The Laplacian on some round Sierpinski carpets
and Weyl's asymptotics for its eigenvalues
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The purpose of this talk is to present the speaker’s recent results on the construction of
a “canonical” Laplacian on round Sierpinski carpets invariant with respect to certain
Kleinian groups (i.e., discrete subgroups of the group Méb(@) of (orientation preserving
or reversing) Mébius transformations on C:=CuU {o0}) and on Weyl’s asymptotics for
its eigenvalues. Here a round Sierpinski carpet refers to a subset of C homeomorphic to

the standard Sierpinski carpet whose complement consists of disjoint open disks in C.

1. Preceding results for the Apollonian gasket

The construction of the Laplacian is based on the speaker’s preceding study of the
simplest case of the Apollonian gasket K, g~. This is a compact fractal subset of C ob-
tained from an ideal triangle, i.e., the closed subset of C enclosed by mutually externally
tangent three circles, with the radii of the circles a~!, 71,7~ and with the set V%7
of its three vertices (see Fig. 1). Set C(Kap,) :={f | f : Kap~, — R, f is continuous}.

Theorem 1.1 (K., cf. [5]). There ezist a finite Borel measure p on K, g, with full sup-
port and an irreducible, strongly local, reqular symmetric Dirichlet form (%P7, Fy 5.4)
on L*(Ko g, ) such that for any affine function h : C — R, h|k € Fopn and

o, B,y

gaﬁﬁ(thaﬂﬁ,U) =0 for any v € Fop,NC(Kqyp,) with ,U|VOQ’B” =0 (1.1)

(i.e., hlx, 5. is E¥P7-harmonic on Kop \VE?7). Moreover, Co gy i= FagC(Kagy)

and E4P e, . xcu ., are unique (up to positive constant multiples of E4P7|e. . e .. ).
Theorem 1.2 (K.). C}Y = {ulk,, | u:C —= R, uis Lipschitz}y C Cop and

4P (u,v) = ZCEAQ’M rad(C) /C<ch, Vev)dvole  for any u,v € CI;}}QW (1.2)

where A, g denotes the set of all the arcs appearing in the construction of K, g3,
rad(C') the radius of C, V¢ the gradient on C' and vole the length measure on C.
Theorem 1.3 (K.). As the measure pi in Theorem 1.1, u®P7 = > cea, - rad(C)vole

can be taken. Moreover, the Laplacian associated with (Ko g, u®?7, E*PY Fop.) has
discrete spectrum and its eigenvalues {\*P7},en (with each repeated according to mul-
tiplicity) satisfy, with' dag := dimy K, g~ and some cq € (0,00) independent of a, 3,7,

limy oo A%/ 240 0 € N | AP < A} = ¢ H%e (K, 5) € (0, 00). (1.3)
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2. Kleinian groups G,, with limit set a round Sierpinski carpet
Let m € N, m > 6. Since 7 + 2 + - < 7 there exists a geodesic triangle with

inner angles 7, %, 7, which is unique up to hyperbolic isometry, in the Poincaré¢ disk
model B? := {2z € C | |z| < 1} of the hyperbolic plane. More specifically, set ¢, := R,
(5 := {te™/™ | t € R} and choose t,7 € (0,00) so that {5 := {z € C | |z —te™™| = r}is
orthogonal to OB* := {z € C | |z| = 1} and intersects ¢, with angle Z; there is a unique
such choice of ¢, r by virtue of 7 +%+7- < m. Let Ay denote the closed geodesic triangle

~

formed by ¢y, {5, {3 and define a subgroup I, of M6b(C) by T, := ({Invy, }3_,), where
Inv, denotes the inversion (reflection) in a circle or a straight line ¢. Then Poincaré’s
polygon theorem (see, e.g., [2, Section 8]) tells us that B* = |J, .. 7(4), where 7(4)
and o(/\g) intersect only on their boundaries for any 7,0 € T',,, with 7 # 0.

Next, choose r,,, € (0,1) so that S := {z € C| |z = ry,} intersects {, with angle %;
it is elementary to see that there is a unique such choice of r,,. Then it turns out (see,
e.g., [1]) that the subgroup G,, of Mob(C) defined by G, := (I', Invs) is a Kleinian
group and that 0xGrn := U,cq, 9(0B?) is the limit set of Gy, (i.e., the minimum non-

empty closed G,,-invariant subset of ((A:) and is in fact a round Sierpinski carpet (being
homeomorphic to the standard Sierpiniski carpet follows from [6]).

Set Ko := (0Gm) NB2, G := {g € M6b(C) | g'(c0) € C\ B2} and K, := g(Ky)
for g € G. Also set D, := {gh(@\@) | h€Gn}\ {g(@\@)}, so that D, is a family
of disjoint open disks in C with K, = g(B?) \ Upep, D- Now we adopt (1.2) as the
definition of the Dirichlet form on K, and similarly for the volume measure on K,.
Definition 2.1 (K.). Let g € G and set C, := {u|g, | u: C — R, u is Lipschitz}. We
define a Borel measure 7 on K, and a symmetric bilinear form £9: C; x C, —+ R by

V9= ZDE% rad(0D)volgp, E9(u,v) := Z rad(@D)/ (Vapu, Vopv) dvolgp.

oD
Proposition 2.2 (K.). On L*(K,,19), (£9,C,) is closable and its closure (9, F,) is a
strongly local reqular Dirichlet form whose associated Laplacian has discrete spectrum.

DeDy

Since G, is convex cocompact (hence Gromov hyperbolic), d,,, := dimy K, € (1,2)
and H% (K,) € (0,00) by [4, Theorem 7]. The following is the main result of this talk.

Theorem 2.3 (K.). There ezists ¢, € (0,00) such that for any g € G, the eigenval-
ues {\ }nen (with each eigenvalue repeated according to its multiplicity) of the (non-
negative definite) Laplacian associated with (K,,v9,E9, F,) satisfy

limy oo A2 # 0 € N | N < A} = ¢, H (K,). (2.1)

Theorem 2.3 is proved by applying Kesten’s renewal theorem [3, Theorem 2] to a
certain Markov chain on the space of “all possible Euclidean shapes of K,” defined by
H\G :={Hg | g € G}, where H denotes the group of Euclidean similarities of C.
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