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Abstract

Least square regression methods are Monte Carlo methods to solve non-liear
problems related to Markov processes and are widely used in practice. In these
methods, first we choose a system of functions to approximate value functions. So
one of questions on these methods is what kinds of systems of functions one has
to take to get a good approximation. In the present paper, we will discuss on this
problem.
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1 Introduction

Least square regression methods are Monte Carlo methods to solve non-liear problems
related to Markov processes. These methods were introduced by Longstaff-Schwartz [9]
and Tsitsiklis-Van Roy[11] and are widely used in practice. There are many works re-
lated to this methods. Concerning the applications for pricing Bermudan derivatives, the
convergence to a real price was proved by Clement-Lamberton-Protter [4] and rate of
convergence was studied by Belomestny [2]. In these methods, first we choose a system
of functions to approximate value functions. So one of questions on these methods is
what kinds of systems of functions one has to take to get a good approximation. In the
present paper, we will discuss on this problem. Related topics have been discussed by
Gobet-Lemor-Warin [5] and Bally-Pagés [1].

Let (2, F, P) be a probability space, M = 1, and {G,,}_, be a filtration on (2, F, P).
Let (E, B) a measurable space and m(E) be the set of Borel measurable functions on F.
Let p,, : Ex B — [0,1], m = 0,...,M — 1, be such that p,(z,:) : B — [0,1] is a
probability measure on F for any x € E, and p,,(-,A) : E — [0, 1] is B-measurable for
any A € B. Let zy € E and fix it throughout. Let X : {0,1,..., M} x 2 — E be an
E-valued process such that Xg = xg, X,,, : Q2 — FE is G,,-measurable, m = 0,..., M, and

P(Xm+i1 € AlGr) = pin(Xim, A) a.s. AeB, m=0,...,M—1.
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So X is a Markov process starting from x, whose transition probability is given by

pm(z, dy).
Let v,,, m =1,..., M, be the probability law of X,,, m =0,1,..., M. Then 1y is the
probability measure concentrated in g, and

Vm+1(A) :/pm(w,A)Vm(da:), ye Em=0,1,..., M — 1.
E

Let P, : L*(E;dvy,1) — L*(E;dv,,), m =0,1,..., M — 1, be a linear operator given
by

(B f)() = /E P, dg) f(y), € LA(E; dumn).

Now let f,, € L*E;dvy,), m = 1,2,..., M. We define Fn,s f;’; € L*(E;dvy,), m =
0,1,2,..., M, inductively by th following.

fM:fMa

and ) ) ) i
f':q,:fmvfm7 fmf].:Pm(fm\/fm), m:M,M_l,,l

Then it is well-known that
fo = sup{E[f-(X,)]; 7is a {Gn}M_,-stopping time with 7 € {1,2,..., M} a.s.}.

fo is the price of a Bermudan derivative for which exercisable times are 1,..., M, and
pay-off at each time is f,,(X,,), m = 1,..., M. Our concern is to compute fo numerically.
Let V denote the set of finite dimensional vector subspaces of m(FE). For any probability
measure v on (E, B), let V(v) denote the subset of V such that V' € V(v), if and only if
V satisfies the following two conditions.
(1) If g € V, then [, g(2)*v(dz) < oco.
(2) If g €V and g(x) =0 v — a.e.z, then g = 0.
For any probability measure v on (E, B) and V' € V(v), we define \o(V, v) and A\ (V, v)
by the following.

Jp9(x)"v(dz)
(/g 9(x)?v(dz))

Xo(V,v) = sup{ 53 9 € V\{0}}

dim V

M(Viv) = inf{/ ( Z er(1)?)?v(dz); {e,}¥™m"Y is an orthonormal basis
E =
of V as a subspace of L?(E;dv) }.
We will show in Proposition 4 that
M(Viv) £ (dim V)2 (V;v) and Mo(V;v) S Mi(Vv).

Now let (Xée),XfZ), X ](\f[)), ¢ = 1,2,..., be independent identically distributed
EM*! yalued random variables such that the law of (X§, Xt,..., X5,), £ = 1,2,..., is
the same as the law of (X, X1,..., Xs) under P.



For any m =0,1,...,M —1,and L 2 1, WedeﬁneD%):m(E)xm(E)xQ% 0, 00)
by

L
1 ¢
DENg, Nw) = (7 D_(9(XP @) = FX @)% g, f €m(B).
=1
Let V7,(Lk), k=1,2,..., be asequence of strictly increasing vector spaces in V(v,,) such
that [ J°, Vi{¥ is dense in L2(E dvy) form=1,..., M — 1.
Now we assume that gm Q- VP m ,m=0,1,...,. M —1, L =1,2,..., satisfy the

following.

Dy 1(9% (@), 9P (@) V fin)(w) = inf{ Dy 1 (B, ¢ (@) V f); h € VP ()} (1)

form =1,2,..., M. Here we let g](VL[) = fu.
We will show that such gﬁf )’ always exist.
Then we will prove the following.

Theorem 1 Suppose that Al(V,ﬁf); Um)/L — 0, as L — oo form=1,...,M — 1. Then
there are Qp, € F, L =1,2,..., and random variables Z;, L = 1,2, ..., such that

P(Qr) — 1, as L — oo,

1fo—aP W) £ ZL(w), L=1, wey,

and
E[Z2,Q)Y* =0, as L — oo.

Morover, we have

E[Z%n QL]1/2
=1
=6 Z L_ L Vm)l/4(1 + Ao (Vm an))1/4||mem+1||L4 (Es;dvm)
M-1
+5 Z ||me:;L+1 - ijnglL)me:;erl‘|L2(E;d1/m)~
Here 7 .1 is the orthogonal projection in L*(E,dv,,) onto V,,(zL), m=1,..., M.

So roughly speaking, g(()L) — fo in probability as L — oo in a certain rate.

It is obvious that A\o(V;vy) = 1 and A (V) 2 dim V for any V € V,,, m =
1,2,..., M. So the above theorem raises the following question. Can one estimate Ao(V'; v)
and || P friy — T P frvii || 22(mdvny for V€ V(vy,) ? If we can do it, we may find a
sequence V) € V(vpm) such that the convergence rate is good.

We give an estimate when an underlying process is a 1-dimensional Brownian motion
and V is a space of polynomials in Section 6. Also, we introduce a random systems
of piece-wise polynomials in Section 8, and we give some estimates when an underlying
process is a Hérmander type diffusion process as discussed in [7]. As far as we judge from
these estimates, a usual polynomial system is not good, and such a random system of
piece-wise polynomials is better.



2 Preliminary results

Let Ps(E x E) be the set of probability measures on (E x E, B x B) whose supports are
finite subsets of ExX E. Let m; : EXE, i = 1,2, be natural projections given by m (z,y) = z,
m(x,y) =y, x,y € E. For any p € Pp(E x E), let S(-,*;p) : m(E) x m(E) — R be given
by
S(.fip) = [ (ole) = f0)olded).  g.f € m(E) ©)
ExE

Then we have the following.

Proposition 2 Let p € Pf(E x E). For any f € m(E) and V €V, let

s«(f;V,p) =inf{S(g, f;p); g €V}

and
L(f;V,p) ={g€V; S(g, f;p) =s.(f,V,p)}.

Then we have the following.
(1) T(f;V, p) is not empty for any f € m(E) and V € V.
(2) Let Ve V. If f e m(E) and g € T(f;V, p), then

/E Eh(x)(f(y) — g(2))p(dz,dy) = 0 for any h € V.

MOT@OU@T, lf f17f2 € m(E)J 9i € F(fl)‘/:p)J 1= 1727 then
S(g91 — 92,05 p) = S(0, f1 — fo; p).

3) If fem(E), geT(f;V,p) and g € V, then

)12 = sup{| hz)(f(y) — §(z))p(dz, dy)|; h €V, S(h,0;p) = 1}.

ExXE

S(g—3,0;p
Proof. (1) It is easy to see that

S(g, ;) Z S(0, f;p) + S(g,0; p) — 25(g,0; p)/25(0, f; 0)'/2, g€ V.

Let Vo ={g € V; S(g9,0;p) =0} ={g €V : g(x) =0 for p -a.e. (z,y) € E x E}. Then
it is easy to see that Vj is a vector subspace of V. So there is a vector subspace V; of V/
such that Vo + V3 =V and Vy NV} = {0}. It is easy to see that g € V; — S(g, f; A) is a
continuous function from V; to [0,00) and that S(g, f; A) — oo as ¢ — oo in V;. So we
see that there is a minimum point gy € V;. Note that S(g + h, f;p) = S(g, f; p) for any
g € V and h € Vj. Therefore we see that S(go, f;p) = s«(f;V,p) and that T'(f;V,p) is
not empty.

(2) Let g € T'(f;V, p). The first assertion is obvious, since

0= %5(9 +th, f;p)]i=0 = /EXE h(z)(f(y) — g(z))p(dz, dy)

for any h € V.



Let f; € m(E), g; € T'(fi;V,p), i = 1,2. Then we have

S(g1 — 92, fr — f2;p)
= —S(91 — 92,0;p) + S(0, f1 — fa;p)
2 /E (01(2) = 9aa)) () = 0a(2) — () = gu(e)pld, ).

By the first assertion, we see that

S(0, f1 — fo;0) = S(91 — g2, f1 — f230) + S(91 — 92,05 p).

So we have the second assertion.
(3) Let g € T'(f;V,p) and g € V. Then we have

S+ h, fip) =59, f;p) + 5(h, 0;p) —2/ h(z)(f(y) — §(x))p(dz, dy).

ExXE

c=sup{ [ h(2)(f(y) - §(x))p(da,dy); h eV, S(h,0;p) = 1} 2 0.

ExE
Then we see that

s«(f;V,p) = 8(g,f;p) + igg(tQ —2tc) = S(g, f;p) — .

Also, we have by Assertion (2)
59, f:p) = S(g+(G—9). f;0) = 59, [;0) +5(§ = 9,0 : p) = s:(f; A, V) +5(§ = 9,0 : p).

So we see that ¢*> = S(g — ¢,0 : p). This implies our assertion. 1
Forany m=1,2,..., M,V € V(v,,,), and p € Ps(E x E), let

5V ) = sup{|S(h, 0; p) — 1 h €V, /E h() 2 (d) = 1},

Then we have the following.
Proposition 3 Let m = 1,2,...,.M, V € V(v,), and p € Ps(E x E). Let {e}; k =

1,...,dim V} be an orthonormal basis of V. Here we regard V as a Hilbert subspace of

L*(E,B(E),dvy,), and so we have
/ ei(z)ej(x) vy (dz) = 04, i,j=1,...,dim V.
E

Let A be a (dim V') x (dim V')-symmetric matriz valued function defined in E given by
A(r) = (Az‘j(x))dimv = (ei(x)ej(x))dimv re k.

,j=1 t,j=1
Then 6,,(V'; p) is equal to the operator norm of the dim V x dim V-symmetric matriz

A —I. Here I is the identity matriz and A = (Ag;)™ Y, where

Aij = / ei(z)ej(x)p(de, dy), i,j7=1,...,dim V.
E

In particular,
dim V

nVin? £ Y ([ (@(e)es(o) — 6 )oldz, dy).

ij=1 &



Proof. 1t is easy to see that

dim V' dimV

dm (V5 p) = supq{|S( Z a;ei, 0; p) — 1J; Z al =1}

i=1 =1

dim V dim V
A . 2 _
=sup{| Y aia;(Ay —8y)l; Y af =1}
ij=1 i=1
Since A — I is symmetric, we see our assertion. 1

Proposition 4 For any probability measure v on (E,B), and V € V(v),
M (V,v) £ (dim V)2 Xo(V, v)

and
M(V,v) = M (V).

Proof. Let {e,}3™V be an orthonormal basis of V. Then we see that

dim V dim V

/E () en(2)?)v(dr) < /E (dim V)( D er(x)")v(dz) < (dim V)*Xo(V, ).

r=1 r=1

So we have the first assertion.
Let g € V. Then we have

dim V

[ s@vide) = [ (3 (gremaen @) vda)
E E =

dim V dim V

< [ @ et (Y erlafPuido)
r=1 r=1

Note that

dim V'

> (oo = [ slov(da).

r=1 E
So we have the second assertion. 1

3 random measures

Form =1,...,M, and L = 1, let ps,f ) be a random probability measure belonging to
Ps(E x E) given by

1
PO = z#{e {1l L} (X1, X)) e 4}, AeBxB.
For any m =0,1,...,M — 1, and L = 1, we define NTSf):m(E) x 2 — [0,00) by

L
N(L lZf XZ 1/2
=1

h



Then we see that

N& (9) = S(g,0; pD), gem(E), m=1,..., M.

m—1
Then we have the following.

Proposition 5 Let m = 1,....M — 1, L 2 1, and V € V(v,,). Then we have the
following.
(1) If (Vs o)) < 1/2, then

1
V0P < [ glaPrnldn) S2NPLR g eV,

(2)

In particular, we have

1 4
P(6n(V;0) > 5) = Z/\1<Va Vin)-
Proof. (1) Suppose that d,,(V; pm ) <1/2.If h eV and [, h(2)*vm(dz) = 1, then from

the definition we have

So we have our assertion.
(2) Let {e,}4™mV be an orthonormal basis of V. It is easy to see that

dim V 1 L
E[m( <> E[( Z (ep(XE)ew(XE) = 6,0))%
ror/=1 =1
dlmV dlmV
=7 Z / er(T)ep (z) — 600 )2V (d) <— Z /eT Ve (2)2vm (d).
ror/=1 7"7"/ 1
1 dim V
= — e (2)2) v, (dx).
7 L3 e pim@

So we have the first part of our assertion . The second part is an easy consequence of
Chebyshev’s inequality. 1

For any m =1,2,...,M — 1, andVGV(Vm) let Dy : m(E) X Pr(E x E) = V be
defined by the following. g = mv(f, ,fem(E),pePiExE),ifgeI(f,V;p) and

/()umdx 1nf{/ Vum(dz); § € T(f,V;p)}.

fm,V is well-defined by Proposition 2 and the definition of V(v,).

Let F: E x Q — R be B x F-measurable function. Then it is easy to see that the
mapping w € Q — s.(F(-,w),V, p%) (w)) is F-measurable. So we see that the mapping
weQ = Tpv(F(,w), P (w)) is also F-measurable (see Castaing [3] for example).

ForV € V(v,),m=1,...,M,let 1,y : L*(E;dv,,) — V be the orthogonal projection
onto V.

Then we have the following.



Proposition 6 Letm =1,...,M—1,and L = 1. Then forV € V,, and f € L*(E, B(E), dv,11),

we have

]

< %wv, v)(1+ Xo(V, 1)) 3( /E () Vi1 (dy)) .

Proof. Let g = 7y P f, and {e,}3 "V be an orthonormal basis of V. Note that

Ele (X)) (f (K1) — 9(X5))] = /ExE er(2)(f(y) = 9(2))vm(dz)pm(z, dy)

N —

E[NmL)(Wm,Vme - fmy(f% P%)>>2a 5m<V, P%» =

_ /Eer(ac)(me(x) — g@))um(dr) =0,  r=1,...,dim V.

By Proposition 2(3) we see that

<2B[sup{| [ h(@)(f(y) — g(2))p)i (dz, dy)|*; h eV, / h(z)2vp(dz) = 1}]
—2Ebu{] Y 0, [ el)(0) - s@)sthdn P Y a2 =1y

=283 ([ elo)(f) — gle))oitla(dn,dy))?

r=1

Note that
/E E(f(y) — 9(2))* Vi (dz)pm(z, dy) < 16 /E (F(W)" + 9(@)" ) vm(dz)pm (2, dy)

xE

=16 10 vmatdy) + [ ofa)'v(do)),

By Proposition 4, we see that

[ s@)ivnldn) < 2tV [

E

(B ) ()2 (d2))? < Mo(V ) / £ () Vs (dy).

So we have our assertion . 1
The following is obvious.



Proposition 7 Let m = 1,..., M, and L = 1. Then for any f € L*(E,B(E),dv,,), we

have

EIN®(f)?) = /E £ (@) v(d).

4 Proof of Theorem 1

Now let us think of the setting in Introduction. Let ¢,, : E xR —- R, m =1,..., M, be
given by
Om(z,2) = f(2) V 2, xeFlE zeR, m=1,2,..., M.

Then we see that
| (2, 21) — O, 22)| S |21 — 22, x€FE, z1,2€R, m=1,..., M.
Note that
Fi (@) = (@, frn(2)) and fro1 = Puiffyy,  m=1,..., M.
Remind that V) € V(Wm), L 2 1, m = 1,..., M. Let us take gﬁf) -0 = v,
m = M, ... 0, such that

9P W) = fur,

950(@) € T(@mir (- g @) (), Vs o)), m=M—1,...,0.
Then we see that Equation (1) is satisfied. Let Z(nL), m=20,1,...,M — 1, be given by

A2

= 7(nL)(Pm N’;:L-‘rl - Wm’vygppmf;zﬂ) + NémL) (Wm,v,gp me;LH - f‘m,Vm,L(JF;LH; P#))

Also, let Zﬁf), m=20,1,...,M — 1, be given by

M-1
L ~(L
70 =370,
k=0

and
A
) ) ) ) M-1
= || fn =, 400 Fonl |22 ) F 2N (Fon =T, 09 fony ) 42 D m=1,.. M-1
k=m
Finally, let
M-1 1
— (L). (L) Z

Then we have the following.



Proposition 8 (1) |fo — g¥(w)| < Z{V.
(2) For any w € Q&)

1fn = (0 @)V Fall2@aim) S N = 000 @) [2@it0) £ 23, m=1,..., M.

(3)

M-1

4
P(Q\ Q) = Z)‘l )
k=1
and
EZ P, )2
M—
< 6 3 (M) 20+ 3oV, )Y Bl
= L i o

+5 Z 1Pefi =y Pufinllean, — m=0,1,...,M 1.

Proof. Note that 3
N?SmL)(fm - gv(rf)(w)v w)
é Nr(nL)(Pm ~;1+1 - f‘m7Vm,L(f~:1+1; p’an)vw) + N(L ( m,Vm, L( m+1? pm)) ggf)(w)vw)‘
By Proposition 2(2), we have

A

NE v, (Friss p5)) — 9iP (W), w)

< N (D1 Fne1 () = bt (-, 91 () (), w)
< N (Foir = 681 (@)(), ).

So we see that

M-1
3 L Pk - Pk
Nvgf)(fm é N Pkflc—l—l - F’ﬁVk,L(fk—i-l; Pﬁ), w)'
k=m
Then we have
M-1
= = (L
N (fn = g (w),w) £ > 2
k=m
In particular,
fo—a” @)=Y 28 =z
k=0

This implies Assertion (1).
Also, we see that if w € €, then

1 Fin = 95 ()| 228

§ ||fm - mevrgL)meL%E,dym) + ‘|7Tm7Vﬂ(1L)fm - Qﬁf)W)HL?(E,dum)

10



< WV Fon = 00 Pl 2.y + NS (1, 0 Fon — P (), )

= Hfm - 7Tm7V75LL)JEmHL2(E,dum)’ + 2Nm<fm - mevéL)fmaw) + 2Nr(nL)<fm - gr(rf)<w)7w)'

This implies Assertion (2).
The first assertion of (3) is obvious from Propositions 5. By Propositions 6 and 7, we
have
E[( ~ L))2’ QL]1/2

m

1 P
|22(B,dum) + 3(z(>\1(Va V) (1 + Ao(V, o)) Y Y2 fra | b (B 1)

So we have the second assertion of (3). 1
Theorem 1 follows from Proposition 8 immediately.
The following is an easy consequence of Proposition 8.

é Hfm - Wm’vrle)mem

Proposition 9 Asuume that Al(VéL);um)/L — 0, L - oo, m = 1,...,M — 1. Let
d €(0,1), and let

dp = ST B2 )2 Lz,

and let Q‘SL € F, L =1, be given by

M-1
O =a,n ({2 <d; )
m=1

Then dg, — 0, and P(Q3) — 1, L — oco. Also, we have

||fm —gm(w)HLz(E;dl,m) § d}:_é, m = 1...,M, w € Qi, L Z 1.

5 re-simulation

Let us be back to the situation in Introduction. Let h,, € L*(E;dv,,), m = 1,2,..., M
with hyy = fu. Let o a stopping time given by ¢ = min{k = 0,1,..., M; fi(Xx) =
hi(X%)}, and let

co = co({hmm=1) = E[f+(X,)].

Then we have the following.
Proposition 10 Let 3 = 0. Assume that there is a Cy > 0 such that
Vm({|fm—fm|§8})§00€’8, e>0, m=12,..., M.

Then we have

2
fo—col £ (Co+1) Z||fm—h [

11



Proof. Let ﬁm, m=M,M —1,...,0, be inductively given by
har = far = b,
ilm—l = Pm—1<]-{fmghm}fm + ]-{fm<hm}ilm)a m = Ma M — I,...,1

Then we see that ¢y = BO.
Note that

fm—l = Pm_l(l{fmzfm}fm + 1{fm<fm}fm)’ m = M,M — ]_, ceey 1.

Therefore we have 3 X
.fm—l - hm—l

= mel(l{fm<fmAhm}(fm o hm) + 1{hm<fm<fm (fm - fm) + 1{fm§fm<hm}(fm - hm))

= I'm— 1(1{fm<hm}(fm - ) + 1{hm<fm<fm}(fm fm) + 1{fm§fm<hm}(fm = fm)),

and so we see that 3 R
|fm—1 - hm—l’

S Pm—1(|fm - Bm‘) + Pm—1<1{|fm—fm|§|fm—hm|}’fm - fm|)

é mfl(’fm_hm’)+Pm71(1{‘fm_fm‘§g}’fm_fm‘)+Pm71(1{5<‘fm_hm‘}‘fm_hm’)
So we have
||fm 1 — m 1||L1Edz/m 1)

= Hfm - hmHLl(E;dvm) + El/m({‘fm - fm’ = 5}) + 871Hfm - hm,’%%E;dum,l)

S |1fon = Ponl |12 (Bidim) + Co™ 4 7| fir = hunl G2 1)

So letting 2/245)
5:||fm B, ||L2Edy )

we have
7 1 2
1 Fmt = bl | 2B S 1 Fon = bl |20y + (Co+ Dl Fon = hanl [ )-

Since fM = hM = hy = fM, we have our assertion. 1

Now let X" = (Xg, X7,...,X%),n=1,2,..., be independent identically distributed
EM+1_valued random Variables whose distribution is the same as (Xg, X1, ..., X3s) under
P. We assume that o{X,,; m = 0,1,...,M}, o{X!, m = 0,1,...,M, ¢ = 1} and
O'{X;lz; m = 0,1,...,M, n 2} are independent. Let ggf)(w) € VTgL), m,L = 1, as in
Introduction. Let

Tu(w) = min{m 2 0; g () (X7, (@) Z fu(X5 W)}, nZ1,

and let

1< .
I Z fri() (ka(w) (w))
k=1

12



Then by law of large number, we have

& (w) = co({g P (W)M=Y as., n — 0o.

m=1
By Proposition 8, we see that
fo— 98 (w)] £ d Q
|fo— 90 (W)| = dp, w e,
But Propositions 9 and 10 imply that

1fo — col{gm(@) Y| < Cal DT e 0

even though (3 is unknown. So ¢ (w) can be a better estimator of fo-

6 Brownian motion Case

From now on, we try to give estimates for \o(V, ) and ||me;;+1 — 7Tm7vpmf;+1 || for some
examples.

Let {By; t = 0} be a standard Brownian motion and 7' > 0. Now let V,,, n = 1, be
the space of polynomials of degree less than or equal to n. Let P, t = 0, be the diffusion
operators for the standard Brownian motion, i.e.,

(P = () [ swes-C5 Dy, gem®)
! ort’ g 2t ’ '
Let v be a probability law of Br. So we have
1 x?
v(dx) = exp(—=—)dzx.
(dz) o p(~57)

Then we have the following.

Proposition 11 We have

1 1
lim —log Ag(V,,v) = lim —log Ay (Vy,,v) = log9.

n—oo N, n—oo M

Also, let f : R — [0,00) be given by f(z) =2 V0, z € R. Then there is a Cy > 0 such
that
|P.f — mnPifllz2qay = Con (L +¢/T)™?,  n=L.

Here 7, is the orthogonal projection in L*(R,dv) onto V,.

Proof. Let
22 d" x?
Ho (2 v) = i Wi -z N > 0.
(25 v) eXp(Zv)dx" exp( 21))’ reRY, v>0,n=20
Then we have
i 2 (z +1)? xt 1
> —Ha(x;0) = exp(5) exp(———-—) = exp(—— — o),

n=0

13



and

tn s™ z(t+s) t*+ s
2 aHn(x,v)—!Hm(x,v) = exp(— 5 5 )
So we have
0 " gm
S LS | e 1) H o Twds)
n!n! Jg
n,m=0
B (t+s)? 2+s> ts. = ts”

and

So we see that e,(z;T) = T")l/zH (;
L3R, dv).
Note that
0o tnl
Z<H H%w
ni,n2,n3,na=0 i= 1
and so

o0

T), n = 1,2,..., is an orthonormal basis in

4 4
(D iz bi) _ it

v 2v

).

v) = exp(—

ni,n2,n3,na=0 i=1

(Z?ﬂ ti)Q _ Z

3 HW/H%xTM>

= exp( ST

So we have

) Lo
/RHn(a:;T) V(i) = G

Note that

Y tity=ti(ta+

15i<j<4

and so we have

15i<j<4

ar d"
gl
2 @1

t? 1
22,—]1 ):exp(f Z tit;).

dar 1
a2 )l

15i<j<4

tg + tg) + ta(ts + tg) + tsty

!
n—)(t2 +t3 + t4)" (ta(ts + ta) + tsts)"™,

dr n 2n
YD 1) o = 20
1

14



2
n
= (2n)! <k) (ts + t4)?F(tsty)" .
So we have
. . "\ [(2k
| D tit))u=mtimo = (20)!(n))? <k;) <k>
4 L y<icj<a k=0
Therefore we see that

/R en(x;T)‘*z/(d:c):(%)Z /R H (2 T)w(de) = S (Z)Q(Zk’“)

o
o

Let
n! >
an = log(W), n =z 0.
Then it is well known that {a,}5°; is bounded.
Since )
log(n!) =nlogn —n — 5 logn + ay,
we have )
1 n 2k 1 n 1 2k
-1 271 2
o) () =2 (i) <o ()
k. 1
=2h(—=) + —(—logn + log(n — k) + log k + 2a,, — 2a,_x — 2ax,)
n’ n
2k 1,1
+—log 2 4+ —(—=log(2k) + log k + agr — 2as),
n n 2
where

h(z) = —(zlogz + (1 — z)log(1l — x)), z € [0, 1].

1 n\ 2 [ 2k 1 ° ([ 2k
— < =
k%}%?i,mlog(k) (k)) = el <k) (k))

< max llog((Z)2<2:>)—|—%10g(n—|—1).

~ k=0,1,...n M

Also,we have

So we have

1 . 2 2k

— log( (n) < >) — max (2h(z) + 2zlog 2) = log9, n — oo.
n pr k k z€[0,1]

Therefore we have by Proposition 4

1
- log(/ en(z; T)*v(dz)) — log 9, n — 0o.
n R

Since

/Ren(m;T)‘lV(dm) < Xo(Vp,v)

15



and

n

MV, v) EXM(Vi,v) S (n+1) ex(z;T)*v(dr) £ (n+1)* max [ ex(z; T)*v(dz),
k—O/R k k=0,..., n/R k

we see that ) .
lim —log Ag(V,,v) = lim —log Ay (V,,,v) = log9.

n—oo N, n—oo 1}

Note that %f(x) = §(x). So we have

d? 1 x?

@(Ptf)(flf) G, eXP(—Z)-

Then we have

S5 | Husale TP )

—;n, — d;; ()P @)iz
—nZ;n, [ epl ) (P s
= \/2—7#7\/% RGXP(—T— QT)GXP(—ﬁ)GXP(—Z)d
IO S N DR
T Im@ g TRTAT ) 2T JamTrn L 2T b))
So we have
‘ ) 1 em)! 1
| Homsas DR atde) == e O )
and so
‘ o, 1 2m) 1
[ e PN @) = () —— T Car
B 1 1 12 (2m)™e™™(2m) "4 exp(agm/2) m tm
B 27T(T+t)((2m+1)(2m+2)) T 2mmme=mm=1/2 exp(a,,) (=1) <1—i_T) '

So we see that
fim /(14 L)) / eama(@; T) P f (@) (da)

m— 00

exists and is positive. Since we see that

| / eamsa(; T)Pf () S (| Pof — o Pof |22
R
we have our assertion.
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7 A remark on Hormander type diffusion processes

Let N,d =2 1. Let Wy = {w € C(]|0,00); R%); w(0) = 0}, F be the Borel algebra over W,
and p be the Wiener measure on (Wy, F). Let B* : [0,00) Xx Wy — R, i =1,...,d, be
given by Bi(t,w) = wi(t), (t,w) € [0,00) x Wy. Then {(B(t),..., Bt);t € [0,00)} is a
d-dimensional Brownian motion under u. Let B%(t) = ¢, t € [0,00). Let Vo, V4,...,V; €
C(RY; RY). Here C°(RY; R™) denotes the space of R™-valued smooth functions defined
in RY whose derivatives of any order are bounded. We regard elements in Cg°(RY; RY)
as vector fields on RY.

Now let X(¢,z), t € [0,00), z € RY, be the solution to the Stratonovich stochastic
integral equation

X(t,x)=z+ Z/o Vi(X (s, 1)) 0 dB'(s). (3)

Then there is a unique solution to this equation. Moreover we may assume that X (¢, z) is
continuous in ¢ and smooth in z and X (¢,-) : RY — R¥, t € [0,00), is a diffeomorphism
with probability one.

Let A = {0} U2 ,{0,1,...,d} and for a € A, let |[a| = 0if a = 0, let |a| = k
if o = (at,...,0%) € {0,1,...,d}*, and let || o || = |a| + card{1 < i < |af; o = 0}.
Let A* and A** denote A\ {0} and A\ {0, 0}, respectively. Also, for each m > 1, AY |
{face A | alsm}).

We define vector fields V},), a € A, inductively by

Vig =0, Vg=V, i=0,1,....4d
Viasi) = Vg, Vil, i=0,1,...,d.

Here a i = (al,...,a" i) fora = (at,...,aF) and i = 0,1,...,d.

We say that a system {V;;i =0,1,...,d} of vector fields satisfies the following condi-
tion (UFG).
(UFG) There are an integer £y and ¢, 5 € C°(RY), a € A™, B € <, satisfying the
following. -

Vil = Y PasVig, a€A™

peAy,
Let A(z) = (AY(z));j=1..n,t >0, z € RN, be a N x N symmetric matrix given by

Ad(z) = Y Vi@V (@), ij=1,...,N.

* 3k
aEAgeo

Let h(z) = det A(z),z € RN, and E = {z € R™; h(z) > 0}. By Kusuoka-Stroock [8], we
see that if z € E, the distribution law of X (¢, z) under u has a smooth density function
p(t,z,-) : RN — [0,00) for t > 0.

By Kusuoka-Morimoto [7] Propositions 3, 8 and 9, we see the following.

Proposition 12 For any p > 1 and T > 0, there is a C € (0,00) such that

/ p(t,z,y)h(y) Pdy < Ch(x)7?, reE, te(0,T].
E
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Proposition 13 For any T > 0, there are C' € (0,00) and 69 > 0 such that

p(t, x,y) < Ot~ WN+Do/2p () =2(N+1)f exp(—2750|y —z/?), te (0,T], z,y € E,
and

p(t, x,y) < Ct~NHD/2p (4 ~2(N+1Dk exp(—2760|y —z/?), te(0,7T], z,y€ E.

Proposition 14 Let § € (0,1/N), o, 8 € ZY, and T > 0. Then there are C' € (0,00)
such that -

|8§‘35 (t,z,y)| < Ot~ UalHIBIFDO/2p () =2l +BFD ¢ o 4170, z,y € B, t e (0,T],
and
10000p(t, @, y)| < Ot~ (elHBDL/ 2 () =2(al BV ¢ 4 )10 gy € E, t € (0,T].
Then we have the following.
Proposition 15 For anym 2 1 and T > 0, there is a C € (0,00) such that
p(t,z,y) < CtNop(z)~@Nb+mID R m, r,y € E, te (0,T).

Proof. Note that for any € > 0 we have

\a‘; (0t 9)(e + b))

< 2| plt, ) ¥+ hly)

Oh

+2M N p(E, @, )V (e + h(y)) T
Yi

( )’N+1‘
By Proposition 12 and 13, we see that

Sup{tN(N—H)Eo/Qh(x)QN(N—H)Eo—&-m(N—H) / |p(t, z, y) (8 + h(y))_m|N+1dy;
RN

tel0,T], € E, e >0} < oc.
Also letting § = 1/(N + 1) in Proposition 14, we see by Proposition 12 that

N
Sup{t(N—l)(N—H)Eoh(x)z;(N—l)(N+1)€o+(m+1)(N+1) Z/ (p(t, z, y) (6 + h(y))_m))|N+1dy;

i

tel0,T], z€ E, ¢ >0} < oo.
These and Sobolev’s inequality imply that there is a C' > 0 such that

tNo b () N TmH Lt 2 y) (e + h(y)) ™™ £ C, reE, ycRY tc(0,T], ¢ >0.

18



This proves our assertion. 1
Let P, t = 0, be a diffusion operator defined in Cg°(R”) given by

(Pf)(@) = BIf(X(t,2))],  feCFRY).

Then we see that

(Eﬂ@%jéMmeﬂw@, rCE.

Then we have the following.

Proposition 16 For any T > 0 and o € Z%, there is a C € (0,00) such that

%(Pt )(2)] = Ot~ (el NE202 () =220 (py(| £17) ()12

for any t € (0,T), z € E and f € C°(RV).

Proof. By Proposition 14, we see that thereis a C; € (0, 00) such that for any f € C2°(RY)

(Pf)(a \</\ (t, 2. 9)|1f () ldy

< Oyt~ e+ fo/2p () —2(el+ i /p(t,x,y)QN/@N“)\f(y)!dy

< Ct (Jee|+1) Z0/2h 2(|af+1) Zo‘/ f t$ Ly dy’l/Q‘/ t:I? y)(2N 4N+2d ‘1/2

By Proposition 13, we see that there is a C5 > 0 such that
/p(t,x,y)(ZNl)/(4N+2)dy < C’Zt*(NJrl)fO/‘lh(x)*(NJrl)eo, z e E,te(0,T)
E

So we have our assertion. 1
The following is an easy consequence of Proposition 14.

Proposition 17 For any 3 € (0,1/N) and T > 0, there is a C > 0 such that

|8?;i (p(t,z,)")| £ Ct™n(z)™  zecE, tec(0,T].

8 A random system of piece-wise polynomials

Let v be a probability measure on RY.
For any m = 2, let

Mlogm), k= (ky,... ky)e{l,....,m}".

log m,
—pm. N —_ N
Let Dy, = {D;"”; k€ {1,...,m}"}. Then we have |JD,, = [-logm,logm)™.

19



Let X1, X5, ..., 1.i.d. random variables defined on a probability space (2, F, P) whose
distributions are v. Let D,, ,(w), m,n 2, w € €2, be a random sub-family of D,, given by

Dyyn(w) =4{D € D,,; thereis a k € {1,...,n} such that X;(w) € D }.

Let P., 7 = 0,1,2,..., be the set of polynomials on R" of degree less than or equal to
r. Now let Vi, ;m,(w), myn 2 2, r 2 0, w € Q, be a finite dimensional vector subspace
of m(R") hulled by flp, f € P, D € Dy ,(w). It is obvious that dim V. (w) <
N™(N +1)".

Now let us use the notation in the previous section. Let X (¢,z), t € [0,00), z € RV,
be the solution to the SDE (3) and we assume the (UFG) condition holds. Let 7o € RY
such that h(zg) > 0, and so 7 € E. Let Ty > 0 and p(x) = p(Tp, xo, ), * € RY. We
think of the case that v(dz) = p(z)dz.

Then we have the following.

Theorem 18 Letr =2 0,5 > 0,7 > 0, and T > 0, and let n,,, m =,2,..., be integers
satisfying m™*7 < n,,, < 2mN*V. Then there are Q,, € F, m =1,2,..., and C € (0,00)
satisfying the following.

(1) P(Qy,) — 1, m — oo.

(2) For any w € Qu,

1
] >
inf p(z) 2 3 sup p(z),

and
I/(D) > Cflmf(2N+’y+5)

for any D € Dy, . (w) and m = 2.
(3) For any w € Uy Ao(Vinny, s V) S Cm2NH1H9,
(4) For any w € Qp,, f € C3°(RY) and t € (0,71,

P f — v Pifl 2 (an)

é C(t—(r+2N+3)€om—(r+1)+6 + m—'y/4+6)( . f(y)4p(To + t, To, y)dy)1/4.
R

Here my,, .. is the orthogonal projection in L*(E;dv) onto Vi, , . (w).

We make some preparations to prove Theorem 18.

Proposition 19 For any r = 0, there is a C, > 0 such that

4 1/4 < —N/4 2 1/2
gt ats e )

—E,E)N

for any e >0 and f € P,.

Proof. Let us fix n = 0. Since P, is a finite dimensional vector space, any norms on P,
are equivalent. So we see that there is a C, > 0 such that

24 de)V4 < 212 dz)/? .
(f Merarnsad @fen gep,

(_Ll)N
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Then we see that

2V dp) VA — N/4 2V )/
(g ay =i et i)

(_171)N

§ CTENM(/

(—l,l)N

f(ex)? dx)¥? = Ce MY / f(z)?* dx)*/2
(—ee)™

This implies our assertion. 1
For any Borel subset A in RY and n, let N,,(A4) be N, (A4) =Y 14(X;).
Let v > 0and ¢ € (0,7/2), and fix them. Let 79 = N+~v—4/3 and v, = 2N +~+4§/3.
Now let DY and DY be subsets of D, m = 1, given by

DY = {D e D,,; v(D) =2 m™°},
and
DY ={D € D,,; v(D) 2 m "}

Then it is obvious that DY ¢ DY.
Then we have the following.

Proposition 20 (1) Let Qomn, m = 2, n = 1, be the set of w € Q such that DY
Dyyn(w). Then we have

P(Q\ Qomn) < mY exp(—nm~ V0md/3), n=1 mz22.

(2) Let Q4 mpn, m = 2, n 2 1, be the set of w € Q such that D, ,(w) C DY Then there
is an my = 1 such that

P(Q\ Q) < (21og 2)nm~ N1y =073 n=1 mz2m;.

For D € D,, we have
P(N,u(D) = 0) = (1 = (D))" = ((1 — »(D))"/"P)y "),
Thus we see that
P(N,(D) = 0) = exp(—nv(D))

for any D € D,,, and
272(P) < P(N,(D) = 0)

for any D € D,, with v(D) € [0,1/2]. So we see that for any D € D,, with v(D) € [0,1/2],

P(N,(D) 21) £1—exp(—(2log2)nv(D)) < (2log2)nv (D).

Note that

v(D) £ (2mlogm)Y sup p(z).
zeRN
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So there is an m; = 1 such that v(D) £ 1/2 for D € D,,, m = m;.
Therefore we see that

P(Q \ QO,m,n) é Z P(Nn(D) = O) é mN exp(_nm—’m)’
DeptY

and

1\

my.

PO\ Qma) S Y P(Nu(D) 2 1) £ (2log2)nm™™"  m

DeD,\DY

So we have our assertions. 1

Proposition 21 There is an my = 1 satisfying the following.
If D € Dﬁi), then

1
inf p(z) 2 5 sup p(x) = m~ VB, >y,
zeD 2 zeD

Proof. Assume that D € D). Let 2; € D be a maximal point of p(x), x € D. Then we see
that p(x1) = (2logm)¥m~=N=779/3_ Appliing Proposition 17 for 8 = 1/(2(N +~v+4/3)) >
0, we see that there is a Cy > 0 such that

So we see that

2N logm

()’ = p(z1)°] < Co —

r€eD,

and so N1
ogm
P(x)ﬁ = P(xl)ﬁ - C'07g
1 - _Np. 2N logm
> (L)) + (1 2 2logm) Vo 12 - ¢, 2108
So we see that if m is sufficiently large

1
inf p(x) = = sup p(z) = m~N+H1+20/3),
z€D 2 zeD

Thus we have our assertion.

Proposition 22 There is an ms 2= 1 satisfying the following. If w € Q4 ,,.m and m = ms,
then
Ao(Vinnyr(W);v) = m2NH+o,

Proof. Let my 2 1 be as in Proposition 21. Suppose that w € 4 ,,,, and m = my. Then
Dyn(w) C DY
Let f € Viynr(w). Then there are fp € P, D € Dy, ,(w), such that

[ = Z Iplp.

DeDyy.n(w)
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Then we see that

‘v(dr) = v(dz) < )4d
S = 3 /fD ) < supp(a) [ folo)'ds

DEDym DeDm o (w) TP

[IA

2@2( g pla)C ™ o)™ | sotaydey

2 Y Y em logm) /D fo(z)*v(dz))?

DED . (w) lanED p(,I)

[IA

< AN (N4 =93 (log m) ~V)( f(z)*v(dx))>.
RN
This implies our assertion.

Proposition 23 For any r 2 0, there is a C € (0,00) satisfying the following.

inf{(/( @) - @)% g e P

0
D Y N =

aezgo,r+1§\a|§r+N+1
for any f € C®(RY) and ¢ € (0,1].
Proof. By Sobolev’s inequality, we see that there is a C)y > such that

ap f@Isc Y (f F@par pecmmy)

ZDG( ) ) angOJa‘gN
So we see that

sup_17()| £ Cy [, e s

— N
ze(—¢) an§07|a\<N

_ o f
< || —N/2 1/2
< S ([ et
aEZ;O,|a\§N
For any f € C®(RY),
Lovf o P =), dtt
f@- ¥ st s [ S e

al 0z
aezgo,\a|§r

[67

0
<l Y s 9 L),

1
aezd Jal=r+1 "<
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and so we have

80&
wi(([ 1) -o@Pan)s g e Py S NS s ()
(—ee)¥ acz Jal=r+1 7€ OF

aa+ﬁf
< rtl r+14+N/2 27,.\1/2
< Gy (2N) X @
a,ﬁEZgO,|a\:r+l,\ﬂ\§N ’
This implies our assertion 1

Proposition 24 For any T > 0 there is an my = 1 such that for any D € D,(n), m = my,

mf{/ | P f( g(x)|*v(dx); g € P}

< m2(r+1)+26/3t(7"+2N+3)€0/2/ Pt(\f\z)(x)y(dx), te (O,T], f e C;;O(RN)
D

Proof. Let my 2 1 be as in Proposition 21. Then
p(z) = m~N+1+20/3), zeD, DeDW

for any m = msy. By Proposition 15, there is a Cy > 0 such that

h(z) 2 Com %/ (Br+2N+3)to) reD, De Dg), m = mo.
Then by Proposition 16 we see that there is a C; > 0 such that
aa
D P @) S Com e (B £ (@) 2,
ox®

aEZgO,T+1§\a|§N+7‘+1

for any z € D, D € D%), m = msy, and f € C°(RY). Then by Propositions 23 we see
that there is a C5 > 0 such that for D € Dﬁ%), m = ma,

inf{( / Pf(z) — g(x) Pr(dz) V% g € Py}

< (sup p(x)) " inf{( /D Bf(2) — g(a)2dz)"? g € Py}

zeD

< 2(inf p(a))"*Ca(2m " logm)"* ([ IgmPit@)Pdn)
aezg r+1<|a\<r+N

g 2C2(2m71 log m)r+1C1m6/4t(r+2N+3)€0/2</ (Pt(|f|2))(a:)u(dx))l/2
D
So we have our assertion. 1
Proposition 25 Let Ag,, = UD(S). Then there is an ms = 1 such that

V(RN \ Agm) = m~F, m

1\

mes.
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Proof. We see by Proposition 13 that

V(RN \ Ag,) = v([—logm,logm)N \ Ag,,) + v(RY \ [~ logm,logm)™)

= Z V(D)—I—/ p(To, o, x)dx
RN\[- log m,logm)™N)

DED,\DY
_ —(N+1)to/2 _ 200 |z — zo?
<m0 4 CT, 02 h () 2N+ Db exp(— Ydz.
RN\[- log m,logm)™N) To
This implies our assertion. 1

Proposition 26 Letr = 0, and T > 0. There is an mg = 2 satisfying the following. For
any w & QO,m,na m 2 me, N 2 17

||Ptf - va,n,rPtf| |L2(dl/)

é (t—(r+2N+3)Zo/2m—(r+1)+6/2 + m—7/4+6/2)( N f(y)4p(To + t, To, y)dy)1/4
R

for any t € (0,T), and f € C*(RY).

Proof. Let my,ms = 2 be as in Propositions 24 and 25. Let w € Qo mn, and m 2
my V ms. Then we see that Dy, ,(w) D DY and so we see that

inf{ /R IPf(@) - g(a)P(de); g € Pr)

= inf{ | [(Pf)(x) — g(x)]*v(dz); g € Pr} + |Pif (z)[Pv(de)
> ), J

RN\U Dm,n(w)

DeDpyn(w
< 3w eenn [ p @)
DED,y n(w) b
SR\ Ao ([ (P @]o(de)
RN
< PR [ f(y)2p(Ty + t, 20, y)dy
RN
+m= OO f(y)'p(To + t, o, y)dy) 2.
RN
So this and Proposition 25 imply our assertion. 1

Now we have Theorem 18 from Propositions 20, 21, 22 and 26, letting €2,,, = Q¢ n.n,, N
Ql m,nm
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