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Abstract

We study a semiclassical limit of the lowest eigenvalue of a Schrodinger operator on
a Wiener space. Key results are semiboundedness theorem of the Schrédinger operator,
Laplace-type asymptotic formula and IMS localization formula. We also make a remark on
semiclassical problem of a Schrédinger operator on a path space over a Riemannian manifold.
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1 Introduction

The Schrédinger operator H = —h?A 4 U stands for the Hamiltonian of quantized finitely many
particles moving in the potential U in a Euclidean space. The quantum phenomena are reduced
to the corresponding classical ones under the semiclassical limit A — 0 and there have been
many researches on the analysis. However, to the author’s knowledge, there are not so many
mathematically rigorous results in semiclassical analysis in models in infinite dimensional spaces
as well as quantum field models. Here I note just a few pioneering works, Sjostrand [30, 31],
Arai [6], Dobrokhotov and Kolokoltsov [11]. In this paper, we consider infinite dimensional
Schrodinger-type operators and study the asymptotics of the bottom of the spectrum under the
semiclassical limit.

First, let us recall finite dimensional results. We consider Hy = —A + AU instead of
—h?A + U, where X is a large parameter. Here we assume that U is a nonnegative smooth
function and liminf|,|_., U(x) = oo for simplicity. The lowest eigenvalue Ep(A) of H) is the
ground state energy and it is a basic problem to study the behavior of Ey(A) under the semiclas-
sical limit A — oo. Intuitively, the ground state localizes near the neighborhood of the minima
of U as A — oo. Then by approximating U by quadratic functions near minima, we obtain a
family of quantum Hamiltonians of harmonic oscillators. The divergence order of Ep(\) is de-
termined by these operators. This result is proved rigorously by Combes, Duclos and Seiler [9]
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and Simon [27]. Actually, they determined the divergence order of the nth eigenvalue E, ())
for all n. Previous to these works, the degeneracy problem of the first and the second eigen-
values which is related to tunneling phenomena were studied by Harrell [14] and Jona-Lasinio
et al. [18]. Further studies were made by Simon [28], Helffer and Sjostrand[17]. On the other
hand, Witten [32] considered a supersymmetric Hamiltonian and proved the Morse inequality
by using the semiclassical behavior. More precisely, let S be a Morse function on a compact
Riemannian manifold X and consider the Witten complex dy = e=*%/2de*9/2 which is defined
on L?-space of differential forms on X with respect to the Riemannian volume. Let dy be the
adjoint operator and set 1\ = dyd} + d}dy which is called the Witten Laplacian. By a conse-
quence of semiclassical analysis, the number of eigenvalues of [y acting on p-forms which remain
finite under A — oo is dominated by the number of critical points of S whose indices are p. This
implies the Morse inequality. Also in the same paper, Witten proposed studying the correspond-
ing problem in the case of quantum field theory, that is, in infinite dimensional cases. Typical
examples of infinite dimensional manifolds are loop spaces, pinned path spaces over a compact
Riemannian manifold. There exist natural probability measures, the Brownian bridge measures,
on them and many probabilists have been interested in proving a Hodge-Kodaira-type theorem
on loop spaces by using the measures. The Brownian bridge measure on the pinned path space
with a constraint v(0) = z,7v(1) = y is formally written as dv, , () = Z; "exp (—A\S(v)) dv,
where S(v) = % fol |%(t)|2dt, Z) is a normalizing constant and dvy denotes a fictitious Rieman-
nian volume on the pinned path space. Note that the energy function S(v) is a Morse function
for certain x and y. The exterior differential operator d and the adjoint operator diz,y, , and
Uz gy = ddiwyA + d;’jz’y,kd can be defined as closable operators on L? space with respect to dvy y
for some cases. Formally, by using the unitary transformation, ®) : o — Z, 1/2 exp (—%S (fy)) ¥e!
between L?(dvy,,) and L?(dy), O, » is unitarily equivalent to the formal corresponding Witten
Laplacian. Some discussions on this topic can be found in [4]. I think that the study of the
semiclassical behavior of U, , ) is interesting from a mathematical point of view although this is
not related with physical model directly. This is one motivation to study semiclassical analysis
in infinite-dimensional spaces.

The Schrodinger-type operator studied in this paper is a self-adjoint operator, —Ly y on an
abstract Wiener space which has a physical meaning. In fact, it is a perturbed Hamiltonian on
an abstract Boson Fock space whose one-particle Hamiltonian A is identity. Let (B, H, u) be an
abstract Wiener space and L be the Ornstein-Uhlenbeck operator on L?(B, 11). Let V be a Borel
measurable function on B and set V) (¢) = AV ()\_1/2¢). Ly y is given by —Lyy = —L+ V) on
L*(B,p). The aim of this paper is to determine the divergence order of Eg(\) = info(—Ly y)
when A — co. The semiclassical problem for the operator —L + A2V was studied in [3]. We note
that Arai [6] studied the semiclassical limit of the partition function of the Hamiltonian in the
case where A~! is a compact operator which fits in with P(¢) type model on a finite volume
region. In this paper, we consider the case where A = I only but the study of general cases
might be much more interesting.

To explain the meaning of the scaling of V', let us consider the case where H is a d-dimensional
Euclidean space. In this case, du(z) = ¢?(z)dx, where o(z) = (%)d/4 exp(—|z|?/4). Then
—AL) v is unitarily equivalent to the Schrédinger operator on L?(R%, dx) such that

—Hy,y = —A+)\? J2f* 1% —gx 1.1
AV = + 1 +V(x) N (1.1)



The unitary transformation is given by —ALyy = Mglsgl(—H)\y)S/\M@. Here, M,f = ¢ - f
and Sy f(z) = /4 f ()\1/2:1;). Therefore, —AL) y on L?(B, ) is formally unitarily equivalent to
the infinite-dimensional Hamiltonian —A + A2 (%|¢[|% + V(¢)) — 5 dim H on L?(H, d¢), where
d¢ denotes “the Lebesgue measure” on H. Now we explain the semiclassical behavior of the
lowest eigenvalue of H) i in finite dimensions more precisely. Assume that the minima of

U(z) = % + V(z) form a finite set {hy,...,h,} and take the minimum value 0. Also let us
denote the Hessian of £V (z) at h; by K;. Assume that the Hessian of U(x) at h;, I + K; are
nondegenerate for all 1 < j <n and liminf|,_, U(z) > 0.

Then by the previous mentioned works,

lim Ep(\) = - min tr (\/I+4Kj - I) . (1.2)
A—00 2 1<j<n
We will prove the same asymptotics in infinite-dimensional cases.

The organization of this paper is as follows. In Section 2, we will introduce assumptions on
a potential function V and define a Schrodinger operator —Ly . Note that the assumptions
are standard ones in finite-dimensional cases which we already mentioned. Also we recall the
semiboundedness theorem of the Schrédinger operator which is called the GNS(=Glimm, Nelson
and Segal) bound [26]. After that, main theorem (Theorem 2.6) will be stated. In Section 3,
we approximate U(¢) = 1||¢[|3, + V(¢) by quadratic functions near the minimizers and obtain
a family of approximate Schrodinger operators. By using the ground states of them as trial
functions, we will prove the upper bound estimate of Ey(A) in Section 4. In Section 5, we will
prove a rough lower bound estimate liminfy ., Fo(A) > —oo. Most of part of our proof of
main theorem proceeds in the parallel way as the finite dimensional cases as in [27]. However
this rough estimate as well as precise lower bound estimate are nontrivial because our “true”
potential function is U(¢) and a part of it is hidden in the measure u. Also there is a renormalized
part —% dim H. These difficulties are overcome by using Schilder’s classical Laplace asymptotic
formula and the GNS bound. Note that the scaling AV (¢/v/A) is meaningless on function
spaces over curved space. Therefore, we will explain another unitarily equivalent representation
of —H) y in infinite dimensions. We will consider such kind of operator in Remark 5.3 in Section
5. See also [4]. In Section 6, we will prove the lower bound estimate by using the rough estimate
in Section 5 and IMS(=Ismagilov, Morgan, Sigal, Simon) localization formula [27]. In Section
7, we will present examples. We might expect tunneling phenomena in such examples.

In this paper, we consider differentiable potential functions in the sense of Fréchet. Note
that in our analysis, we need some continuity property of the potential function. In a recent
preprint [5], I make use of Lyons’ continuity theorem [23] of solutions of stochastic differential
equations in a problem in infinite dimensional spaces which have difficulties coming from the
discontinuity of the solutions with respect to usual topologies of Wiener spaces. I think that
such kind of regularity properties play important role in the semiclassical analysis on path spaces
over Riemannian manifolds.

2 Preliminaries and main result

Let (B, H, i) be an abstract Wiener space. That is, B is a real separable Banach space and H is
a real separable Hilbert space continuously embedded in B. u is the unique Gaussian measure



on B satisfying that for all h € B*,

[ 0 (V=T (. 0)] du(0) = exp (=515 )

Here we use the natural embedding and the identification, H ~ H* O B*. Let us introduce the
following assumptions on potential functions on B.

Assumption 2.1 Let V be a continuous function on B and set Vy(¢) = AV (¢/VA).

(A1) Let U(¢) = 1l|l¢l% + V(¢). Then mingey U(¢) = 0 and the minima form a finite set
N ={hi,...,hn}.

(A2) V is a C? function in a neighborhood of N in B. (Then the symmetric operator K; =
3DV (h;) is a trace class operator on H for all i. See Theorem 4.6 in page 83 in [19]). Assume
that %I m + K; is a strictly positive self-adjoint operator.

For ¢ € H, let .
Ri(¢) =U(¢) — QDQU(hi)W*hivcb*hi)- (2.1)

Then actually R; is a continuous function on B. See Lemma 2.3 (1). We consider assumptions
which depend on positive numbers R and ¢.
(A3(e, R)) There exists a constant {(R) such that

IRi(¢)] < E(R)||¢ — hal|3re for ||¢]ls < R. (2.2)

(A3(e)) (A3(e, R)) holds for all R > 0.
(A4) For any € > 0 and R > 0, we have

inf {U(¢) [ dp(¢) 2 ¢, |¢llp < R, ¢ € H} =: 0(¢, R) >0, (2.3)

where dp(¢) = min{||¢ — hi|lp | 1 <i < n}.
(A5) For any A > 0,

Vi € LY(B, p). (2.4)
(A6) There exists a positive number « > 2 such that
limsup A\~ log F [e_o‘v*(‘ﬁ)} < 00. (2.5)
A—00

Remark 2.2 (1) Actually (A4) follows from (A1) if we take another Banach space By instead
of B. We explain it. There exists a separable Banach space By such that H C By C B and
the inclusion maps are compact. Furthermore p(By) = 1 and (By, H, 1) itself is an abstract
Wiener space. Define §'(¢, R) by replacing B by By in the definition of (e, R). Then we
have ¢'(¢,R) > 0 for any e, R > 0. Assume ¢'(¢,R) = 0. Then there exists {¢,} such that
supy, |onllB, < R, dpy(¢n) > € and lim,—oo {1 ¢nll% + V(#n)} = 0. Then there exists a
subsequence {@, k) } such that limg oo ¢p(x) = 9 in the norm of B. So limy_.co V(dpk)) exists.
So supy, [|¢n k) llg < oo. Taking subsequence {¢, i)} again, we see that limg .o ¢pi) = 9 in Bo,
strongly and limy,_.cc @) = ¥ in H, weakly. Since dp, (1) > € and U(3) = 0, this contradicts
with (Al). For simplicity, we assume (A4).

(2) If V is a C3-function on B, then by replacing B by By in (1), the assumption (A3(1)) holds.
(3) Number 2 in (A6) has a special meaning. It is the same number 2 which will appear in
logarithmic Sobolev inequality (2.9) and GNS bound in Lemma 2.4. We need (A6) for the Large
deviation result in the proof of Lemma 5.2.



We will give examples of potential functions in Section 7. As a consequence of the assump-
tions, we have the following lemma.

Lemma 2.3 (1) For all p € H,
Ri(6) = V(6) = V() = DV(R)(6 — b)) = sD*V(R)(@ — iy~ ). (26)

In particular, R;(¢) can be extended to a continuous function on B.
(2) hje B* (1<i<n).

Proof. Since h; is a critical point of U, we have for all ¢ € H,

1

§(¢, hi) + DV (hi)(¢) = 0. (2.7)
This implies h; € B*. Since 1| ¢[|% is a quadratic function,

Ri(6) = U(6) = Ulhi) = DU(h)(6 — hi) — 5 DU(hi)(6 — his s — h)
= V(9)~ Vlhi) ~ DV(R)(6 ~ hi) — 3 DV (h)(6 b6~ ha). (2.9

Since the right-hand side is a continuous function on B, (2.6) holds for all p € B. N

Here we recall the definition of the Schrodinger operator —Ly y = —L + V). Before doing so,
we recall semi-boundedness theorem (Lemma 2.4). This estimate is standard in quantum field
theory and it is proved by using the hypercontractivity of the Ornstein-Uhlenbeck semigroup or
the equivalent logarithmic Sobolev inequality:

[ @108 (w2 lul ) dit) <2 [ 1Du(@)fiyd (2.9)
We refer the readers to Theorem 7 in [13] for the proof.

Lemma 2.4 (GNS bound) Assume that Ele™?2] < oo and Vy € LY(B,p). Consider a
densely defined symmetric form:

D = DI(B)NL®(B,u), (2.10)
E(u,v) = /B(DU(¢>),DU(¢))Hdu(¢)+/BVA(¢)U(¢)U(¢)du(¢) (u,v € D). (2.11)

Then E is a closable form such that, for any u € D with ||lulr2(,) =1,

1
Ex(u,u) > —3 log < / e—WA(@du(qs)) . (2.12)
B
From now on, we always assume that V) satisfies the assumptions in the lemma above.

Definition 2.5 Let —L)y be the semi-bounded self-adjoint operator which corresponds to the
smallest closed extension of Ex. Let Eg(\) = info(—Lyy).



It is easy to see that the domain of &, is nothing but D(B) N L2(|Vy|u). See [2]. Actually
it is known that Ey()) is a simple eigenvalue and the corresponding eigenfunction is called the
ground state. However we do not use these general results in this paper. We use the existence of
the ground state for the quadratic approximate Schrodinger operator in Section 3. In that case,
we have the explicit expression of the ground state. The estimate in Lemma 2.4 and Laplace
asymptotic formula implies liminfy .. Ep(A) > —oo. This rough estimation is a first step to
prove the precise asymptotics below which is a main result of this paper.

Theorem 2.6 Assume (Al),(A2), (A3(¢)),(A4),(A5),(A6). Then

lim Bo(A) = = min tr (\/IH 4K, — IH> . (2.13)

A—00 2 1<i<n

We will use the following Fernique’s inequality several times:
There exist positive constants C' and C’ such that for all R > 0,

u (gl > R) < Ce O (2.14)

3 Approximate Schrodinger operators

Let K be a trace class self-adjoint operator on H and assume that I + 4K is strictly positive.
For h € H, let us consider a Schrédinger operator:

g = ~L = 5 (6.h) + Il + (K(6 = h), (6~ ). (3.1)

Let

oril®) = denttn +4K) Sexp { (1 (VIa T1K ~ 1) (0=, (0- 1))}

conp { (5o~ g1l ) | 32)

and fp i (¢) = logon K (9).

Lemma 3.1 Let pp g be the Gaussian measure on B whose covariance operator is (Ig +
4[()_1/2 and mean is h. Then we have the following.

(1) pnx and p are equivalent to each other and the density is given by d’gz’{ (¢) = @h,K(¢)2~

Moreover, there exists a positive number 0 such that pp i € L2+5(B,,u).
(2) ¢n.i is in the domain of —L and it holds that

1
—LpkpnKr = §tr (\/IH + 4K — IH) Ph,K (3.3)

Proof. (1) Let us consider the linear transformation S¢ = ¢+ ((IH +AR)VA - IH> ¢. Note that

S is an invertible operator. Let fig be the image measure of i by the map ¢ — S~'¢. Then, for
any k € H,

/ (6, k) 3ydiis = (S7%k, k), = ((IH +AK) V2, k) . (3.4)
B

6



So fis = po,x- Therefore, uj k is the image measure of y by the map ¢ — S~'¢ + h. By the
transformation law of the Gaussian measure (see Theorem 5.4 in page 141 in [19]), we obtain
the desired results. Now we prove the latter part. Note that

—i (m_IH) = —K(/Ig+4K + 1)~ (3.5)

Since Iy +4K is strictly positive, 21 (\/I +4K — 1 H) + %I o is also a strictly positive operator
for sufficiently small positive 7. ThlS implies ¢p, i € L2(1+77)(B S 1)
(2) By pnx € L*9(B, ), it is easy to see that ¢y, x is in the domain of —L and

~Lonk = (=Lfux — |Dfnrl?) onx
- (1<¢, i = 0l = (6 = 1,6 = 1)y ) o
+3 tr (\/m ) Oh,K - (3.6)

|
Since ¢p ik (¢) > 0 for almost all ¢, ¢ i is the ground state of —Lp . —Ljp i is an ap-
proximate operator of more general Schrodinger operator. Indeed, —Lj, i, is the quadratic
approximate Schrodinger operator of —Ly v at k; := ﬁhi, where h; € N and K; = %DQV(hi).
To be more precise, we prove the following lemma.

Lemma 3.2 (1) For any smooth cylindrical function f, it holds that

Lt = =L+ (JIhlBr = Gk + (Ko = k(6= Ry ) £+ AR (X20) £. 5

(2) Let g € D(E)). Moreover, we assume that Dg and g belong to L*>T0(B, ) for some & > 0.
Then we have

/ Dg(6) — 9(6)D fi, 1, () Zrdp(d) + A /B Ri(AY26)g(6)2du( o)
4 tr(\/IH—i—LLK )/B &) 2dp (). (3.8)

14 (¢> = V() + DV ()20~ hi) + 5 D2V (he) (V120 = 1), AV26 — 1)
+R;(\")
1 1/ ¢ -
= V) gl (eh) AT G k). 0= )y
+R;(A29). (3.9)

In (3.9), we have used that for all ¢ € B,
L eg p) e V(126
5 (A\20.hs) = =S lhillfy + DV (k) (37126 — hy)

7



which follows from (2.7). Thus, noting 1 ||h;||%; + V(h;) = 0, we get the desired result.
) We have

/ 1D9(6) ~ 9(6)D S 1, (6)yd(9)
- / Dg(&)2ydu(6) / (D fi (). D(g(6)2)) , du(@) + / 1D fio i (8)319(8)*du(o)
B B B
- /B D) 2du() + /B (L (6) + 1D o, (9)3) 9(6)2dia(6)
- / Dg(&)ydia(6) + / (11\/%”%{ LGk + (Ko — k), (6 ka) 9(0)*du(®)
—ftr<\/IH—|—4K )/ $)%dpu(9). (3.10)
B

This and (3.7) imply (3.8).
|

4 Upper bound estimate

We prove that
Lemma 4.1 Assume (A1), (A2), (A3(g)), (A5). Then it holds that

1
limsup Eg(\) < min ~tr (\/IH 4K, — IH> . (4.1)
N—00 1<i<n 2

Proof. Take a positive number ¢’ such that (2 + ¢)(1 —¢’) > 2. By Fernique’s theorem, there
exists C' > 0 such that

i, (16~ Killz 22%) = o, (Iols = 37/2) < . (42)

Let x be a C* function such that x(¢t) =1 for |t|] < 1 and x(¢) = 0 for |t| > 2. Let us take a
trial function ®y(¢) = Cr@k. 1 (8)x(||¢ — kil 3A~%). Here C) is the normalizing constant such
that || ®[|z2(,) = 1. By (4.2), limy_. Cx = 1. Note that (3.8) holds by replacing g by ®. By
Fernique’s inequality,

[ 1D%3(6) = Bs(@D f i, () (o)
<C [ Nlo = KIBEA PN 16 — Rl i (9) < (4.3)
Now we estimate A (R;(A™/29)®x(¢), PA(9)) (-
AET26)07(0), 02 (0)) 120

: A/ | RiA26)05(0)dp(@) (4.4)
[A=1/2¢—h;|| g <v2A(=1+<")/2

< O"h AT (4.5)
In (4.4), we have used the support property of x. In (4.5), we have used (2.2). This completes
the proof. M



5 Rough lower bound estimate

In this section, by combining Lemma 2.4 and the Laplace asymptotic formula, we give a lower
bound on Ey(A).

Lemma 5.1 (Rough lower bound) Suppose (Al), (A2), (A4), (A5), (A6).

Let R > maxi<i<n ||hil|g and assume (A3(g, R)). Let ps p(¢) = kmin(dp(¢),1)?, where £ is a
nonnegative number.

(1) There exists a positive number k satisfying the following:

(a) min{U(¢) — px,5(¢) | ¢ € H} =0,

(b) The zero point set of U — pep is N = {h1,..., hn},

(c) Foranye >0 and R >0, inf {U(®) — pr,5(¢) | dB(¢) > ¢, |9llp < R, € H} >0,

(d)
/B e 2Kid0) 4389115 () < o0 forall1 <i<n. (5.1)

(2) Here we assume that R is sufficiently large positive number. Let k be a nonnegative num-
ber satisfying the assumptions in (1). Let Ey,.(X\) be the lowest eigenvalue of the Schridinger
operator —L + V(¢) — A\pe.s(A\"Y2¢). Then it holds that

liminf F(3) > — log (Z /B exp|~2(Kio, ¢>+2nrr¢\%}du<¢>> > oo (52)
=1

A—00

Proof of Lemma 5.1 (1) Note that fB exp [—Q(K@, qﬁ)}du(qﬁ) =det(Ig + 4Ki)*1/2 < 00. So by
Fernique’s theorem, (5.1) holds for sufficiently small k. We prove (a), (b) and (c) for sufficiently
small k. Let Mp be a number such that ||¢||p < Mg||¢||m for all ¢ € H and v be the minimum
of the bottoms of the spectrum of %IH + K; for 1 < i < n. Let  be a positive number such
that 6 < min (3 min;; |h; — hj|| B, 1). By the definition of R;, for ¢ € H with ¢ — hy||p < 6,
it holds that

U(¢) = pr,B(¢)

((iIH n K> (6 — i), (6 — hi)> + Ri(¢) — pr,(9)

> uMpY6 — hil% — E(lhills + O)llo — hill% — )l — hill%
> (vMg" = &bl + 6)0° — k) ¢ — hall B (5.3)

Also for ¢ € H with dg(¢) > 6 and ||¢||p < R, it holds that U(¢) > 6(J, R). In addition to
the assumption above on 4, assume that vMz* — &(||h;||p + 6)0° > 0. Then for x satisfying
k< min (VMg — &(||hi|| B + 0)8%,0(5, R)), (a), (b) and (c) hold for U — p, p-

(2) By Lemma 2.4, it suffices to prove the following Laplace asymptotic formula. W

Lemma 5.2 We assume the same assumptions in Lemma 5.1 for V. Let k be a nonnegative
number satisfying the assumptions in (1) in the lemma above. Then we have

)\h_{rolo B€—2V)\(¢)+2>\PH,B(>\*1/2¢)d'u(¢) = Z/Bexp [—2(Kl¢, ¢) + 2I€||¢||2B d,u(gb) (54)
i=1



This was proved essentially in Theorem B in Schilder [25]. For more general results, we refer
the readers to Ben Arous [7], Kusuoka and Stroock [20], [21]. We omit the proof.

Remark 5.3 First, we give a remark on the scaling of V. Let py(-) = p(v/\-). This is the
Gaussian measure on B whose covariance operator is Iry/\. By the unitary transformation
f(¢) — f(VA$) from L2(B,u) onto L?(B, uy), —Lyy is unitarily equivalent to AN Dy, D+
A2V (¢)). Here Dy, denotes the adjoint operator of D with respect to the inner product of
L%(B,duy). The scaling AV (¢/+/A) cannot be defined on path spaces over Riemannian manifolds
but the probability measure corresponding to u) exists and we can formulate the semiclassical
problems. Now let us consider a rough lower bound estimate on Ey(\) on a path space over a
Riemannian manifold. Let (M, g) be a complete Riemannian manifold whose Ricci curvature is
bounded. Let uy be the Brownian motion measure on Py(M) := C([0,1] — M | v(0) = z) such
that

KX (7(751) €dxy,... 77(tm) € dSUm)

= (Hp (A_l(ti — tz’—l)y Ti—1, xz)> d.%'l cee dl‘m, (5.5)
=1

where tg = 0, 29 = z, p(t,z,y) = e*®/%(x,y) and A is the Laplace-Beltrami operator. Let us
define the tangent space along ~ by the Levi-Civita connection and denote the H-derivative by D.
Let V' be a continuous function on Py (M). Let —Ly := D}, D and —Ly := AH =Ly + A\?V).
As already noted, this operator is unitarily equivalent to —L + AV (A~'/2¢) on L?(B, 1) when
M is a Euclidean space. Let Eg(\) = inf o(—L) ). We refer the readers to [1] for the notations
below.

Let §; be the augmented filtration of o(ys | 0 < s < t) and take a smooth function F' on
P,(M). Then, the following martingale representation holds.

t
B, [F | §] = By, [F] + /0 (H(7)r db(s)), 5, - (5.6)
where b(t) = fot 7(7)5! o dy(s) and 7(v); denotes the stochastic parallel translation and

1 [t * )

HOe = B \h(Me =55 | (A7) M ()iRie()sh(7)sds St] (5.7)
h(v)t == DF(y) (5.8)
M?(7); is the operator satisfying
SMA) =~ R (), 5:9)
M(y)o = I (5.10)

Note that b(t) is a Brownian motion such that £, [(b(t),b(s))r. 5] = dimM .+ A's. (5.6) can be
proven by the same method as in [8] by using the integration by parts formula on (P, (M), ).
Then, by the same proof of logarithmic Sobolev inequality as in [8], we have

2 C
E,, [Fz log <F2/HF||%2(M))] <5 <1 - ;) E,, [|IDF|3]. (5.11)
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Here, C) is a positive number depending on the norm of Ric such that limsup,_,,, C\ < co. By
the estimate in Theorem 7 in [13] again, we have

A Cx
Eo(\N)>-——" 1o e IV g . 5.12
ey g(/m e (512

Consequently, under suitable assumptions on V (e.g., min {% fol 1%(t)||2dt + V(fy)} = 0, non-

degeneracy of the Hessian at minimizers, etc), Laplace type asymptotics formulae [7],[20], [21]
imply the boundedness of the right-hand side in (5.12) as A — oo. However, note that it is not
obvious to see that limsup,_,., Fo(A) < oo under the assumptions on V' above which seems to
be natural. The detailed study will appear in elsewhere.

6 Proof of the lower bound estimate
Now we prove the lower bound estimate.

Lemma 6.1 Assume (A1),(A2),(A3(¢)),(A4),(A5),(A6). Then,

lim inf Eg()\) > min —tr(\/IH+4K ) (6.1)

A—00 1<i<n 2

This lemma and Lemma 4.1 imply Theorem 2.6.
Proof of Lemma 6.1. Let x(t) be a smooth nonnegative function such that x(¢) = 1 for |t| < 2,

x(t) = 1—exp< ) for 2 <t <3 and x(t) = 0 for |t| > 4. Also we assume x’(¢t) < 0 for
t > 0. Take a positive number &’ such that (2 +¢)(1 —¢') > 2.
Let Ji(¢) = x (A—€’||¢— k:i||23> and Jo(¢) = (1— Y0, Ji(¢)?)"? for sufficiently large .

Here, k; = v/Ah;. Take a smooth cylindrical function u with |jul| r2(y) = 1. Then, by an
elementary calculation, we have

Z (‘:)\(Jiu, J,u)
i=0
=3 [ 1D (o) dulo) (62
i=0
which is called the IMS localization formula [27]. We give estimates on each term.

/ 2 / /
D@ < Ox (A6~ killy) Ao — killf < oA (63

As for D.Jy, noting that there exists a positive constant C' such that x/(t)? < C(1 — x(t)?) for
any t € R,

2
|DJo(#)|3 < C- Zl—ZEDlJJ(); <O'AE (6.4)

Let 1 < i <n. We use the notation in Lemma 3.2. By (3.8),

11



E(Ju, Ju) > A /B R; (A‘l/qu) Ji(8)*u(¢)dp(9)

%tr (V/Tu +4K: — I / Ti()?u(¢)?dp(9). (6.5)
B
If J;(¢) # 0, then by (A3(g)), Ri(A~Y/2¢) < C'A~2(2H)(1=€) Qg we get
AR (:bﬂ) Ji<¢>2u2<¢>du<¢>\ < O AR, (6.6)

Thus, for 1 < i < n, we obtain for some 0 < d < 1,

Ex(Jiu, Jyu) > %tr(x/IH—HLKi—IH) / Ji(6)2u()2dp()

B
—C" N7, (6.7)

Now we estimate £y (Jou, Jou). Let p. g be the function in Lemma 5.1 (2). Take a sufficiently
large C' > 0. Then by applying the rough lower bound (5.2),

E(Jou, Jou) = E(Jou, Jou) +/B <VA(¢) — APk,B (\%\)) Jo(6)*u(¢)?dp()
¢

[ s <ﬁ> Jo(9)?u(6)2du(s)

6
Sy /B (@) To(0)du(6) + A /B o <ﬁ) Jo(6)2u(6)%du(9)

= 11 + Is. (68)

We estimate the second term. Noting when Jy # 0, p..z(A\~/2¢) > C'A~(1=) for sufficiently
large A. Therefore, we have

L > O /B u(9)20(6)2du(6) (6.9)
Hence
Ex(Jou, Jou) > (C'N — ©) /B Jo(6)2u(6)2dp(0). (6.10)

Consequently, combining all the above and >, J;(¢)? = 1, we obtain

1
Ex(uyu) = 5 min tr (\/IH 4K, - IH> — oA, (6.11)
<i<n
where 0 < § < 1. This completes the proof. W

Corollary 6.2 Assume that Vy is a C3 function on B satisfying that there exist a,b > 0 such
that

sup ||D3V0(¢)||L(BX3X3) < 00 for all R > 0, (6.12)
l¢ll<R

Vo(¢) > —allollp—b  forall p € B. (6.13)
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Then we have the following.

(1) Let Up(9) = 1l16]|3; + Vo(e). Then the minimizers of Uy(¢) exist.

(2) Let V(¢) = Vo(¢p) — minUy(¢). For this V, (A6) holds for all o > 0.

(3) Further assume (A1), (A2), (A5) for V in (2). Then (2.13) holds for —L v .

Proof. Let m := inf Up(¢). Take a sequence {¢,} C H such that lim, . Us(¢,) = m. Since
the norm of H is stronger than that of B, limg|,—o Uo(¢) = 0o. So we may assume that
sup,, [[¢nllz < co. Then there exists a subsequence {¢,u)}32, such that ¢,u) — ¢oo € H
weakly and strongly in B. Then by the continuity of V', we have Uy(¢oo) = m. This implies (1).
We prove (2). By [22], for H-Lipschitz continuous function F Wlth \F (¢p+h)—F(p)| < Clh|g

for all ¢ € B,h € H and E[F] = 0, we have [pe*du < e Take a positive number
Mp such that ||¢||p < Mp||¢||g for all ¢ € H. Let a > 0. By the assumption, —a'Vy(¢) <
aavA|#| B + (b +m)aX. Therefore

Ele=A@)] < exp H( aMpa)® | \F(aE[HqﬁHBH\F(Hm))H (6.14)

which proves (A6) for all «. We prove (3). By the Taylor expansion, we see that (A3(1)) holds.
We prove (A4). Set Ds = {¢p € H | dp(¢) > ¢}. Assume that there exists a sequence {¢,}5°; C
Ds such that lim,, ..o U(¢n) = 0. Then sup,, ||¢n||g < co. So by the same argument as in (1),
a subsequence {¢,)}72, converges to ¢ € H weakly and strongly in B and U(¢s) = 0. But
®oo € Ds. This is a contradiction. Consequently, our main theorem implies the conclusion. W

7 Examples

Let us consider a classical Wiener space. That is, the Cameron-Martin subspace H is the space of
H'-path ¢ = {¢(t) }o<t<1 with values in R starting at 0. The norm is given by ||¢[|% = fo (t)2dt.
Let B be the Banach space consisting of continuous functions on [0, 1] with ¢(0) = 0. The norm
is given by ||¢||p = supg<;<; |¢(t)|. Now let us introduce a potential function V. Take a C3-
function W on R satisfyﬂfg that there exist positive constants C; such that —Cylz| — Cy <
W (z) < C3|z|%t + Cs for all z € R. Define

1
o) = [ Wi (7.1)
Uo(@) = 6l + Voo) (72)

Note that Vj is a C® function on B.

Lemma 7.1 (1) V; satisfies (6.12) and (6.13).
(2) Setm =minUp(¢), V(¢) = Vo(¢) —m and U(¢) = fl|¢|IF + V(#). If (A1) and (A2) hold
for this V', then (2.13) holds for —Ly v .

Proof. (1) This is obvious.
(2) This is an immediate consequence of Corollary 6.2. H

It is well-known that (A1) and (A2) holds for U defined by W(z) = a(z? — 1)? when a
is sufficiently large. In this case, the minimizers are two points set {¢g, —¢o} and ¢g(t) > 0
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holds for all ¢ > 0. We give a self-contained proof of it below for slightly more general potential
functions. The decomposition formula (7.11) seems to be new and the fact that the minimizers
are two point set naturally follows from the formula. However, of course, the conclusion holds
for more general potential functions. See Remark 7.3. In these symmetric cases, it might be an
interesting problem to consider the tunneling phenomena.

Theorem 7.2 Suppose that W satisfies the following.

(H1) There exists a nonnegative C3 function f(x) on R such that W(x) = f(x?).
(H2) There exists a unique xo > 0 such that f(xg) = 0.

(H3) inf, f"(x) > 0.

(H4) There exists C > 0 and p € N such that

[f(@)] < O+ [x])". (7.3)

Then, the following hold.

(1) Let U%¢) = 1||0||} + aV(¢). Then for sufficiently large a, the minimizers of U is a
two point set {£pp}.

(2) For sufficiently large a, (Al), (A2) holds for the potential function V* = a -V —
ming U%(¢).

(3) For sufficiently large a, (2.13) holds for —L ya.

Remark 7.3 (Al) and (A2) hold for W satisfying that
(C1) W € C*(R) and W (x) = W(—x) for x € R,

(C2) W(x) > 0 for © # +x9 and W(£xg) =0,

(C3) W' (xxg) > 0.

The above remark is due to Professor Kazunaga Tanaka. As for potential functions in
Theorem 7.2, we can give different proof of Theorem 2.6 without using the rough lower bound
estimate in Lemma 5.1 since we have explicit expression (7.11). But the proof cannot work for
the potential functions satisfying (C1), (C2) and (C3) in which case the expression like (7.11)
probably does not hold.

In the rest of this section, we prove Theorem 7.2.

Lemma 7.4  Let U%(¢) be the function in Theorem 7.2. For sufficiently large a, U%(¢) has
at least two minimizers ¢o(-) and —do(-).

Proof. Let [(t) = t\/xo. Then
U9(l) = o+ — /m W (u)du.
" s Jo
On the one hand, U%(0) = aW(0). By the assumption on f, W(z) (=y/z0 < = < /7o) has

maximum at 0. So for sufficiently large a, U%(l) < U?*(0). So 0 is not the minimizer. Since
U%(p) = U*(—¢), there exist at least two minimizers. W

Lemma 7.5 (1) For any C? functions ¢,k € H,
. 1 .
DU = ok + [ (=560)+ W(oe ) ey (74)
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(2) For any ¢,ki,ks € H,

1 /1. ) 1
D2Uo(¢) (K1, k) = = / Jor (£) e (t)dt + / W (4 (1)) k1 (£) ko (£)dlt. (7.5)

2 0 0

(3) Each critical point ¢ of Uy is a C? function and satisfies that

—5(0) +a(6(1)o(r) = 0 (76)
with Dirichlet-Neumann boundary condition ¢(0) = ¢(1) = 0. Here q(z) = W'(x)/x.
(4) Assume that nonzero minimizer exists. Then there exists a C? minimizer such that h(t) > 0
for allt > 0. (We call this minimizer a positive minimizer.)
(5) Assume the existence of a positive C* minimizer h. Let —H, = —%j—; + q(h(t)) be the
Schrédinger operator with Dirichlet-Neumann boundary condition ¢(0) = ¢(1) = 0. Then
info(—Hy) =0 and 0 is the simple eigenvalue and the eigenfunction is h.

Proof. (1) and (2) is proved by the standard calculation.

(3) This follows from (1) and the elliptic regularity of the Laplacian.

(4) Suppose that ¢ is a minimizer. Then ¢;1(-) = |¢(-)| € H is also a minimizer. So (7.6)
holds in distribution sense. So by the elliptic regularity of the Laplacian, ¢; is a C? function
and (7.6) holds in classical sense. By the maximum principle, for any ¢ > 0, ¢1(¢) > 0.

(5) This follows from the fact that the eigenfunction corresponding to the lowest eigenvalue
is almost nonnegative or nonpositive.

By using Lemma 7.5 (2), we have

Lemma 7.6 Let h be a critical point of Ug. Then the Hessian is given by

1 1
51)2Uo(h) = ZIH + K},

where Ky, is the trace class operator such that

w0 =5 [ t (/ 1 W ()0 du. ) . &

Remark 7.7 Note that if h is a critical point, then —h is also a critical point and the Hessian
at —h is also %IH + Kp,.

We calculate the error term when Uy(¢) — Ug(h)(= Uy(¢p) — Up(—h)) is approximated by the
quadratic Taylor expansion.

Lemma 7.8 Let h be a critical point of Uy.
(1) Let Ry, be the function such that

Ra(6) = hl0) = Volh) — DYVa()(6 — ) — (307G~ 1. 0= m)) . (19
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Then we have

1
Ri(@) = [ 58 (h07) (000) = o) (6(0) + 3h(0)

! ! ° Y 2 2 2 2 2\3
+ /0 dt /O ds /O du /0 P (h(8)? + (6% — h(1)?)) dr (9(1)* — h(1)?)* .(7.9)

(2) Let
t 1
@m0 = [ ([ antnota) as. (7.0
Then
v -v) = ((fn+n)@=n.6-n) +Ro). (.10)
where

1
0

1 S
Rn(6) = / ( /0 ds /O f”(h(t)2+u(¢(t)2—h(t)Q))du> (6(6) — h(t)?)*dr. (7.12)

Proof. (1) We have

1
Ri(@) = [ W) = winn) - wn)en - 1)

1

—SW(h(B)(@(t) = h(t)? e

- /0 {F(6(0)2) = F(()?) = 20() ' () (@(1) — (1))
—F'(R()?)(6(t) — h(t))?
—2h(0)% " (h(H)*)(6(t) — h(1))? pdt

1
= [ (6007 = 107 = PP - h0P) = L B 0P - HePP ) at

1 ¢en 2
+ [ (o) — ) 000 + 300t (713)
0

By using the Taylor expansion, we complete the proof.

16



(2) Using (2.6), we have

U(¢) = U(h)
1

- 5D2U0(h) ((¢ = h), (¢ —h))

+5(0) ~ { Vol + DYG()(0 — 1) + S 0%V(h) (6 = ), (0 )}

= () @-me-m)

1 1
v/ <W<¢<t>> S W) — W (R (6(0) — b)) — Sa(h(B)(6(1) — h(t))?) dt

2
= ((Grw+m)@=n.o-n)
T / [P = Fh(®)2) — /(1D (6 — h(t)?)} dt (7.14)

So by the Taylor’s theorem, we complete the proof. W
T}, and Kj have the following properties.

Lemma 7.9 (1) T} is a trace class self-adjoint operator.

(2) Assume h is a positive minimizer of Uy. Then —i 1s the lowest simple eigenvalue of Ty, and
h is the corresponding eigenfunction.

(3) Assume h is a positive minimizer. Then %IH + K}, is a strictly positive self-adjoint operator.
(4) Assume the existence of nonzero minimizer of Uy. Then positive minimizer h is unique and

the set of minimizers is {h, —h}.

Proof. (1) This is a standard fact. )
(2) Suppose Ty¢ = £¢. Then ¢ is a C? function and satisfies that £¢(t) + $q(h(t))é(t) = 0.

So

1

1
€0l + 5 [ atb)olri = (Hgo) - (14 ol =0 (1)

Since the Schrodinger operator —Hj, is nonnegative operator, £ > —1/4is valid. Alsoif& = —1/4,
then Lemma 7.5 implies ¢ = ¢ - h.
(3) Noting W"(z) — q(z) = 422 " (x?), we see that

1 1
ZIH+Kh:ZIH+Th+T17 (716)

where (T1¢17¢2)H = 2[01 h(t)Qf”(h(t)2)¢1(t)¢2(t)dt. Let infU((%IH + Th)’{h}L) = k. Then
by (2), k > 0. Take v such that (¢,h) = 0 with ||¢||gz = 1 and set ¢ = xh + yip. By the
nonnegativity of 17, we have

((iIH + Kh) o, ¢> > max{ﬁy2,Ax2 - QB\$y|} .
H

Here A = (Tih,h)y > 0 and B = |(T1h,¥)|. Since max {ry?, Az? — 2B|zy| | 2* +y*> =1} > 0,
the proof is completed.
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4) Now the uniqueness is obvious by the expression (7.11), (7.12), inf f”(z) > 0 and 1y +
T,>0. 1

Proof of Theorem 7.2. This follows from the lemma above immediately. W
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