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1 Introduction

In [F2], Fefferman initiated a program of writing down all local invariants
of strictly pseudoconvex real hypersurfaces in C", in explicit, computable
form (we here call such invariants CR invariants). His aim was to express
the asymptotic expansion of the Bergman kernel of a strictly pseudoconvex
domain in terms of these invariants. This program has been continued by
the works [G1], [G2], [EG], [BEG], [HKN]. In particular, Bailey, Eastwood
and Graham [BEG] gave a complete description of CR invariants of weight
< n (for weight < n — 19, it had been obtained in [F2]). This result was
applied to express the Bergman kernel up to the logarithmic singularity.

Recently, the author [H] has generalize their result so that we can also
express the logarithmic singularity. The main idea of [H] is to consider the
local invariants of the pair (M, r), where M is a strictly pseudoconvex hy-
persurface and r is a defining function of M. We here assume that r is
normalized by a complex Monge-Ampere equation; this normalization de-
termines r uniquely modulo O""2(M), see Sections 3 and 4. CR invariants
are then characterized as invariants of the pair (M, r) that are independent
of r. It is shown that all invariants of the pair (M, r) are expressed as Weyl
invariants, that is, linear combinations of complete contractions of curvature
tensors of a metric associated with r. For weight < n 4+ 1, or < 5 in case
n = 2, all Weyl invariants are shown to be independent of r, and we obtain
an expression of CR invariants in terms of Weyl invariants. This is a natural
generalization of the result of [BEG] mentioned above. For higher weight,
however, we do not know a practical way of constructing CR invariants.

In this note, we compute CR invariants of weight < 6 in case n = 2 by
two different methods. The result for weight 6 is new and is obtained by



using a computer algebra program.

The first method, explained in Section 2, is based on a direct computation
of Moser’s normal form. By definition, CR invariants are polynomials in
Moser’s normal form coefficients A = (A%.) that are invariant under the
action of the structure group H. For each weight, it is shown that all CR
invariants are linear combinations of a finite list of monomials of A. Thus
we can determine all CR invariants of given weight by computing the action
of H on each monomials in the list. Such computation for weight < 5 has
been done in Graham [G1] and [HKN]. A straightforward generalization of
this procedure also gives the result for weight 6 (Theorem 2.1), while it is
much longer and a use of computer is inevitable.

The second method is an application of the theory for the invariants of
the pair (M, r) in [H], explained in Sections 3 and 4. We reduce the problem
of finding all CR invariants to that of determining Weyl invariants that are
independent of r. For each weight, the vector space of all Weyl invariants is
of finite dimension. Thus dependence of Weyl invariants on r is completely
known by writing down generators of Weyl invariants in terms of the Taylor
coefficients of . For weight < 5, such computation has been done in [HKN].
For weight 6, we can proceed similarly, while the computation is much longer
and we have used a computer. The result is described in Section 5.

The expression of CR invariants obtained by the second method is much
simpler than that for the first one and the construction itself is geometric. It
is hopeful that the basis of CR invariants given here could be obtained by an
invariant-theoretic argument, without a computer-aided computation. For
n > 3 and weight < n — 1, [BEG] has explicitly given basis of CR invariants
in terms of Weyl invariants (see Theorem 3.2 below). Our result for n = 2
and weight < 6 is analogous to their result. We include an observation about
this analogy at the end of Section 5.

2 Definition of CR invariants

We start by recalling the definition of (local scalar) CR invariants of strictly
pseudoconvex real hypersurfaces in C". We here follow [F2] and utilize
Moser’s theory of normal form [CM] to describe the curvatures of the sur-
faces.

Let M be a real-analytic strictly pseudoconvex hypersurface in C". It is
shown in [CM] that, for each point p € M, there exists a local coordinate



system z such that p =0 and M is locally given by the equation

p(z) =2u—||* - Z Af;ﬁz;z’ﬂvf =0, (2.1)
la],|8]>2,6>0
where 2 = (z1,...,20-1), Zn = u +1v, and 2, = Zy, ... Z2,,. Here the

coefficients Af; 3 satisfy the following three conditions:
(i) Aﬁg = Agﬁ
(ii) for each p,q, ¥, . .

Ay = (Aaﬁ)\a|=p7|ﬁ|=q

is a bisymmetric tensor of type (p,q) on C*™1;
(iii) for p,q <3, ¢ >0,
Pt AL =0, (2.2)

where the trace is taken for the standard metric on C*~!.

We denote the (germ of) surface (2.1) by N(A), where A = (AL) is the list
of coefficients of p, and call it a normal form of (M, p) with respect to the
normal coordinates z. Note that a normal form and coordinates for (M, p)
are not uniquely determined, that is, two different surfaces in normal form
may be biholomorphically equivalent. Keeping this fact in mind, we make
the following definition of CR invariants.

Definition A CR invariant of weight w € N is a polynomial P(A) in the
normal form coefficients A = (Aﬁﬁ) that satisfies the following transformation
law: If ® is a local biholomorphic map which preserves 0 and maps a surface
in normal form N(A) to another surface in normal form N(A) = &(N(A)),
then

P(A) = | det &' (0)| 72/ p(A), (2.3)

where @’ is the holomorphic Jacobi matrix of ®.

Remark 2.1 A CR invariant P(A) gives an assignment to each real-analytic
strictly pseudoconvex hypersurface M of a function Py, : M — C: forp € M
take a local biholomorphic map ® such that ®(p) = 0 and ®(M) is in normal
form N(A), and set

Py (p) = | det ' (p)[**/ "D P(A).



This definition is independent of the choice of ® because of (2.3). The func-
tionals P,; naturally appear in several problems of Several Complex Vari-
ables, e.g. in the expansion of the Bergman kernel. Note also that the
functional Py, can be also defined for C'*° surfaces M, and the assumption of

real-analyticity of M is not essential in the definition of CR invariants. See
[HKN].

In order to verify that a given polynomial P(A) is a CR invariant, we
need to know all the equivalence classes of surfaces in normal form together
with the maps ®. In case M = N(0), the boundary of the Siegel domain
Dy = {2u > |2/|*}, the set of all normal coordinates for (9Dg,0) is just
the isotropy group H of Dy at 0. For general M = N(A), the set of all
normal coordinates for (N(A),0) is naturally parameterized by H. If we
denote the change of coordinates corresponding to h € H by @, 4y, then
{®n.4)(N(A)) : h € H} gives the set of all surfaces in normal form that are
equivalent to N(A).

Let ANV be the space of all surfaces in normal form

N = {A = (A5 sinez0 - A satisfies (i), (i), and (i) }

For (h,A) € H x N, take A € N such that N(A) = &, 4)(N(A)) and set
h.A:= A. Then the map

HxN>(h,A)—hAeN

defines an action of H on N. Clearly, the H-orbits in A/ are the equivalence
classes of surfaces in normal form.
In terms of this H-action, we may rewrite (2.3) as

P(h.A) = g, (h)P(A) (2.4)

for any (h, A) € H x N, where o,,(h) = | det @’(h,A)(O)|*2w/(”“) (the right-
hand side is shown to be independent of A). Thus we can say that CR
invariants are H-invariant polynomials on V.

Using this expression, Graham [G1] (see also [HKN]) determined all CR
invariants of weight <5 in case n = 2. We recall his result together with its
generalization to weight 6, which is based on a computer-aided calculation.



We first introduce a notation which is specific to the 2-dimensional case.
In case n = 2, the tensor AZ‘;a has only one component. If we denote the

component by Af;q, then the trace conditions (2.2) are reduced to

¢ ¢ ¢ ¢
Thus we may write CR invariants as polynomials in the variables

ALy, ALy, and Al with p+q>7, (> 0.
Theorem 2.1 Let n = 2 and IS® be the vector space of all CR invariants
of weight w. Then a basis of ISY for w < 6 is given by

weight base of ISR
0 1
1or2 0
3 A,
4 |Agz|2 - AgZAZE
5 Pi(A), Py(A)
6 | P3(A), Pa(A), (Af)?

Table 1
Here Py, Py, P3, Py are given by
Pi(A) =|AL > + 18| A%|* + Re (18 A A, — 5i AjzAY),

43 354742 24“742
171 15 37 .
PoA) =|A5 " + 55 [ A5l + Re (3 Al — 55 ZA;ZAEE)’

Pu(A) = A" — 10|45 + 5 |4 + 5 | A%P
+ Re (48 Al Al + 26 Ay Al — 28 Agg Ay — g Al Agi)
T (2 A2 Al — 10 A% Al +12 Al Al +9 A%, A ).
PA(A) =| A+ 1L A" = A = 3 |43

+ Re (= 86 A% A% — 16 A% A% + 1443 A%, + A% A2,

N——

I (2 A Al + 4 A% AL — 9 A% Al — 5 A3 AL ).



Remark; 2.2 There are many choice of a basis of IS®, and P;(A) above have
no special meaning as CR invariants. These P;(A) will appear again in the
computation in Section 5. This is the only reason we take them as a basis.

This theorem for weight < 5 has been obtained in [G1] and [HKN]. For
w = 6, this result is new, while the procedure of computation is exactly same
as that of [G1]. We here only explain the procedure of the computation.
We first recall that H is generated by the following two subgroups:

Hy={¢r: A€ C"=C\{0}},
Hy = {ther : (§,7) € Cx R},

where
da(21,20) = (Nz1, A 29),

(21—52’2722) < ’f‘Q >
n(z1,29) = —————~ == 4qr).
Vien(21,22) 1+&§2 —n2 7 2

The action of Hy on N is explicitly given by
AL 1—p—0y1—q—L gL n
A =N "PTONTTTAL, where A= ¢4, (2.6)

which is equivalent to ¢\(N(A)) = N(¢pr.A). In view of this formula, we
define biweight of a monomial P(A) of A = (Af) to be the pair of integers
(w',w") such that

_7'11]”

P(A) = XA""X"" P(A) for Aand A in (2.6).

In particular, A}% has biweight (p + ¢ — 1, + ¢ — 1). We also define weight
to be the average of biweight (w' 4+ w”)/2. For ® = ¢,, the transformation
law (2.3) is written as

P(A) = |\|72*P(A) for every \ € C*.
This is equivalent to the condition that each monomial of P(A) has biweight
(w, w).
We next consider the action of Hj. It is shown that o, (h) = 1 for h € H;.
Thus (2.4) for h € H; is reduced to

P(h.A) = P(A) for h e H,.
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Therefore, we can give all CR invariants by determining all Hj-invariant
polynomials P(A) of homogeneous biweight.

For w < 2, there are no monomials of biweight (w,w). Hence there are
no CR invariants of weight < 2.

For w = 3, the only monomial of biweight (3,3) is A, (up to a constant
multiple). By computing the action of H; on this component, we see that
A}, is a CR invariant.

For w = 4, there are 3 monomials of biweight (4, 4):

AyiAly Ass Al
Again, by computing the action of H; on the components appearing here, we
see that const.AgZA?Q is the only Hi-invariant linear combinations of these
monomials.

For w = 5, there are 9 monomials of biweight (5, 5):

A Al ApAl Ay, Ay,
A5l 1A%l Ags, Ass Al
In this case, the condition that a linear combination of these monomials to
be Hi-invariant is given by a system of 10 linear equations of 9 variables.
(The number of equations is the number of monomials of biweight (5,4) or
(4,5); see Section 4 of [HKN].) The space of solutions is two dimensional and
{Pi(A), P,(A)} gives a basis.

For w = 6, there are 24 monomials of biweight (6,6). In this case, the
condition to be H;-invariant is reduced to a system of 31 linear equations of 24
variables. The computation for making the equations is just a straightforward
generalization of the method of [G1]. This procedure is purely algebraic and
it is not hard to implement it on a computer algebra program. We have used
Mathematica to obtain P3; and Pj.

3 Fefferman’s Weyl invariants

In this section we describe a geometric procedure of constructing CR in-
variants, which is called ambient metric construction, by following [F2] and
[BEG]. This procedure is shown to produce all CR invariants of weight < n.



Let € be a strictly pseudoconvex domain in C". It is shown by Fefferman
[F'1] that there exists a C*° defining function r of Q, positive in €2, satisfying

Jlr] == (—1)" det (7’ ”‘) =14+ 0"(59),
TE TjE
where P
.
o= for 1<i,k<
T 02507, or 1<,k <n,

and that such defining function is unique up to O"2(99Q). Here O(99)
denotes a term which vanishes to ¢ th order along the boundary 0€2. We call
such a defining function a Fefferman’s defining function and denote by r¥.
One of the most important property of Fefferman’s defining function is its
transformation law: if ®: 2 — €2 is a biholomorphic map, then

o ® =7rF | det &7V D L O"F2(9Q), (3.1)

where ¥ and 7 are Fefferman’s defining functions of {2 and Q, respectively.
Using this transformation law, Fefferman gave a procedure of constructing
CR invariants, which is called ambient metric construction. Introducing a
new variable zy € C*, we define a Lorentz-Kéhler metric g = g[r¥] in a
neighborhood of C* x M in C*! by

2,.F
o = 071y
J 8zj8§k’

where ri(zo,z) = |Zo\27”F<Z)-

We call g[r*] the ambient metric for 9. Let R[r"] be the curvature tensor
of g[r¥] and let RPD[r¥] = VI=2VP~2R be its covariant derivatives, where V

(resp. V) is the covariant derivative of type (1,0) (resp. (0,1)). Then make
complete contractions of tensor product of several curvature tensors:

W = contr (R(pl’ql) R ® R(ps’qs)) ) (3.2)

We define the weight of W to be

s

w=> (pj+¢)/2—s

J=1

and define Weyl invariants of weight w € N to be linear combinations of
complete contractions of the form (3.2) of weight w.
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Now we consider the case 0f is in normal form N(A) in a neighborhood
of 0. Then, for a Weyl invariant of weight < n, the value W/, .)=(1,0 is given
by a polynomial of A, which is denoted by Py (A). This polynomial is shown
to be a CR invariant of weight w by using the transformation law (3.1). The
following theorem states that this procedure gives all CR invariants of weight
<n.

Theorem 3.1 ([F2], [BEG]) For w < n, every CR invariant of weight w is
expressed as Py (A) for a Weyl invariant W of weight w.

The restriction on the weight comes from the fact that ¥ is defined only
up to O"2(99Q), while the estimate is not optimal. We can replace n by n+1
(or 5 in case n = 2) in Theorem 4.2 below.

The proof of Theorem 3.1 in [BEG] also gives a basis of CR invariants.
To state their result, we recall some definitions from [BEG|. We say that
a complete contraction (3.2) is traceless if it does not involve any internal
traces, that is, no two indices on the same tensor are contracted together.
We say that two complete contractions are equivalent if they can be made
to coincide by permuting the tensors and by permuting the indices of each
of the tensors. Choose a representative from each such equivalence class of
traceless complete contractions and call the chosen contractions allowable.

Theorem 3.2 ([BEG]) Let w < n—1. If {W1,..., Wy} is a list of allowable
complete contractions, then Py, (A), ..., Pw,(A) form a basis of IS®.

Note that the restriction on weight is sharp. For w = n, there is a relation
among allowable Weyl invariants, which is obtained by skew symmetrizing n
indices in (3.2).

Remark 3.1 In the proof of Theorem 3.2, the following argument is used.
First make linear combinations of complete contractions of the form

contr (A, ® - @A) ) (3.3)

P1q; Psqs

that involves no internal traces. Then formally replace each qu by R4
and replace the trace for the standard metric ;; on C"' by the ambient
metric g;z. This replacement gives an injection from the space of linear
combinations of complete contractions of the form (3.3) to the vector space
of Weyl invariants. Thus the study of linear relations among allowable Weyl
invariants is reduced to study of that for complete contractions (3.3). For
such complete contractions, we can apply the invariant theory for U(n — 1)
and obtain the desired linear independence.



4 Generalized Weyl invariants

For weight w > n, Fefferman’s ambient metric construction breaks down. In
particular, if n = 2, Theorems 3.1 and 3.2 give no information; there are no
CR invariants of weight < 2 (see Theorem 2.1). In this section, following [H],
we generalize Fefferman’s method by introducing parameters that describe
the ambiguity of r'. We apply this result, in the next section, to obtain
Table I in Theorem 2.1.

We lift the equation J[r] = 1 to the C*-bundle, on which the ambient
metric is defined,

Jylu] == (—1)"det (uﬁ)

L2
0<j,k<n kY

and consider its asymptotic solutions along C* x N(A) C C* x C" of the form

u=ry +T#Z n; - (rn+210g7”#)j,
j=1

where 7 is a smooth defining function of N(A) C C", ry4 := |2|*r, and n; are
smooth functions in a neighborhood of 0 € C". Such an asymptotic solution
exists for any N(A) and is uniquely determined (modulo flat function along
02) by the additional initial condition:

8n+2r

PRE = f(¢,7',v) € C®(N(A)).

p=0

Here p-partial differentiation is defined with respect to the real coordinates
(2/,Z, p,v). If we write the Taylor expansion of f(z',Z',v) as

[,z v) = Z Ciﬁzgif@ve,

e, 8], €20

then the Taylor expansion of r at 0 is determined by A and C' = (Oiﬁ)' Thus
we may write the germ of 7 at 0 as r[A, C].

Now we follow Fefferman’s ambient metric construction and define Weyl
invariants W for the metric g[4, C] = (0*r[A, C]/0z;0z;), which is a germ
of Lorentz-Kahler metric at (1,0) € C* x C". In this case, the value of a
Weyl invariant W at (zo,2) = (1,0) is given by a polynomial in (A, C) for
any weight. We denote this polynomial by Py (A,C). In case Py (A, C) is
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independent of C', we say that W is C-independent; then Py (A) gives a CR
invariant. The following theorem claims that all CR invariants are given by
C-independent Weyl invariants.

Theorem 4.1 ([H]) For each CR invariant P(A), there exists a C-independent
Weyl invariant W such that P(A) = Py (A).

For n > 3 (resp. n = 2), all Weyl invariant W of weight < n+1 (resp. < 5)
are C-independent. We thus obtain a generalization of Theorem 3.1.

Theorem 4.2 ([H]) Let n > 3 (resp. n =2). Then, for w <n+1 (resp. <
5), every CR invariant is expressed as Py (A) for a Weyl invariant W of
weight w.

The restriction on weight is optimal: there is a C-dependent Weyl invari-
ant of weight n + 2 (or weight 6 in case n = 2). See also the computations
in the next section.

Note that r = r[A, C] satisfies J[r] = 1+O"*(N(A)); hence r is a Feffer-
man’s defining function. We thus see, for weight < n, that the CR invariants
Py (A) in the previous section coincide with those given in Theorem 4.2.

Remark 4.1 The terminology used here is different from those of [H]. In [H]
we first consider (3.2) as a formal expression and call it Weyl polynomial;
then define Weyl functional to be the assignment of functions obtained by
evaluating a Weyl polynomial for ambient metrics. Two different Weyl poly-
nomials may give the same Weyl functional. Thus the distinction is essential
in the proof of the theorems.

5 Explicit computation in case n = 2
In this section we always assume n = 2. Let

IV = [Py (A, C) : W is a Weyl invariant of weight w}

and identify a Weyl invariant W with the polynomial Py (A, C). Then The-
orem 4.2 is written as

ISR = 1V for w < 5.

11



As an application of this theorem, we give an alternative proof Theorem 2.1
for weight < 5.
Let E®% be a tensor of type (p, q) defined by

EPa) .— 14 (R(p+4,p+4))7

where the trace is taken for the metric ¢g. In particular, E9 is a scalar. It is
then easy to show that V! is generated by traceless complete contractions
of the tensor products of

R®9) p,q>2 and EP9) p,q> 0.

(Follow the arguments in Section 5 of [H].) Using this fact, we list up gener-
ators of IV, The table for weight < 6 is

weight generators of Vel

! 0

’ Wao

3 Was, ECO

4 Wau, Wis

o Was, Wsa

6 Wag, Was, Wi, Wa, (E©0)2
Table 11

Here W), , and Wp,q are traceless complete contractions of the from

W, := contr(R?? @ R@”)  and W, := contr (R0 @ E@P)

There are several ways to make such complete contractions. The results of
this section are independent of the choice.

To select a basis from the generators in Table II, we need to determine
linear relations among these Weyl invariants. A computation in [HKN] gives

W2,2 = W2,3 = O,
0,0) _ 2 70
ECD = —(4)? A%,

3
W274 = ? W3,3 =7 28 |AgZ|2
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and

IR = —4 (51)2 P (A), IR = —

where P; and P are defined in Theorem 2.1. We thus obtain:

weight | basis of [Ve¥! = [CR
1 0
2 0
3 E£(0,0)
4 Wau (or Wigs)
D Was, Wi
Table II1

We can also apply the same procedure to express Weyl invariants of weight
6 in terms of (A4, C). A computation using Mathematica gives

where

Wae = Fi(A) + 51840 Q(A, C) + 14929920 A}, CFs,
Wy s = Fy(A) + 25920 Q(A, C) + 7257600 AY; Cs,
Wi = F3(A) + 20736 Q(A, C) + 5723136 A); Cf,
Wao = Fy(A) — 576 A% C9

00’
(BO9)? = (41)" (A5)?,

16

3

and F}j are polynomials of A. From these formulas, we see that C-independent
Weyl invariants are generated by

5 __
Wae — 3 Wy + 1080 Wy o,

5 —~
W375 — Z_l W474 + 180 W2’27 (51>
(E(O’O))2.
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By computing F;(A) explicitly, we see that the first two Weyl invariants are
respectively given by

5
Fy — 3 Fy + 1080 F; = 1382400 Py(A),
F— ZFg + 180 Fy = —345600 Py(A),

where P3 and Py are given in Theorem 2.1. Thus by Theorem 4.1 we have

Proposition 5.1 The Weyl invariants (5.1) form a basis of IS®.

We close this note by giving an analogy of Theorem 3.2 in case n = 2. It
is clear that the allowable Weyl invariants in the sense of Section 3 do not
give basis (as Wao = 0). To define allowable Weyl invariants for n = 2, in
view of Remark 3.1, we first define allowable monomial in A of weight w to
be the monomials of A2, of biweight (w,w). All allowable (monic) monomials
of AD. for weight < 6 are

weight | allowable monomials
1lor2 0
3 Al
4 |AYJ?
5 A, AL
6 | A%l [Ag[%, (Af)?
Table IV

For weight < 5, we can relate Tables IIT and IV by replacing qu by

R®% and taking complete contractions. This is an analogy of the formal
replacement explained in Remark 3.1. If we call the Weyl invariants obtained
by this replacement allowable Weyl invariants, then we obtain the analogy
of Theorem 3.2 for n = 2 and weight < 5.

For weight 6, the same replacement gives three Weyl invariants:

W2,67 W3,57 (E(O’O))Q-

14



In this case, we can obtain three linearly independent CR invariants by
adding Wy, and W55 (which are missing in the list above) to the first two
Weyl invariants as in (5.1). So, we can say that there is a basis of IS each of
them corresponds to an allowable monomial. This result is obtained by a di-
rect computation and we do not know the reason why such a correspondence

holds.

Remark 5.2 For weight 7, there are nontrivial cubic Weyl invariants and for
such invariants the discussion about allowable invariants breaks down. In
fact, there are 7 cubic allowable monomials of A of weight 7

AVJALR,  ALALAL,  ALALAS AYAY A

2797463, 31/l31/Yyy  Aagagies
and their conjugates, but only CR invariant of degree three is const. A%, | A |?,
which is the product of invariants of weight 3 and weight 4. Therefore other

cubic allowable monomials have no relation to CR invariants.
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