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Abstract

We consider a small domain of a pinned path space over a compact Riemannian manifold.
We establish a Clark-Ocone-Haussman formula for functions which belong to H!-Sobolev
space on the domain with the Dirichlet boundary condition and apply it to obtain spectral
gap estimate for the Dirichlet Laplacians.

1 Introduction

Let (M, g) be a compact Riemannian manifold. Let P,(M) = C([0,1] — M | v(0) = z) be the
set of continuous paths starting at x € M. The generator of the Dirichlet form defined by the
H-derivative and the Brownian motion measure on P,(M) is a generalization of the Ornstein-
Uhlenbeck(=0U) operator on a Wiener space. It was proved in [14, 18, 6, 1] that the Poincaré
inequality (=PI) and the logarithmic Sobolev inequality (=LSI) hold for the Dirichlet form. The
Clark-Ocone-Haussman(=COH) formula is one of main ingredient of [14, 6]. Let y € M and
consider a pinned path space Py (M) = {y € Px(M) | v(1) = y). The same as P,(M), the OU
operator is defined on P, , (M) with the pinned Brownian motion measure. It was proved in [3]
that if M is a manifold with a pole and the Riemannian metric is asymptotically flat then LSI
holds in pinned case too. However one cannot expect that the PI hold on pinned path spaces
over a simply connected compact Riemannian manifold generally. In fact, Eberle [11] gave such
kind of examples. On the other hand, the COH formula on a certain class of pinned path spaces,
including the case where M is a hyperbolic space H" (n > 2), were studied in [2] and it was
proved that LSI with variable coefficient Dirichlet forms on them were valid. Also another form
of COH formula can be found in [15]. Recently, Chen, Li and Wu [8] proved that LSI with a
variable coefficient imply weak log-Sobolev inequality (=WLSI) if the coefficient function satisfies
some conditions. An WLSI contains a non-increasing function 5 on (0, 00) and Cattiaux, Gentil
and Guillin [7] proved that if 3(s) = O(|log s|) as s — 0, PI hold. Thus [8] proved that PI holds
on the pinned path space over the hyperbolic space H". However in the case of loop groups, the
other natural measures, heat kernel measures and ground state measures exist. We note that
LSI holds for the heat kernel measure and PI holds for the ground state measure on the loop
group respectively. See [17, 10].



Now we introduce a positive parameter A and consider the pinned Brownian motion measure
A

Vpy O0 Py (M) which is formally written by

_ A
2,0 = 25 exp (<5l )

where dv is the Riemannian volume on P, (M) and |||/, = fol |%(t)|?dt. The “zero variance
limit” A — oo is a kind of semi-classical limit and it was proved in [4] that the asymptotic
behavior of the lowest eigenvalue of Schrédinger operators on the non-pinned path space P, (M)
is determined by the Hessian of the “potential function”. In the pinned case, as to the OU
operator, we have a few examples for which there exist spectral gaps above 0. It is interesting
to study the semi-classical limit of the operator on P, ,(M). However there are difficulties
to study the global problem. Instead of doing so, in this paper, we will study the following
problem. Let D be an open subset of P, (M) and consider the OU operator —Ly with Dirichlet
boundary condition. We are interested in the asymptotic behavior of the lowlying spectrum
of —Ly when A\ — oo. Now suppose that = is outside the cut-locus of y and D contains the
minimal geodesic 7, , between x and y and there are no other geodesics than minimal one in
the closure of D. Then the probability measure concentrates on the neighborhood of v, , and
it is easy to check that the bottom of spectrum of L) converges to 0. We may conjecture that
the asymptotic behavior of the lowlying spectrum of L) can be determined by the Hessian of
the energy function v — ||v]|%:1/2 at 4,y similarly to the finite dimensional cases. For example,
the gap of spectrum of L) between the bottom and the above goes to infinity of the order A.
Actually, Eberle gave a lower bound estimate for it in [13] for a certain domain D. In [13], more
precise estimates were given in the case where D is a small domain of P, ,(M). The aim of
this paper is to establish a COH formula for functions of the H'-Sobolev spaces on D with the
Dirichlet boundary condition and prove a lower bound estimate of the gap of the spectrum in
the case of the small domain. It seems that we need more detailed analysis to obtain precise
asymptotics of the spectrum of the Dirichlet Laplacian. We will study this problem in the case
of pinned path group using LSI with a potential function in [5] in a forthcoming paper.

2 Results

Let (M,g) be an n-dimensional compact Riemannian manifold. We denote the Riemannian
distance between two points a,b € M by d(a,b) and denote by B,(a) = {x € M | d(a,z) < r}
the ball centered at a with the radius 7. Let A > 0 be a positive number and v be the
Brownian motion measure on P,(M) and 1/;‘71/ be the pinned Brownian motion measure on

P, ,(M). Explicitly,

V), ({7 € Puoy(M) [ 1(ti) € Aiy1 <i < n})

/ p(1/Az,y) 7! Hp ((ti —tim1) /A @im1, @) day - - dap 1,
{a?iGAi,ISiSn—l} i=1

where 0 =ty < --- < t, =1, x9 = x,x, = y and p(t,z,y) denotes the heat kernel of etA/2,
H'-Sobolev space H2(P, (M), ué‘vy) is defined by using the H-derivative Dy on P, ,(M). Note
that the H-derivative is defined by using the Levi-Civita connection. We also denote the H-
derivative on P, (M) by D. Below we consider open sets of P, , (M) and the Dirichlet Laplacians



on them. Let ry be a positive number such that there are no cut-locus of y in the closure of
B,,(y) and the infimum of the eigenvalues of the Hessian of E(z) = 1d(z,y)? satisfies that
inf.ep, () V2E(z) > 1/2. Note that VZE(z)|.—y = I1,nm. Let 0 < r < ro. Now we assume that
x € By(y). We consider paths restricted to B, (y) such that

Puy (Br(y)) = {7 € Pry(M) [ 1(t) € B,(y) for all 0 < ¢ < 1}. (2.1)
Following [13], let us define

Hy(Pry(Br(y),v2)

) x7y

= {Flo, .y | F € 2 (Poy(M),02,) and F=00n Poy(Bo(y) ). (22)

The non-positive generator Ly corresponding to the dense closed subspace H& ’Q(Px,y(BT (y)), V‘,i"y)

of L*(P,,(B(y)),vy,) is the Dirichlet Laplacian on Pwy(B (y)). We denote the normalized

probability du£7y/yé\,y (Pry(Br(y))) on Py (B(y)) by dymy Eberle ([11, 12, 13]) defined the

value

szy By |D0F| dl/g;y

A .
e = inf (2.3)
PraBW) 0 peyi2 (e, (8, ) Var(F, )
where Var(F, D;}; ) denotes the variance of F' with respect to Dé‘g and proved that
r (Br(y))
liminf FesB0) 5 g 2.4
fR (24)
Let
A . szy Br(y |DOF| dey
€Dir,Pey(Bo(y) = nf = (2.5)
F(£0)€Hy ? (Py.y(Br(1))) | HLQ@Z)

This is equal to inf o(—L)), where o(—L)) denotes the spectral set of —L). Let us define the
value ei\?ir,l Poy(Br(y)) & follows: if ei\)ml’ Poy(Br(y)) is an eigenvalue with multiplicity 1, then

A s A
€Dir,2,Po.y(By(y)) = 0 (U(—LA) \ {emm,PE,y(Br(y))}) - (2.6)
Otherwise, ei‘)im’ Poy(Bo(y) = e)[‘)ir’l’ Pay(Br(y)" If —L) has discrete spectrum only, this value is
equal to the second smallest eigenvalue of —L) counting multiplicity although we cannot expect
the discreteness of the spectrum in the present case. Also, by the standard argument, we have

A
€Dir,2,Py y(Br(y))

=0

= sup inf Jp, w(Brly ‘D0F| a7z

€ Hy? (Puy(B,()) , (F.G)
G(#0)EL2(7ay) I ”LQ(,A r

DY
L? (Vz ,7;)

(2.7)

Hence e’\Dm2 Poy(Bo(y) = ej\jmyy(BT(y)) and (2.4) gives a lower bound estimate of the limit of

e’\sz’ Poy(Br(y)" We will give an estimate for e}w (B, (y)) USING & COH formula. To this end,
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we recall basic results for pinned Brownian motion measures. Let §; = o({7(s) | 0 < s < t}).
Let 7(vy ) : To M — T, 4syM be the stochastic parallel translation along the semi martingale ~(t)

under v} which is defined by the Levi-Civita connection. Then b(t fo ); - ody(s) is an

§-Brownian motion with the covariance EY% [(b(t),u)(b(s),v)] = (u v)14e (u,v € T;M) on
T, M under ). Also for 0 <t < 1, we define Vy’\(t, z) = grad, logp (1;, Y,z ) and

VMEA), =7(0); 'Vt A(1) € T M.

. . . dv .
v) and Viy are equivalent on §; for any 0 < ¢ < 1 and the density function p(t,v) = %| 3 1s
given by an §;-martingale:

p(t:7) = (?117()))
A

exp (/Ot (m / VA (s.7). ds> : (2.8)

Thus y(t) (t < 1) is a semi-martingale under both probabilities v, and v;,. We denote
VUML), = T VLV 2)

|2=~(t)- More explicitly,

= 1-1t
VVyA(ta ’Y)t = T(’Y)t_lVZgradz logp <)\7 Y, Z)

z=(t)

Let w(t) = b(t) — } JVyA(s,v)Sds. This process is defined for ¢ < 1 and it is not difficult to
check that this can be extended continuously up to t = 1. Let N®¥%! be the set of all null
sets of vy 4|z, and set &; = F; V N=¥L Then w is an ®;-adapted Brownian motion for 0 <
t <1 such that E”évy[(w(t),u)TzM (w(s),v)p as] = B (u,v) for any u,v € T, M. Consequently,
v, b, Vy)‘(t,v)t,VVy)‘(t,v)t are ®;-semi-martingales with respect to v y for 0 <t < 1. The
following integration by parts formula can be proved in a similar way to [2].

Lemma 2.1. Let 0 < T < 1. Let F be an §r-measurable smooth cylindrical function. Let
o(t,7y) be an Fi-progressively measurable process such that

1
B2 | [letPar] <o
0

T T
oy [ | oreys v))dt}—w%y[m) | sonr@enaww)]. e

Then it holds that

where S(Y)xr is a pathwise bounded linear operator on L*([0,T] — T, M) such that

t
S ()(#) = o) — K (V) /0 o(s)ds, (2.10)

and K(y)x: = —%Ric(v)t + %VVyA(t,v)t.



We introduce operators M (y)x; on T, M by

M)y = K@M 0<t<1, (2.11)

)

Mo = I (2.12)

The inverse operator of S(y)xr and its adjoint in L?([0, T, dt) is given by
t
(SO)he) 0 = o)+ KM Ohe [ M) Le(t)i

T
(SO @ = w0+ M3 [ MORE (s

Since || K (y)xt]lop is uniformly bounded for v,0 <t < T for fixed T" and A, we have

i [ [ ([(sosh) ] prOY ) at] =382 ko) [ (ot awien] . (213)

| [lop denotes the operator norm. Let ¢ € L%([0,1] — T, M, dt) and assume that the support of
¢ isin [0,1). Then J(v)rp which is given by

1
T()ap(t) = (M(7)5)" / M(9)3,K (7).00(5)ds (2.14)

is well-defined. Let L(y)x = I + J(v)x. We can prove that J(7), can be extended to a bounded
linear operator on L? for v y-almost all v using Malliavin and Stroock’s result and Lemma 3.2

)

in [2]. In the following, Cut(y) denotes the cut-locus of y.
Theorem 2.2 (Malliavin-Stroock [20]). Let z € Cut(y)¢. Then

lim tV2logp(t,y, 2) = —V2E(2) (2.15)

uniformly on any compact subset of Cut(y)°.

However the upper bound of ||.J()||op which is obtained by using Lemma 3.2 in [2] does not
satisfy a good integrability condition with respect to l/;:y. For the small paths restricted on the
neighborhood of y, we can get better estimates. Below, we improve Lemma 3.2 in [2] slightly.

Lemma 2.3. Let 0 <t < 1,a > 1/2. Let M; be the solution to the n x n-matrices valued ODE
such that

M, = KM,
My = 1,
1
Ky = m(—a+01(t))+02(t),

where C;(t) are symmetric matrices valued continuous functions on [0,1] such that Ci(t) is a
non-positive matriz for all t and sup, ||C;(t)|lop < 6 (1 =1,2).
(1) Let N(t) be the solution to the following ODE.

N, = <f1_(tt>+02(t)> N, (2.16)

Ny = 1.



Then

M, = (1 —t)°N, (2.17)
and
sup || NN Hlop < €2 (2.18)
0<t<s<1
(2) Let
, 1
()0 = () [ M Kol (2.19)
Then
1+ Jllop
1/2 5
da(l —a) 45,  Sadpe?® 2e?

Proof. (1) follows from Lemma 3.2 in [2]. We prove (2). Let ¢ be bounded measurable function
such that supp ¢ is in [0,1). Let us introduce the operator J by

1
(Jo)(t) = —a(l — 1)~ / (1= )2 (NN 1) ().
Then

I+ D) = (I+J)p(t)
1 ! o iy
g [ A N (G + (1= )Ca(9) el
(2.21)

By Lemma 3.1 in [2], we see that the L2-norm of the second term of the right-hand side of (2.21)

2e%2

can be estimated by 5= (61 +02)|¢||. Hence we need only to estimate ||(I—|—J~)g0||L2((0’1)). Using

1
Pl = (1 =) [ 1= Vel

we have

1+ Fyol2s
1
— [lpll2: + a? / (1— )2
0

2

1
(V7). / (1- 521 N7g(s)| ds

+ 2a /01 ((1 — t)1*2aNt—1(Nt*)*1% /tl(1 — 5)* " INFp(s)ds, [(1 — s)alN:go(s)ds> dt.

(2.22)

It is easy to see that

% (=M (M) ™) = (20 = DMTHME) ™ = 2M7H (CL(t) + (1= 1) Ca(1)) (M)~ (2.23)



Thus, the third term I3 on the right-hand side of (2.22) reads
1y 1 1
I; = a/ pn <(1 - t)l_Qo‘Nt_l(Nt*)_l/ (1-— s)a_lN:gp(s)ds,/ (1-— s)a_lN;‘(p(s)ds> dt
0 t t
14 1 1
—a/ <dt (1 — M (M) ) / (1- s)o‘_lN;‘go(s)ds,/ (1- s)o‘_lN;go(s)ds> dt
0 t t

2
= —

/ (1 N ()t
0

—a(2a—1) /01

1 1
+2a/0 ((C’l (t)+ (1 —t)Ca(t))(1 — t)o‘/t (1 —8)* YN N7 o(s)ds,

2

) [ 1= o pts)as|

1
1-t)° /t (1- s)al(NsNt_l)*cp(s)ds) dt

1 1 2
< —a2a— 1)/ (Mt*)l/ (1 —8)* IN¥p(s)ds| dt
0 t

209 9

Consequently,
= da(l — @) 8adpe?0?
I 2, < (1 262 2 2.2
I+ Dl < (14 o™ + s ) el (2.25)

which completes the proof. O

By this lemma, we get

Lemma 2.4. There exists a positive constant C and Mg > 0 such that for any A > Ao and
0<r<rg,

esssup, e p, (B, () ILAG, < (14 Cr¥)(L+ (X)) = &x(r). (2.26)
Here limy_, €(A) = 0.
Proof. Let k1(r) and ka(r) be the infimum and supremum of the eigenvalues of the Hessian

of E on B,(y). By Theorem 2.2, we see that there exists \g such that for any A > Ay and
Y € Ppy(Br(y)), K(7)x+ can be written as a sum of the operators

1
11—t

(~(s1(1) — 21 () + Cra(r) — o Ric(7),  forallo<i<1,  (227)

K
(7))\,15 2X

where €1(A) is a small positive number less than 1 satisfying that limy_.ce1(A) = 0 and Cj )
is a path dependent symmetric operator on T, M such that

(i) all eigenvalues of C} x(7): are non-positive,

(ii) the absolute values of all eigenvalues of C x(7); are less than ro(r) — k1(r) +€2()), where
lim/\_,oo 82()\) =0.



Therefore by Lemma 2.3, for v € P, ,(B,(y)) and sufficiently large A, J() can be extended to
a bounded linear operator on L?([0,1] — T,,M). By the Hessian comparison theorem [19], we
have max (|1 — &1(7)|,|1 — ka(r)]) = O(r?) for small r. Hence applying Lemma 2.3, we complete
the proof. ]

Now, we state our Clark-Ocone-Haussman formula for F' € Hé ’2(P$7y(BT(y))).
Theorem 2.5. Let F € H&’Q(Px,y(Br(y))). Let X\ be a sufficiently large positive number.
(1) The following COH formula holds:
t
B2 [F|®,) = E"v[F] +/ (H(s, ), dw(s)), 0<t<1,
0
where R
H{(s,y) = E"v [L(7)A(DoF(7))(s)|Gs] - (2.28)

(2.28) denotes the predictable projection.
(2) The following inequalities hold.

A 265 (r A
B [Flog (F/IFIs,)] < )\( Lt [|DoF?). (2.29)
A A A 2 A
EYw | (F — EYeu[F < EYw [|DoF|?]. 2.
RN e
(3) We have

A

e
nAminf%My” > (1+0r?) 7" (2.31)

Remark 2.6. (1) Let A be a sufficiently large number. Since the L2-semigroup associated with
the Dirichlet Laplacian — L) is positivity preserving, by the result in [16], LSI (2.29) implies that

inf o(—L,) is an eigenvalue of —L) with finite multiplicity. Note that we need to replace I/éy

by 17;\5 in this argument actually. In the present case, by (2.30), we see that the multiplicity is
one for large A because lim)_, egml, Poy(Br(y) = 0. Of course, if the diffusion semigroup et
satisfies the positivity improving property, we can conclude that the multiplicity is one and the
eigenfunction is strictly positive.

(2) The lower bound like (2.31) is due to Eberle [13]. When r is small, this estimate is good
A

in the sense that limy_, 4o w = 1 for any 7 in the case where M is a euclidean space.
In our approach, Lemma 3.2 in [2] gives a crude bound and the estimate in Lemma 2.3 in the
present paper is necessary to obtain more precise estimate in (2.31). This is also a lower bound

on e)[\)ir,z, Pay(Br ()" In the case of pinned path groups, we can obtain more precise estimate for

e’\DZ-m,D on more general domain D which includes only one geodesic using a different approach.
This will be studied in a separate paper. (2.31) is used for the study in the case where D contains
more than 2 local minimum geodesics in [13]. This result is applied to obtain a concrete estimate
for weak Poincaré inequalities on loop spaces over positive Ricci curvature manifolds in [9].

Proof of Theorem 2.5. Let r; be a positive number such that 0 < r < r; < r9. Let 1 be a
smooth non-negative function on R such that n(t) = 1 for t < (r + r1)/2 and n(t) = 0 for



t > (r+2r1)/3. For 0 < T <1, let x7(v) = n (supg<s<r d(7(t),y)). For simplicity, we denote
X1(7) by x(7). Then it holds that

Fy)x(v) =F(y) 7€ Pry(M).

Let G(v) = g(y(t1),...,7(tn)) be a smooth cylindrical function, where ¢, < 1 and set G(y) =
G(v)x(v) and Gr(y) = G(v)xr(7). Then we have

Mo [|Gr = Gl gy ) =0 (2.32)

for any p > 2. First, we establish a Clark-Ocone-Haussman formula for G. For any 0 < T < 1,
by the It6 representation theorem, there exists a &;-predictable L2-process Hr(t,) (0 <t <1)
such that

t
B (G | &) = B (G + / (Hr(s,7), dw(s)), 0<t<l. (2.33)
0
This implies that

Eué,y [HHT - HlH%Q([O,l],dt)} = )\Var”a/c\yy (CN;'T — GT/) . (2.34)

Hence limp_,; BV [||HT — H1||%2([0,1]7dt)] = 0. We will identify Hp(t,7). Now we assume that

t, <T. By approximating Gr by smooth cylindrical functions and applying Lemma 2.1,
\ T I . v T T
£ | [ (SORpr OGN ettn) de| = AB [Gr) [ (olt).dw(o)

A

= B [ / " (Hr(t ). 0(t7)) dt} -
(2.35)

Noting that {(M(7).+)*}' = M(7)3 ,K(7)xs and DGr(v) (t) = DoGr(7) () + DCr(7)(1), we
have

(S(3 5 (DGr(7))(1)
T
= Do) (1) + DRI + (MR [ (0)3,) (DGl (o) + DEr()(D) ds
= (SO)3%) (PoGr())(8) + (M3, M) DG (1. (2.36)

Let 47 (t) = ~(t AT). If DyGr(y) # 0, then supg<s<r d (¥(t),y) < r1. Therefore 47 €

Pyy(By,(y)). Thus, L(y7), (DOGT(7)> € L2(12},). By (2.36), we have, for 0 < ¢ < T,

L (DoG (1)) () = [k (DGr() ) ()
= L) (DoG(r)') (1) = L) (DoGir (7)) (1)
+LOD (DoGr() ) () = [S03k] (DoGr(r)) (6 = (M(0)3,0) ™ M3 2 DGr(3)(1)
= LA (DoG() ) (1) = L) (DoGr (7)) (1) + J()x (DG () 1y ) (8)
— (M()3,) " M(); DG (1)) (237)

-1



where 1j7.1) is the indicator function of [T',1]. Therefore

|| (S (DG () )0t e — / (LEDGEE) 0, o(t.) a

9 1/2
LQ([O,T]J

-y [H L) (DoG)) = L6 (oG ) + 16T (DG () 1)

l/)\ [ /2
X BV _||¢(-,7)HZL2([0,T])}

o -L DoG () 2 1/2]5%? 2 1/2
+E _H (DA(DoG()) - o [ 2

L2

2 1/2

- 1/2
l//\ * — * = l//\
Ly H(M(’Y),\,.) IM('V)A,TDGT('Y)l) (© T])] EVew [||¢(-,7)|!%2([07T])

L2
By Lemma 3.2 in [5], we have for 0 <t <T < 1

Y

1— T) (k1(r1)—e1(N))

IM(Y)arM ()51 < elRicllee/2) (H

where £1(r1) = inf.ep, (y) V2E(z). Consequently, letting 7 — 1 in (2.13),

1 1
B [ | (Eon@iGen . o) dt] — B [ | e i)
This implies that
Hy(t,7) = B0 [L(y)A(DoG(y) ) (B)|S]  dt ® did .. (1,7)

holds. Since, F is a limit of G, this completes the proof of (1). Since E"QyHH(s,'y)P] <
||HL||op||2(,o(VA )E”ﬂ?’y [[DoF|?] and Lemma 2.4 using (1) and Ito’s formula, it is easy to check
T,y

(2). See [14; 6, 2]. We prove (3). First we note that DoF = 0 on P, ,(B,(y))°. Hence
E"2u[|DF|?] = E¥>w]|DoF|2; Py, (B,(y))]. Therefore by (2.30), noting

E% [(F o [F]ﬂ

> Var(F,7,7) (2.38)

v

2y (Pry(By (1)) ™ B [(F EIE 1)2]

and limy o, £x(r) = 1+ Cr?, (3) can be proved. O
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