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e (M, g, n): a weighted manifold with a density ¥ > 0

@ Q2 C Mis an open set. U € M is a relatively compact open set.

mo(Q)=infmeR| inf / (mu? + g(Vu,Vu)) du >0
12”“”,:.%(9) Q
where

1

HUQ) = @)™, (uv) = / wv dp + / &(Vu, V) du
M M
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o M(Q,\,A) (with A\,A > 0) is a “coefficient fields”; that is, the set of
measurable coefficient fields I such that

g(&, LE(x) > Ag(€,€)(x), Vxe M, ¥V§e TM
g(& L) (x) > A 1g(&,8)(x), VxeM, Ve TM

e Elliptic operators: (L¢)eso € M(2,A,A)

L.=—divoL,oV: H&(Q) — Hfl(Q)
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H-convergence

Definition 1.1

Let (L¢) € M(Q2, X\, A) and Lo € M(Q, \,\). We say that the sequence
(L) “H-convergence” to g iff for any U € Q and for any f € H=1(U),
the solutions uc, ug € H3(U) to

Leue = Loug=F in Hfl(U)

satisfy
ue — up, weakly in H1(U)
L.Vu. — LoVug, weakly in L2(TU)

In that case, we denote

L. 3 Lo in (Q,g,p1).
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Main Result

Hereafter, (L.) C M(M, A, ).

Theorem 2.1 (Hoppe - M - Neukamm)

There exists a subsequence (not relabeled) (IL.) and Lo € M(M, X\, \)
such that

Le B Lo in (M, g, 1)
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Main Result (Continuation)

Theorem 2.2 (Hoppe - M - Neukamm)
Let (f.) C L?(Q) and (F.) C L?(TQ) be such that

f. = fo  weakly in [*(Q), Fo— Fy in [2(TQ).
Let m > mo(Q)/\ and uc, ug € H}(Q) be the solutions to

(Le + m)ue = . +divF., in HY(Q),

1
(Lo + m)ug = fy + divFy, in HY(Q). @)
Then,
RN H 1
L AL, — Ue — Up weakly in Hy(S2),
LVu, — LoVug weakly in L2(TQ).

Additionally, if m # 0 and f. — f in L2(M), then u. — u in L>(M).

v
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Definition 2.1 (Mosco convergence)
Let L. € L(M, \,\) be symmetric with e > 0. Set

/g(LEVU,VV)d,U«, u, v € Hy(M),
M

00, else.

Qe(u,v) =

We say Q. — Qo in Mosco sense if
o Yu € L?(M), Ju, € L2(M) such that lim sup Q.(ue, u) < Qo(u, u).
o v. = vinL2(M) = liminf Qc(ve, ve) > Qo(v, V)

Proposition 2.1 (H-convergence implies Mosco convergence)

Let L. € L(M, X\, \) be symmetric with e > 0. Then,

H .
L. — Lo = Q. — Qo in Mosco sense

which implies
et — et in [2(M)

v
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Main Result (Example)

Let (0¢)e>0 C L°°(M) such that 3¢ > 0 such that
c<o.<c L (2)

Consider
M, = (Mvgenue)v 8e = 0c8, Me = (Ue)n/z-

Assume that H}(M) is compact in L2(M).

Proposition 2.2

There is © € M(M, X, \) with ellipticity constants 0 < A\, A < oo only
depending on d =dim(M) and the constant in (2), and there exists a
oo € L>°(M) satisfying (2), such that the following holds for a
subsequence (not relabeled):

(a) 4% o'g/z weakly-+ in L>°(M, g, ).
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Main Result (Example)

Proposition 2.3 (Under the same situation in the previous proposition)

(b) Let gy := oog and po := ag/z,u. For all m > m’, m" € R only depends

on M = (M, g, ;1) and the constant in (2). For f.,f € L2(M, g, ), let
ue € H&(M,ge,,ue) and ug € H&(M,go,,uo) be the solutions to

mu, + Acue = f, in HY(M, g, pie),
mug + divg(©OVup) = fy in H=Y(M., go, j10),

respectively. Then

ue — U in HY(M),
0 — ot oV in L2(TM).

f.— fin [2(M) = {
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Main Result (Example)

Proposition 2.4 (Under the same situation in the previous proposition)

(c) Let uc € H}(M, ge, j1e) and ug € HY(M, go, 110) be the solutions to

mue + Acue = fe, fe € LQ(I\/I,gC,;Le),
mdug =F diVO(GVUO) — fO) fb € L2(M7g07u0)7

respectively. Then
fo— fo in > = uc — up in L2

(d) Fix n € N. For every sequence (Ac n, Uz n) of eigenpairs of m+ A, in
H=Y(M, g., i) there are a (not relabeled) subsequence and an
eigenpair (Mo, o) of m+ di(©V) in H=1(M, go, j10) such that
Ane — Ao and up . — ug strongly in L2,
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Key Lemmas

Lemma 1 (Div-Curl Lemma)

Let (&) C L2(TQ) and (ve) C HY(Q) be such that

& — & weakly in L?(TQ),
divé, — divé  in H1(Q),
Ve = v weakly in H(R).

Then

/g(&,Vve)pduﬁ/g(E,VV)pdﬂ for all p € CZ°(9).
Q Q

Moreover, if v, v € H}(Q), then

/g(£67vve)dﬂ_>/g(§,VV)du.
Q Q

v
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Lemma 2

Let V be a reflexive separable Banach space and (T.) be a sequence of
linear operators T.: V — V' that is uniformly bounded and coercive, i.e.
there exists C > 0 (independent of €) such that the operator norm of T, is
bounded by C and

1
(Tev,v)vrv > EHV”%/ for allv e V. (3)
Then there exists a a subsequence (not relabeled) (T¢) and a linear

bounded operator Ty : V — V' satisfying (3) such that that is for all
f e V' we have

T U = Ty'f weaklyin V.
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Proposition 3.1 (H-compactness on small balls)

Let (L¢) € M(M, X, N) and let By(r) with r < inj(x). Then there exists
Lo € M(B(r/2),\,\) and a (not relabeled) subsequence of (L) such
that

L. 3 Lo in By(r/2)

Lemma 3 (Uniqueness, locality, invariance w.r.t. transposition)

Let Q C M be open, U € Q and L, 2 Lo, L. & 1y in (2, g, 11).
QL =L onU = Log=LjonU p-ae

 H oy .
2 ]Le_>I["O iz (Q7gau)'
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Let UeQC M and L, Lo € M(Q,\A). Let £, fo € L?(U) and
G, F., Gy, Fo € L?(TU) be such that

fo—fo weakly in L%(U),
G.— Gy in L3(TU),
Fe — Fo in L2(TU).

Let ue, ug € H}(w) be the solutions to

Leue = f, + div(L.G,) + divF, in H=1(U),
Loug = fy + div(LoGo) + divFy  in H71(U).

Then,

Ue — Up weakly in H}(U),
LVu. — LoVug weakly in L2(TU).

Leﬁ)LO — {

v
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Approach to Proposition 3.1

Denote 2B = B,(2r) and B = B,(r). Let vk € C>°(B) be such that
(Vvi(y),...,Vv(y)) = T, (M), VyeB

Claim 1: There exist Lo on B and v € H}(2B) such that

NS Hi(28)
vEk = vk, L2(2B)
Lrvk — L(’;v’k H=1(2B)

LIVvk =~ L3k, [3(B)

Claim 2: Lo = —divolgoV and L, 2 Lo
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Proof of Claim 1

Since (Lfu,u);2 > CH””?#(zB)' there exists £ : H3(2B) — H™1(2B)
such that
(LM = (L5) M Hy(2B)

Set
v = (L) ek
Then
vk — vk H (2B)
vE — vk, L2(2B)

L:Vvk — 31k [2(B)

Define L by
LiVvk =1k 1<k<n.
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Proof of Claim 2

Let U & %B. In a similar way, we find
(L)™P—3(Ly)™r onU
For u € H}(U),
Ue 1= (EE)_IL’ou —uin H&(U), J.:=L\Vu,

Then
Jo— 3k [3(TU)

and we find
diVJo = ﬁou
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Proof of Claim 2 (continuation)

Observe
ue — uin H}(U)
LiVvk = LsVvk
divILf V) — divLgVvk
By Div-Curl Lemma,
(Je, pVVE) = (pVue, LIVVE) = (pVu, LV k) = (LoVu, pVvF)
On the other hand, we can prove
(Je, pVVE) = (Jo, pVvF)
Hence Jo = LoVu, and (by divdy = Lou) we get
divLoV = Ly.

Finally, the fact Lo € M(U, A, A\) can be proved by the uniformly ellipticity
of (L¢) and Div-Curl Lemma.
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