. If w < 2 then the boundary value of W' is zero, whereas if w =
3 then the boundary value of W is nonzero and gives rise to a CR invariant.
The vector space of CR invariants of weight 3 is one dimensional, and thus
a base is realized by the boundary value of a linear Weyl functional, though
the ambiguity estimate is too rough. (Cf. [HKN2] for the detail.)

(2°) Let n > 3 and w < n+1. It is plausible that any Weyl functional of
weight w has the ambiguity modulo O(r"*2~%) and that any CR invariant
of weight w is realized by the boundary value of a Weyl functional of
weight w. If w < n then any linear Weyl functional of weight w is trivial
(cf. [F3]). It is desirable to define the notion of Weyl-Fefferman functionals
as in the case of n = 2 by the optimal ambiguity estimate for nonlinear
Weyl functionals.

(3°) According to the theory developed in [Hi] and roughly explained
in the next section, the Weyl functionals W,, = W,,[r] of arbitrary weight
w make sense as functionals of a special family of defining functions 7,
where the ambiguity of r is measured by a parameter and its effect on
Wy, = W,,[r] is taken into account. In this sense, Propositions 4.1 and 4.2
can be refined in such a way that (4.1) and (4.2) are infinite asymptotic
series. Here, we don’t need a refinement of Proposition 4.3, which is stated
in Subsection 5.3.

We conclude this subsection by explaining what is W[r] in (4.3), where
the subscript €2 in rq is dropped. For each s, this is a constant multiple of
n¢ = n[r] which appears in Graham’s asymptotic solution of J[u] = 1:

W€ =r 3 nl - (ogr)t, nf e CF(Q)
k=0

in the general case of dimension n > 2. This is a formal series, and the
difference of flat functions along 99 is ignored in determining 7S. We
have

ns =1+ar™ 4+ 0" with a € C*(092),

and u© is uniquely constructed by specifying a. We have approximate
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transformation laws
0 0 = (Wksz o ®)|det ®'|* mod O(r"*)

under (local) biholomorphic mappings ®: ; — . In particular, each
ny modulo O(r"*') is independent of a and r, as far as r is subject to
the condition at the beginning of this subsection. By construction, the
polynomial dependence on A € N is valid as before. Thus, n{ for n = 2
behaves like a Weyl-Fefferman functional of weight 3.

4.2. Explicit result in dimension > 3. Let n > 3. Tt is proved in [G2]
that I§® = C, IP® = {0} and that IS is generated by

[Apl* = > 145"
ol =]51=2

Consequently, we have for W = W2 [rq| in the expansion (4.1),

Wo =1, W;=0, Wilral|, = ¢ (n)] A%, (4.5)
where ¢°(n) are universal constants. By [HKN1],
2 2
00 — 1)
=30 s Tamon

By a similar proof, we have:

Proposition 4.4. The constants c¢*(n) in (4.5) are given by

*(n) = 2 or s#n—1.n
<) 3n—s—1)(n—ys) / 7 Ln,

and " Y(n) = =2/3, ¢"(n) = 2/3.

4.3. Explicit results in dimension two. Let n = 2. We first note by
[G2] that I§® = C and that IT® and IS® are trivial. Consequently, we
have for Wy = W2 [rq] in the expansion (4.2),

It remains to determine ¢* = Wy + Wir + Wgr?, where we abbreviated
by writing 7 and W} in place of rq and W?[rq], respectively. By [G2] and
[HKN2], we have

dim I$® = dim ITR =1, dim ISR = 2.
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More precisely, IS® and are generated by AJ; and |A 4|2, respectively;

IR is spanned by FER(1,0) and FER(0,1), Where

CR
I4

F%(a,b) = F(a,b,—2a + (10/9)b, —a + b/3)

with F(a,b, ¢, d) = a| A%|* +b| A%|* + Re{(cA}: —idA};) A%} By Graham
[G2], the boundary value of 7f' is 44%,. It is proved in [HKN2] that if
p+q—2 =45 then ||[RP?|? is a Weyl-Fefferman functional of weight
w = p+q— 2, where |R?®?||? stands for the squared norm of the tensor
RP9 with respect to the ambient metric g restricted to zp = 1. (The
squared norm need not be non-negative because g is a Lorentz metric.)
Furthermore, the boundary values of ||R®?|? and ||R*3||? are linearly
independent as CR invariants. Consequently, we may set

0t = i + IR 4 (GIRCV + SR )i+ 0%, (4.6)

where ¢ for j =0,...,3 are universal constants.

Proposition 4.5. The constants c; in (4.6) are given by

0= -3, & =3/1120, ¢ =61/141120, & = 3/7840,

cl =2 =1/3360, b =1/23520, cl=1/13230,
2

0

3

=1, &=—1/10080, 2 =—1/70560, c2=—1/169344,
=1, S=1/4480, ¢ =1/33075, = 1/31360.

The proof of Proposition 4.5 is done by locally placing 92 in normal
form N(A) and restricting both sides of (4.6) to the half line v, = (0,¢/2),
t > 0. By [HKN2], we have

IR 12 ()

IRE2? ()

IR () =
where

qi(dy, dy) = dy Agg|* + dp A,
qa(dy, da, d3,dy, ds, dg) = Re (lezAl Alz + 20y Ag Al + d| A |*

2% q1(7,0) + 2% q2(117,435, 936, 0, 50, 0) t + O(t?),
4-(5)%¢2(5/2,9,18,0,1,0) + O(t), (4.7)
4-(51)2q2(37/30,5,57/5,0,4/3,0) + O(t),

+ds Az + ds| Aysl* + d6A26>'

Though [HKN2] does not give the expansion of n(,) for general N(A), an
algorithm of computation is provided. Computer-aided calculation yields
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Lemma 4.1.

1 () = 4 A% + 1 (3685, —20) ¢
+ 2(226/15, —312, —1956 /5,2, —680/3, 60) t* + O(t>).

A method of computation of () is given in Appendix B. Again,
computer-aided calculation yields

Lemma 4.2. With ¢, and g3 as in Lemma 4.1,

YO(y,) = —12A% + q1(—216,60) ¢
+ ¢2(—36,900, 1116, —6, 660, —180) t* + O(t*),
V() = —8AY + ¢1(—440/3,40) t
+ ¢2(—248/9,1840/3, 760, —4,4040/9, —120) ¢ + O(¢*),
() = —4A% + q1(—664/9, 20) ¢
+ q2(—131/9, 310, 386, —2, 680/3, —60) t* + O(t*)
VP (y) = 4A% + ¢1 (74, —20) ¢
+ q2(15, —312, —390, 2, —228, 60) t* + O(t%).

Proposition 4.5 is proved by using Lemmas 4.1 and 4.2, together with
(4.7) and the result for s =0 or s = 1 given in [HKN2].

4.4. A construction of CR invariants of weight five in dimension
two. As an implication of Lemmas 4.1 and 4.2, we now give a linear
relation satisfied by n and local Sobolev-Bergman kernels of order s/2
for s =0,1,2,3. Let us first normalize by setting

77? @Z’O 1 ¢1 2 ¢2

s Y
7712477 ¢1 _77 77Z}I :_Za % :_§7

@DI: 12°

so that the evaluation at z = 0 gives rise to n; = ¢ = A?Q fors =0,1,2,3.
To get a CR invariant of weight four, we next set

5 — 1} Uy @/J 9 U — P Ui —f
771125I -, U =2 : o by = : o Ui =3 : -
r r
Then ny = of; = [AJ|* at z = 0 for s = 0,1,2. We thus set
Ui Un — ¢II 48 Vi — vi %I

N — 0
mi = 77“ y Y =6—-—7, 1/’111 = = ,
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Then
77III’z:0 = C]2(7/12> _5/27 —6,0, _5/67 0)7
¢?H|z:0 = ¢1111|z:0 = q2(1,—6,—-18,0,—4,0).
The right sides are CR invariants of weight five which are linearly inde-

pendent. In particular, we see that dim IS® > 2. This observation was
indeed used as a motivation of getting results in [HKN2] about IS®.

5. Proof of Theorem 2.

5.1. Non-existence of exactly invariant defining functions. We
prove Theorem 2 stated in Subsection 2.3. This is done by using the
non-existence of a local defining function r = rq satisfying exact transfor-
mation law of weight —1. To state it more precisely, we introduce spaces
Fie of local defining functions for m > 3 (m € Z) as follows. Recall first
that C5%(Q) is the totality of functions r € C°°(Q) such that r > 0 in
and dr # 0 on 0f). Localizing it, we have a sheaf of (smooth) local defin-

ing functions C§% 5o (€2) = (C3%,(Q2))pean. If 02 = N(A) with A € N, we
write C55 4 = Caoo(Q), where we disregard the difference by flat func-
tions at the origin. Then, C3% = (C35 4)aen is a space of local domain

functionals which represent local defining functions. We denote by
Fégf:(fgéf,A)AEN for ng (mGZ),

the totality of r = (r4)aen € C5% such that r satisfies the transformation
law of weight —1 modulo O(r™) and that if

ral) = X B(A +0(e")

in Moser’s normal coordinates then P;(A) € 1 JCR. Then,

Proposition 5.1. F* = ().

Postponing the proof for a moment, we first observe that Theorem 2
follows from this.

Proof of Theorem 2. We may assume w < —1 by considering Kashiwara’s
transformation. Assume there exists a local Sobolev-Bergman kernel of
weight w, K = @r="logr, where r € C55 and ¢ € C* with ¢(0) # 0.
Setting p = ¢ /“r, we have K = p~"logp and p € C$5. Furthermore,
p € NFJ, but this contradicts with Proposition 5.1. 0J

The proof of Proposition 5.1 requires some results in [Hi]. In [Hi], a
subclass F of F/:+? is defined so that

F = (Fa)aen ¢ FLk?, (5.1)
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and that the ambient metric construction gives rise to Weyl functionals
W = W]r] of arbitrary weight w € Ny on the class F. We have the
following two lemmas.

Lemma 5.1. If p € FJy with m > 3, then

m—2
p=cr+ Y W’ +0@™) for reF,
j=1
where ¢ > 0 is a universal constant and W; = Wj[r| are Weyl functionals
of weight j on F.

Lemma 5.2. If W = W]r| is a Weyl functional of weight w € Ny on F,
then W r] modulo O(r"*3) is independent of r € F.

In the proof of Proposition 5.1, only these lemmas and (5.1) are used.
Even the definition of F is not necessary.

Proof of Proposition 5.1. Assuming Fit3 # 0, we pick p € Fik®. It then
follows from Lemma 5.1 that

n+1
p=cr+ Y W/t +O0@r"*?) for reF. (5.2)

=1
We set ¢[r] = 3> W;[r]r?. Tt then follows from Lemma 5.2 that ¢[r] modulo
O(r"*3) is independent of r € F. This also holds for r¢[r|, because
F C Fi? and ¢[r] = O(r). Thus, (5.2) with p € F* implies r € Fit?,
but this contradicts with (5.1). O

5.2. Definition of the class F and a review of [Hi]. Before proving
Lemmas 5.1 and 5.2 with (5.1), let us give the definition of F. It suffices
to fix  and define a subclass Fpq of C54(9) so that the localization of
Faq gives rise to F. We begin by considering the boundary value problem

Jy[U]=|2°"" and U>0 in C*xQ, U=0 on C*x90 (5.3)
for functions U = U(2Y, 2), where
J#[U] = (—1)” det(UjE)0§j7k§n, Ujl_c = 82U/82]8§k

This is a lift of the Monge-Ampeére operator in the sense that if U(2°,2) =
|2°|2u(z) then J4[U] = |2°*"J[u]. But we are concerned with asymptotic
solutions of (5.3) of the form

U=ry+ry Z ne - ("t logry)™ ™ with 1, € C*(9Q), (5.4)
=1
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where ry (2%, 2) = [2°*"r(z) with r € C3%(Q2). Note that r is not pre-
scribed but determined together with U. We call r the smooth part of U
and denote the totality of these r by Fsq. The fact Fyq # () is proved
by solving a formal initial value problem for (5.3) near 02 with an extra
initial condition

Xn+27”|39 =a € COO<89),

where X is a real vector field which is transversal to 9€2. The unique exis-
tence of the asymptotic solution U for each data a € C*°(052) is valid and
the operation of taking the smooth part U +— r is injective, provided we
ignore the difference by flat functions along 02. Thus a +— r is essentially
a bijection C*(0€2) — Fyq. The construction is local near a boundary
point, or even formal, as we explain at the end of this subsection.

An important fact is that one can formulate an exact transformation
law

r = (7o ®)|det ®'| 72/ (5.5)

under biholomorphic mappings ®: Q — Q. Specifically, if 7 € Foo and
if r is defined by (5.5) then r € Fya. In this sense, Weyl functionals,
W = W{r] for r € Fpq, of weight w satisfies the exact transformation law

Wr] = (W[F] o ®)| det &' |>/(+1), (5.6)

A main result of [Hi] states that if ¢® is regarded as a functional of r € Fyq
then

m—1

VP =Y Wignpalr]r® + O(™)  for any m € N,
k=0
where W; = W;[r| are Weyl functionals of weight j. The proof of this
fact applies without change to Lemma 5.1. We thus regard Lemma 5.1 as
proved, where the localization is taken into account as follows.
In the definition of the local space F = (F4) aen, we may set X = 9/0p
for Moser’s normal coordinates. Then each F,4 is parametrized by a space
of formal power series as follows:

(0" 27 [0p" ) ‘p—OZ > Oiﬁz;%vé for re Fa.
- a,B,4

We thus have a bijection C 5 C' +— r =14 ¢ € Fy for each A € N, where
C denotes the totality of C' = <Oiﬁ)' This bijection is the localization of

the composition operator C*(9Q2) — Faq given by a +— U and U + r.
Consequently, we have a bijection

NXCB(A,C)HTA,CG.’FA, (57)
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where C' parametrizes the ambiguity of 74 ¢. Setting ro¢ = (ra,c)aen, We
denote by F the totality of ro for C € C. Then F C Cg5. It is easy
to see that F C F/4* (see [Hi]), and (5.1) is clear from the definition.
Abusing notation, we write r in place of r¢, so that selecting r € F is
equivalent to specifying C' € C. The point of introducing the class F is
the exact transformation laws (5.5) and (5.6), where C' € C must vary.
It is therefore necessary to regard the space F itself as a family of local
domain functionals parametrized by C' € C.

5.3. Reduction to the boundary. We have justified (5.1) and Lemma
5.1. To prove Lemma 5.2, we need to consider the boundary value of
each Weyl functional on F, say W = W]{r|, where r = (rac)aen with
rac in (5.7). More precisely, we take the restriction of W{r] to the origin
0 € N(A). Denoting it by Py = Pw(A,C), we see by inspecting the
construction that Py is a polynomial in (4,C) € N'x C. Let I¥(N x C)
denote the totality of such polynomials which come from Weyl functionals
of weight w on F. We define a subspace I¥(N) of IV(N x C) to be the
totality of Py (A, C') which are independent of C' € C. Then, another main
result of [Hi] states that

IV(N) = ISR for weN, (5.8)

w

and that if n > 3 (resp. n = 2) then
INN xC)=IY(N) for w<n+2 (resp. w <5), (5.9)

where the weight restriction in (5.9) is optimal. In the following, Lemma
5.2 is proved by using (5.8), while (5.9) shows that the error estimate in
Lemma 5.2 is optimal.

Proof of Lemma 5.2. This is a refinement of Fefferman’s Ambiguity
Lemma in [F3]. Asin [F3], the problem is reduced to the case 02 = N(A)
with A € N, via the transformation law for r and W = W{r]. In Moser’s
normal coordinates, we investigate the behavior of rW{r| along the half
line 74 = (0,t) € C" ! x C, t > 0. We have

n+2 )
(r“Wr)(w) = > Pj(A,C) + Ot"™?),
j=m
where P;(A, C) are polynomials in (A, C') € N'xC. Furthermore, P;(A, C)
is of weight j. It suffices to show that P;(A, C) are independent of C' € C.
Assume that Pj(A,C') depends on C'. Since

w(Al) =2, w(C'5) >n+1
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for A = (Aig) e N and C = (Ciﬁ) € C, it follows that P;(A, C) is linear
homogeneous. Consequently, the Weyl polynomial W, must be linear, so
that we may assume Wy = tr(V®?) R). By the linearity of Pj(A, C), the
assumption implies that P;(0,C) # 0, so that we are reduces to the case
A =0 € N. In this case, N(A) is the boundary of a Siegel domain, and
any asymptotic solution of (5.3) of the form (5.4) is (formally) smooth.
Consequently, any ambient metric is Ricci-flat, so that W, must vanish.
We thus have P;(0,C) = 0, a contradiction. O

Appendix

Appendix A. Holomorphic microfunctions. Proofs of the facts
stated below are found for instance in a textbook by Schapira [S].

Let X be a complex manifold and Y a complex hypersurface. Then
Y is locally given by the zeros of a holomorphic function f(z) such that
df # 0. A germ of holomorphic microfunction at p € Y is, by definition,
an equivalence class modulo Oy, of a germ of (multi-valued) holomorphic
function in X \ Y of the form

gofim + wlogf with m € Z? 9072/) S OX,p-

Let Cy|x, denote the vector space of those equivalence classes. Then a
sheaf of holomorphic microfunctions is defined by Cxy = (Cy|xp)pey. For
L € Cy|xp, the singular support of L is contained in

N=TpX\0={(p.€) eT°X; peY, £ =cdf|.y, c€C},

the conormal bundle of Y C X. (In [SKK], Cy|x is defined to be a sheaf
on the projective conormal bundle N/C*, which can be identified with Y.)
The sheaf £x of microdifferential operators is defined in such a way that
a germ P(z,0.) € Ex acts on Cy|x,p, where p = (p,§) € N. Specifically,
Exp is a ring generated by

-1
2150y 2ny Oy e., 0, and O 7,

where z = (z1,...,2,) is a local coordinate system of X such that z, = f.
The action of ;' on L € Cy|x,, is given by a curvilinear integral

z

0.1 () = [ L(2)dzn,
p/
where p’ € X \ 'Y is chosen so close to p that the right side (modulo Ox )
is independent of the choice of p'.
We say that L € Cy|x, is nondegenerate if L is represented by a
function of the form

o™ +plogf for m >0, or pr "logf for m <0, (A.1)
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where ¢ is non-vanishing. If L € Cy|x, is of the form L = Plog f with
P = P(z,0,) € Exy, then L is nondegenerate if and only if P is elliptic
(i.e. invertible).

In what follows, we consider the case X = C" x C», the complexifica-
tion of the diagonal {(z,w) € X; w =7z} = C" 2 R?". Let Q be a domain
in C" such that the boundary is locally given by a real-analytic defining
function p(z,Z) near a boundary point of reference. Then the complexifica-
tion of the boundary 0€2 is locally given by Y = {(z,w) € X; p(z,w) = 0}.

Lemma A.1. If€) is strictly pseudoconvez locally, then every holomorphic
microfunction L € Cy|x (zw,) 15 written as

L(z,w) = P(z,0,)log p(z,w) = Q(w, 0y) log p(z, w), (A.2)

where P € Ecn (z,d.p) and Q € Egx
determined uniquely by L.

wosdwp) OTE microdifferential operators

In this lemma, we may replace log p by any nondegenerate holomorphic
microfunction K with support Y. It then follows that for any P(z,0,) €

Ecn,(20,d.p) there exits a unique Q(w, Ow) € Egx (4, 4, SUch that

P(z,0,)K = Q(w, 0y,)K.

Let @Q* denote the formal adjoint of (). Then the correspondence P +— Q*
gives rise to an isomorphism of rings Ecn (24,0 — 5@7(%7_ dup)? which is
called the quantized contact transformation with kernel K. 1t is clear from
Lemma A.1 that

Lemma A.2. If two kernels K,/l? € Cy|x,(z0w0) gtveE the same quantized
contact transformation, then K = ¢ K with some constant ¢ € C*.

If K — K is Kashiwara’s transformation, then
P(z,8.)K = Q(w,d,)K if and only if P*(z,0,)K = Q*(w,d,)K.

In particular, the quantized contact transformation P(z,d,) — Q*(w, d,)
with kernel K is given by the inverse of the quantized contact transfor-
mation Q(w,dy) — P*(z,0,) with kernel K.

The proof of Lemma A.1 (e.g., in Shapira [S]) simply yields the follow-
ing lemma, which was used in the proof of Lemma 3.2.

Lemma A.3. If L in (A.2) is of the form (A.1) with p in place of f and
with @ non-vanishing, then P and Q) are operators of order < m.

Appendix B. Method of computing the asymptotic expansion.
We here explain the method of computing the expansion of K*.
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Let us first recall the procedure for computing the Bergman kernel K°
due to Boutet de Monvel. We take a C-valued defining function of the
complexification of 9 of the form U(z,z) = 2, + 2, — 2’ - 2/ — H(z,7'),
where -

H(z )= > Bﬁﬁz; 2 25

loef,|8]>2,6>0
Then each Biﬁ is a polynomial in A = (Aﬁﬁ) € N. Let Ag = Agy(z,0.)
be a microdifferential operator of infinite order given by the total symbol

AO(Z7 g) = €Xp (_H(Za _gl/Cn)gn) .
We define weight by
w(z) = —w(0,,) =—-1/2 (j<n), w(z)=-w(0,)=-1

(For more about the notion of weight, cf. Section 3 of [HKN2|.) Then
A, can be regarded as an asymptotic series as weight tends to —oo. We
can verify logU = Aq(z,0.)log py by using 9.0 " logpy = —z;log po.

Therefore the Bergman kernel K°[r] for  (up to a constant multiple
(—m)™) is given by

KO[T] = Aé_l(z,ﬁz) k\—n—l[po]- (B.1)

Here the inverse of A} is defined by Aj~! = 3°2° (1 — Af)*, which is an
asymptotic series as weight tends to —oo because each term of 1 — Ajj has
negative weight.

We generalize (B.1) to K* for s > 0. First, write

S

Kl =Y a2, 2) KU

=1
and define a microdifferential operator of infinite order by the total symbol

s

Ay(2,0) = Ag(2,0) S an(z, —C'[¢)CE.

(=1

Then we get /[Zs[r] = A,(z,0,)log pp by using Ag(z, az)afn log po = ?@[U].
Thus we have
K*[r] = AL 7(2,8.) K°[po].

Here A*~! is defined by the series

AT =02 (1— Ao,
k=0
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in which each term in 1 — A}0_° has negative weight.

Method of proving Lemma 4.2. We only need to know the first five terms

1mn
oo
_ —k
z1=C1=0_ Z ckCQ ’
k=—s

that is, the terms of weight > —s — 5 in the right-hand side. Such terms
can be computed from the the terms of A that have weight > s — 5.
Details of this computation are discussed in [HKNZ2]. O

A7(z0)

Proof of Proposition 4.4. We only need to compute K*(v;) for a surface
in normal form for which [|[R*?[]%(0) = ||A%||* # 0. We here take the
surface p = py — F' = 0, where F = 2{z3 + 23z, for which [[A%[]* = 2.
Starting from this p, we set p;, po and ps as in Subsection 2.3. Then we
have r = p3 + O(p*). Since each term in p* has weight less than —3, we
see that r = r3 4 (terms of weight < —3). Thus we have

r=p+ 16|2122°p0  8(|21|* + [22]*) 5 16p;
n+1 (n+1)n 3(n+1)n(n—1) (B.2)
+ (terms of weight < —3).

In particular, we get

8

_ 2/3 4 ith ! )
r(y) =t+2dt°+O0(t") with ¢ 3+ Dn(n = 1)

(B.3)

Next we write K, [r] = As(z,0,)log pg. Then from (B.2) we get

. 72
A =G -FG - (-5 2 anGe
8s(s —1) 16s(s — 1)(s — 2)\ ..
(ot 1jn 160 226) 5 )C" 2

+ (terms of weight < s — 3),
where F' = 22¢2 + 22¢2. Thus we have
ATTH(z,0)

where

im0 C° 4+ (¢ 52 + (terms of weight < —s — 3),

o 165 16s(s—1) 16s(s —1)(s — 2)
¢ __44_71—1—1+ (m+1Dn  3n+1nn—-1)

Therefore we get, for s =0,1,...,n— 2

ot
(n—s)(n—s—1)

Ké(y) =t (1 + + O(t3)> , (B.4)
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and
K" Y (y) =72+ (="' + O(t)) logt,

K™(y) =t"" + ("t + O(t?)) logt, (B.5)
K™ () = (142 /2 4+ O(#%)) log .

Using (B.3) and (B.4), we have ¢ () = 1+2((n —s+1)c + )t + O(¢3)
form=20,1,...,n— 2. Thus we get

2
3(s—n+1)(s—n)

cs=n—s+1)d+& =

The constants ¢, for s > n — 1 are determined by using (B.5) in the same
manner. 0
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