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1. Introduction and the main result

Let Q be a Jordan region in the two-dimensional Euclidean space R?. We consider the following
Dirichlet problem for the Laplace equation:

u=f onT, (I.D

{Au =0 ingQ,
where I' denotes the boundary dQ of Q and A the Laplace operator. Throughout this paper, we
identify R? with the complex plane C.

As is well-known, the Dirichlet problem (1.1) appears in many fields in mathematical physics
and engineering so that its rapid solver is highly required. The method of fundamental solutions
(MFS) is one of the popular rapid solvers for (1.1). In MFS, we first take the charge points
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{m}¥_, € C\ Q, the collocation points {x j}l}; , C I and then find an approximate solution of
the form

N
uM(x) =Y QE(x— ), (1.2)
k=1

where E(x) denotes a fundamental solution of A with the singularity at the origin and {Qy}Y_,
the coefficient to be determined by the boundary condition;

M) =f(x) (j=1,2,...,N). (1.3)

The most typical choice of E is X
E(x) = _Elog |x|a

and under this selection MFS is also called as the charge simulation method (CSM). Whereas the
method itself is quite simple and the implementation is easy, it is rather difficult to establish the
well-posedness, stability and convergence. As a matter of fact, the first mathematical analysis
of CSM was done by Katsurada and Okamoto [5]. They considered (1.1) in the case where Q is
a disk D, with radius p having the origin as its center, and showed the well-posedness (cf. [35,
Theorems 1]) and the exponential convergence (cf. [5, Theorem 2]) with at most one exceptional
N under the choice of the charge points {y;}}_, and the collocation points {x; }IJV: | as

yi=Ro' ' xj=pa’! (j=1,2,...,N), (1.4)

where @ = exp(27wi/N) and R > p. Unlike the finite difference method or the finite element
method, the well-posedness is not so obvious. In fact, when we take the charge points {yk}fc\’:1
as yy = Ro*1/2 (k=1,2,...,N), there cannot exist an approximate solution of the form (1.2)
satisfying (1.3) when N is even (cf. Katsurada [6, Theorem 8.2]). After this pioneering work, the
well-posedness and exponential convergence of CSM are well established for a Jordan region
with the analytic boundary, an annular region and an elliptic region. Furthermore CSM is applied
to compute numerical conformal mappings in various regions, and offers a high-precision and
simple numerical scheme (cf. Amano et.al [1] and references therein).

Not to mention, another choice of E is possible. In [6], Katsurada concentrated his attention
to the case disk Q = D, and proposed the dipole simulation method (DSM), in which E is given
as follows:

L (ny|x—y)

o 1.5
27 Jle—y? (1)

E(x,y) =
where n, = y/|y| and (- | -) denotes the Euclidean inner product on R?. It has been shown that
DSM composed of (1.2) and (1.3), where E is defined by (1.5), is well-posed (cf. [6, Theorem
5.1]) and that the exponential convergence (cf. Comments before [6, Theorem 5.2]) is guaranteed
under the choice of the dipole points {y;}}"_; and the collocation points {x j}jj\le is the same as
(1.4). Recently, Ogata [8] generalized Katsurada’s DSM and examined its effectiveness through
numerical experiments. Thus, he treated (1.1) in the case where € is a Jordan region in R? and
considered the approximate solution of the form

N
u™(x) =Y OD(x,ym), (1.6)
k=1



where {y; }¥_, C R?\ Q are the dipole points, {n;}}'_, are the unit vectors, which are called the
dipole moments, that n; represents the direction of the dipole located at y, and D is defined as

I (e |x—y)

D JHE) = —=—— .
Ceym) = = ey P

In fact, DSM’s approximate solution can be represented as the real part of a holomorphic func-
tion;

M(N)(x):u(N)(z):Re [iQk Mk ],

=G
where z = x+1iy, § = & +in and ny = n,(cl) —Hn,(cz) in which x = (x,9)T, y, = (&, m)T and
ng = (n,(cl),n,(cz))T. Inspired by the above expression, the complex dipole simulation method
which is an approximation technique for holomorphic functions is proposed in our previous
paper [10].

In [8], moreover, he applied DSM to compute numerical conformal mappings, which makes
us to be able to remove the difficulty of computing arguments, therefore, his method offers
much easier and simpler scheme for numerical conformal mappings. Indeed, his method can
be extended to compute bidirectional numerical conformal mappings (cf. S. and Ogata [11]).
However, there is no mathematical result in [8].

The purpose of the present paper is to give ways of arranging the dipole points {yk}i\’:1 and
the collocation points {x j}lj\-]:1 and defining the dipole moments {n; }?’_, that guarantee the well-
posedness and the exponential convergence of DSM composed of (1.6) and (1.3). As a pre-
liminary step to this end, we first consider the case where I' is a circle y, = {z€ C | |z| = p}
with p > 0. Introducing the dipole and the collocation points as (1.4) and the dipole moments
{m Y, as g = yi /||y || we establish the well-posedness (cf. Theorem 3.2) and the exponential
convergence (cf. Theorem 3.3). In order to extend the results to more general regions, we fol-
low Katsurada [7] and introduce the notion of the peripheral conformal mapping. Actually, the
following definition is a generalization of Katsurada’s one. Set ., ,, ={z € C | p, < |z] < p1}
with p; > pp > 0.

Definition 1.1. For a Jordan curve I" in C and a constant r > 0, the mapping ¥ from a neigh-
borhood of ¥, to C is called a peripheral conformal mapping of I" with the reference radius r if
the following two conditions are satisfied:

1. ¥ maps 7, onto [

2. ¥: @1, — Cis aschlicht function with some x > 1.

For any analytic Jordan curve, there exists a peripheral conformal mapping; Actually, by using
its Fourier expansion based on an analytic parameterization, we can construct ¥ concretely
(cf. [7, Remark 3.1]).

In what follows, we assume that there exists a peripheral conformal mapping ¥ of I" with the
reference radius p, and that I is regular. Then, letting R €]|p, kp|, we propose an arrangement
of the dipole and the collocation points and a definition of the dipole moments as

o/ "W(Re )

yi=¥Ro' "), x;=¥(po' "), nj= TR (j=1.2,...,N). (1.7




In order to describe our result, we need a function space Z¢ s and its norm || - ||¢ s which were
originally introduced by Arnold [2]. Let .7 be the set of all finite Fourier series on S' := R /Z;
7 denotes the set of all functions of the form

Zf 27r1n1: ‘L' c S]),

nez

where f(n) are complex numbers and all but finite number of them are zeros. For each (g,s) €
10, +-o[ xR, we introduce

(f,8)es = Y. F(n)g(n)e?ln* (f,8€ ),
nez
1flles=\/(f-£es= [T 1Fm)Pen> (fe ), (1.8)
nez

where n := max{2x|n|, 1}. They are an inner product and a norm of .7, respectively. Then, 2
is defined as the completion of .7 with || - ||¢ ; and it forms a Hilbert space. Moreover, H*(I")
denotes the standard Sobolev space.

We are now in a position to state the main result of this paper, where the well-posedness
and the exponential convergence of DSM under the arrangement and the definition (1.7) are
established by applying the results for a circle.

Theorem 1.2. Assume that there exists a peripheral conformal mapping ¥ of I" with the refer-
ence radius p. Let R €]p, xp|[ and suppose

1<0<k; O0=1=1t>1/2; d=xk=1<-1/2. (1.9

Suppose that the dipole and the collocation points and the dipole moments are defined as (1.7)
and that the boundary data satisfies f, € X5, where fp(T) = f(¥(pe*™)) for t € S\

(i) For a sufficiently large N € N, there exists a unique {Qk}fcvzl satisfying (1.6) and (1.3). Thus,
an approximate solution of DSM is actually exists uniquely.

(i1) Assume further that

R<Vkp, 6>1; R=Vkp=s>1/2. (1.10)
Then there exist constants L = [(8) €)0,1[ and C such that the error estimate

e — ™ | zs(ry < C1fp 5.
holds true for a sufficiently large N € N, where C is independent of N.

This theorem is a readily obtainable corollary of Theorem 4.4 below. Therefore, hereafter we
aim to prove Theorem 4.4 instead of Theorem 1.2 itself.

The contents of this paper are as follows. In Section 2, we collect several notions and results
which will be used in analysis below. Section 3 is devoted to the case where I' is a circle and we
prove the well-posedness (cf. Theorem 3.2) and the exponential convergence (cf. Theorem 3.3).
The general case is studied in Section 4 and the proof of Theorem 4.4 is described there. We



conclude this paper by summarizing the results and giving some concluding remarks in Section
5.

Let us end this section with some notation to be used in this paper. We denote the lexico-
graphic order on |0, +oo[ xR by >, that is, for (&,s,) €]0,4-0o[xR (u = 1,2), (&1,51) > (&2,52)
is defined as €] > & V (&; = & Asy > 572). Furthermore we also use the relation (€;,s1) > (&,52)
defined as (&1,51) > (&,52) A (€1,51) # (€2,52). Foreach N € N, we set Ay := {j/N€ S' | j =
0,1,...,N—1}. Forall m,n € Z, m = n always means m =n (mod N).

2. Preliminaries

2.1. Function spaces Z¢

As to the Hilbert space Z¢ s, we use the following elementary result which seems not to be new
for specialists.

Proposition 2.1. (i) For all n € Z, the nth Fourier coefficient mapping

T3 fr— f(n)= /O 1 f(8)em"0 dg

has a unique bounded linear extension to Ze 5. Therefore, using these extended Fourier coeffi-
cients, we can define the norm || f||¢ s of f € Zes by (1.8).
(ii) If (&1,51) > (€2,52), then a natural inclusion g, 5, — Ze, 5, exists and is compact. Espe-
cially, we can define the union of all Z¢ ;3 2" =g ; Ze.s-

See for details [7, Lemma 4.1]. The spaces H® := 2, are periodic Sobolev spaces whose
elements are distributions with period 1. The space H*(I') is defined as the set of functions
whose composition with a parameterization of I on S' belongs to H*, and its norm is given
by the H* norm of this composition. H is identical with L? which is a space of measurable
functions with period 1 which are square integrable over a period. For all € > 1, the elements of
A s are infinitely differentiable. For all s > 1/2, the elements of .2 ; are continuous functions.
Finally we note that the dual space of 2 s is isomorphic to 21 _j, therefore we identify them:

(‘9//8,3)/ = ‘%/8*1,75'

2.2. Integral operators

Fix R €]p, kp| and suppose that there exists some function Q defined on I'y = ¥(y&) such that
the boundary data f of (1.1) can be written as a double-layer potential:

—lny[x—y)
e 270 =yl

flx) = O(y)dsy (xeT), 2.1)

where n, denotes the outward unit normal vector of I'g at y € I'z and ds,, the line element of I'z.
Then the exact solution u of (1.1) is as follows:

[ ol]xy)
W= [ Sp T ey weQ).



At this moment, our problem is reduced to find an approximation of Q. Of course, the function
Q does not necessarily exist, therefore, we have to consider the above problem in the Hilbert
space Z¢ s prescribed before.

In order to introduce an integral operator, we give S'-parameterizations of I, T'z, f and Q as
follows:

[:8's 10— ¥(pe*™) eC,
[z:S'3 71— W(Re*™T) € C,
F(7):= f(¥(pe™)) (res'),
q(t) = Q(¥(R™)) (8.

Then we can represent (2.1) as

1 _ E:271:i(9 ! eZn:iG
F(T):/O Re{ly(pl;m)\f\(ﬁmezm)e)}q(@)d@ (resh).

Thus, if we define an integral operator A as

1
Aq(t) = /0 a(t,0)q(6)d6 (resh), 2.2)
_ Re2TiO! (Ra2Ti0
a(t,6) = Re{lp(p;m) _fy&em?e) } (1,0 € S,

then the boundary condition in (1.1) is equivalent to F' = Ag. Eventually, our problem is reduced
to find an approximation of the above g.

2.3. Approximate function space

We introduce an approximate function space defined on S' for ¢ as follows:

N k—1
gM =Y o8 (- ——— CcN Y,
{k_le < N >‘(Qk>€ }

where 8 is the Dirac delta function on S'. Concerning 2"), the following proposition holds
true. The following result, which is described in [7, Lemma 4.3] and Ogata and Katsurada [9,
Lemma 2] for example, is well-known.

Proposition 2.2. (i) For all v € 2W), the sequence {(n)}ncz, is periodic with respect to n with
period N, that is, ¥(n) = v(m) (n = m).
(i) If (g,5) < (1,—1/2), then ™) C Ze .

2.4. Discrete Fourier transform

The following proposition, which will be used in order to show the well-posedness of DSM
when I is a circle, states that the discrete Fourier transform is an isomorphism.



Proposition 2.3. Suppose that (8,t) > (1,1/2) and f € Zs,. Then,

Zf(n):O (VpeAy) <= f=0 onAy.

See for details Arnold and Wendland [3, Lemma 2.1]. Note that the above condition on f
implies that f is at least continuous.

2.5. Potential theory

The following proposition is used to show that .7, which is some extension of A and will be
defined later, is injective.

Proposition 2.4. Suppose that T is a C>-regular Jordan curve, Q the interior simply-connected
region of I and Q a continuous function on T. If

”y|x y) _
|5 ey s =0 (xe Q)

holds, then Q = 0.

This proposition can be proved by using a standard potential theory, so that we omit its proof.

3. DSM in a disk

When I is a circle, the well-posedness and the exponential convergence of DSM is studied in
[6]. However, the settings in this paper is different from that of [6], and the complete proof
seems not to be given in [6]. Therefore, we state results and proofs for DSM in the case where
I' is a circle in this section.

Let Q be a disk with radius p having the origin as its center: Q = D,. In this case, we can
take the peripheral conformal mapping ¥ as the identity mapping, and the integral operator A is
reduced to an integral operator L defined as

1 _ Re27i0 1
for g € C(S'). If we define a function G as

G(1) = Re{peZ;f—R} (tesh),

then Lg can be represented as the convolution of L and g;
Lg=Gxq. 3.

By direct calculation, the Fourier series expansion of G is

Go=1+1 ¥ (2)"emr zes) (3.2)
neZN{0}



Then the nth Fourier coefficient of Lg can be calculated as

(Lg)"(n) = G(n)q(n) (n€Z), Gn)=41 pyhl
2 (E) (n7#0)
owing to (3.1) and (3.2).
In order to deal with the considered problem on the Hilbert space Z¢ ;, we have to extend L

to Zes.

Lemma 3.1. For each (&,s) €]0,+oo[xR, we define an operator £ : Ze s — Zerjp s as Lq=
Gx*gq. Then, £ is a bounded linear extension of L and an isomorphism.

Proof. For all g € Z¢ 5, we have

ER 2|n| \} A 1 A n \
12 alEp, = L 120 0F ()2 =100P+; T lanPee,
nez P neZN{0}

Therefore we obtain

1
1||Q||§,s <24z s < llqllz - (3.3)

The linearity of .Z is clear, and its boundedness follows from the right inequality of (3.3). The
bijectivity can be shown easily, so we omit the detail of it. The continuity of .#~! follows from
the left inequality of (3.3). O

We can here rewrite the boundary condition (1.3) by virtue of the extended operator .Z. We
take g™ € 2™) arbitrarily and write it as

N k—1
N) _ Q5<._).
reel 7y

1 wkfl
LqW) =) 27rRQkRe{ yk}

2miT
= 2w pe

Then we have

Therefore the unique solvability of (1.3) is equivalent to that of
2¢™) =F onAy. (3.4)

As to the unique solvability of (3.4), the following theorem holds, which assures the well-
posedness of DSM when Q is a disk.

Theorem 3.2. Let 0 < p < Rand (6,t) > (1,1/2). Then, for all F € Zs,, there uniquely exists
q(N ) € 9W) which satisfies (3.4), and its Fourier coefficients are given by

(ZF )/(Pp p) (p€AN), (3.5)

where



Proof. By Proposition 2.3, (3.4) is equivalent to
Y, Gm)a™ (m)="Y F(m) (Vp€An).
m=p m=p

Since g™ (m) is periodic with respect to m with period N because of Proposition 2.2, (3.4) is
equivalent to

o™ (p) Z F(m) (¥pe Ay). (3.6)
Since (p,(,N) (p) # 0 forall p € Z, (3.6) is uniquely solvable and its Fourier coefficients are given
by (3.9). O

We next give the error estimate of DSM, which asserts the exponential convergence of DSM.

Theorem 3.3. Let 0 < p <R, (8,t) > (1,1/2) and (&, s) satisfies the following conditions:

p\2 1 N2 AN _ R
max{ﬁ(R> ,5}§£§mm{5<p> ,6}, e=6=s5<t; €= p:>s<—— (3.7

Then, there exist some positive constant C = C(g,5,8,t,p,R,||.Z||,|-Z~!|) and real constant
P = P(g,s,6,t) such that for all F € Z5,, all N € N and the unique solution g™ e W)
of Zq™) = F on Ay, of which the existence is assured by Theorem 3.2, the following error
estimate holds:

£ N/2
1F = 2qYles <N () I1Flls,

Remark 3.4. The first inequalities in (3.7) on 8 and € are seemed to be rather complicated. We
subsidiary use a graph in order to understand the condition graphically. We set

=« e)|1<5<R/p.e=5",
={(8.8)|R/p <8 <(R/p)* e=(R/p)*6 '},
={(8,8)|R/p <8 <(R/p)*,e=8(p/R)*},
:{(5 €)|1<6<R/p,e=0},

Ci=(R/p,p/R), C2=((R/p)*,1),

and .# as a closed region surrounded by H; UL; UH> UL,. Then 8 and € satisfy the first
inequalities in (3.7) if and only if (8, €) € .# (see Figure 1).

Remark 3.5. The exponent P in Theorem 3.3 can be taken as follows:

max{s—1,0,—1} ((5,€)=0Cy),
max{s —1,0,s} ((8,8) =),
B B max{s—1t,—t} ((6,e) e Hi\{C1}),
P=P(e,s,8,1) = max{s—1,s} ((8,€) e \{C2}),
max{s—1,0} ((8,€) e LI\ {C1,Cr}),
s—t (otherwise).




2 €e=0
“A
R
p
L H i
R?
1
) & L .
R — =3
o
0 R R2 §
L > P
I P

Figure 1: The region .# of (0, €)

In order to prove Theorem 3.3, we need the following lemma.

Lemma 3.6. Suppose that 0 < p <R, (8,t) > (1,1/2) and (&,s) satisfies (3.7). Then there
exists some positive constant C = C(&,s,6,t,p,R) such that for all F € Z5,, q € Lsp/rs With
Lq=F and g™ € W) with £¢™) = F on Ay, of which the unique existence is assured by
Theorem 3.2, the following estimate holds:
e\N/2
la=a™ llep/ms < EN"E20 (2) " liglispyu,-

We postpone the proof of Lemma 3.6 to the appendix, and give the proof of Theorem 3.3 by
virtue of Lemma 3.6.

Proof of Theorem 3.3. Since . is an isomorphism owing to Lemma 3.6, we have

||F _gq(N)HS,s = ||$q_$q(N)”£,s < CHC] - q(N)HSp/R,S

£

) N/2 S e\N/2
<00 (Y7 g5, 0, < avressn (8 g,

_cwrteson (£ e,

0
where C denotes some positive constant independent of N and may mean another one with
respect to each expression here and hereafter. O

10



4. DSM in a Jordan region

At first, we shall extend an integral operator A defined by (2.2) to Z¢ ;. To this end, we define a
perturbation operator K as
K=A-L. 4.1)

If g is a continuous function on S', then we have

Ka() = [ K(5.0)4(0)d0,

where

k(T 9) _ Re{ _RCZRiG\P/(RCZn'iG) ReZn’iG
’ (

1
P(pe2mit) _ P(Re2i0) + pe2mit _ Re2nid } (1.0€S5).

Thus the /th Fourier coefficient of Kg can be calculated as

Moy =Y k(l,m)g(—m

meZ

where k(,m) is the double Fourier coefficient defined as
~ 1 1 .
k(l,m) = / / k(t,0)e2mUTm0) 4z dg.
0 Jo

We require estimates on k(I,m) to extend K to 2.

Lemma 4.1. There exists some positive constant C independent of N such that
R |m|
it < cx 1 ()
Kp

By using above estimates, we can extend K as follows:

Lemma 4.2. Suppose that (€,s) > (R/(kp),1/2) and (8,t) < (x,—1/2). If we define # : Zes—
L5, as

holds for all I, m € 7.

= Y kt,m)g(-m), 1€Z,
mez
then & is a bounded linear extension of K and compact.

Proof. For all g € Z¢ s we have

2
1945, = L 1€ )" (OP& = 3| ¥ kt,m)a(—m)| &2
lez [€Z |meZ
< Z <Z ’/%(l’m)|28—2mm—2s> <Z |q |2 2|m| 2q> 52‘”1%
l€Z \meZ meZ
. % RN 2
<CZ( ) ) <8 . ) m>ql2, < Cllgll,
ez, meZ P

11



This implies that .Z" is a bounded linear operator.
In order to see the compactness of 7", we take (8,7") €]0,+o0[ xR to satisfy (0,¢) < (6',¢') <
(x,—1/2), and decompose it as follows:

e%/: c%;g‘?s %3[

RN

sty

Here ¢ : Les — Lsp is a bounded linear operator defined as well as #" and i a natural
inclusion, which is a compact operator, assured its existence by Proposition 2.1. Since #" =
ioJ , % is compact. O

The following corollary immediately follows from the above lemma.

Corollary 4.3. If (¢,s) satisfies

R 1 kp 1
(5p'z) <t < (%-2): “

then the operator X : 2 s — Zeg)p s is compact.

When (g,s) satisfies the condition (4.2), we define &: Z¢; — Zerjps a8 & = H + 2.
Then 7 is an extension of A. We can now state the most general version of Theorem 1.2.

Theorem 4.4. Suppose that R €]p,xp|and (1,1/2) < (8,t) < (x,—1/2). Then the following
hold true:
(i) For sufficiently large N € N and all F € 2 ,, there exists a unique q(N) e 2W) such that

A q™N) (x) =F(x), xe€Ay.

(ii) Suppose further that (&,s) satisfies the following conditions:

p\2 1 JU/rR R 1
max{5<R> ,5}§8§mm{6<p> ,6}, E=0=—=s<t S_E:>S< 3

and (g,s) > ((R/p)*k~',1/2). Then there exists some positive constant C which depends on &,
5,8, t, p, R |21, 1M, |||, ||| such that

) 1 ’

s e\ N/2
IF = /g™ e < CNPE2D ()5,

In order to prove the above theorem, we need the following two lemmas.

Lemma 4.5. Suppose that R €|p,kp| and that (€,s) satisfies (4.2). Then <f is bounded and
isomorphic.

12



Proof. The boundedness of 7 is clear. Concerning that <7 is isomorphic, we only have to
show that <7 is injective since <7 is a Fredholm operator with index 0. We take g € Ker.o/
arbitrarily. Since . is an isomorphism, /¢ = 0 is equivalent to ¢ = —%~'.%q. Then we
have g € X, for all t < —1/2 since # : Z¢; — X5, defines a bounded linear operator
when (g,s) > (R/(xp),1/2) and (8,7) < (k,—1/2) are satisfied due to Lemma 4.2. Therefore
g=—-L""'Hqc Zp/rs- Note that kp /R > 1. Defining a function Q on I'g as

O(P(R)) = (1) (e S"),
Q: I'r — C is continuous. Then we have

1 _R627ri6 \P/ (RCZEiB)
dqg=0 <— / R . .
4q 0 ¢ { lIJ(pCZH'l‘L') _ qJ(RGZmG)

—1(ny[x=y)
re 270 |lx—yl|?

=:u(x)

}q(e)de =0 (vresh

O(y)dsy, =0 (VxeT).

The function u is harmonic in the interior simply-connected region Qg of I'g, and especially con-
tinuous on Q. Thus we have u = 0 in Q thanks to the maximum principle for harmonic functions.
Furthermore we have u = 0 in Qg because of the identity theorem for real analytic functions (see
for instance Axler, Bourdon and Ramey [4]). Hence Q = 0 follows from Proposition 2.4, and
this yields g = 0. O

Lemma 4.6. Suppose that the following conditions are satisfied: R €]p,xp[; (1,1/2) < (6,1) <
(k,—1/2); (3.7) and (g,s) > ((R/p)*k~1,1/2). Then there exists some positive constant C
which depends on €, s, 8, t, p, R, | L\, |7 I, |||, ||.«/"|| such that for all N € N, all
q € Zsp/r, and all g™ € 9W) satisfying o q = o q™N) on Ay, the following estimate holds:

9= 4 epye < N0 () (lgllnps a4 lepres)
where C is independent of N.
Proof. Since both .Z and &7 are isomorphic, the following estimate holds:

lg =™ llep/r.s < Cll7 (4™ = @)lle.s < CI1L ™" (4™ = @)l ep/rs-

Here we put
wy=q"™, w=q"™ -2 (") —q).

Then we have

wy € 9N, fﬁlﬂ(q(N)—q):wN—w, Lw=ZLwy onAy,
w=gq+2 (L —)q" —q)
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Therefore, by Theorem 3.3 which gives the error estimate of DSM when Q is a disk, we have

€

N/2
=) 12wls,

1) = llep rs < Cll L — L] < ONTE (
(4.3)

& N/2
< ENPEB0 () [wllspm,
Moreover we have

Wllsp/re = la+2 (£ =) (@™ = @)llsp/re < lallsprs +CI(ZL =) (g™ = q)|ls.
< HQHBp/R,t +C”‘I(N) - qusp/R,s <C (Hlesp/R,; + HCI(N) _CIHsp/R,s) ) (4.4)

where we use the boundedness of £ — &/ = =1 Z¢p /g — £s,. Combining (4.3) with (4.4),
we obtain the desired estimate. O

Proof of Theorem 4.4. At first, we remark that

N/2
NP(Es:8.1) (%) =o0(l) asN — oo
holds since (€,s) < (8,7). Therefore, by Lemma 4.6, for a sufficiently large N € N and all
g™ € 2W) with o7 qV) = o/ q on Ay, we have

s e\N/2
l7=0" llep/s < CN"E20 () ligllspyu- 45)

Therefore .7g'Y) = 0 on Ay yields ¢/¥) = 0. Since «7¢"N) = F on Ay is equivalent to the system
of finite linear equations, this shows the unique solvability of the considered functional equation.

Finally we prove the second statement. Since </ is an isomorphism of 27, /r, onto 25, for
F € Zs,, there uniquely exists g € 25, /g, which satisfies &/ g = F. Then we have

|F _%Q(N)HS,S = H%q—%q(m\\as < CHq_q(N)Hep/R,s and ||51H8p/R,z < CHFHS,z-

Hence we obtain the desired error estimate by the above two inequalities and (4.5). O

5. Concluding remarks

In the present paper, we introduced the concept of peripheral conformal mapping following
Katsurada [7], and used it to arrange the dipole and collocation points and to define the dipole
moments. Under this situation, we proved the well-posedness and the exponential convergence
of DSM.

One of researches to be continued is to extend this result to multiply-connected region’s case.
However, it may be considered that the original DSM cannot be applied to potential problem in
multiply-connected region, therefore we may need some modification.
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A. Proof of Lemma 3.6

We here prove Lemma 3.6. The basic idea is the same as [7].
Firstly note that §™ (p) can be represented as

(ZG >/<Pp (p)-

We decompose and estimate |lg — g™ | ep/R,s s follows:

R . R R EP\? o
la=a™ 12 rs = 130) =a™ O+ ¥ 14t —a™ ) (F) w2
neZ\{0}

<+ (27’5)25{T2 +2T3 + 214},

where Ay :={p€Z|—-N/2< p<N/2} and

o N . . ep\2nl
=130 -dMOPR = ¥ 1am-qMmP () InP,
neAN\{0}

2|n| , 2|n|
n= Y P () P m= X @™ mP ()

VIGZ\AN HGZ\AN
We frequently use the following proposition without proof for proving Lemma 3.6.

Proposition A.1. (i) For arbitrary N € N we have |(péN) (p)|> L

(ii) For each n € Ay \ {0} we have |(p,(,N>(p)| >2"Y(p/R)1".
(iil) For all € €]0,1[ and all t € R there exists some positive constant Cg; such that

N t
max { () 8N2”|} <Gy
peav{o} L\ |p]
holds for all N € N.

(iv) For all (g,s) < (1,—1) there exists some positive constant Cg 5 such that

Y Im|*e" < Ce (NN IPI
mel(p)

holds for all N € N and all p € Ay, where I(p) = {p+IN |1 € Z\ {0}}.

In the remainder of this section we estimate each T; (j = 1,2,3,4). Since

4(0) =™ [ZG - Y G(m) ]/(Po()

mel(0) mel(0)
we have

=13(0) = g™ (0)* < T11 + Tz,
where I(p) :={p+IN |l €Z\{0}} and

Ty =

Gm)g(m)
oM (p)2 <>\ 2.,

mel(0)

Y G(m)

mel(0)

, Tp=

2
108 (p) P2

15
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From Proposition A.1 (i) and the assumption 5(p/R)? < € we obtain

2

hod p IN . p 2N

Tugz@(R) ) GO < () lall3yms
&€

N
cu () lalpe ife = 8(p/R)PAs—1 <0,

N
2s—t) (€ 2 .
CuN (5) lgll5p/r, otherwise.
Here and hereafter C:lfgseésic;pt denotes some constant independent of N and it may represent another con-
stant in each symbol. By Proposition A.1 (i) we have

m ? 2
T12S2< r (&) '|a<m>|> sé( ¥ (%) m2>< y 521m|mlz>

mel(0) mel(0) mel(0)

N2 (E)" 1412 it6 ' =eAs<0
b 5) lalsors 07 =ens<0,

< C12572NN72I||61||%p/R,t <
C1pN26—1) (

€
5
Here note that the underlined infinite sum is estimated by using Proposition A.1 (iv) and we use the
assumption § ! < €.

Next we estimate 7». For n € Ay \ {0} we have

N .
) ||CI||5P/R¢ otherwise.

4(n) — 4™ (n) = [ Y G(m)g(n) — é<m>q<m>] Jol(p),

mel(n) mel(n)
therefore
2 2 2
4 4™ ()P < —o— Jatn)| +| ¥, Gmaom)
|on " (P)I* | | met(n) mel(n)

holds. Thus we obtain 75 < T»; + T»», where

2
2 Al A gp\2nl o
T = s | L G| () Il
neAn\{0} |@n " (P)|* |mei(n)
2 Ar A gp\2nl o
T = —m | L Gmaim) (?) nf
neAn\{0} [@n " (P)|* |mei(n)

As to T, from Proposition A.1 (ii), we have

2 2/n|
1 A R 1 |m| 2(N-2[n])
W o | & §4<> 2 () | =< (%)
‘(Pn (P)| mel(n) p mel(n)
for n € Ay \ {0}, therefore
R p\2(N=2In) rgpy2nl
T <Cy ), G(m)* (5 y n|™
T (8 ()
N 6 2 N—Z\n\
< 2max{s—1,0} E 2 2(s—t) p7—2max{s—t,0} ) ¢ B )
<CuN (5) lal3pms _sup AIlON > (%)

=IA21
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Taking care of € > §(p/R)? the above supremum A, is bounded as follows due to Proposition A.1 (iii):

1 ife=38(p/R)*Ns<t,
4=6=0) ife=8(p/R)>2Ns>1,
A= e N27D if e > 8(p/R)2 As <
2(s—1),8e~1(p/R)? ife>68(p/R)*Ns<t,
C72(s7[),5871(p/R)2 if € > 6(p/R)2 NS >t.
Therefore we obtain
C“( ) 1415 ks ife=38(p/R)>As<t,
) <

Cy N3 (5) Hq||5p/R’t otherwise.

2< E 2|n| Z | |2 5P 2|m| o Z 1 L
~\p R m & 8

mel(n

R 2|n| 1 _2 2 5p 2|m| "
§C22<p> BN‘”D ! Z | (R> mt

by Proposition A.1 (ii) and (iv). Thus we have

R\ sp\ 2 2Jn|
Tn<Cn Y <) sy 2 Z 14( ( P) m? (Ep) |n|?

neAv\{0} \P

2 r+2max{r0} (€N IN*Z‘”‘2 o e (5.0
< Canllg3p N 200 () sup <e§> 2 -2max{s0} £

Forn € Ay \ {0} we have

Y Gim)

mel(n)

A ()

neAy\{0}

=An

Since € > 6! we have the following estimate on Ay, thanks to Proposition A.1 (iii):

1 ife=8"1As<0,
4= ife=58"1As>0,
Ap < C_ZS,(S(S)*INZS ife>351As<0,
C_oy (e5)! ife>81As>0.

Therefore we obtain

€ . —
N (5) alym,  ite=5"TAs<0,

CouN?6~ < ) ||q\|§p/RJ otherwise.

T <
Concerning 73 we have

p 2t { €2l Z(SI)}
;< — n su - n
= Z ( R > | | nEZ\Ij\N <6) | |

nEZ\AN

e @ 070
n N

=:A3
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Remarking that (g,s) < (8,7) we have

e 4670 ife=6V(e<8As<1),
= ¢ ife<8ands>t.

Here C is some positive constant. Thus we obtain

s— e\N
T3 < N2 (3) ”qH%p/R,t'

Finally as to T; we have

ep 2lp+N|
n=Y Y M+ ( p) p+IN|® = Ty + T,
PpEAN IEZ\{0}
where
. 7Ep\2INT s 2[p+IN|
Ta= ¥ NP ()T 1MOP, Te= ¥ {z pin () q<N><p>|2}.
1€z\{0} peAn\{0} Le\{0}

Here note that the infinite series

2|p+IN|
|p+IN> (Vp € Ay)
X (%)

is absolutely convergent because of the assumption (&,s) < (R/p,—1/2). Making use of Proposition A.1
(i) we have [¢™)(0)[? < Cl|q|12 »/k, and from Proposition A.1 (iv) this yields an estimate

\ ep 2N
Ty < Czs,gp/RN2Y (f) 'CHQH%p/R,t

e\N . .
CaN? (5) lalipms  ife=8""(R/p)*A1>0.
N
Cy N2~ (%) Hq||(23p/RJ otherwise.

Concerning Ty, we first have an estimate of V) (p) for p € Ay \ {0}

8p 2|m| RN\2PI[ 1 1\ 2V=1pl)
A(N 2 2
4N (p)P? < e Z |G(m)| ( ) m’(p) s [pp HCs N2 (5> .

Then we have
2|m| 2|p|
25 (EP ) 2IPHNI 1 )P 5P 2w (R
p+NE (<2) a7 ZI )l w (2

1 1 2 1 2(N—|pl)
[ e (2

Ty < <
peAN\{0} \I€Z\{0}

< Gy sp/RNZ[SeraX{ Hol] ( ) ”qnép/Rt

NI () o oy
X su — &b = +C_ B N—2[r+max{—t70}]{ P }
PEANI\){O} [ Ip* (R) 2,62 5 (R)

=Ag
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Noting that € < § ' (R/p)? we have

< c ife=38"1(R/p)?,
42 = I =2t .
C'N otherwise

due to Proposition A.1 (iii). Therefore we obtain

s/ E\N . _
CoN* (5) lalpms  ife=8""(R/p)*A1>0.

Ty < N
CoN26-1 (& 2 horwi
42 5 qul(;p/R,, otherwise.

Combining the above estimates we obtain

S € N
la=a™ 12, < CNPE20 () gl e,

as desired.
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