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ZERO WIDTH LIMIT OF THE HEAT EQUATION ON MOVING
THIN DOMAINS

TATSU-HIKO MIURA

ABSTRACT. We study the behavior of a variational solution to the Neumann
type problem of the heat equation on a moving thin domain Q. (¢) that con-
verges to an evolving surface I'(¢) as the width of Q. (¢) goes to zero. We show
that, under suitable assumptions, the average in the normal direction of I'(t)
of a variational solution to the heat equation converges weakly in a function
space on I'(t) as the width of Q¢ (t) goes to zero, and that the limit is a unique
variational solution to a limit equation on I'(t), which is a new type of linear
diffusion equation involving the mean curvature and the normal velocity of
I'(t). We also estimate the difference between variational solutions to the heat
equation on Q¢ (t) and the limit equation on I'(t).

1. INTRODUCTION

Fort € [0,T], T > 0, let Q.(t) be a moving thin domain in R™, n > 2, with width
of order € > 0 that converges to an evolving closed hypersurface I'(¢) as ¢ — 0. We
consider the Neumann type problem of the heat equation of the form

8tu€ —Auf =0 in QE,T7
(H.) Oput+VNuF =0 on 9Q.r,
u®(0) = u§ in Q:(0).

Here Q.71 := Ute(o,T) Q:(t) x {t}, 0eQer = Ute(O,T) 00 (t) x {t}, and v, VEN
are the unit outward normal vector field of 9Q.(¢) and the outer normal velocity of
99, (t), respectively. The term VN in the boundary condition is added so that the
total amount of heat er( " uf dzx is conserved, see the beginning of Section 3. Also,
if u® denotes the concentration of some chemicals, the boundary condition says that
chemicals do not move and flux is just caused by the motion of the boundary.

We are interested in the behavior of a solution u® to (H.) as ¢ — 0. Our goal
is to characterize its limit as well as its convergence. Let us explain the simplest
case when Q.(t) is the set of all points in R™ with distance less than e from I'(¢)
so that the width of Q.(¢) is 2¢. Let v be the unit outward normal vector field
of I'(t) and Vr = Vi¥v + V{¥ be the velocity of I'(t), where V{~ and V¥ are the
outer normal velocity of I'(t) and a given tangential velocity. Then our main result
formally implies that, under suitable assumptions on the initial data u§ of (H.),
the limit v is a solution to

(1.1) ow+ Vv -Vo—V¥NHvo—Apgpv=0 on Sr.
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Here St := U0 I'(t) x {t} and V is the usual gradient in R™. Also, H :=
—divp)v and Apgy := divpe) Vi) are the mean curvature of I'(¢) and the Laplace-
Beltrami operator on I'(t), where divpy and V) are the surface divergence op-
erator and the tangential gradient on I'(t), respectively (see Section 2 for their
definitions). We will give a heuristic derivation of the limit equation (1.1) in the
appendix. The equation (1.1) is equivalent to

(12) 0%+ (diVF(t)Vp)’U - Ar(t)’l) - diVF(t) (’UVI—T) =0 on Sp,

which we will actually derive in Section 6. Here 0*v = dyv+ V¥ v-Vo+ V¥ - Vv
denotes the material derivative of v. Note that the equation (1.1) is indepen-
dent of the tangential velocity ViZ. In other words, the evolution of the limit v
is not affected by advection along T'(¢). Such a phenomenon does not occur in an
advection-diffusion equation widely studied in recent years [2-8,18,27]:

(1.3) 0*v + (divppy Vr)v — Apyv =0 on Sr.

This equation is derived from the conservation law such that, for an arbitrary
portion M(t) of I'(t),

d

— vdH" Tl = 7/ q-pdH 2
dt J pme M(t)

holds, where H” is the k-dimensional Hausdorff measure for k € N, y is the co-
normal to the boundary OM(t), and ¢ is the surface flux, see [3, Section 3] and [4,
Section 3.1] for details.

Partial differential equations on thin domains are studied over the years [11-15,
19-23,25,26], and many researchers deal with a nonmoving thin domain of the form

(14) Q. ={(2,2,) eR" ' xR |2’ cw, ego(2') <z, <egi(z)}, €>0,

where w is a domain in R”! and gg, ¢1 are functions on w. In their pioneer-
ing works [11,12], Hale and Raugel compared the dynamics of reaction-diffusion
equations and damped wave equations on €. of the form (1.4) (with go = 0 and
slightly modified g;) and that of corresponding limit equations on w by the scaling
argument. They transformed the equations on ). into scaled equations on a fixed
reference domain Qy = w x (0,1) by the change of variables, and formally derived
the limit equations on w by letting € — 0 in the scaled equations on Qg and omit-
ting divergent terms. Then they compared the dynamics of the scaled equations on
Qo and that of the limit equations on w by analyzing weighted bilinear forms that
appear in variational formulations of the scaled equations and the limit equations.
Their scaling argument is applicable to more general thin domains such as a thin
L-shaped domain [13] and a moving thin domain of the form (1.4) where go = 0
and g; depends on time [22]. Prizzi and Rybakowski [20] generalized the scaling
argument in [11,12] to study reaction-diffusion equations on a (nonmoving) thin
domain with holes around a lower dimensional domain. The generalized scaling
argument in [20] is also valid for a (nonmoving) thin domain with holes around
a lower dimensional manifold [19,21]. We refer to [23] and references therein for
other examples of thin domains.

In contrast to the above papers, the limit hypersurface I'(t) of our thin domain
Q. (t) evolves. Such a situation has been considered only in the paper [7], which
deals with a diffuse interface model for the advection-diffusion equation (1.3). See
also [8] for numerical computations of the advection-diffusion equation (1.3) based
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on the diffuse interface model. In [7], however, the limit equation (1.3) on the
evolving surface is given and the equation on the moving thin domain involves a
weight function that vanishes on the boundary of the domain. Therefore, there is
no literature on initial-boundary value problems of partial differential equations on
moving thin domains around evolving surfaces whose limit equations are unknown
in advance, even in the case of the heat equation.

The difficulty caused by the evolution of the hypersurface I'(t) is in transforming
equations on €. (t) and I'(t) into equations on fixed (in time and width) domain
and hypersurface. In particular, transformations of differential operators on I'(¢)
into those on a fixed hypersurface is so complicated that we can hardly find a limit
equation on the fixed hypersurface and convert it into an equation on I'(t), see [6]
for the actual transformations of differential operators.

To avoid this difficulty, we employ another method that does not require transfor-
mations of . (¢) and I'(t). Let us explain our idea of derivation of a limit equation
on I'(t). We start from a variational formulation of (H.) (see (3.2)) that consists of
integrals over the noncylindrical domain Q. r of a variational solution u® to (H.)
and a test function defined on Q. 7. In this variational formulation, we take a test
function independent of the normal direction of I'(¢) and apply the co-area formula
(see (5.4)) and a weighted average operator M. (see Definition 5.1) to get a varia-
tional formulation (with some residual terms) of the average M.u® (see (6.1)) that
consists of integrals over the space-time manifold St of M.u® and a test function
defined on Sp. Then we obtain a variational formulation of a limit equation on
I'(t) (see (6.13)) by omitting the residual terms in the variational formulation of
M_u®. Moreover, we prove that M.u® converges weakly in a function space on Sp
as € — 0 and that the limit is a unique variational solution to the limit equation
(see Theorem 6.10), and estimate the L?(Q. r)-norm of the difference between vari-
ational solutions to (H.) and the limit equation (see Theorem 6.13). These weak
convergence result and estimate indicate that our limit equation on I'(¢) derived as
above is indeed the “limit” of (H.),

In our derivation of a limit equation, Lemma 5.7 and Lemma 5.14 play an im-
portant role. In Lemma 5.7 we approximate an H!-bilinear form on . () for each
t € [0,7] by that on I'(t) with the tangential gradient of the average M.u of a
function u on Q.(¢). The proof of Lemma 5.7 is based on simple representations
of the gradient in R™ and the tangential gradient on I'(¢) under a special local
coordinate system for each fixed point on I'(t). On the other hand, Lemma 5.14
gives an integral formula that formally represents a relation between the weak time
derivative of a function v on Q. r and the weak material derivative of its average
M_u (in fact, we do not explicitly deal with the time derivative of u). Lemma
5.14 essentially follows from Lemma 5.12, which gives a relation between the time
derivative and the material derivative of functions defined on Srt.

Average operators in the thin direction were originally introduced by Hale and
Raugel [11,12], but they took the average of functions on the scaled domain Qy =
w x (0,1). Average operators on actual thin domains . appears in the study
of the Navier-Stokes equations on three dimensional thin domains [14, 15, 25, 26].
Temam and Ziane [25,26] first employed them to study the global existence of strong
solutions to the Navier-Stokes equations for large initial data and external forces
and the behavior of solutions as ¢ — 0 when 2. is a three dimensional thin product
domain . = w x (0,¢) with a bounded domain w in R? and a thin spherical domain
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Q. ={z €R3|a<|z|] < (1+¢)a} with a constant a > 0. In [14,15], average
operators were employed to study the dynamics of the Navier-Stokes equations on
Q. of the form (1.4). In particular, the authors of [15] compared the dynamics of the
Navier-Stokes equations with that of limit equations by estimating the difference of
the average of solutions to the Navier-Stokes equations and solutions to the limit
equations.

We point out that our weighted average operator given in Definition 5.1 is a
generalization of average operators given in [14,15,25] and that its weight function
is different from that of an average operator given in [26]. In fact, the weight func-
tion of our average operator is a Jacobian that appears when we change variables
of integrals over a tubular neighborhood of T'(¢) in terms of the normal coordinate
system around I'(¢). Our choice of the weighted function enables us to transform
easily a bilinear form on a function space on Q¢ including the weak time derivative
of a function u on Q. 1 into a bilinear form on a function space on St including the
weak material derivative of the average M_.u, see Lemma 5.14. We also note that,
contrary to our case, Kublik, Tanushev, and Tsai [16] employed the same Jacobian
and co-area formula to transform integrals over boundaries of domains into those
over their tubular neighborhoods. Based on this transformation, they proposed a
new approach to numerical computations of boundary integrals without explicit
parametrizations of boundaries and a simple formulation for constructing bound-
ary integral methods to solve Poisson’s equations. Their method of the numerical
computations of boundary integrals is also applicable to integrals over nonclosed
manifolds of higher codimension, such as curves in R? with different endpoints, see
[17] for details.

Finally we mention variational formulations of partial differential equations on
evolving surfaces. There are several kinds of variational frameworks for equations
on evolving surfaces, mainly the advection-diffusion equation (1.3), see [3, 18, 27]
for example. In addition, Alphonse, Elliott, and Stinner [1,2] proposed an abstract
variational setting with evolving Hilbert spaces and applied it to some equations on
moving domains and evolving surfaces. Among these variational frameworks, we
adopt the one introduced by Olshanskii, Reusken, and Xu [18]. Their variational
formulation is imposed on function spaces on S, which is suitable for our calcu-
lation of bilinear forms on function spaces on St and Q. r performed in Section 5
and Section 6.

This paper is organized as follows. In Section 2 we introduce notations related
to the evolving surface T'(t) and define the moving thin domain Q.(¢). In Section
3 we define a variational solution to (H.) and prove its existence and uniqueness.
We also derive an energy estimate of a variational solution to (H.) with a constant
independent of €. In Section 4 we define and investigate function spaces on St
introduced in [18]. In Section 5 we define the weighted average operator M. and
establish estimates and formulas related to M.. In Section 6, we derive a limit
equation on T'(¢) of the form (1.2) via its variational formulation and prove our
main theorems (Theorem 6.10 and Theorem 6.13). In the appendix, we give a
heuristic derivation of the limit equation (1.1) when Q.(¢) is the set of all points in
R™ with distance less than ¢ from I'(¢).
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2. EVOLVING SURFACES AND MOVING THIN DOMAINS

For each t € [0,T7, let I'(¢) be a closed (that is, compact and without boundary),
connected and oriented smooth hypersurface in R”. We set I'g := I'(0) and define
a space-time manifold Sy C R"*! as Sy := Useo,r) () x {t}. We assume that
each point y on I'(¢) evolves with velocity Vi (y,t), which is not necessarily normal
to I'(t), and the velocity field Vr: Sy — R™ is smooth. Let ®(-,): Ty — I'(¢) be
a flow map of Vr, that is, ®(-,¢) is a diffeomorphism from TI'y onto T'(t) for each
t € [0, T] and satisfies

0P
ot
We assume that ® and its inverse @1 are smooth on I'gx [0, 7] and Sz, respectively.
Due to this assumption, St is a compact smooth manifold in R?+!.

Let v : St — R” be the unit outward normal vector field of I'(t). The velocity
Vr is decomposed into Vp = VFN v+ VFT , where VFN : St — R is the outer normal
velocity and Vi¥': Sy — R™ is a tangential velocity field. Note that to describe the
geometric motion of T'(¢) it is sufficient to prescribe the normal velocity. However,
to describe a limit equation on T'(t) we will derive in Section 6, we also need to
consider a tangential velocity, which represents advection along I'(¢).

For each ¢ € [0,T], let d(-,t) be the signed distance function from I'(t) that
increases the direction of the normal vector v(-,¢). By the smoothness (in space
and time) and compactness of T'(¢), there is an open set N(¢) in R™ of the form
N(t) ={z € R" | =6 < d(z,t) < §} for each t € [0,T], where 6 > 0 is a constant
independent of ¢, that satisfies the following conditions.

o(Y,0) =Y, (Y,t) = Vr(®(Y,t),t) forall Y €Ty, tel[0,T].

e The signed distance function d is smooth on Nz, where Ny C R"*! is a
noncylindrical domain given by Ny :=U,¢(o 1) N(t) x {t}.
e For each (,t) € Ny, there is a unique point p(x,t) € I'(t) such that

x =p(z,t) +d(z, t)v(p(z,t),t), Vd(z,t)=v(p(z,t),1).

The set N(t) is called a tubular neighborhood of T'(t). Based on the above equality,
we extend the normal vector v to Np by setting v(z,t) := Vd(x,t) for (z,t) € Nr.
Then, by the smoothness of d, the extended normal vector v and the projection
mapping p are smooth on Nz. Also, the normal velocity ViV of I'(¢) is given by
VFN = —0,don Sr.

Next, we give definitions of differential operators on evolving surfaces. For a
function v and a vector field F' on S7, we define the tangential gradient of v and
the surface divergence of F as

VF(t)U(y7 t) = [In - 1/(:[/7 t) by V(ya t)]VE(ya t)7
divpy F(y,t) := trace[{I, — v(y,t) ® v(y, )}V E(y,t)]
for (y,t) € Sp. Here I, is the identity matrix of size n and v ® v := (1), ; is the

tensor product of v. Also, 7 and F are the constant extensions of v and F to the
normal direction of T'(¢) given by

o(x,t) == v(p(z,t),t), F(x,t):= F(p(x,t),t), (x,t) € Np.

By definition, v-Vpyv = 0 holds. Hereafter we use the same notations for functions
and vector fields on I'(t) with each fixed ¢ € [0,T).
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__ Finally, we define a moving thin domain. Let go and g1 be smooth functions on
S7. We assume that there is a constant ¢ > 0 such that

(2.1) 9(y,t) == g1(y,t) — go(y,t) > ¢ forall (y,t) € Sr.

Then we define a moving thin domain Q.(t) C R™ as
Qe(t) :={y +pr(y,t) |y € L(t), egoly,t) <p <eq(y. 1)}, t€[0,T],e>0

and a space-time noncylindrical domain Q.7 C R"™! as Q. 7 := Ute(o,T) Q:(t) x
{t}. Note that Q.(t) does not necessarily include I'(¢), since we do not assume that
go is negative and g; is positive. Since gy and g; are smooth and thus bounded on
the compact manifold St, there is a positive number ¢ such that Q.(t) C N(t) for
all € € (0,&9) and t € [0,T]. Hereafter we assume that ¢ € (0,¢¢).

3. HEAT EQUATION ON MOVING THIN DOMAINS

In this section, we consider the initial-boundary problem (H.) of the heat equa-
tion on the moving thin domain Q.(t). First we show that the boundary condition
of (H.) yields the conservation of heat. Suppose that u® satisfies the heat equation
in Q. 7. Then, by the Reynolds transport theorem and Green’s formula (see [9, Ap-
pendix C]), we have

a4 u®dr = / Opu dx + / VNuE dH™
dt Jo. () Q. (t) 09.(1)

:/ Aufdx+/ VENuEd”H"_lzf Dy uf + VNuE)dH 1.
Q. (1) 09 (t) 09 (t)

Hence if u® additionally satisfies the boundary condition of (H.), then we have
4 st(t) udx = 0 for all t € (0,7T), that is, the total amount of heat st(t) u dz is
conserved.

Next, we give a definition of a variational solution to (H.). For each € > 0, we
define a function space Lfﬂ(a) on Q. r and an inner product on L?ql(a) as

(3.1) Ly ={u € L*(Q-1) | Vu e L*(Q: 1)},

T
(uy,us) 2 = / / (urug + Vug - Vug) dz dt.
Hl(e) 0 Ja.)

The space qul(s) is a Hilbert space endowed with the above inner product. Let

2 . .
II - ||Li11(5> denote the norm of Ly, ., induced by the inner product (-, ')Lill(a).

Definition 3.1. Let uj € L?(2-(0)). A function u € L., is said to be a
variational solution to the initial-boundary value problem (H.) if it satisfies

T
(3.2) / / (—ufdyw + Vu® - Vw) dz dt — / ugw(0)dx =0
0 JQ() Q2:(0)

for all w € C1(Q. 1) with w(T) =0 in Q(T).

The variational formulation (3.2) is derived as follows. Suppose that u® is a
classical solution to (H.). We multiply both sides of the heat equation in Q. r by
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an arbitrary function w € C'(Q. 1) with w(T) = 0 in Q.(7) and integrate them
over Q. 1 to get

T
/ / (Oru® — Au®)wdx dt = 0.
o Jo.w

We calculate the left-hand side of the above equality. By the Reynolds transport
theorem and the conditions u¢(0) = uf in Q:(0) and w(T") = 0 in Q.(T), we have

T
/ / (OpuS)wdx dt =
o Ja.

T T
- / / uOpw dx dt — / / VNuEw dH" ™t dt — / ugw(0) dx.
o Ja.@ o Joo.@) Q.(0)

On the other hand, by integration by parts,

- / (Au®)wdz dt = / Vu® - Vwdz — / Oy u)wdH" 1,
Q:(t) Q. (t) O (t)

Hence it follows that

T T
/ / (—ufdpw + Vu® - Vw) dz dt — / / Oy uf + VNuS)wdH™ dt
0 JQ(t) 0 JoQ.(t)

- / ugw(0)dx =0
Q:(0)

and we obtain (3.2) by applying the boundary condition of (H,.) to the second term
of the left-hand side in the above equality.

Our goal in this section is to obtain a unique variational solution to (H.) that
satisfies an energy estimate with a constant independent of €. To this end, we
transform (3.2) into a variational formulation of some equation on a fixed (in time)
domain €. (0) with the aid of a suitable diffeomorphism between 2. (0) and Q.(t).

Lemma 3.2. For each t € [0,T], there exists a diffeomorphism U.(-,t): Q.(0) —
Qc(t) with its inverse W1 (-, t): Qo (t) — Q:(0) such that V. and W1 are smooth
on Q:(0) x [0,T] and Q.,, respectively, and V.(-,0) is the identity mapping on
Q.(0). Moreover, there exists a constant ¢ > 0 independent of € such that

(3.3) 0307V (X, )| <e, 0207V (x,t)| <c

for all (X,t) € Q.(0) x (0,T), (z,t) € Qe,r, and |a| +k <2, k=0,1,2.

Proof. We observe that for each X € Q.(0) there is a unique 6 € (0,1) such that
34) X =p(X,0)+e{(1 = 0)g0(p(X,0),0) + 091 (p(X, 0),0)}»(p(X, 0),0),
that is, X divides the line segment AgA; internally in the ratio 8: 1 — 6, where
A; =p(X,0) +e¢:(p(X,0),0)v(p(X,0),0), ¢=0,1.
Then, it is natural to define W (X, t) € Q.(¢) as
(3.5) U (X,t) :=d(p(X,0),t)
+e{(1 = 0)go(2(p(X,0),1),1) + 091 (2(p(X, 0), 1), £)}((p(X,0), 1), 1),
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that is, U.(X,t) divides the line segment ByB; internally in the ratio 6: 1 — 6,
where

B; := ®(p(X,0),t) + €9:;(®(p(X,0),t), t)v(P(p(X,0),t),t), i=0,1.

To eliminate 6 in (3.5), we take the inner product of both sides of (3.4) and
v(p(X,0),0). Then

{X - p(X, 0)} ’ V(p(Xa O)’O) = 6{(1 - 9)90(p(X7 O)a O) + le(p(Xv O)a 0)}
Since {X — p(X,0)} - v(p(X,0),0) = d(X,0) and g; — go = g > 0, it follows that

d(X7 O) — €g0(p(X, O)a 0)
eg(p(X,0),0) '

Hence, by substituting this for 6 in (3.5), we obtain
for X € Q.(0) and t € [0,T], where

i, HEGEDD.)

A1) = 00008 — o (. X, 0.0).

Similarly we define a mapping ¥_! as

0:

(3.7) UM (a,t) :=
7 (p(x, 1), t) + {d(z, t) b3 (@, t) + e¢a(x, 1) }(27 (p(2, 1), 1),0)
for (z,t) € Qe 1, where

o) = 000

pa(x,t) == go(® ™ (p(x,1),1),0) — ds(x, t)go(p(x, 1), t).

By definition, W.(-,t): Q.(0) — Q.(¢) is a bijection with its inverse W_-1: Q.(t) —
Q:(0) for each t € [0,T]. Also, since ®(-,0) is the identity mapping on I'g, we have
$1(X,0) =1, ¢2(X,0) = 0 and thus

U.(X,0) = p(X,0) + d(X,0)r(p(X,0),0) = X forall X € Q.(0),

that is, W.(+,0) is the identity mapping on £.(0). Due to the smoothness of ®, =1,
d, p, go, and g1, the right-hand sides of (3.6) and (3.7) are smooth on the compact
sets N(0) x [0, 7] and N7, respectively, and thus bounded independently of & along
their derivatives. From this fact and the inclusion Q. (t) C N(t) for each t € [0, T,
it follows that ¥, and W' are smooth on Q.(0) x [0,7] and Q. 7, respectively,
and that the inequality (3.2) holds with a constant ¢ > 0 independent of . In
particular, U (-, ¢): Q.(0) — Q.(¢) is a diffeomorpfism for each ¢ € [0, 7. O

Let U, and ¥_! be mappings given by Lemma 3.2. In (3.2), we set
Us(X,t) :=u® (U (X,1), 1), W(X,t):=w(T.(X,t),t)
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for (X,t) € Q:(0) x (0,T). Then, by the change of variables x = U (X,t), we
transform (3.2) into

T
(3.8) /0 {=(U=(t), JF ()0 W (1)) 12 + (A (t)VUS(t) — U (t)B(t), VW (t)) 12 } dt
— (ug, W(0))> = 0.

Here (-, )2 denotes the inner product of L?(2.(0)) and

JE(X, 1) = | det VUL (X, 1)] € R,

AS(X,t) := J5(X, ) VUL (W (X, 1), )[VI L (T (X, 1), )] € R™*",
BE(X,t) i= J°(X, )0, U (U (X, 1), 1) € R"

Q(

for (X,t) € 2.(0) x (0,T"), where
(T - Oa(TIM (1)
Vo= : : for W' = :
81(‘1/;1)n s 5,1(\11;1)” (\Ijgl)n

and [VU- 17T denotes the transpose matrix of V¥ 1. Since w(T) = 0 in Q.(T)
and U.(-,0) is the identity mapping on Q.(0), we have W(T) = 0 and J(0) =1 in
Q.(0). Thus, by integration by parts with respect to ¢, we further transform (3.8)
into

T
B9 [ Ly QU 0T OWO) + U 0.7 (00T (1)1
+(ATOVU () = U () B (t), VW ()2 } dt = 0.

Here (g1y(-,-)p is the duality product between H'(2.(0)) and its dual space
(H'(2:(0)))".

Theorem 3.3. For every u§ € L?(9:(0)), there exists a unique function

U® € L%(0,T; L*(2:(0))) N L*(0,T; H' (2:(0)))
with  9,U° € L*(0,T; (H*(2-(0)))")
that satisfies (3.9) for all W € L*(0,T; H'(92:(0))) and U¢(0) = u§ in L?(Q.(0)).

Moreover, there exists a constant ¢ > 0 independent of ug, U®, and € such that

T

(3.10) sup [|U°(8)]172(q. (o) Jr/ IVUS (01220 0y 4t < ellugllZz o 0)-
te(0,T) 0

Proof. For i,j = 1,...,n, let A5, be the (i,j)-entry of A° and Bf be the i-th

component of B°. Suppose that there is a positive constant C' independent of ¢

such that

(3.11) C ' < J(X,t) < C,
(3.12) [VJ(X,)[ <O, |9 J°(X,t)| <C, [A5(X, )] <O, |Bi(X,t)| <C,
(3.13) A5 (X, )¢ - ¢ > CI¢?

for all (X,t) € Q.(0) x (0,T), ¢ € R", and ¢,j = 1,...,n. Then the theorem is
proved by a standard Galerkin method and Gronwall argument, see [9, Section 7.1]
for details. In particular, the constant ¢ in (3.10) depends only on the above C' and
thus it is independent of ¢.
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Let us prove the inequalities (3.11), (3.12), and (3.13). The inequality (3.12)
and the right-hand inequality of (3.11) immediately follow from (3.3). From the
identity VU1 (V. (X,t),t)VU.(X,t) = I,, it follows that

|det VU N (W (X, 1), 8)|J5(X,t) =1, [VU(X, )] [V (U (X, 1),0)]" =1,
for all (X,t) € Q.(0) x (0,T). The first equality yields the left-hand inequality of
(3.11) because |det V¥ | is bounded on Q. r independently of € by (3.3). More-
over, the above equality and (3.3) imply that, for all (X,t) € Q.(0) x (0,7) and
¢eR™,

G2 = [V (X, )] VO (W(X, 1), 1)] ¢
< [V (P (X, ), 1)) ¢
= VI (WX, 1), [V (P (X, 1), )]7CY - ¢
= C‘ det V\IJ‘; ( s( s )7 )|A€(Xa t)( : C < CAE(Xv t)C : C
with a constant ¢ > 0 independent of e. Thus (3.13) follows. O

Now we can show the existence and uniqueness of a variational solution to (H)
and its energy estimate with a constant independent of .

Theorem 3.4. For every u§ € L?(Q.(0)), there exists a unique variational solution
u® to (H.). Moreover, u® satisfies that u®(0) = u§ in L?(Q:(0)) and

T
(3.14) tes(léPT) [u ()70 1)) +/O VU ()220 1) At < elluglTzio. o))

g

with a constant ¢ > 0 independent of ug, u®, and €.

Proof. For each u§ € L?(.(0)), let U® be a unique function given by Theorem 3.3
and we set
us( ) = Us( (Jf t) t): (.T?,t) S QE,T~
Since U, (-,0) is the identity mapping on ©.(0) by Lemma 3.2 and U¢(0) = u§ in
L?(Q2:(0)) by Theorem 3.3, we have u(0) = u§ in L?(2.(0)). Let us show that u®
satisfies (3.2) for all w € CY(Q. ) with w(T) = 0 in Q(T). Since ¥, is smooth on
Q.(0) x [0,T1], a function

W(X,1) = w(Pe(X,1),1), (X,1) € Q2:(0) x [0,

is in C1(Q.(0) x [0,7]) and satisfies W (T') = 0 in .(0). Hence we can substitute
it for W in (3.9) and integrate by parts with respect to ¢ to get (3.8). By changing
variables X = W_1(x,t) in (3.8), we obtain (3.2).

Next we prove the energy estimate (3.14). By the change of variables x =
U (X,t) we have

/ |uf(x,t)|2dx:/ |US(X,t)|?|det VU (X, )] dX
Q. (t) Q.(0)

and

/ Vs (2, )2 dr =
Qe (1)

[ 0, 0 VU (X, )P ldet VU (X )] X
Q:(0)
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for all ¢ € [0,T]. Hence the inequality (3.3) yields

u(O1F 201y < U200 VU200, 00y < VU ()220 0y
with a constant ¢ > 0 independent of e. By this inequality and (3.10), we obtain
(3.14) and thus u € L3 ,. Hence u is a variational solution to (H.).

Finally, the uniqueness of a variational solution to (H.) follows from that of a
function given by Theorem 3.3. The proof is complete. d

Remark 3.5. Let u® be a unique variational solution to (H.) with initial data
u§ € L*(Q:(0)). Then, it immediately follows from (3.14) that

(3.15) lefllzz, < clluglizz . o)

where ¢ > 0 is a constant independent of ufj, u®, and . We will use this inequality
in Section 6.

4. BASIC FUNCTION SPACES ON EVOLVING SURFACES

In this section, we define and investigate function spaces on the space-time man-
ifold Sp introduced by Olshanskii, Reusken and Xu [18]. These spaces will give
an appropriate variational formulation of a limit equation on I'(t) we will derive in
Section 6. All results in this section are originally obtained in [18] when n = 3. We
shall extend them for general n > 2.

For each fixed T > 0, we define a function space Hr and an inner product on
Hp as

(4.1) Hyp :={v € L*(St) | Vruv € L*(Sr)},

T
(v1,V2) 1= / ( ){7)1(yat)vz(y7t) + Vv (Y, ) - Vv (y, t)}dH" ™ (y) dt.
o Jra

This inner product induces the norm || - || g, that is equivalent to the one induced
by the inner product fST{vl (o)v2(0) + Vivi(o) - Viwyve(o)} dH™ (o), since the
identity

T
/ / F ) dH () dt = [ Fo) {1+ (Ve - )2}~ 2 ™ (o)
0 T'(t) Sr

holds and Vr is bounded on Sp. If T} < Tb, then Hrp, is continuously embedded
into Hp, just by restricting elements of Hp, on St,.

Next we define an auxiliary space. Let H(Ig) := {V € L*(Ty) | Vr,V € L*(T)}
with the inner product (Vi, V2)g1(ry) = fFO(VlVQ +VrVi - Vr, Vo) dH" 1, where

Vr, is the tangential gradient on I'y. Then we define a Hilbert space }AIT as

T
Hyp = L*0,T; H' (To)), (Vi,Va)g, ;:/ (Vi (t), Va (1) 1 ) dt
0

and let || - ||z, denote the norm of Hy induced by the inner product (-, -) Ay
For a function V on I’y x (0,7"), we define a function v = LV on St as
(42) U(yv t) = V((I)il(ya t)7 t)a (ya t) € ST-

Also, for a function v on S7, we define a function V = L=*v on I'g x (0,T) as

V(Y,t) = 0(®(Y,t),1), (Y.t)€ Do x(0,T).
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Clearly L and L™ are linear mappings and satisfy L=Y(LV) =V and L(L™1v) = v
for all functions V on I'g x (0,T") and v on St.

Lemma 4.1. The linear mapping L given by (4.2) defines a homeomorphism be-
tween Hr and Hr.

Proof. Let V be a function on I'g x (0,7) and v := LV. We shall show that there
are constants ci, cy > 0 independent of V and v such that

(4.3) allVe) ey < v 2wy < c2llVOllz2re)s
(4.4) e[V VOl 2oy < IVemv@)llLzrey) < call Ve, V() L2(ry)

for all ¢ € (0,7). These inequalities imply that ¢1[|[V| g, < [vlu, < &l[Vig,
for some constants ¢}, c, > 0 independent of V' and v, which means that L is a
homeomorphism between ﬁT and Hrp.

Since Ty is compact, we can take a finite family {Uy}2_, of bounded open sets
of R»~1 and smooth local parametrizations ,ulgz U, — Ty, k=1,...,N, such that
{uE(Uk)}Y_, is an open covering of T'g. For each t € [0,T], we define mappings
uf: Uy — T(t) as uF(s) :== ®(uk(s),t). Then uf is a smooth local parametrization
of T'(¢) for each k and {uf (Uy)}2_, is an open covering of I'(t). Also, let {5}, be
a partition of unity of T'g subordinate to the covering {u&(Ux)}~_, and {¢F}Y | be
a family of functions given by ¥ := 1§ o uk o (u¥)~1. Then {¢F}2_, is a partition
of unity of I'(¢) subordinate to the covering {uf(Uy)}_,.

Using these local parametrizations and partitions of unity, it is sufficient for (4.3)
and (4.4) to show that, for each k, there are constants ¥, c5 > 0 such that

(4.5) c’f/ V()]? dH? g/ lo(t)|? dH™ ! <02/ (t)[2dH™ !
1 (Qr) 1E(Qr) 'g(cm

and

(4.6) / Ve, Vo2 dHm ! < / Vet dHm !
i (Qr)

pE(Qr)
< [ en VP
1§ (Qr)

for all t € (0,7) and all functions V supported in uf(Qx) x (0,7). Here Q) C
R"~! is a compact subset of U, such that suppw(’)c - ,ulg(Qk). Note that in
this case suppyF C uf(Qyx) holds for all t € [0,7] and v = LV is supported in
Uteo.) 1 (Qr) x {t}.

For simplicity, we fix each k = 1,..
matrix given by

(4.7) Grij(s) ==

., N and omit it. Let g; = (g¢,5)i,; be a

Ote gy Omn
382 0s;

(), (s,8) €U X [0,T], 05 =1,....n—1,

and g; - (gij )i; be the inverse matrix of g;. By the definition of the integral over
hypersurfaces,

/ [V (Y, t)2dH" " /|V to(s), 1)|?/det go(s) ds,

1o(Q)

/ o R = /Q o), )] /et go(3) ds.
1227
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Since y/det g¢(s) is continuous and does not vanish as a function of (s,t) on the
compact set @ x [0, 7], there is a constant ¢ > 0 such that

(4.8) ¢l < /detg(s) <c forall (s,t)e€Qx][0,T].

Moreover, by the definition of L and gy,

(4.9)  v(p(s)t) = V((I)_l (1e(s), 1), ) = V(¢_1(®(M0(s)7 t),t),t) = V(po(s),t)
for all (s,t) € U x [0,T]. Hence (4.5) follows. Similarly, by (4.8) and the equality

/ TRV R / Ve,V (10(5), £)2 /et go(s) ds,
Mo
/(Q IVr@v(y,t )P dH ! /\VF (e (s t)|*/det g.(s) ds,
Ht

it is sufficient for (4.6) to show that there are constants c1,ca > 0 such that
(4.10) c1| Ve,V (o(s), O)* < [Vryv(ue(s), 1)1 < 2| Ve,V (o(s), 1)

for all (s,t) € @ x [0,7]. The tangential gradients Vr,V and Vv are locally
expressed as (see [, Section 2.1 and Section 2.2] for example)

0
Vr,V = 5 6 L Viols)0) S (s),
4,J=1 !
8 7
Vriln(s)6) = S o ) g (00 (), D) 55 (6)
ij=1 !

for (s,t) € U x [0,T] and their Euclidean norms are

9V (510 = 3 a5 5=V o)1) 50 (V .0
) n—1 y 9 )
Vr (s OF = 3 6 () 500 (). 5 (0m(5).0),

Then, by (4.9), it is sufficient for (4.10) to show that there are constants ci,co > 0

such that

(4.11) c1gy (s)a-a < g (s)a-a < gy (s)aa

for all (s,t,a) € Q x [0,T] x R*~1. To this end, we consider a real-valued function
F(s,t,a) :=g; *(s)a-a, (s,t,a)€Q x[0,T]xR"L.

It is continuous on @ x [0, 7] x R"~! and satisfies F(s,t,a) = b-g;(s)b = |B(s,t,b)|?,
where b = (by,...,b,_1) := g; '(s)a and B := Z?:_ll b;Out/0si(s). Since b # 0 for
a # 0, it follows that B # 0 and thus F(s,t,a) # 0 for a # 0. In particular, F'
is continuous and does not vanish on the compact set Q x [0,T] x S"~2, where

S"~2 is the unit sphere of R?~!. Hence there is a constant ¢ > 0 such that
¢V < F(s,t,a) < cfor all (s,t,a) € Q x [0,T] x S*~2 and thus

cal*> < g7t (s)a-a<cla]* forall (s,t,a) €@ x[0,T] xR,

This inequality yields (4.11) and thus (4.10) follows. Hence we obtain the inequality
(4.6) and the proof is complete. O



14 T.-H. MIURA

Let C3(St) be the space of all functions in C'*(Sr) with compact support in S.
That is, each function in C§(S7) vanishes near t =0 and ¢ = T.

Lemma 4.2. The space Hr is a Hilbert space and C§(St) is dense in Hr.

Proof. Since ﬁT is a Hilbert space, Lemma 4.1 implies that Hr is a Hilbert space.
Also, since C(Tox (0,T)) is dense in Hr (see [18, Lemma 3.1]) and C§(S7) includes
L[CY(Tg x (0,7))], Lemma 4.1 again implies that C}(St) is dense in Hr. O

The space Hr is continuously embedded into L?(S7). Moreover, Hr is dense
in L?(St) since it includes a dense subspace Cg(S7) of L?(S7). Hence we have
continuous and dense embeddings Hr < L?*(Sr) — H/., where H/. is the dual
space of Hrp.

For v € C(St), we define its (strong) material derivative 9%v as

d
(412) a.v(q)(yv t)at) = %(v(q)(Y, t)at))v (}/a t) €y x (OvT)
From the Leibniz formula (see [3, Lemma 2.2])
d

4 mm"*l:/ (0% + vdivry Vi) dH™ L, v e C(Sp),
dt Jr r(t)

we have the integration by parts identity
T
(413) / / (’Uga.ﬂl 4+ v10%03 + v1v2 diVF(t) Vr‘) d'Hn71 dt
o Jrw
- / 01 (T)wa(T) dH™" — / 01 (0)u(0) dH™
I(T)

r(0)

for all v1,ve € C1(S7). Based on this identity, we define the weak material deriva-
tive of v € Hr as a functional 9°v such that

T
(4.14) (00, ) ::-// (v0°Y + vip divpy Vi) dH" dt, ¢ € C3(Sr).
o Jr@)

If v € C*(Sr), then its weak material derivative agrees with the strong one. We set

o%v,
00|y == sup w, v € Hr.

peC(ST)\{0} [ pz
If ||0%v|| gz, is finite for some v € Hy, then 9°v can be extended to a bounded linear
functional on Hr because C}(St) is dense in Hy (see Lemma 4.2). In this case, we
say that 9°v is in H). and we define a function space W and its norm as

1/2
(415)  Wri={ve Hy |9 e Hp},  [ollwe == (o), + 9%l )

For Ty < T, the space Wr, is continuously embedded into Wy, since C3(St,) C
C}(St,) and Hr, is continuously embedded into Hr,.

To investigate the property of Wyp, we define an auxiliary Hilbert space and its
norm as

—~ ~ ~ 1/2
Wri={Velir|ov ez}, Vig, = (IVI5, +1vIE,) .
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Here }AL} is the dual space of ﬁT and 0;V is the weak time derivative of V € I;TT
defined as

T
[0:V, Ul = —/ Vo, WdH ™ tdt, W e Oy x(0,T)),
0 Ty

and we say 0,V € Hp if |\5’tV||ﬁ'T = SUDyeo(rox 0.0\ {0} [0V, Ulr /(| ¥] 5, is
finite.

Lemma 4.3. The linear mapping L given by (4.2) defines a homeomorphism be-
tween W and Wr.

Proof. (1) As in the proof of Lemma 3.3 in [18], we need certain integral transforma-
tion formulas to prove the lemma. Let U C R"~! be an open set and po: U — Iy be
a smooth local parametrization of I'y. Then, as in the proof of Lemma 4.1, a map-
ping py: U — T'(t) given by p(s) := ®(uo(s),t) is a smooth local parametrization
of T'(t) for each ¢ € [0, T]. We define functions A and X as

det g¢(s det go(s)
=\ T3 =\ T
det go(s det g:(s) )€U [0.1],

where the matrix g: = (g zj)” is given by (4.7). We can show that A(uo(s),t) and
Ape(8),t) = A(@(po(s),t),t) are independent of the choice of a local parametriza-
tion pg. From this fact and the smoothness assumption on ®, the functions A
and \ are well-defined and smooth on the compact manifolds I'y x [0, 7] and S,
respectively. In particular, they are bounded on I'g x [0, 7] and St along with their
derivatives.

Using these functions, the local parametrizations uf: Uy — I'(¢) and the parti-
tion of unity {¢f}&_| of I‘( ) subordinate to the covering {uf(Ug)}Y_, given in the
proof in Lemma 4.1, we obtain integral transformation formulas

(4.16) / oy, ) dH " = [ VDAY dH
T'(t) o

(4.17) / V(Y t)dH" ! = / v(y, Ay, t) dH" 1
o r(t)

for all functions V on T'y x (0,T) and all ¢ € (0,T), where v := LV.

(2) Now let us prove the lemma. Let V € Wy and v := LV. Then Lemma
4.1 implies that v € Hr and |[v||m, < ¢[V] g, . For every ¢ € Cj(Sr), we have
V=LY € CH(Tyx(0,T)) and 9*¢(y,t) = 9, ¥ (Y, t) for y = ®(Y,t). Thus (4.16)
yields

< v '¢ / / U a.w + ’U’(/J leI‘(t)VF) dH"™ ! dt

— / (V o, ¥ + VUF)AdH" "t dt,
To
where F := L~} (divp)Vr) € C(Ty x [0,T7]). Since WA € C§(Iy x (0,7)),

T T
f/ / VAat\I/danldt:[atV,\IlA]TqL/ / VU O,AdH" ! dt
To 0 Ty
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by the definition of the weak time derivative 9;V. Thus it follows that

(0%, ¥)r| =

< 10Vl g, 1WAl g, + VI ¥l E,) < clVig, ¥l

T
[0:V, WA + / / (VU O, A — VUAF) dH™ ! dt
0 Ty

with a constant ¢ > 0 independent of V and 1, because F' and A are bounded
on 'y x (0,7T) along with their derivatives. Hence we have v = LV € Wr and

lvllw, < Vg, forall V e Wr.
Similarly, by (4.17) and the smoothness of A on St we can show that V := L=ty
is in Wy and ||V, < c[|v]lwy holds for all v € Wy. Hence L is a homeomorphism

between WT and Wr. O

Lemma 4.4. The space Wr is a Hilbert space and C’l(ST) is dense in Wrp. More-
over, the trace operator v — v(t) from CY(St) into L*(T'(t)) for each t € [0,T] can
be extended to a bounded linear operator from Wy to L*(T'(t)) and there ewists a
constant ¢ > 0 such that

t <
max [[o(®)l 22w < ellviws

for all v € Wrp.

Proof. Since WT is a Hilbert space, Lemma 4.3 implies that Wy is a Hilbert space.
For the rest of the proof, see [18, Theorem 3.6]. O

Finally we show an integration by parts formula which we will use in Section 6.

Lemma 4.5. For all vi,v9 € Wp, we have

T
(418) <8.U1, U2>T + <6.’U2, ’U1>T + / / V102 din(t)VF dH L dt
o Jre

= / V1 (T)UQ(T) d%n_l - / (%1} (0)'[)2(0) dHn_l.
(T) To
Note that, by Lemma 4.4, v;(0) and v;(T), ¢ = 1,2, are well-defined as functions
in L?(Ty) and L?(I'(T)), respectively.

Proof. For v € C'(Sr), its weak material derivative agrees with the strong one.
Thus we have

T
(0%, )y = /0 /F @, o < (o)

Moreover, since C(St) is dense in Hr (see Lemma 4.2), the above equality holds
for all » € Hy and thus (4.18) follows from (4.13) when v;,vo € C'(Sr). Since
C1(Sr) is dense in Wr (see Lemma 4.3), the density argument shows that (4.18)
holds for general vy, vo € Wr. O
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5. AVERAGE OPERATOR

5.1. Definition and basic properties of the average operator. For (y,t) €
St, let k1(y,t),...,kn_1(y,t) be the principal curvatures of I'(¢) at y (see [10,
Section 14.6]). Since St is smooth and compact, k1, ...,k,_; are smooth and
bounded along their derivatives on Sz. We define a function J on St x (=6, ) as

y7t p H{l — PR; ya }7 (y7t) € SfT: 1Y S (_6a 5)

Here § > 0 is a half of the w1dth of the tubular neighborhood N(t) of I'(¢), which
is independent of ¢ € [0, 7] (see Section 2). Since y,...,k,_1 are smooth on St,
the function J is smooth on St x (—4§,d). By taking § sufficiently small, we may
assume that there is a constant ¢ > 0 such that

(5.1) ¢ ' <1—pri(y,t)<c forall (y,t)€Sr,pe(=6,0),i=1,...,n—1,
and thus
(5.2) c V< Jy,t,p) <c forall (y,t)€ St pec(=6,90).

Moreover, since J(y,t, p) is of the form

n—1
J(y7ta p) =1 + pz Ki(yvt) + p2P("{l(y7t)a sy anl(yvt)a p)a
i=1
where P(z) is a polynomial in z = (z1,...,2,) € R", it follows that
oJ
53 DTl s Veodutol e (St <c

for all (y,t) € St and p € (ego(y,t),£91(y,t)) with a constant ¢ > 0 independent of
. Using the function J, we have the co-area formula of the form (see [10, Section
14.6])

eg1(y,t)
(5.4) /Q( dx—/ / uy + pv(y, 1)) J (y,t, p) dp dH" !
t

go(y,t)
for a function u on . (¢) with each fixed ¢ € [0,T]. Based on this formula, we define
a weighted average operator M. as follows.

Definition 5.1. For a function u on Q. 7, we define its weighted average M.u as

1 eg1(y,t)
(55) Mou(y,t) = ——f/ aly + pv(y. ), )7 (,t,p) dp,  (y,t) € St
59(?/7 ) ego(y,t)

We use the same notation M u for the average of a function u on Q.(t) with each
fixed t € [0, T).

For simplicity, we identify a function v on Q. r with a function u given by

u(y,t, p) = uly + pr(y,t).t), (y,t) € S1, p € (90(y, 1), €91(y, 1))
and use similar identification for functions on Q. (t) with each fixed ¢ € [0,T].
Moreover, we omit variables unless we need to specify them. For example, the
co-area formula (5.4) is referred to as

€91
/ udr = / / uJ dpdH" .
Qc(t) I'(t) Jego



18 T.-H. MIURA

Throughout the rest of this subsection and the next subsection, we fix an arbitrary
t € [0,7] and omit it. For example, we refer to I'(¢) as I'. Also, let ¢ denote a
general constant independent of ¢.

Lemma 5.2. If v € L?(T'), then its extension U to the normal direction of T is in
L?(Q.) and

(5.6) 1ol 220y < "2 oll 2y
with a constant ¢ > 0 independent of €.

Proof. By the co-area formula (5.4) and (5.2),

€90
19l 220y = (// |v|2Jdpd7-[”_1)
I'Jeg
1/2
< C(/ Eg|v|2d7-["_1> < 051/2||v||L2(F). O
r

Lemma 5.3. Ifu e L?(€), then M.u € L*(T") and

1/2

(5.7) 1Meul| 2 ry < ee™ 2 |lul| 20y
with a constant ¢ > 0 independent of €.

Proof. By Holder’s inequality, (5.2), (2.1), and the co-area formula (5.4),

€g1 €91
/ |Mu|* dH" ™ < /(Eg)_2 (/ Jdp) (/ |u|2Jdp) dH"
r r €90 €90

€91
< c/(sg)_l/ lul>J dpdH" ™ < ca_l/ |u|? dz.
r €

go Qe

Thus (5.7) follows. O
Lemma 5.4. There exists a constant ¢ > 0 independent of € such that

(5.8) Hu — Mcu

<
oy < el

for all u € H(€.).

Proof. For y € T and p € (ego(y),c91(y)), we set

1 €g1(y)
h(r) = = / uly ) )y

1 €g1(y)
B = / D T dr

Then we have u(y, p) — M.u(y) = I1(y, p) + I2(y). Let us estimate I; and Is. Since

lu(y, p) —u(y,r)| =

/Tp d%(ﬂ(y +nv(y))) dn’

€g91(y)

/Tp v(y) - VU(ernV(y))dn‘ S/E [Vu(y,n)|dn

go(y)
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for all p,r € (eg90(y),e91(y)) and the right-hand side of the above inequality is
independent of r,

€g91(y)

Ty p)| < / Vuly, )| di.

€90(y)

On the other hand, by (2.1) and (5.3) we have

cg1(y)
Bl <c [ .

€go0(y)

These inequalities and Holder’s inequality yield

€g91(y)

[u(y, p) — Meu(y)| < |11(y, p)| + [L2(y)] < 6/ ([uly, r)| + [Vu(y,r)|) dr

ego(y)
eg1(y) ) ) 1/2
< o9 / (lu(y, r) + [Vuly, )P dr | .
ego(y)

Here the last term is independent of p. Hence by the co-area formula (5.4) and
(5.2) we obtain

€91
e — Meu(y)[*J(y, p) dpdH"~
H et L2(9Q.) //go(y) =u(y)"J(y, p) dp
2 “1v) 2 5 .
< c/{sg(y)} / (Ju(y, )2 + |Vuly, )|?) dr dH™~
£go(y)
eg1(y)
< ce’ // (July,™)|? + |Vuly,7)|?)J (y, ) dpdH"*
90(y)
= e?lullon.
Thus (5.8) follows. _

5.2. Tangential gradients of the average operator. Let u: U — T" be a local
parametrization of I with an open set U in R”~!. We set

ou ou
) Gt >)i’j, seu.

Then, the tangential gradient of a function v on I' is locally expressed as

o(6) = (a6 o=

n—1
dv , 0
(5.9) Vo) = 30 9750 ()5 () y=ls) € V),
ij=1 v
where ¥(s) := v(u(s)) and g7! = (g¥); ; denotes the inverse matrix of g. Also,

we define a mapping M: U x (=4,8) — N as M(s,p) := pu(s) + pv(u(s)) for
(s,p) € U x (—6,0) and set

Gls.0) = (Gus(s. s = (Gor(oun) Gor(eun)) o () €U x (<5.0),

)
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where s, := p. Then the gradient (in R™) of a function u on N is locally expressed
as

i ou oM
— ij
(5.10) Vu(z) = l;:l GY(s,p) 7, (s,p) D5, (s,p),

z = M(s,p) € M(U x (4,5)),

where (s, p) := u(M(s, p)) and G=' = (G¥), ; is the inverse matrix of G.
Let v be a function on I' and v be its extension to the normal direction of I'.
Then, their local representations v := v oy and ¥ := v o M satisfy

(s, p) = B(p(M(s, p))) = v(u(s)) =0(s), (s,p) € U x (=6,9).
Hereafter we use this fact without mention.

Lemma 5.5. Ifv € HY(T), thenv € H'(2.) and
(5.11) V7] L2a,y < V2| Vrollze i, wa VFUHLQ(Q < e 2IVeolla
with a constant ¢ > 0 independent of €.

Proof. Suppose that for all y € I and p € (ego(y),eg1(y)) we have
(5.12) IVo(y, p)l < c[Vro(y)l,  [Vo(y, p) — Veo(y)| < ce[Vro(y)].

Then (5.11) follows from the co-area formula (5.4) and (5.2), (5.12) as in the proof
of Lemma 5.2. Let us show (5.12). We fix each y € T and set k; := k;(y) for
i =1,...,n — 1. By a translation and rotation of coordinates, we may assume
y = 0 and take a local parametrization pu: U — T' of the form u(s) = (s, f(s)),
where U is an open set in R®~! containing the origin and f: U — R is a smooth
function satisfying

(5.13) f(0)=0, V'f(0)=0, (V)*f(0)=diag[r1,...,rn 1],
see [10, Section 14.6]. Here V'f is the gradient of f with respect to s € R"~! and
(V')2f is the Hessian matrix of f. In this case, we have v(y) = v(u(0)) = e, and

o) =en o (vluo)

(5.14)

n—1

= —HR;i€4, ’L:L

8si s=0 ’ ’
where {e;}}_; is the standard basis of R". Moreover, the above equality yields
oM ) oM
(5.15) g(o,p) =(1-pri)e;,, i=1,....,n—1, 8—/)(0,/)) =v(u(0)) = epn.

Hence we have ¢g(0) = I, G(0, p) = diag[l — pK1,...,1 — pknp_1,1], and
(5.16) ¢ Y0)=1I,, G710,p) =diag[(1 —pr1) ..., (1 = prn_1) 1]
Applying (5.14), (5.15) and (5.16) to (5.9) and (5.10) with « = T, we obtain
n—1 A~ n—1 ~

ov _ _, 0v
; g5, Ve VIly.p) = ;(1 — PR 5
and thus (5.1) implies that

n—1 ~ 2 n—1 ~ 2
V() = 31— )2 (0)) < _1(§;<o>) | Vro(y)P

i=1

Vro(y) =

(0)e;

i=
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with a constant ¢ > 0 independent of y, p, and €. Moreover, by (5.1) we have

/OP % ((1 — 7%1-)_1) dr

< elw| max |gp(y)| sup |1 -7 < ce
k=0,1 re(—6,6)

(1= pri) ™t = 1] =

for all p € (ego(y),eg1(y)) and i = 1,...,n — 1 with a constant ¢ > 0 independent
of y, € and thus

n—1 ~ 2
_ _ v
V500 ) — Tl = Y- pr) ™ =112 0] < Vol
i=1 ¢
Hence (5.12) follows and the proof is complete. O

Let u be a function on . and M.u be its wighted average. For an open set
U c R"! and a local parametrization p: U — T, the local representation of M. u
is given by

__ €g1(s) ~
(5.17) M.u(s) = % /~ " u(s,p)J(s,p)dp, seU,
where M.u(s) = M.u(u(s)), U(s, p) = u(M(s, p)), and
(5.18) T(5.p) = J(u(s), p) = [ 41— praCu(s)}-

i=1
Let us calculate the derivatives of ]\/J\E/u

Lemma 5.6. Let u € H'(Q.). Then

OM_u 19 fou N
1 = — =
519 =g [ { S (5.) (5. + s p) asi“’p)} o

1) (gu - N ]
%/ {ZP(S»/J)J(SHO)+U(8,p)g;(8ap)}Xi(&ﬂ)dp

eg(s) €go(s)
forallse U andi=1,...,n—1, where

1 ~ .07 - 99
5200 o) i= = {0 B TE ) + el - AR5}

Proof. For simplicity, we set 0; = 0/0s; and 0, = 9/0p. For each i =1,...,n —1
we differentiate both sides of (5.17) with respect to s; to get

(5.21) iy = L _ 99 /Egl W dp+ 6g1{(8~).7+~(6 N}d
. u = = U —= iU u\0o; )
G @l G ’

where I = I(s) is given by
I(s) := £0:g1 (s)i(s,G1(5)) T (5, €91 (5)) — €0:Go(s)(s, 5o (5)) T (s, £G0())-

Since I = [E(P)J(P)Xz ]Zglsgo f;gil 0, uJXz dp and 9,X; = 0;9/g, we have

(5.22) 1 _ 99 /Eglajd 4L 6§1{(a w)J +u(0,))}xi d
: eg €9 Jg P Go ? v

Substituting (5.22) for (5.21), we obtain (5.19). O
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Using the above lemma, we approximate an H!-bilinear form on Q. by that on
I" with the tangential gradient of the average operator.

Lemma 5.7. For u € C°(Q.) N HY(Q.) and o € H(T), let

(5.23) I (u, ) = / Vu-Veodr — E/ gVrMou - VepdH™ .
Q r

€

Then, there exists a constant ¢ > 0 independent of u, ¢ and € such that
(5.24) 112 (u,0)] < ee®|[ull (o) | Vrel 2wy

Remark 5.8. The bilinear form I (u,¢) is well-defined for u € C°°(Q.) N H(£2,)
and ¢ € HY(T), since € H'(Q.) by Lemma 5.5 and M_.u is smooth on I' and
thus in H'(T') by the compactness of I'. We will observe later that I'(u,¢) is
well-defined and (5.24) holds for all u € H'(€2.) and ¢ € H*(T), see Remark 5.10.

Proof. As in the proof of Lemma 5.6, we set 0; = 0/0s; and 9, = 0/dp. Fory € T,
we set

€g1(y)
I(y) ::/ . Vu(y, p) - Vo(y, p)J (y, p) dp — eg(y)Vr Meu(y) - Vro(y).

Suppose that there is a constant ¢ > 0 independent of € such that

€g1(y)
(5.25) [1(y)| < cg|Vre(y)l ([uy, p)| + [Vu(y, p)|) dp

€g0(y)

for all y € T. Then, by the co-area formula (5.4), (5.25), Holder’s inequality, and
(5.2) we have

€g1
1 (0, 0)] = \ [ 1| < [(90 [l (9ul) dparer
€go

1/2 €91 2 1/2
< ce(/ |Vl d?—["_1> {/ (/ (Ju] + |Vu|)dp> d?-["_l}
T T €90

g1 1/2
< e Vgl ( Jeo [T tup+ |Vu2>Jdde"1)
€90

3/2

< ee” || Vol L2y lull 1 .)-

Thus (5.24) holds. Let us prove (5.25). As in the proof of Lemma 5.5, we fix each
y € I'. By a translation and rotation of coordinates, we may assume y = 0 and
take a local parametrization p: U — T" of the form pu(s) = (s, f(s)) with an open
set U C R"! containing the origin and a smooth function f: U — R satisfying
(5.13). Then, by (5.14), (5.15), and (5.16) we have

n—1

Vu(y, p) = Z(l — pr;)"L0;u(0, p)e; + 0,u(0, p)en,
i=1

n—1
VrM.u(y) = Z 0;Mcu(0)e;,
i=1
n—1

n—1
V(. p) = Y (1 —pri) " 0:i3(0)ei,  Vrp(y) =D 0i3(0)es,
=1

i=1
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where {e;}1_, is the standard basis of R™ and &; := k;(y), ¢ = 1,...,n—1. Hereafter
we omit the varlables p and s = 0 unless we need to specify them. The above
equality yields

n—1
(5.26) Vuly,p) - Vo(y,p) = (1 — pr;) 0t 03,
=1
n—1 -
cg(y)VeMau(y) - Vro(y) = Y e(0.Mou) 0z
i=1
Moreover, (5.19) implies that
— €0 ~ ~ ~ ~
eg(0:Mou) = | (@) T +(0:T) + (0,0) Txi + (0, T)xi} dp,

€go
where x; is given by (5.20), and thus

€01 anl

9 VrMealy) - Vroly) = [ T3 oozdp

go =1
egy n—1 . n—1
—I-/ ﬂZ@iJai&dp—&- {(8 u)J—!—u@J}le 0;pdp.
€90 i=1 =1

From this equality and (5.26), we obtain I(y) =1 + I + I3 with

g1 Nn—l
L= [T e - 0T 5,

€90 i=1
egy n—1 N n—1
I :/ Uy 0] 0:pdp, Iy = {(a W)J +(0,0)} Y xi i@ dp.
€90 i=1 g i=1

Let us estimate these integrals. By the definition of .J (see (5.18)), we have

Vrd(y, p) = ZaJOPe“ ZaJOP )2:3(0) = VrJ(y, p) - Vre(y).

Hence I5 is of the form

eg1(y)
Iy = / u(y, p)Vrd(y, p) - Vre(y) dp

€g0(y)
and by applying (5.3) to the right-hand side we obtain

€g1 Zl)

(5.27) |Ix] < ce|Vrply \/ u(y, p)| dp.
90(y)

Next we estimate 5. By the definition of @, J, and ; (see (5.18) and (5.20)),

9,(0,p) = v(y) - Vuly, p),  9,J(0,p) = 8,J (y, p),

ZXZOP 0, 3(0 %«p—ego( DVrg1(y) + (c1(y) — P)Vrgo(y)} - Vee(w).
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Hence I35 is of the form

£g1(y)
Iy = / Xe (¥, p) - VeoW){v(y) - Vuly, p)J(y, p) + u(y, p)9,J (y, p)} dp,

€g0(y)

where xc(y, p) := {(p = €90(y)) Vr91(y) + (€91(y) — P)Vrgo(y)}/g(y). Since Vrgo,
Vrgp are bounded and g1 — go = g, there is a constant ¢ > 0 independent of y and

€ such that

[Vrgo(y)| + [Vrg:(y)] {p
9(y)

for all p € (ego(y),e91(y)). From this inequality and (5.2), (5.3), we obtain

IX<(y,p)| < —eg0(y)) + (eg1(y) —p)} < ce

€g1(y)
(5.28) T3] < ce|Vre(y)| ([w(y, p)| + [Vu(y, p)|) dp.

€90(y)

Let us estimate I;. For all p € (ego(y),e91(y)) and i =1,...,n — 1, we have

(1= pri) 2 = 1] =

/Op %((1 — rm)*z) dr

< 2e|k;| max |gr(y)| sup |1 —rrg 73 <ce
k=0,1 re(—6,8)

with a constant ¢ > 0 independent of y and €. Here the last inequality follows from
(5.1). This inequality together with Holder’s inequality and (5.1) implies that

n—1 n—1 1/2 n—1 1/2
Z{(l —pri) 2 = 1}0;u0;p | < ce (Z(aﬂ)2> (Z(@‘@ﬁ

i=1 i=1

_ 12 /g 1/2
< ce (Z(l — pmi)_2(8i6)2> (Z(az@2> < ce|Vu(y, p)||IVre(y)]

i=1 i=1
with some constant ¢ > 0 independent of y, p, and €. Hence we obtain
€g1(y)

(5.29) [I1] < ce|Vrply \/ [Vu(y, p)|J dp
€90 y)

591
< c|Vroly \/ Vu(y, p)| do,

where we used (5.2) in the second inequality. Finally, the inequality (5.25) follows
from (5.27), (5.28), and (5.29). The proof is complete. O

The above lemma gives an estimate for the L?(I")-norm of VpM_u.
Lemma 5.9. Ifu € H'(Q.), then M.u € H'(T') and
(530) HVI‘MEUHL?(F) < CE_I/2HU||H1(QE)
with a constant ¢ > 0 independent of €.

Proof. First, we show (5.30) for all u € C*°(Q.) N H(€2). For such v, its average
M_u is smooth on T' and thus in H*(T') by the compactness of I'. We substitute
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M_u for ¢ in (5.23), (5.24) to get
/ g|VrMou|f* dH" ! =71 </ Vu-VM.udr — Ial(u,Meu)),
T Q.

112 (u, Meuw)| < c2®2{|ul| g1 .|| Ve Meul| 22 (.-

Hence, by (2.1), Holder’s inequality and (5.11) we obtain

IV Mol </g|VpM€u|2dH”_1
T

< e ! (HVUHL'Z(QE)HVMEU

I (u, M,
iy T M) )

< e MY+ 3 |ull g oy Ve Meul p2(ry

< e M2 ul| g1 (o) IV P Meu| L2 (ry

and thus (5.30) follows when u € C*°(Q.)NH (). Since Q. is bounded, C>(2.)N
H1(€,) is dense in H'(€2.), see [9, Section 5.3.2] for the proof. Hence the density
argument together with Lemma 5.3 yields that M.u € H*(T') and (5.30) holds for
all u € H(Q.). O

Remark 5.10. By Lemma 5.5 and Lemma 5.9, the bilinear form I2(u, ) given
by (5.23) is well-defined for all w € H'(Q.) and ¢ € H'(I'). Moreover, since
C>=(Q.) N HY(€.) is dense in H'(Q.), the density argument implies that (5.24)
also holds for all u € H'(€,) and p € H*(T).

5.3. Material derivatives of the average operator. Now let us return to the
evolving surface I'(¢). Recall the function spaces L%l( oy and Hr given by (3.1) and

(4.1), respectively. By the results in the previous two subsections, we can show
that the average operator M. defines a bounded linear operator from Ly (. into
Hr.

Lemma 5.11. Ifu € L%{I(E), then M.u € Hp and

(5.31) 1Moy < e ull 2

Hl(e)

with a constant ¢ > 0 independent of €.

Proof. Let u € L%l(g). By (5.7) and (5.30), there is a constant independent of &
such that

[Meu()|| L2y < 6671/2Hu(t)”L2(Qg(t))a
IV p ) Mew(t)l| 2oy < ce ™2 (ul) | . o)
for all ¢ € (0,T). Hence (5.31) follows. O

By the above lemma, we can consider the weak material derivative of M.u € Hp
for u € Lffl(g).

Lemma 5.12. Let ¢ € C'(St) and B be its extension to the normal direction of
I'(t). Then

(5.32) *e(p(x,1),t) = 0;p(x, 1) + {Vr(p(x,1),t) + a(z, 1)} - V(z, )
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holds for all (x,t) € Ny with a vector field a : Ny — R™ given by

(5.33) a(z,t) == d(z,t){0w(p(z,t),t) + Vv(p(z,t),t)Vr(p(x,t),t)}.
Here Vv := (0v;/0x); ; is the gradient matriz of v.

Proof. We define a mapping ¥ as

(5.34) U(X,t) = 2(p(X,0),t) + d(X,0)v(2(p(X,0),1),

t)
for (X,t) € N(0) x (0,T). For each t € [0,T], since every x € N(t) is represented
as ¢ = y + pv(y,t) with unique y = p(z,t) € T'(t) and p = d(z,t) € (=6,0),
where § > 0 is a constant independent of ¢, the mapping ¥(-,¢): N(0) — N(t) is a
bijection whose inverse ®~1(-,¢): N(t) — N(0) is given by

(5.35) U (x,t) := @ N (p(x,t),t) + d(z, )v(® " (p(w,1),1),0), (x,t) € N
Let ¢ € C*(S7). Then it follows from (5.34) and the definition of % that
P(W(X,1),t) = p(p(V(X, 1),1),1) = p(®(p(X,0),1),1), (X,t) € N(0) x (0, T).

We differentiate both sides of the above equality with respect to t. By the definition
of the material derivative of ¢ € C*(S7) (see (4.12)), we have

%(@(‘I’(P()ﬂ 0),t),t)) = 0°p(2(p(X,0),t),¢).
On the other hand, from (5.34) we have 0; (X, t) = 9;®(p(X,0),t)+A(X,t), where
A(X,t) := d(X,0){0w(2(p(X,0),1),t) + Vi (@(p(X,0),t),t)0:P(p(X,0),¢)}.
Hence we obtain
8’@(®(p(X, O)vt)vt) =
Op(U(X,1),t) + {0 ®P(p(X,0),t) + A(X,t)} - V(¥ (X, 1),1).

0),t) =p(¥(X,t),t) for all (X,t) € N(0) x (0,T) by (5.34),
t),t) for all (Y t) €Ty x (0,7), it follows that

Moreover, since ®(p

and 0,®(Y, 1) = (<(I>(

P o(p(V(X,1),1),1) =

Op(W(X,1),t) + {Vr(p(¥ (X, 1), 1),1) + A(X, 1)} - VB(¥(X, 1), 1)
for all (X,t) € N(0) x (0,T). The above equality implies that
0*¢(p(z,t),t) = 0p(x,t) + {Vr(p(z, 1), 1) + AT (2, 1),1)} - Vp(a, 1)
for all (x,t) € Np, since U(-,t): N(0) — N(t) is a bijection for each t € [0,T]. Here
the vector field A(W~1(z,t),t) is of the form
AUz, 1), 1) = d(T™ (2, 1), 0{0w(p(x, 1), t) + Vv(p(z, 1), t) Ve (p(, 1), 1)}.

This is exactly the vector field a(x,t) given by (5.33) since d(¥~1(z,t),0) = d(x,t)
holds by (5.35). Hence (5.32) follows. O

Remark 5.13. Let ¢ € C'(Sr). Since p(y,t) =y and d(y,t) = 0 for all (y,t) € St,
we have

=07+ -Vo=02+Vv-Vo+ V! -Vry® on St

)

by Lemma 5.12. Here the last equality follows from the fact that V{7 is tangent to
I'(t). Based on this equality, the material derivative operator acting on functions
on I'(¢) is formally represented as 9* = 9; + Vp -V =0, + Vv -V + Vi - V.
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Using the above lemma, we derive an integral formula related to the weak time
derivative of a function u € L%,l( o) and the weak material derivative of its average
M.u € Hrp.

Lemma 5.14. Let u € L} () and p € Cy(St). Then we have

T
(5.36) / / uoipdrdt =
0 Ja.w

T
—e(0* M u, go)T — 5/ /( )(8'9 + gdivpp V) (Mcu)e dH L dt
0o Jre
T
—s/ / g(M.u)VE - Vp(t)c,ad?-ln*1 dt + I (u, p; T).
o Jro
Here 12(u,¢;T) is a residual term that satisfies

T
(5.37) 112 (u, ; T)| < 053/2/0 lu() 2. o) IV @y () L2 (0 dt

with a constant ¢ > 0 independent of u, @, and €.

Note that the tangential velocity V¥ appears instead of the total velocity Vi in
the third term of the right-hand side of (5.36), see Remark 5.15 below.

Proof. By (5.32), we have 0°¢ = 9,5 + (Vr +a) - V@ on Nr, where a is the vector
field on N7 given by (5.33). Hence if we set

I?(u, 0; T) :/OT/QS(t)u{a-ch+Vr~ (V67W>}dxdt,

then we have

T
(5.38) / / uwOpdr dt =
o Ja.o
T —_ —_ —_—
/ / (9% — Vi - Vrp) dwdt + I2(u, 93 T),
o Ja.o

Let us compute the first term of the right-hand side of (5.38). From the co-area
formula (5.4) and the definition of the weighted average M.u (see (5.5)),

T
/ / u(x,t)0%¢(x,t) dz dt
0o Ja.m

T EQI(y’t) 1
:/ /()/ u(y,t, p)0°p(y,t)J (y,t, p) dpdH" ™" dt
0 I'(¢t 5

go(y,t)

T
—c / / oy 1) Meu(y, 1)0°(y, 1) dH " dt.
o Jre
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On the other hand, by the definition of the weak material derivative of M.u € Hp
(see (4.14)),

(0" Mo, g¢)r / |, (09 (09) + (Vewgp v Vo) a7
I'(t

B _/ o, (@7 g dive Vi) (Mg 4+ g(Me) 9o} it
I(t)

Thus it follows that

T
(5.39) / / uwd*pdrdt =
0 JQ(t)

T
—e(0°* M u, go)r — 5/ (0°g + gdivp) Vi) (Meu)p dH" " dt.
o Jru

Next, since Vr is of the form Vi = V;Nv + V¥ and V)¢ is tangent to I'(t), we
have Vr - Vpgyp = Ve V) on Sp. This equality together with the co-area
formula (5.4) yields

/ u(x, t)Vr(a,t) - Ve, t) da
Q.(t)

€g1(y,t) L
/F( )/ uw(y, t,p)Vr(y,t) - Ve ey, t)J(y, t, p) dpdH"~
t

€90 (y,t)

= 6/1“( )g(y,t)MEU(y7t)V§(y7t) Ve, t) dH !
t

for all t € (0,T) and thus

(5.40) / / Vp Vp(t dw dt = 5/ / (M u) T Ve dH™ 1 dt.
Q:(t) F(t)

Substituting (5.39) and (5.40) for (5.38), we obtain the equality (5.36).

Let us show the inequality (5.37). In (5.33), the first-order derivatives of v
are bounded on Nt and Vr is bounded on Sp. Hence there is a constant ¢ > 0
independent of € such that

la(z,1)| < cld(x,t)] < cemax sup |gi(y,t)| < ce
1=1,2 -
" (y,t)EST

for all (x,t) € Q. By this inequality, Hélder’s inequality, and (5.11) we obtain
|12 (u, 3 T))|

T
< [ Tl (AVEO 0.0 + [0 - Tro o]

) it
L2(Q:(t))

T
< o2 / la(®) |22 cr, o IV 0 (Ol 2 ey .

Thus (5.37) holds. O



ZERO WIDTH LIMIT OF THE HEAT EQUATION ON MOVING THIN DOMAINS 29

Remark 5.15. Let I' C R” be a closed, compact, connected, and oriented smooth
hypersurface. Then, since OT' = (), the integral formula (see [24, Section 7.2])

/divFVdH"_l = —/(V-u)Hd’H"_l
r r

holds for smooth vector fields V: I' — R™. Here v is the unit outward normal
vector of I and H := —divrv is the mean curvature of I". This formula yields the
equality

/V -VrpdH" ! = —/{divFV+ (V-v)H}pdH" !
N I

for smooth functions ¢ on I'. In this equality we decompose V = VNv4+VT into the
normal component V¥ := V - v and the tangential component V7 :=V — (V- v)v.
Then, since v - Vrp = 0 and

dive(VNv) = ViV v + VVdivey =0+ VY . (=H) = —(V - v)H,

we obtain a usual integration by parts formula
(5.41) / VT . VrpdH™ ! = — / edivp VT aH™ !,
r r

which we will use to recover a limit equation on I'(¢) from its variational formulation.
This is the reason to use the tangential velocity V¥ in (5.36) instead of the total
velocity Vr of T'(¢).

6. CONVERGENCE AND CHARACTERIZATION OF THE LIMIT

6.1. Variational formulations of the average of solutions to the heat equa-
tion. Let us return to the initial-boundary value problem (H.) of the heat equation.
By Theorem 3.4, for every u§ € L?(Q.(0)) there is a unique variational solution
u® € L%I(E) to (He).

Let M. be the average operator defined in Definition 5.1. Our goal in this
subsection is to derive a variational formulation of M_u®.

Lemma 6.1. Let u§ € L*(Q.(0)) and u® € L%I(E) be a unique variational solution
to (H.) given by Theorem 3.4. Then, M.u® € Hy and it satisfies

T
(6.1) (0°M.u®, go)r + / /( )(3'9 + g divpe V) (Meu®)p dH 1t dt
o Jre
T
w0 T M+ QL R Vgt e = Lo i)
o Jre
for all o € C3(S7). Here I.(uf,p;T) is a residual term that satisfies

T
(6.2) [ (u®,0;T)| < 051/2/0 lu® ()| 71 . @) IV () || 2 (reyy dt
with a constant ¢ > 0 independent of u®, p, and €.

Proof. Since u® € leql(s)’ we have M.u® € Hp by Lemma 5.11. For each ¢ €
C(Sr), its extension P is in C1(Q. ) and satisfies $(0) = 0 in Q.(0) and B(T) = 0
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in Q.(T). Thus, by substituting @ for w in the variational formulation (3.2) we
obtain

T
(6.3) / / (—u 0y + Vu® - Vo) dxdt = 0.
o Ja.

Moreover, from Lemma 5.7 and Lemma 5.14 we have

T
(6.4) / Vu® - Vodrdt =
0 Qe (t)

T
8/ / ng(t)MsuE . Vp(t)ﬁp dH™ L dt + Iel (ug, ©; T)
o Jre

arn

d
T
(6.5) / / u*Oypdr dt =
0 Qe (t)

T
—e(0°M.uf, gp)r — s/ / (0°g + g divp) Vi) (Meuf )p dH" 1t dt
0 JT()

T
—6/ / (M) - Vg dH" ™ dt + 12 (uf, 5 T),
o Jre

where I} (u®, ¢; T) and I2(uf, ; T) satisfy

T
(6.6) |I£(u®, ;7)) §C63/2/ lu® )l @) [Ve@e @l 2y dt. k=1,2,
0

with some constant ¢ > 0 independent of €. Hence, by substituting (6.4) and (6.5)
for (6.3) and dividing both sides by &, we obtain (6.1) with the residual term

L(u,;T) i= e I (w5, 0 T) = L (u, 0 T) },
which satisfies (6.2) because I}(u, p;T) and 12(uf, ¢;T) satisfy (6.6). O

6.2. Estimates for the average M.u° in the space Wp. In this subsection, we
estimate M.u® in the Hilbert space Wy given by (4.15).

Lemma 6.2. Let uf € L*(Q:(0)) and u® € L?ﬁ(g) be a unique variational solution

to (H.) given by Theorem 3.4. Then, M.u® € Wy and there exists a constant ¢ > 0
independent of u® and € such that

(6.7) 10" Mol < e(IMev® oy + €2z, ).

Proof. Let ¢ be an arbitrary function in C3(Sr). By substituting g=¢ € C§(Sr)
for ¢ in (6.1), we obtain (9°*M.u®, o)1 = I(u®, ) + I (uf, g tp; T), where

T
I(u®, @) = / /( ){g’l(VrT - Vrwg — 0%g) — divpy Vo H(Meu®) o dH™ ' dt
0 I'(¢t
T
[ T Mo QL) Ve dH
o Jr

T
+ / / gfl(Vp(t)g . Vr(t)MEUE)QD dH 1 dt.
o Jre
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Since g and Vi are smooth on S, they are bounded on St along with their deriva-
tives. Moreover, g~! and V{7 are bounded on Sy. Thus we have

[ (u®, )| < cl| Meu®| mr [l a1
with a constant ¢ > 0 independent of u®, ¢, and e. Also, by (6.2),
I (u®, g~ ;1)

T
< 051/2/0 [ ()| e () | Ve (97 @) @) | 220y dt

T
< 081/2/0 ||u€(t)||H1(QE<t)>(||<P(t)||L2(r(t)) + |\Vr(t)90(t)||L2(r(t)>> dt

< 1/2 £
< e ellya, lollne

with some ¢ > 0 independent of u®, ¢, and . Hence we obtain
(0 Mow, o) r| < |I(u, 9)] + | Ic(u®, g7 o; T))|

< el Me 1y + €22

H1(e)

il

for all ¢ € C}(St), which implies that M.u® € Wz and the inequality (6.7). O

Remark 6.3. Since M.u® € Wy and C}(St) is dense in Hr (see Lemma 4.2),
the equality (6.1) also holds for all ¢ € Hp. On the other hand, since Wy, is
continuously embedded into Wp, when 77 > T,, we have M.u® € W, for each
7 € [0,T]. Hence (6.1) and (6.2) with T replaced by each T € [0,T] are also valid
for all p € H,.

Lemma 6.4. Let uf, u® be as in Lemma 6.2. Then there exists a constant ¢ > 0
independent of ug, u®, and € such that the energy estimate

(6.8) ||MEUE(T)|\%2(F(T))+/O IV 0y Meu® () 1|72y dt

< o IMeugl3e gy + elus 120 o))
holds for all T € [0,T].

Proof. As we mentioned in Remark 6.3, the equality (6.1) holds with T replaced
by each 7 € [0,7]. Hence, by substituting g~*M.u® € H, for ¢ in (6.1) with T
replaced by 7, we obtain

(0°Mou®, Mouf), +/0 HVr(t)MeUE(t)”%%F(t)) dt
+/ {971(0% — Vi - Vir(9) + divee) Ve } [Meu® | dH" " dt
0 T(t)

+ / Mo (ViF — g7 'V g) - Vg Meu® dH™ 1 dt
0 JT(t)

= Is(ua,gflMgug;T).
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Moreover, from (4.18) with T replaced by 7,
1 T
(0° Mo, Moy, = —> / / Mo [? divp ) Ve dHP dt
2Jo Jrw

1 1
+ §||Msus(7)||2p(r(r)) - §||M€u5(0)||%2(ro).

Applying this equality and the relation u(0) = u§ in L?(£2.(0)) (see Theorem 3.4)
to the above equality, we have

1 T
69) MOy + [ 17r0 Mo (Ol o

1 _
= SIMeuglTemy + L) + Ba(7) + L(u®, g~ Meu; 7),

Li(r) = —7/0 F(t){Qg_l(a'g — Vi Vrwg) + dive Vi HMeu®|? 1" dt,

I(r) = —/O 5 )Meuf(vrT—gflvp(t)g)-vp(t)MEuE dH" 1 dt.
t

Since ¢ and Vi are smooth on Sz, they are bounded on St along with their deriva-
tives. Also, g~ ! and VFT are bounded on S7. Thus it follows that

L(r)] < e / M ()12 ooy
(6.10) 0

B0 < ¢ [ 1M (0] oy Ve Mo Ol
0

On the other hand, the inequality (6.2) with T" replaced by 7 yields

(6.11)  |I.(u, g~ *M.us;7)|

SCE1/2/0 ||u€(t)||H1(Q£(t))||VF(t)(g_1MEu€)(t)||L2(F(t)) dt

< cell? / )l a1 o0 o (| M () 200y + IV Mee® ()| 20y )

Thus, by applying (6.10) and (6.11) to (6.9), we obtain
1 . T e
SIMAE O airiey + [ 1900 Mo (0
< Yingag)2 L Ve Mo ()2 dt
> 2” Eu0||L2(F0) + 2 /s [ I(t)e ()HL2(F(t))

o [ (1 Oy + el O s )

We multiply both sides by two and subtract [, ||V Mu® (t>||%2(1“(t)) dt to get
I Meu® (7)1 72 (0 +/0 IV Meu® ()12 0oy dt

< Iy < (Mo O + el O o) o
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Hence Gronwall’s inequality implies

1Mo ()22 0y +/0 IV Meu® ()12 0 dt
< 12 €12
< (M5 + el )

for all 7 € [0,T], and we obtain (6.8) by applying (3.15) to the second term of the
right-hand side of the above inequality. O

Lemma 6.5. Let uf, u® be as in Lemma 6.2. Then there exists a constant ¢ > 0
independent of uy, u®, and € such that

(6.12) 1Mo wr < (| Metigllz2ry) + €265 220 0)))-
Proof. Tt follows from (6.8) that
1M ||y < (| Meug]| 2 () + "2 g L2 (0. 0)-
Moreover, by applying this inequality and (3.15) to (6.7) we have
10* Moz, < (| Mot 10y + €2z, )
< e(IMeug L2 ry) + 2 llugll L2 . 0)))-

Thus we obtain (6.12). O

6.3. Limit equation on evolving surfaces and weak convergence of M_u®.
Assume that I (u, ¢; T') = 0 holds for all p € C}(S7) and v = M_.u? is independent
of € in the variational formulation (6.1). Then, v satisfies

T
(6.13) (0%v,gp)r + / / (8°g + gdivr)Vr)vedH" " dt
o Jr

T
+ / / g(Vp(t)v + UVI—T) . Vp(t)(pd']‘[nil dt =0
o Jre

for all ¢ € C}(Sr). In addition we assume that v is sufficiently smooth. Since
vector fields gvVi¥ and gV (v are tangent to T'(t) for each ¢ € [0, 7], we can apply
the integration by parts formula (5.41) to obtain

(0%, 9¢)r
T
+ / /( ){(8'9 + gdin(t)VF)U — din(t) [g(Vp(t)’U + UVFT)} } gpd’Hn—l dt
o Jr@
= 0.
Since this equality holds for all ¢ € C}(St), we conclude that v satisfies
8’(91}) + (g diVF(t)VF)’U - diVF(t) [g(VF(t)v + ’UVFT)] =0 on Sr.

This is the limit equation of (H.). To justify the above argument, we employ a
variational framework introduced by Olshanskii, Reusken, and Xu [18].
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Definition 6.6. Let vy € L*(I'g). A function v € Wy is said to be a variational
solution to the initial value problem

(H ) 8’(971) + (g diVF(t)VF)”U — diVF(t) [g(VF(t)v + ’UVIT)] =0 on ST,
0 v(0) = vo on Ty,

if v satisfies (6.13) for all ¢ € Hy and v(0) = v in L?(Ty).

Remark 6.7. By Lemma 4.4, the trace operator v — v(t) is well-defined as a
bounded linear operator from Wy into L2(I'(t)) for every ¢ € [0,7]. Thus the
condition v(0) = vy in L?(T'y) makes sense.

Remark 6.8. Suppose that v € Wr is a variational solution to (Hp). Then, we
have v € W, for each 7 € [0,T], since W, is continuously embedded into Wr.
Moreover, by taking test functions ¢ from C}(S;) we observe that v is a variational
solution to (Hp) with T replaced by 7.

We first prove the uniqueness of a variational solution to the initial value problem
(Ho).

Lemma 6.9. For each vog € L*(T'g), there is at most one variational solution to
(Ho).

Proof. Since (Hp) is linear, it is sufficient to show that if v € Wrp is a variational
solution to (Hp) with zero initial data, then v = 0.

Let v be a variational solution to (Hy) with v(0) = 0 in L?(I'g). For each
7 € [0,T], we substitute g~'v € H, for ¢ in (6.13) with T replaced by 7 and
compute as in the proof of Lemma 6.4 (replace M.u® by v and omit I.(u®, ¢;7)).
Then we have

o)y + / Ve 002 ey dt < [0(0)][2ryy + € / o812 e .

Since v(0) = 0 in L?(T), the above inequality yields

o) < | 10 s
Hence by Gronwall’s inequality we obtain v(7) = 0 for all 7 € [0, 7). O

Now let us show that {M.u°}. converges weakly in Wr and that the limit is a
unique variational solution to the initial value problem (Hy).

Theorem 6.10. Let u§ € L?*(Q.(0)) and u® € L%ﬁ(a) be a unique variational

solution to (H.) given by Theorem 3.4. Suppose that the following two conditions
are satisfied.

(a) There exist constants ¢ > 0 and y € (0,1/2) such that ||ugl| 2. 0)) < ce™”
for all e > 0.
b) There exists vo € L*(To) such that {M.ui}. converges weakly to vy in
( 0 ) Y
L?(Ty) as e — 0.

Then {M.u®}. converges weakly in Wr as e — 0. Moreover, the weak limit v € Wr
of {M.u®} is a unique variational solution to (Hy) with initial data vg.
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Proof. (1) By the condition (b), {M.ug}. is bounded in L?(Ty). From this fact,
the inequality (6.12), and the condition (a) it follows that

(6.14)  [1Metllwy < c(IMeuglzamy) + 2105l 2 0p) < el +e77H2) < e

with some constant ¢ > 0 independent of . Here the last inequality follows from
the condition v € (0,1/2). Hence { M u®}. is bounded in the Hilbert space Wr and
there exist v € Wr and a sequence {e, },, of positive numbers with lim,_,., &, =0
such that {M, u®"},, converges weakly to v in Wy as n — oco.

Let us show that v is a unique variational solution to (Hy) with initial data vg.
First we show that v satisfies the variational formulation (6.13) for all ¢ € Hy. To
this end, we return to the variational formulation (6.1) of M, u®m:

T
(6.15) (9°M., u°", gp)r + / / (8°g + g divp) V) (M., u" ) dH™ ' dt
0 T'(t)

T
+/ /( )g{Vr(t)Menug" + (M, us)Vi'} - Ve dH™ " dt
0 I'(¢t
=1, (UE"aSD;T)~

Let n — oo in (6.15). Since { M, u®"},, converges weakly to v in Wr as n — oo and
g, Vr are bounded on St along with their derivatives, the left-hand side of (6.15)
converges to

T
(0%, go)r +/ / (%9 + g divp) Vr)vp dH" ™ dt
0 r'(t)

T
+ / / g(VF(t)’U + HVI—T) . VF(t)QO dH™ 1 dt.
o Jre
On the other hand, it follows from (6.2) and (3.15) that

T
I, (u", ;)| < 052/2/0 lu= () 2., o) Vo))l 2 0y dt

En

1/2
n

22, el < ced?llug |z, op Il s

<
S ce e

[

with a constant ¢ > 0 independent of &,. This inequality and the condition (a)
imply that

(6.16) 1L, (u", ;7)) < ce "2l gy, — 0, as n— oo,

since v € (0,1/2) and ¢ is independent of €,,. Hence v satisfies (6.13) for all ¢ € Hyp.

Next we show that v(0) = vg in L?(T'g). We take a function n € C°°([0,T])
such that #(0) = 1 and n(T) = 0. For each ¢y € C®(Ty), we set ¢(y,t) =
©0o(®(y,t))n(t) for (y,t) € Sy. Due to the smoothness of @1, the function ¢

is smooth on St and thus ¢ € Wp. Moreover, ¢ satisfies ¢(0) = g on I'g and
©(T) = 0 on I'(T). Substituting g~1¢ for ¢ in (6.13) and (6.15), we have

T
(0%, )7 + / / (gfla'g +divpy Vr)v e dH™ L dt
o Jrw

T
+/ /( )g(vr(t)v +oVE) - V(g ) dH" 1 dt =0
0 I'(t
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and

T
(0° Mo, o + / / (6710%9 + divpg Vi) (M, u o dH" dt
o Jru

T
+/ /( )g{Vr(t)MsnuE" + (Mo, u )R} Vi (97 ) dH™ dt
o Jrg

= IEn (uETL?g_lgp;T)'

Since ¢, v, and M., u®" are in W, we can apply the identity (4.18) to get

T
(0%, o) = — (0%, V)T —/ IO dH™ ! —/ / v divpe Vr dH" 1t dt
To I'(t)

and the same identity for M, u®~. Here we used the conditions ¢(0) = ¢¢ on I'y
and ¢(T) =0 on I'(T"). Thus we have

(6.17) — / / Lo g vpdH™ L at
r(t)

+/ / g(Vr(t)ererT)-Vr(t)(g’lw)dﬂn’ldt:/ v(0)po dH" !
0 JI() To
d

ar

T
©18) — @Myt [ ] g @M, e
T(t)
T
+/ /()g{vr(t)ManE" + (M., u)VE } - Vrw (g™ Yo)dH T dt
0 I'(t

/ (M, ug" )po dH" ™" + L, (u, g3 T).
To
Let n — oo in (6.18). Since {M.u5}. converges weakly to vg in L?(I'g) as € — 0,

lim / Me, ug™ @o dHM ! = / vo o dH™ L.
Ty To

n—oo

Moreover, since {M. u®"}, converges weakly to v in Wr as n — oo and (6.16)
holds with ¢ replaced by g~'¢, both sides of (6.18) converge to

(6.19) — // Lo g)v pdH™ 1t dt
r'(t)

+/ / 9(Vryo +oVE) - Vg (g7 ) dH™ dt = / vo o dH" L.
o Jrw T'o
Comparing (6.17) and (6.19), we obtain

/ v(0)pg dH" ' = / vo o dH™ ™ for all @y € C>(Ty).

o To

Since C>°(Ty) is dense in L?(Ty), it follows that v(0) = vy in L?(Iy). Hence v
is a unique variational solution to (Hy) with initial data vy. Here the uniqueness
follows from Lemma 6.9.

(2) Let us prove that { M u®}. itself converges weakly to v in Wr as € — 0, that
is, the equality lim._,o f(M-u®) = f(v) holds for every bounded linear functional f
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on Wrp. To this end, we assume to the contrary that there are some bounded linear
functional f on Wy, sequence {e,}, of positive numbers with lim,,_,~ &, = 0, and
positive constant ¢ such that

(6.20) |f(M, u®") — f(v)] > ¢ forall neN.

Since { M, u"},, is bounded in Wr by (6.14), there is a subsequence of { M., u°"},,
which is again referred to as {M., u°"},, such that it converges weakly to some
v* € Wr as n — co. However, as in the first part of the proof, we can show that v*
is a variational solution to (Hy) with initial data vg. Thus Lemma 6.9 implies that
v* = v and it follows that lim,_, f(Mc, u") = f(v*) = f(v), which contradicts
with (6.20). Hence the assumption is false and we conclude that {M.uc}. itself
converges weakly to v in Wp as € — 0. The proof is complete. O

Corollary 6.11. For every vg € L*(Ty), there exists a unique variational solution
to (Ho)

Proof. For each € > 0, we define a function u§ on Q.(0) as

UO(p(X? 0))
o(X) = , X €0.(0).
O T00X,0),0.(X,0)) O
Clearly M.u§ = vo holds on T'y. Moreover, by the co-area formula (5.4) and (5.2)
we have

eg1(Y,0) 1/2
46l L2 (2. (0)) (/ / lvo(Y)|2J(Y,0,p)” 1dpd7-["_1>
To

g0(Y,0)
1/2
<o [ comopmPa ) < e unlm,
To

with a constant ¢ > 0 independent of . Hence u§ € L*(Q(0)) and u§, vo satisfy the
conditions (a) and (b) of Theorem 6.10. Thus the corollary follows from Theorem
3.4 and Theorem 6.10. O

Remark 6.12. Let H := —divp)v be the mean curvature of I'(t). Since the
material derivative operator is formally of the form 0® = 0; + VIJV v-V+ V7. V)
and the equality divy) (Vi v) = =V H holds (see Remark 5.13 and Remark 5.15),
the limit equation (Hy) is formally equivalent to

9 (gv) + ViNv - V(gv) — V¥ Hgv — divp(y (9Vr@v) =0 on St

This equation depends on V;¥v and Vi H, which represent the geometric motion
of T'(t). On the other hand, it is independent of the tangential velocity V{¥, which
represents advection along I'(¢). Hence, as we mentioned in Section 1, the evolution
of the limit v given by Theorem 6.10 is not affected by advection along T'(¢), but
the geometric motion of I'(¢).

6.4. Estimates for the difference between solutions to the heat equation
and the limit equation. Let us estimate the difference between variational solu-
tions to (H.) and (Hy). For a function v on St, let T be its extension to the normal
direction of I'(¢). Also, for a function u on Q. r, we set

T
220 0y = ( I |u|2d:rdt>
0 Q. (t)

1/2
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Theorem 6.13. Let u§ € L*(Q.(0)) and u® € Lip(e) be a unique variational

solution to (H.). Also, let vg € L*(Ty) and v € Wr be a unique variational
solution to (Hp). Then, there exists a constant ¢ > 0 independent of u§, u®, v, v,
and € such that

(6.21) [u =l 2(q..r) < c(lug = Toll L2 (.0 + 2 lvollL2(ry))-
In particular, if im0 [|u§ — Tol|£2(. (o)) = 0, then lim. o [[u® —T]|2(q. ) = 0.
We first estimate the difference between M. u® and v in the space Wr.

Lemma 6.14. Let ug, u®, vo, v be as in Theorem 6.13. Then, there exists a
constant ¢ > 0 independent of ug, u®, vo, v, and € such that

(6.22) 1Mo = vllwy < (I Meug — vollz2ry) + 2 ufllz2a.))-

In particular, if lim. o [[Mcu§ — vol L2ry) = 0 and lim._o 51/2||U8||L2(QE(0)) =0,
then {M.uf}. converges strongly to v in Wrp.

Proof. For each 7 € [0,T], we subtract both sides of (6.13) with T replaced by 7
from those of (6.1). Then we have
(0*(Meu® —v),g9)r + / / (0°g + g divp) Vi) (Mou® —v)pdH" " dt
o Jr

+ / / g{Vp(t) (Meu® —v) + (Mu® — U)VFT} Ve dH™ 1 dt
0 JI(t)

= L(u®, ¢57)

for all ¢ € H,. Hence, by calculating as in the proof of Lemma 6.2, Lemma 6.4
and Lemma 6.5 (replace M u® by M.u® — v), we obtain (6.22). O

Proof of Theorem 6.13. (1) First we show the inequality

(6.23) lu® = Bllr2(q. py < ce'2(IMeu — vollL2(ry) + €2 llug 20 o)) -

To this end, we use the triangle inequality

= Tllza(gu) < ||u — Mo

+ |7 - 7]
LQ(QE,T) L2(Q6,T)

and estimate the right-hand side of the above inequality. By (5.8) and (3.15), we

have
‘ L2 (Qs,T)

with a constant ¢ > 0 independent of €. On the other hand, by (5.6) and (6.22),

u® — M.ué

< cellwflpe, < cellugllzz. o)

< cel/?

L2(Qe,T)
< ee' 2 (| Meug — voll r2ry) + €2 lufl 12(00,))-

HMEUE—@ 1Mo — o]y

Hence (6.23) follows.
(2) Next we estimate the right-hand side of (6.23). Hereafter we identify u§ with
a function

ug (Y, p) :=ug(Y + pr(Y,0)), Y €T, p € (e90(Y,0),e91(Y,0)),
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and omit the variables Y, p, and ¢t = 0 unless we need to specify them. We set
1 €g1 €g1

Vo
I := — ug —vg)J dp, Iy:=— J—1)dp.
= (ug — vo) 2= L (J-1)

Then M.u§ —vo = I + I holds on T'y. By Holder’s inequality and (2.1), (5.2), we
have
€91

1 €91
|12 < 5/ [ug — vo|?J? dpgcsfl/ lug — vol?J dp.

g0 go
On the other hand, (5.3) yields |I| < cz|vg|. Hence

| Moug — v0||2L2(F0) < c/ (1L ]? + |Io]?) dH"
To

€91
< c/ <€1/ lug — vol*J dp + s2|vo> dH" 1
To €90

= c(eMlug - WH%%QE(O)) + €2||U0||%2(r0))~

Here we used the co-area formula (5.4) in the last equality. The above inequality
is equivalent to

(6.24) [Meug = vollL2ro) < (™2 ug — W0l 2 (. (0)) + ellvoll L2 (o) )-
Moreover, by the triangle inequality and (5.6),
(6.25) [ugl 20 0)) < llug —Vollr2(0.(0)) + 100l L2(0. (0))

< |lu§ = Toll L2 (0. (o)) + 2"/ 2||voll 2 (ry)-
Finally, by applying (6.24) and (6.25) to (6.23), we obtain

1/2

e = Blli2(@u.ry < e/ (1Mot = voll 2y + £ S 0 o)

< e2 (72 + £12))lup — ol 2oy + llvoll 2o

< ¢ (1145 = Toll 2. o) + = 2llvol 2oy

with a constant ¢ > 0 independent of e. Hence (6.21) holds. O

7. APPENDIX: HEURISTIC DERIVATION OF THE LIMIT EQUATION

In this section, we give a heuristic derivation of the limit equation (1.1) from
(H.) when Q.(t) is of the form Q.(t) = {z € R" | —¢ < d(x,t) < €}. In this case,
the unit outward normal vector field v, of 9.(t) and the outer normal velocity
VN of 00, (t) are of the form

ve(z,t) = £v(p(x,1),t), V¥ (x,) = 2V (p(x,1),0),  (2,1) € 9Qer,

according to d(z,t) = +e (double-sign corresponds). Thus we start from the heat
equation

Ouf (z,t) — Au(z,t) =0, (z,1) € Qe
with the boundary condition
(7.1) wp(a,t),t) - Vs (2, t) + V& (p(a, 1), hu (2,1) = 0, (2,1) € 0Qer-

To derive the limit equation, we assume that
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(1) The signed distance d(z,t) of x € Q.(t) is negligible (d(z,t) = 0), although
the quantity e~ 'd(z,t) is not negligible.

(2) The relation Vi¥ (p(z,t),t) ~ —d,d(x,t) holds for all (x,t) € Q. 7.

(3) The boundary condition (7.1) also holds in the noncylindrical domain Q. 7.

These assumptions come from the smallness of the width 2e of Q.(t). Taking the
third assumption into account, we consider the two equations

(7.2) Ot (z,t) — Au®(z,t) =0,
(7.3) v(p(z,t),t) - Vus(z,t) + V& (p(x, 1), t)us (2, t) = 0
for (z,t) € Qe 1. Recall that each = € Q.(t) is represented as
x =p(x,t) +d(z, t)v(p(z,t),t), Vd(z,t)=v(z,t) =v(p(z,t),t).
First, we consider the gradient of the projection p(z,t) onto I'(t) given by
oip1 --- Onp1 D1

Vp = : : for p=1|:
8lpn R 8npn Dn

By differentiating both sides of z = p(x,t) + d(x,t)v(x,t) and using Vd(z,t) =
v(z,t), we have

I, = Vp(z,t) + v(z,t) @ v(z,t) + d(z,t) Vv(z,t).
According to the assumption (1), the above equality reads
(7.4) Vp(x,t) = I, —v(z,t) @v(z,t) = I, —v(p(z,t),t) @ v(p(z,t),t).
Now let us define a function v: Sy x (—=1,1) = R as
v(y,t,r) ==u(y +erv(y, t),t), (y,t) € Sp,re(—1,1).
Then u® is represented by v as
(7.5) u®(z,t) = v(p(x, t),t,e td(z,t), (o,t) € Qer.
From the chain rule of differentiation, we have
Vul (z,t) = [Vp(z, )T Vo(p(x,t),t, e d(z, 1))
+ e 0v(p(x, t), t, e td(x,t))Vd(x, t).
By (7.4) and Vd(z,t) = v(p(z,t),t), this equality reads
(7.6) Vu(z,t) = Vppv(p(z,t), t,e " d(z, 1))
+ e 1 0(p(x,t), t, e td(x, t))v(p(a, t),t).

Here we abused the definition of the tangential gradient of functions on Sp. Apply-
ing (7.6) to (7.3) and observing that v(p(x,t),t) - Vrv(p(z,t),t,e td(x,t)) = 0,
we obtain

(7.7) e You(p(x,t),t, e td(x, 1)) = =V (p(x, t), t)v(p(x, t), t,e " 1d(x, 1))
and thus (7.6) becomes
(7.8) Vu(z,t) =~ Vr‘(ﬂ’l}(}?(ﬂ?,t),t,€71d(l',t))

- VFN(p(:L', t)’ t)v(p(am t)a t, 671d({E, t))l/(p(x, t)v t)'
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Next we compute Au® = divVu®. For a vector field F' on Q. (t) with each fixed
t e 0,17,

div F(x) = trace[VF(x)]
= trace[{I, — v(z,t) @ v(z,t)}VF(x)] + trace[v(z,t) @ v(z,t)VEF(x)]
= divpp F(z) +v(z,t) - 0, F (x)
holds since v ® v is a projection matrix onto the v-direction. Hence we have
diV(Vp(t)v(p(x,t),t,e_ld(x,t))) = divp (Vp(t)v(p(x, t),t,s_ld(x,t)))
+v(z,t) - 0, (Vruv(p(z, t), t,ed(z, 1))).
Moreover, since p(x + hv(x,t),t) = p(z,t) and d(x + hv(z,t),t) = d(z,t) + h for
sufficiently small h € R, it follows that
Vewv(p(z + hv(z,t),t),t, et d(x + hv(x,t),t)) =
Vrewv(p(z,t),t, e td(x,t) +e71h)
and thus
A (Vrwv(p(z,t),t,e td(z,t))) =10, Vrpyv(p(z, t), t,e” d(z, t))

by the formula 9, f(z) = limp—o{f(x + hv(z,t)) — f(x)}/h for functions f on Q.(t)
with fixed ¢ € [0,T]. Hence we obtain

diV(VF(t)U(p(Iv t)y ta Eild(x7 t))) =
divr) (Vrgo(p(z, t), t,e (2, 1)) + €10, Vrpv(p(z,t), t,e 'd(z,1)).

Similarly we have

div(Vi¥ (p(z, 1), ho(p(, 1), t,e " d(, £))v(p(x, 1), 1)
= divp (Vr (p(, 1), t)o(p(, t),t, e~ d(@, ) v(p(a,t), 1))

+ vz, t) {7V (p(@, 1), )0 0(p(x, 1), ¢, e (@, 1)w(p(a, ), 1)}

~ dive) (Vi (p(@, 1), Hho(p(, 1), t,e " d(, 8))v(p(z, )7 t))

— (Vi (p(x, 1), 1)} v(p(2,1),t, e~ d(x,1)).

Here the last approximation follows from v(z,t) = v(p(z,t),t) and (7.7). Hence,
by (7.8),

(7.9)  Auf(z,t) ~ divrg) (Vegv(p(z, t), t, e d(z, 1))
+e710, Vrpyv(p(a, t), t,e d(z,1))
— divry (Vi (p(z, 1), o (p(a, 1), t, e~ d(@, 0)v(p(z, ), 1))
+{Vi (o, 1), )} o(p(z, 1), t. e~ d(x, 1))
On the other hand, we differentiate both sides of (7.5) with respect to ¢ to get
opuf (,t) = Oyp(x,t) - Vo(p(w,t),t,e  d(z,t))
+ Ow(p(x,t),t,e td(x, ) + e *0pd(, t)0pv(p(a, t), t, e td(x, t)).
To this equality we apply (7.7) and
oip(x,t) = —0pd(x, t)v(x,t) — d(z, )0 (z,t) ~ V& (p(x, t), )v(p(x,t), t),
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where the last approximation follows from the assumptions (1), (2), and v(x,t) =
v(p(z,t),t). Then we have

(7.10) (1) = Vi (pla, 1), v (p(x, 1), ) - Vo(p(z, ), t, e~ d(x, 1))
+ 0 (p(, 1), e d(a, 1) + {Vi¥ (p(x, 1), )} v(p(a, 1), t, e~ (2, 1)).
Substituting (7.9) and (7.10) for the equation (7.2), we obtain
o(p(x,t),t,e td(z, 1)) + V¥ (p(x, t), )v(p(x, t),t) - Vu(p(z,t), t, e td(x, 1))
+diveey (Ve (p(, 1), v(p(a, ), t, e~ d(@, 0)v(p(x, ), 1))
— divp) (Vp(t)v(p(x, t),t, e td(x, t))) — sflé)rvp(t)v(p(x, t),t,e td(z,t)) = 0.

Now let us make an additional assumption: the function v(y, t,r) is independent of
the variable r. Then, the above equation reads

v (y, ) + ViI¥ (y, v (y, 1) - Voly, £) + divee (VY (v, o(y, )v(y. 1))
—divry (Vrev(y,t) =0
with y = p(x,t) € I'(t). Finally we observe that
diVF(t)(VFNUl/) = Vr‘(t)(VFN’U) v+ Vi divpyr =0+ ViVo - (=H) =~V Hv,
where H = —divpyv is the mean curvature of I'(¢), to obtain

atv(ya )+VF ( Y, ) ( ,t)-Vv(y, ) VF ( Y, )H(y7t)v(y7t)_AF(t)U(y’t) =0

for (y,t) € Sp. This is the limit equation (1.1) we mentioned in Section 1.
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