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Abstract We are concerned with the finite volume approximation for a non-
linear parabolic-elliptic system, which describes the aggregation of slime molds
resulting from their chemotactic features, called a simplified Keller-Segel sys-
tem. First, we present a linear finite volume scheme that satisfies both pos-
itivity and mass conservations, which are important features of the original
system. The discrete free energy for the finite volume approximation is de-
rived. Then, under some regularity assumptions of solution and admissible
mesh, we establish error estimates in LP norm with a suitable p > 2 for the
two dimensional case. In the last part of this paper, we restrict our attention
to the radially symmetric solution of chemotaxis system, and we derive some
analysis of a-priori estimates and the discrete moment to study the blow-up
phenomenon of numerical solution. Several numerical experiments are pre-
sented to validate our theoretical results.
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1 Introduction

We consider the finite volume methods to a simplified Keller-Segel model (cf.
[20]) for the functions u = u(z,t) and v = v(z,t) of (z,t) € 2 x [0,T7,

%:V-(Vu—qu) in 2 x (0,77,
_Av-’-v:’u, IHQX[07T]7
ou  Ov ()
52520 on I x [0,T),
u(z,0) = up(x) on £,

where 2 C R? is a bounded domain with the boundary I = 92, v is the
outer unit normal vector to I', d/0v represents differentiation along v on I,
and ug > 0, ug #Z 0. Although we will deal with the one space-dimensional
problem (5.1) in Section 5, we mainly study the two space-dimensional problem
(1.1).

The system (1.1) describes the aggregation of slime molds resulting from
their chemotactic features. Therein, u is defined to be the density of the cellular
slime molds and v the concentration of the chemical substance.

The mathematical study for (1.1) is well developed. The unique solvability
locally in time when I" and ug are sufficiently smooth has been showed by Biler
[3] and Yagi [36]. The solution (u,v) to (1.1) has the properties of conservation
of positivity

u(z,t) >0, (z,t)€ 2x(0,T], (1.2)

and the conservation of total mass
/ u(z,t) dr :/ uo(x) dx, t€[0,T], (1.3)
2 Q

which imply the conservation of L' norm,

[u@lLr (@) = lluollLr (), ¢ €[0,T]. (1.4)

Besides of the fundamental existence results, relevant properties of the so-
lutions, including blow-up, chemotactic collapse and aggregation, have been
well concerned by many researchers, and one can refer to survey articles and
monographs Horstmann [17,18] and Suzuki [31,32] for those mathematical re-
sults. For example, it is showed in [22,23] that the value of |fuo| 1) plays a
crucial role in the blow-up and globally existence of solutions. For example, if
lluoll 1 () < 4, the solution exists globally in time; whereas if [uo| 1 (o) > 87

and uplz — :co|2 dx is sufficiently small with some xy € {2, then the solution

Q
blows up in finite time.
Another important feature of (1.1) is the existence of the free energy (cf.
[24]) which is expressed as
d

W (1), 0(,1) <0, te[0,T) (1.5)
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where

W(u(-,t),v(-,t)) = /Q(ulogu—u) dr — %/qu dx
(1.6)

1
= / (ulogu —u) dzx — 5/ (IVv]? + [v]?) da.
e 2

We have triple purpose in this paper that are briefly summarized as fol-
lows. As mentioned before, the L' conservation (1.4) and the free energy (1.5)
are essential requirements; it is desirable that solutions of numerical schemes
preserve these properties. After introducing the admissible mesh, we first con-
sider a linear finite volume scheme for (1.1) satisfying the discrete analogues
of (1.2), (1.3) and (1.5) (cf. Theorems 2.1, 2.2 and 2.3). Our second aim is to
establish the error estimates of the finite volume scheme (cf. Theorem 3.1),
with some additional assumptions on the solution and admissible mesh. An
important and interesting aspect of the Keller-Segel system (1.1) is the pos-
sibility of blow-up of solutions in finite time. Our last motivation is to give
analysis of the blow-up phenomenon for numerical solutions.

Below, we explain our work in detail. Several numerical schemes with con-
servation laws (the discrete version of (1.2) and (1.3)) have been proposed for
(1.1). An upwind finite difference scheme proposed by Saito and Suzuki [30] is
proved to satisfy the conservation of positivity with a time-step size control.
Filbert [15] introduced a nonlinear finite volume scheme. The existence of pos-
itive solution is proved under some condition of time-step size. Saito [27] then
proposed a conservation upwind finite element scheme with adjusting a time
step increment 7, at every discrete time-step t,, = 7+ - - +7, to guarantee the
positivity of the solution. A conservative upwind approximation of Baba and
Tabata [2] is applied to the finite element method to obtain the conservation
of mass. Bessemoulin-Chatard and Jiingel [5] considered a nonlinear finite vol-
ume scheme for the Keller-Segel model with additional cross-diffusion, which
is obtained by replacing the second equation of (1.1) with

—Av—dAu+v—u=0, §>0, z€2, tel0,T].

The existence of solution to the nonlinear scheme with the conservation laws
are proved.

For the discrete free energy, a time-discrete version has been proved in
[30]. However, any space-discretization is not undertaken. An entropy stability
(similar to the free energy) of discrete solution of finite volume method is
derived in [5] for the system with additional cross-diffusion.

For the convergence of numerical scheme, Filbert [15] proved the conver-
gence of the nonlinear finite volume scheme for the Keller-Segel model (1.1).
However, the error estimate with explicit convergence rate is still open at
present. A similar convergence result is obtained in [5] for Keller-Segel model
with additional cross-diffusion. Saito [27] succeeded in deriving explicit error
estimates of the form

sup [[u(tn) —uftllp, sup f[o(ta) = 9ll00 < O 4 77), (17)
0<n<l 0<n<l
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where u}} and v}! denote the finite element approximation of u(x,t,) and
v, ty,), respectively, 7 the size of the time discretization, o € (0, 1], and
p € (2, ) with the shape constant p > 2 of {2 (cf. Paragraph 2.1).

With a slight change of the nonlinear scheme in [15], we propose a linear
finite volume scheme that preserves the conservation law without time-step
control (cf. Theorems 2.1 and 2.2). The existence and uniqueness of a solution
of the linear finite volume scheme are obvious, and since the linear scheme
reduces the complexity of computation, it is well applicable to numerical ex-
periments. Then, we introduce a discrete version of the energy function to the
linear finite volume scheme, and show the time-decreasing property of it (cf.
Theorem 2.3). In the error analysis, we consider the case where the admissible
Voronoi mesh has a dual triangulation, since the convergence is proved in [15]
for general admissible meshes. By introducing a mass-lumping operator based
on the circumcentric domain, we can employ the technique of error analysis in
[27] for finite element method to our case, and develop the error analysis. Let
(ur, v}') be the solution of finite volume scheme (2.4) at a discrete time step
t,. Under some assumptions on the regularity of solution (u,v) to (1.1) and
some a priori estimates on discrete solution u}, we have (cf. Theorem 3.1)

sup |u(tn) — ulll ooy < C(R' 2P 4 79). (1.8)
0<t, <T

Moreover, we have the error estimate for v(t,) — v} that is described as

sup [[0(tn) — 0f 1,00 < Coh* /P + Cs sup [u(tn) — uf |, (1.9)
0<n<l 0<n<l

where 0} is the projection of v}’ to a linear piecewise continuous function
which subordinate to the dual triangulation of the Voronoi admissible mesh.
The precise definition of 9} is presented below. As mentioned above, our error
analysis extending from the method of finite element approximation proposed
by [27] is different from the argument of error analysis for finite volume method
n [14]. Some LP error estimates results in [7] for finite volume approximation
to elliptic problems with Dirichlet boundary condition on a mesh of barycentric
type has been extended to the case of Neumann boundary value problem on
Voronoi mesh (cf. Lemma 4.2), which can be applied to our problem. The
convergence rate h'~2/? in (1.8) is due to the approximation of the nonlinear
term V - (uVv) in (1.1). We can summarize the strategy of establishing the
error estimates as follows (Sections 3 and 4):

(i) A dual triangulation of Voronoi mesh and a mass-lumping operator M, is

introduced (Section 3.1 and 3.2);

(ii) Operators Aj, and Ly, are denoted as the finite volume and finite element
approximation of —A+1, respectively, and we present some error estimates
on A; ' and L, ! (Paragraph 4.1.3);

(iii) We show that — A}, satisfies the resolvent estimates in a modified L? norm,
which is an analogue to the results in Crouzeix and Thomée (cf. [13])
(Paragraph 4.1.4);



finite volume methods for a Keller-Segel system 5

(iv) Some estimates about time discretization error 07,u — u and the error of
approximating to the nonlinear term b — Bj, are derived (Section 4.2 and
4.3);

(vi) With the aid of M}, Aj, the projection operator Ry, P, and the estimates
of (iv), we reformulate the variational equation of error w}’ = 4} — Rpu(ty)
into a single equation. Then we make the use of Duhamel’s principle, frac-
tional powers of operators and the smoothing properties of semigroup to
derive the error estimates (Section 4.4).

Our final topic is the blow-up of solution of Keller-Segel model (1.1). We
see from previous works [15,21,27] that numerical solutions seem to reproduce
the “blow-up” phenomenon (the mass concentration at some elements) under
the large initial condition. On the other hand, the solution of conservative
numerical schemes cannot blow up in finite time (the solution goes to infinity
at some points in finite time), since any norm (in space) are equivalent in a
finite dimensional space. Therefore, it is natural to ask whether numerical so-
lutions can reproduce the blow-up phenomena. There are plenty mathematical
theory for the blow-up study of (1.1) (cf. [11,8,22,23]). In [22], to show the
chemotactic collapse is not possible in the one dimension, it is proved

0 <wv(x,t) < %(1 +4L%)0, (1.10)

v (2,8)] < 6, (1.11)

where 2 = (—L,L) and § = f ¢ uodz. Moreover, when considering only radially
symmetric solutions in the ball {2 = B(0, L) with the radius L the and center
at the origin and ug(z) = uo(r) with » = |z|, the global existence of a solution
for 6 = fB(07L) uo(x) dx < 8 is proved by showing (cf. [22])

1
0 <w(z,t) <20+ 59, (1.12)

|vg(z,t)] < L(I + 4k), (1.13)

where [,k > 0 depend on 6. To establish the blow-up results, setting the
moment

L
Ms(t) :/ u(z, t)|x|* de = 27r/ u(r, t)r® dr, (1.14)
2] 0
it is proved that
d 1, 1 1 s 1
= <40 - — — . .
dtMg(t) < 40 27r9 + I3 OM5(t) + 267r92 Ms(t)? (1.15)
From (1.15), if 6 > 87 and M>(0) is sufficiently small, then we have
iM (t)<o0, t>0
dt 2 ’ ’

which implies Ms(t) goes to 0 at some time ¢ = ty44- In view of u > 0 and
Jou(z,t) = 6, the function u actually blows up in finite time #,,q,-
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In this article, the conservative finite volume scheme is applied to the one
dimensional and two dimensional system. We derive the discrete versions of
(1.10), (1.11), (1.12) and (1.13) (cf. Theorems 5.1 and 5.2). Moreover, we
define the discrete moment M3 for the n-th time step, and obtain a discrete
analogue of (1.15) (cf. Theorem 5.3) for a nonconservative scheme, and draw
a remark to explain the difference of moment equation between conservative
and nonconservative scheme.

The numerically “blow-up” study is important. It is not only for under-
standing the properties of numerical solution, but it also shows some hints
to approximating the blow-up time of exact solution. For nonlinear parabolic
and wave equations, there are well-developed theories of approximating the
blow-up time (cf. [9,10,29]); however, those techniques are not applicable to
conservative numerical schemes. Our final motivation is to develop the method
to approximate the blow-up time and this paper is the first step towards this
end.

The paper is organized as follows. In Section 2, we briefly introduce the
admissible mesh and present the linear finite volume scheme. The conserva-
tion laws and discrete free energy are proved. In Section 3, we consider the
Voronoi admissible mesh with dual triangulation and define the associated
mass-lumping operator Mj,. Some properties of M}, are given, and the main
theorem of error estimates is presented. The proof of main theorem of error
estimates is presented in Section 4, including the discrete Laplace operators, re-
solvent estimates of — Ay, in a modified LP norm, and the estimates of dr,u—u
and b — Bp,. The finite volume scheme is applied to the 1-dimensional system
and 2-dimensional symmetric system in Section 5, and some analysis of numer-
ical solution concerned with blow-up theory are presented. Several numerical
experiments are performed in Section 6 to verify our theoretical results.

Notation

Throughout this paper, we follow the notation of [1]. Namely we use standard
Lebesgue and Sobolev spaces. We set W™P = W™P(0), H™ = W™2((2),
L = LP(2), | llmp = |l lwmews [+ [lp = || [[e for m € Nand p € [1, 00]. For
p € [1,00),

Wp—{UGWl’”gZ—OonF}.

The inner-product of L? is denoted by (-, -). For Banach space X, we denote
X* as its dual space, and (,-) is denoted as their dual product.

General positive constant depending on {2 are denoted as C, C’ and so
forth. In particular, C' does not depend on discretization parameters h and 7
described below. We use Cy g or C(a, ) to specify the C' depending on other
parameters, say a, 3, if necessary.

The d-dimensional Lebesgue measure of O C R? is denoted by m(0) =
md((’))
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2 Finite volume scheme: conservation laws and discrete free energy
2.1 Weak formulation

Throughout the paper (except for Subsection 5.1), we suppose that (2 is a
convex polygonal domain in R2. Then, we have the following elliptic regularity
in the LP sense (cf. [16]): there exists u € (2, 00) such that, for any p € (1, u),
the linear elliptic equation

—Av+v=uin {2, %:Oonf (2.1)
admits a unique solution v € WP satisfying
[0ll2p < C(p, 2)||ullp. (2.2)
We introduce an operator G : LP — WP by
Gu =,

where v denotes the solution of (2.1) for u € LP. We then introduce the
trilinear form b on L? x H' x H':

b(w,u, x) = — /QuV(Gw)VX (we€ L u,x € HY).

The weak form of (1.1) reads as: find u € C'([0,T]; H') such that, for all
te (0,7),
(Qru(t), x) + (Vu(t), V) + b(u(t), u(t),x) =0, Vx € H', (23)
u(0) = ug € H'. '

2.2 Admissible mesh

We follow the standard notation of the finite volume method described in [14].
Let 7 be an admissible mesh (cf. [14, Definition 9.1]) such that

2=~
KeT

An element K € T is called a control volume. We introduce the neighborhood
of K €T as
Ng:={LeT|LNK # 0},

We write K|L or ok, 1, to express the common edge LN K of control volumes
K and L, and set

Eine ={KI|L |VK €T, VL € Nk}.



8 G. Zhou, N. Saito

Moreover, letting o, = K NI be the edge of control volume K on I, we set
5ea:t = {UK,F | VK € T, Fﬁl—’ 7& (Z)}

and

&= gint U 5emt~

For every control volume K, x, € K (or denoted as Pk ) is the control point,
where Pk Pr, is the perpendicular to K|L for all K € T, L € Nk (see Fig-
ure 2.1). Set

K|L
dK,L:dist(xk,a:L), 7’[()LZM:TL)K7 K,LET,
dr,1,
m(or,r)

dg,o = dist(zr,0k,r), Tro= , Ok, € Eeut.

dK,a
Following [14], we assume there exists £ > 0 such that

d.Z‘K,UK,L Z gdK,La VK 6 TaVL 6 NK

Fig. 2.1 Control volume K, L of admis-
sible mesh 7.

Fig. 2.2 Dual triangulation 7 to
Voronoi mesh 7.

2.3 A linear finite volume scheme

Setting X}, = span{¢x | K € T}, where ¢k the characteristic function of K,

i.e.,
1 onkK,
e

0 otherwise.
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In general, for up, € X, and K € T, we write as ug = up(Pk). Given the
initial condition

uy € Xp, uh >0, /u?L:Zm(K)u?{EM>O,
2 KeT

we state the finite volume scheme for (1.1): find (u}},v}}) € Xp, x X}, for n > 1,
integer, such that

> a0 = o) m(K) = m(K)ug, VK €T,
LeNk
m(K)op,ule + Y T (uf — uf) (2.4)
LENK
+ Y twe {(Dv;gjg)w;; - (Duggjg)_ug} —0, VKeT,
LGNK
where w; = max(w, 0), w— = max(—w,0), w = w; —w_,

Dug 1 =vr — vk for v, € X, Dug, =0 for o € Ecpy.

Here, 7, > 0 is the time-step increment, ¢, = 7 + - + 7,, and 0, uf; is the
backward Euler difference quotient approximating to dyu(t,), which is defined
by

n n—1
o, ul — U — Uk
Tn - .
K .

The scheme is a modification of the nonlinear scheme presented in [15] which
is obtained by following the basic idea of the finite volume method.

2.4 Conservation laws

Theorem 2.1 (Conservation of total mass) {u} },>0 C X}, is the solution
of (2.4), then we have

(v 1) = (upp, 1) = (up, 1), ¥n>0. (2.5)
Proof Taking a summation with K € T of (2.4) leads to (2.5).

Theorem 2.2 (Well-posedness and conservation of positivity) u) > 0,
up # 0. (2.4) admits a unique solution {(u,v¥)}n>0 C Xp X Xp, and ul} >0
forn>1, v >0 forn >0.

Proof Following the same argument of [5, Section 3|, (2.4) is written into
Anu(n) — u(n—l))

where
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Ak K = + Y (L4 (Dvi ) >0,
LeNk

aj = —7rr(1+(Dvi 1)) <0, LeNk.
Since i, = 71,k and (Dvk 1)y = (Dvg k)—, we have

m(K)

Tn

> 0.

aj g + E ay g =
LE./\/K

Consequently, A" is irreducibly diagonally dominant with respect to the columns
so that we can apply [35, Corollary 3.20] to obtain (A™)~! > 0, which yields,

u™ = (A")_lu("_l) >0, n>1,

under the assumption that u(® > 0 and not identically 0 (u > 0, u$) # 0).
Finally, vjl > 0 for n > 0 is proved in the same way.

Remark 2.1 In previous papers, [27,28,30], we proved that corresponding co-
efficient matrices are irreducibly diagonally dominant with respect to the row
under a certain restriction on a time-step size. Consequently, we need to em-
ploy a time-step size control to ensure the positivity of discrete solutions.
However, we can remove such restrictions by considering that corresponding
coeflicient matrices are irreducibly diagonally dominant with respect to the
column.

Corollary 2.1 {u}'},>0 C X}, is the solution of (2.4) as in Theorem 2.2, then
we have
lvhlls = lluhlly = lluplls, Y >o0. (2.6)

2.5 Discrete free energy

The free energy for system (1.1) is given by (1.5) and (1.6). For {(u},v}})}n>0
the solution to (2.4), we define the discrete free energy function: for all up, vy, €
Xha

1

Wi (up,vp) = Z m(K)(ug logux —ux) — 3 Z m(K)ugvg, (2.7)
KeT KeT

and set W} = Wy (uj, vy').

Theorem 2.3 (Discrete free energy) Let {(u},v})}n>0 be the solution to
(2.4), then we have

1
—(W =W <0, n>1. (2.8)

To state the proof, we need the following lemma, which is a version of [15,
Lemma 3.1] and whose proof is exactly the same.
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Lemma 2.1 Let ¢ : R — R be an increasing C*-function and {(u},v}')}n>1
the solution to finite volume scheme (2.4), then we have

Z(uK —uy p(uy) < —— Z Z TK,L [D’U'KL ¢ (W 1) 2

KeT KeTLeNK

1
E E TKLUKL¢ UKL)D’UK DuKL>
KETLENK

(2.9)

where Wy = s pufe + (1 — sk p)uf, sk € (0,1), (Dxk,L = XL — XK)-

Proof (Proof of Theorem 2.8)

Wi —wpt = Z m(K)(uf loguly —uly tloguit)

KeT

=I

n— 1 n— n
+ Z m(K)(ufe — uj 1)*5 Z m(K)(ufv —uf o)
KeT KeT

=0, (2.5 =I

Since for all a,b > 0, b(loga —logb) < a — b, we see that

I = Z m(K)(uf —ui ) logul + Z “loguf — logu ),
KeT KeT
< Z m(K)(uf —ui ) logul + Z m(K)(uf —ui ).
KeT KeT
=0, "(2:5)

Applying Lemma 2.1 with ¢(z) = log(z)( log’(xz) = 71), we have

D
he Y Y ne ekl S S DD

KeT LENK KETLENK

I, = Z m(K)(uf —uf o
KeT

=1

+ B Z m(K) (v — 2upolt 4 ul o).
KeT

=I22
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In view of (2.4), we have

121 = —— Z Z TKLDQ)KLD’LLKL
KETLGNK
Z Z TK LDUKL ((DU?(Ll)JrUK (D’U?(,_Ll)—UZ)
KeTLeNK
Z Z TKLDUKLDU’KL—"_ 9 Z Z TKLUKLlDU |2
KGTLGNK KeT LENKk
TS wen ((Doph3 (= sk pufe + (Do) s )
KETLENK
=1213>0

In view of (2.4), we have

1 1
B2 =5 (Zm il +5 30 37 KDK>
KeT LeENk
(Z K)vjvg ' + 5 Z Z i, DV 1 Dvie | )
KeT KeTLeNK
1
2< Gy Y Y malDug |2>
KeT KGTLGNK
1
(S o LS S i, - pikr).
KeT KeTLe/\/K
Hence Iz > 0. Combining those estimates, we have
1 1 1
—(Wp =Wy Y=—L—I=—1 — I — I
Tn Tn Tn
Du
< b Y ma sl S S D g,
KETLGNK K,L KeT LeENk
n—12 (210)
D) Z Z T, LU | DV 1|7 — (T213 + I22) /0
KETLENK
2
Du”
=03 | ek - Do\ fies| <0
KeT LeNk m

Thus, we complete the proof.

3 Error estimate: dual triangulation and mass lumping operator

As mentioned in Introduction, Filbert [15] proved the convergence of the non-
linear finite volume scheme defined in general admissible mesh without any
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explicit convergence rate. The aim of our error analysis is to derive an error
estimate with explicit convergence rate. To this end, we assume that admis-
sible mesh is obtained from a non-obtuse triangulation of the finite element
method.

3.1 Voronoi mesh and its dual triangulation

We assume the admissible mesh 7 of Voronoi type has a dual triangulation,
denoted as T. We set

P={Px|KeT},
E={PxP,|VK €T, LeNg},

where P and Aé are the sets of vertices and edges of triangles, respectively (see
Figure 2.2). T is the triangle of 7.

Assumptions

- 0= UKETF = UTE%T'

Every two elements of 7 (or 7) meet only in entire common faces or in
vertices.

— There exist two positive constants &1, &2, such that

§1STK,L§§27 VKGT, LENK. (31)
— There exists a positive constants 1, such that
hy <mpp, YT €T. (3.2)

where h, = diam(T), p; = max{diam(S) | § is ball included in T'}.
— h= max 4 hz. There exist positive constants 72,42 such that

voh <hg, VYK€T, Ah<hz VT cT.

Remark 3.1 Those assumptions are fulfilled if admissible mesh is defined as
the dual mesh of an non-obtuse triangulation of the finite element method (cf.
[14,19]).

Remark 3.2 The above assumptions imply that for any K € T, L € Ny and
TeT,

heh, m(K),m(T)=h? dgrp,mK|L) <h, (3.3)

where, for a,b > 0, a = b means the existence of positive constants Cy,Cs
satisfying
Cira < b < Caa.
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3.2 A mass-lumping operator

We associate a function ¢x € C(£2) with Px (the control point of K or
vertex of some triangle in 7)), such that ¢ is linear on each T' € T, and
¢K,(Pr,;) = 0;; for any K;, K; € P, where d;; is the Kronecker’s delta.

X, = span{éK | Pk € 75}
The mass-lumping operator M}, is defined by
My, :Xh—>Xh; ﬁhHuhZMhﬁh,

satisfying
’ah(PK):uh(PK)7 VP € P.

It is easy to verify that Mj is a bijection, up = Mh_luh, and we have the
following estimates:

Clianlly < | Muinlly < C'llinll, (€ [Loolun € Xp).  (3.4)
My, — @nllp < Ch|[Vanlly (p € [1,00], up € Xn). (3.5)

We put
(ah,{)h)h = (uh,vh). (36)

Fig. 3.1 Barycentric domain D;.

Remark 3.3 All arguments in [2,27,7,13] are associated to a mass-lumping
operator M}, based on the barycentric coordinate, which is different to our case;
to be more specific, we reorder the control points (or the vertices of triangles)
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P = {P;}Y,, the barycentric domain D; (see Figure 3.1) corresponding to P;
is defined as

Di=Uje {zeT| ol (x) <ol (x) (P € V(T), P # P)},

where J; = {T € T | P, € T}, V(T) = {P; € P | P; € T}, and {(p;[ d+lare
the barycentric coordinates of T with respect to P;. And we denote the mesh
T ={D;}X,. Let ¢; be the characteristic function of D;,

X, =span{e; |i=1,...,N},

then we define

N —
My : Xy, — Xp; Up, — Up, = Mpiiy,, My, = Zﬁh(Pl)d), (37)

i=1

The operator Mp,, which is called lumping operator, has the properties as

(3.4) and (3.5); moreover, it satisfies( cf. [34], Lemma 15.1), for all p € (1, c0),

-1 -1
P g =1,

\(My iy, Mion) — (i, on)| < Ch?||anll1pll0nll1.g,  Vitn, on € Xn, (3.8

which follows from the relationship between the barycentric partition and the
quadrature formula:

/ Up = / thb}“ VT S 7A— (3.9)
T T
For My, we have the estimates,

|(Mpin, Mpon) = (tn, 0n)| < Ch(||anllp|VOrllg + 10nllpIVanlly)-  (3.10)

The effect of this difference between M; and M, to the error analysis for
finite-volume approximation will be explained in Sect. 4.1.3( see Remark 4.1).

3.2.1 | - |l1,p,7 norm for Xj

Although the function in X, is not differentiable, we can define a norm ||-||1 .7
(cf. [4,14]) for X, which is similar to W'P-norm || - |1, for X;. With the
assumptions on mesh 7 in Sect. 3.1, for p € [1,00), we define, Yuy, € X},

lunllf 7= > Trodi bluk —ugl?. (3.11)
K|LEEint

unl|100,7 = max w

3.12
K|LEEint dK7L ( )

Lemma 3.1 Under the assumptions on mesh T and its dual mesh T in
Sect. 3.1, we have, for p € [1,00],

||uh||1,p,7— hal ||Vfbh 0,p> Yuy, € X}“’Ilh = M}jluh. (313)
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Proof With (3.3), we have

lunl 7= D m(E)

KeT

P
UK — U R
<Ll o | Vaul},.

dr. 1,
3.2.2 Variational forms of finite volume scheme (2.4)

For any up, xn € Xy,

An(un,xn) == D xx Y, Tin(uk —ur)

KeT LeNk

= E Tr, L Dur, L DX K, L-
K|LEE;nt

(3.14)

For any uy, € X, there exists vy, € X}, such that
(s Xn) + An(vns xn) = (uns xn),  Vxn € Xa. (3.15)
Then we define the operator G, which is a discrete version of G, with
Gp : Xp = Xp;  up — vp = Grup,

And we have
vy = Gpup, n>0, (3.16)
for the finite-volume scheme (2.4). For any wp, up, xn € Xp, we set

Bh('LUh, Up, Xh)

= Z XK Z 7,1 [(D(Grhwn) k1) +uk — (D(Ghwh)k,0)-uL] - (3.17)
KeT LeENK

Now, we can write the scheme (2.4) into a variational form,

find upy € Xp,n > 1, such that, (3.18)
(Or, ufty xn) + An(ul, xn) + Ba(up = ult, xn) =0, Vi € X .

Variational form with mass-lumpling operator M,

To derive error estimates, we need to applying the mass-lumpling operator to
scheme (2.4) or (3.18) to rewrite its into a variational form of finite element
type. In view of that, for any up, xp € Xp, 6 = Mh_luh € Xn, Xn = Mh_lx;b €
X}u
An(un, xn) = (Viin, V), (3.19)

(3.18) is equivalent to:

find uj, € Xp,,n > 1, such that,

(87'7117‘2? Xh)h + (V’ELZ7 v)%h) + bh(/&Z—lvﬁZa )A(h) = 07 v)%h S th
where (-, )y, is defined by (3.6), and for all wy,, Gp, Xn € X,

(3.20)

by (Wh, Un,y Xn) = Br(wh, un, Xn), whp = Mptp, up = Mpiy, xn = MpXn.

We then state our main result.
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3.3 Results on error estimates

Since {2 is not smooth, LP solution is considered, and we make the following
regularity assumption on the solution u of (1.1) (cf. [33,31,27]):

ue C([0,T);Wr), « € ([0, T); WhP)nC?([0,T]; LP), (3.21)

for some p > 2, 0 € (0,1], and put

arp = sup [lu(t)llap, azp= sup [[u'(t)[|1,p,
) telo,
"y —
WO,
t,5€[0,T] [t — s]o

where v = du/dt. In addition, we make the a priori estimates assumption on
discrete solution {u}J_,, J = max{n € N | ¢, < T}, that

o7 <CW)), (p>d). (3.22)

[uillps lupy

Remark 3.4 The proof of a priori estimates to {uf};_; is quite technical. In
[15], it shows the results for a non-linear scheme,

n
luplla + > llup 27 < Cr(llupllz + [[uf log(up) 1),
j=1
luplls < Ca(llupllz + lup log(up)1)-
with the similar argument of [15], one can obtain,
luilla < Ca(llupllz + lluh log(up)llx + l[uhllr2.7).

However, the a priori estimate [[u}1,2,7 < C(u)) has not been verified yet.
Assumption (3.22) is used in Lemma 4.1, Lemma 4.9 and Remark 4.2.

Theorem 3.1 (Error estimates) Assume (1.1) admits a unique solution u
satisfying (3.21) for some p € (d, ) and o € (0,1]. Let u) € X}, with

ug — ul)|l, < Coht=2/. (3.23)

{(ult, o)}, is the solution of (2.4) satisfying (3.22). Then we have the error
estimates

sup ||u(ty) —upll, < Cl(hl_z/p +77), (3.24)
0<n<l
Sup [[o(tn) ~ 5l € Coh' 24 Gy sup ulte) — il (3.25)
0<n<l 0<n<l

where T = max T, t, = ZZZI 7. C1,C5,C3 are the constants depending on

'Q; D, d7 007 Qg, 1= 172a3'
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4 Proof of error estimates

To start the error analysis, we need some preliminary results.

4.1 Some preliminary results
4.1.1 Sobolev and inverse inequalities

The following inequalities can be found in [1,12].
[vlloe < Cllvllip (€ (d00],v € WHP).

Let T' € T, we have the inverse inequality

. m—I+min{0,4 -4} R N
onllyin(zy < Chy, P ol gy, (On € Xn),

where p,q € [1,00], [,m are integers, m < [.

max [0 (x) — o (y)| < Chi 7| Von|oiry (€ [1,00],vn € Xi).

z,yeT

4.1.2 Interpolation and H'-projection operators

(4.1)

(4.2)

(4.3)

We use the Lagrange interpolation operator IIj, and the H'-projection oper-

ator Ry, (cf. [12,34,6]).
I, : C(2) = Xy, Iyo(P) =v(P;), VP eP.
For any T € T, v € W2P(T), p € (d/2, ], we have
[T — UHLP(T) + h[IV(Ihv - U)HLP(T) < Chzf”“”wzm:f)v
and for p € (d, o0],
1 w0 =l ey + DIV = 0)l| oy < Ol Pl
H'-projection operator Ry, is defined by
Ry, :H' = X, v Ryv,
satisfying
(VRyv — Vo, Vxn) + (R — v, X1) =0,  V{n € X
Under the assumption that for any v € WP p > 2
it (flo = Xnllp + AV = xa)llp) < CR[lv

XhEXH

Ir,pv r= 172a

we have
[Bhv = vllp + BV (Bpv = v)llp < CR"[J0llpp, 7 =1,2.
Also, we have

[Bnvllp < Cllvliy (0 € (1,000 € WHP).

(4.4)

(4.5)



finite volume methods for a Keller-Segel system 19

4.1.8 Discrete Laplace operators

We define two discrete Laplace operators: L; and G}jl.( G}, is defined by
(3.15).)
Ly, :Xh—)f(h, UAJhl—>Lh’uA}h=ﬂh,

(Vidn, VXn) + (0, Xn) = (@n, Xn),  VxXn € X (4.10)
G}_Ll :Xh%Xh, vhHGgl”Uh:Uh,

Ap(vn, xn) + (Vs xn) = (Un, xn),  Yxn € X (4.11)

For any wvp,un € Xj satisfying up, = G,:lvh, or equivalently (4.11), setting
Uy = Mh_lvh, iy, = Mh_luh, we define the operator

Ah :Xh—>Xh, f)hi—)Ah’(A)h:ﬁh. (412)
In view of (3.19) and (3.6), we have
(Von, VXn) + (0, Xo)n = (@n, Xn)ny  VXn € X (4.13)

Lemma 4.1 For u, € Xy, let 4 = Mh_luh, Wy, = Lglﬁh, v, = Gpup,
o = Mh_lvh, we have

[V (0n = wn)ll2 + |on — Wnll2 < Ch(|[Vin|l2 + [|@n]2), (4.14)
Proof Subtracting (4.10) from (4.13), it yields, for any %5 € X,

(V(0n = dn), VXn) + (0n = W, Xn) = (@ + Wn, Xn) = (Gn + Dn, Xn)n- (4.15)
Substituting x, = 05, — Wy, into (4.15), (4.14) follows form (3.4) and (3.5).
Applying (4.2) to (4.14), we obtain

19 o — )l = [V Grun — Ly My ), < CRH/P=42. (4.16)
The estimate (4.16) is not sharp, applying which we will obtain the error

estimate of order h%/? 4+ h1=9/P instead of h'~%/? in (3.24). We extend the
method of [7] to obtain a sharper error estimate for M, 'Gj — L, ' M, .

Lemma 4.2 (An analogue of Theorem 2.1 of [7]) Let up € X, set
vp = Grup, O = Mh_lvh. Let V = Guy, be the solution of

—AV 4+ V =uy in 2, 90,V =0onlI.

Then, we have
[on =Vl < ChVl2p, 2<p<p. (4.17)
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Proof vy, = Mh_lGhuh IS Xh is the solution of
a*(on, xn) = (Un, Xn);  xn € Xn, (4.18)
where

@ (i) = Y0 (P [ i vds) + (wnn)
Pi€75 8KPi

= Ap(wn, xn) + (wn, xn), Vi € Xp, wp = Myton, xn € Xp.

Let p € [1, 0], %+ =1, we have

1
q
la(v — op, pv) — a* (v — Op, MpITpv)]

" (4.19)
SCA([|V(v = n)llp + [[v]l2p) IVVl1,q;

where
a(u,v) = (Vu, Vo) + (u,v), Yu,v € H'.

The proof of (4.19) is the same to (2.1) in [7]( see Lemma 2.1 of [7]).
In view of Theorem 2.1 of [7], (4.19) implies (4.17).

Remark 4.1 In [7], the authors consider lumping operator M ( defined by
(3.7)) instead of Mj. However, (4.19) and (4.17) hold for both Mj, and Mj,,
since the proof of (4.19), (4.17) only use the properties (3.5), (3.6) and (3.10),
which are verified for both M;, and M. Different to My, M;, satisfies (3.9),
(3.8), which gives a higher-order error estimate

1M = Viop < CH*[V |[3,p-

This higher-order estimates is not necessary to our case.
Following form Lemma 4.2 and the L? error estimates for G — Ly, we have
Lemma 4.3 For up € Xy, 4y = M{luh,

IV (M, Gr = Ly My unlly < CR(|Vinllp + [[anll»), (4.20)
Proof Set vy, = Grup, Wy = L;th_luh, V = Guy. We have by Lemma 4.2,

[on = Vil < ChIVIl2p < Chllupllps (00 = Mj, on).
For finite element method, we have
(L3 = G)My i1y < ChIG(My  un)ll2p < ChIM, sl < Chllunlp.

It is obvious that

G (un = My un) 2 < Cllun = My Ml < CRIVM .

Combining those inequalities, we prove the lemma.
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4.1.4 LP estimates of Ay,

We state some results on LP estimates for Aj( defined by (4.12)). Setting a
new norm || - ||, for Xp, with

lonllnp == lvnllp, vh = Mpin, Vin € Xp, (4.21)

we denote &y, as the Banach space X, equipped with norm || - ||, . Further-
more, we extend Ay, to space X}, with

Apon||n,
lAnlp = sup 1260nlnp
onex, |Onl

h,p .
We have the following properties.
Lemma 4.4 Let p € (1,00), then

(i) Ay, is sectorial in X}, p, and its fractional powers AY, o € (0, 1), are defined.
(i) A and A, o € (0,1), are positive and self-adjoint in Xy .

(iii) For any 0 € (0,1) and {7;}}_y, 7; > 0, we have

||T‘(TnAh) e T‘(TlAh)Athm < Cg(Tn + -+ 7_1)—97 (422)
where r(tjAp) = (I + 7;An) .

Proof 1t is not difficult to verify that, the result (i)( cf. [13]), (ii)( cf. [26]), and
(iii) ( cf. [25]), which are all derived originally for mass lumping operator Mj,
can be extended to Mj,.

Lemma 4.5 (Lemma 4.4 of [27]) Under the assumptions on mesh T in
Sect. 3.1, we have

1onll1p < ClAROAllny  (0n € Xn) (4.23)

forp € (u/(p—1),pn) and 0 € (1/2,1].

Now, we can state the error estimates. In the following, we separate the
error

up — u(ty) = up — MpRpu(ty) + MpRpu(ty) — ulty). (4.24)
Following from (3.5), (4.9) and (4.8) for » = 2 we have
| My, Ryu(tn) — u(ty)]lp < C(h+ h?)aq . (4.25)

Setting
wy = uy — MpRpu(ty,),

the following argument is aim to estimate ||w}||,.
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4.2 Estimates on 0, ujl — /()

Lemma 4.6 For any xn € Xp, Xp = M}jlxh, we have, p € (2,00), 1/p +
1/q=1,
|0, MpRpu(tn), xn) — (W (tn), Xn)| < Clazp + asp)(h+77)[Xnll1q. (4.26)

Proof The argument is quite standard. We make the separation,

(0r, MpRpu(ty), xn) — (' (tn), Xn)

:((Mh - I)ngRhu(tn)a Xh) + ((Rh - I)arnu(tn)7 Xh)
4

(O, ultn) — ' (t), X0) + (W (bn) X — X0) = 3
=1

By (3.5) and (4.9) we have
I < Ch||V RO, u(tn)llpllxally < ChI|O-, u(tn)]

t'ﬂ,
Tn_l/ u'(s)ds

tn—1

l,pHXth

(4.27)

<Ch Penlla = Cazphlixnlla:

1,p

I4 S C’haszV)Zth. (428)

1 /tn U (tn) — u'(s)ds

Tn tn—1

I3 <C X lq

p

tn 1/p
< Or,/! (/ 1’ (tn) U'(S)§d$> lIxnllg (4.29)

tn—1

tn
< C'Oz:a,pT,lL/q_1 </
t

n—1
The estimate of I follows from (4.8) for r =1,
Iy < C[(Bp = DO, u(tn)ll, Ixnllq
< Ch||0r, u(tn)

1/p
It — 8|”p> ds|xnllq < Caspy [Ixnllg-

(4.30)

Lplixally < Chagpllixnllg-
The proof is completed.

4.3 Estimates on b — By,

We shall estimate b(u(ty), u(tn), Xn) — Bn(u ™" ull, xn)-
Lemma 4.7 Let {u,}]_, be the solution of (2.4), and u be the solution of
(1.1). For any xn € Xp, Xn = Mh_lxh, we have

B~ ) = b)) ) )
<O(ra + WP 4 [[a@qllp + g~ Hlp) I Xallvgs

where p € (2,00), 1/p+1/qg =1, w} =u} — MpRpu(t,), and 0} = Mh_lw,’l‘
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To prove Lemma 4.7, we first state some lemmas on b, by, and By, where the
definition of by, is given below.

4.8.1 Lemmas on b, Bh and By,

Lemma 4.8 For b(u,v,w) = [, V(Gu)vVw, we have Vu € LP,v € L, w €
L4

)

1 1
[b(w, v, w)| < Cllullpllvllp[Vwllg,  p € (d; ), PR L. (4.32)

Lemma 4.9 For any up,vp, Xxn € Xp, set Up = Mh_luh, Vp = Mh_lvh, Xh =
M, Yxn. B(up, v, xn) is defined by (3.17), then we have

11
+-=1.  (4.33)
q

| B(un, vn, xn)| < Cllnllpl[onllp VXl p € (d ), »

Proof From (3.17), we have

B <C
| B(un, vh, Xn)| < ipax

{ |D(Grun) k.1 }

dr. 1,
1/q 1/p

2—q 2
> mredi fxe — xel? > Trdic okl
K|LEEn: K|LEEin:

< CllGhunlly,co, 7 llvnllplixnllyg. T
Applying Lemma 3.1, we have
IXnll1a7 < ClIVRRle:  1Ghunlltcor < CIIVM,  Ghun oo
To estimate ||VM,L_1G;Lu;L||<>O7 we see that,
IV, Ghunlloo < (IV(My " Gr = Ly My unlloo + [V Ly My up o
By (4.2) and Lemma 4.3 we have

IV (M G = Ly My un| o
<h= PV (M, Gy — Ly M D, < CR P .

Applying Lemma 4.5 in [27], we obtain the estimate
IV Ly Mmoo < Clltnlp-

The Lemma is proved.
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Remark 4.2 In the proof of Lemma 4.9, we obtain that

|Bun, vn, x| < C(lallp + B2 Vanll,  lonllp|VRlle,  (434)
~—_———

<C|Vianll2, " (4.2), d=2
In [15], for (u},v}) the solution of finite-volume scheme, the a-prior estimates

l

luplls+ > mallu e < luplls < C,
=1

are proved, where C' is some constant depending on initial data ). However,
the a priori estimate of ||u}||1,2,7 has not been proved yet. In view of (4.34),
to obtain

| B(ur, vns xn)| < CllonllpIVXllq,

we need assumption on the a-prior estimates that

12,7 < C. (4.35)

[ llps lup

Next, we introduce by,. Let

Bie.(un) = / [V(Ly "M ) - v ] e ds,
K|L

where g 1, is the unit outer normal vector to the edge K|L of element K, and
thanks to the property of Voronoi mesh, that is xxx; L K|L, we have

Bie1(un) = m(K|L)[(Ly ' My un) () = (L' My, up) (2.
Then we set, for any up € Xy, On, Xn € Xh, setting vy, = Mpop, xXn = MpXh,

Bh(umm%h) = Z XK Z [BIJQ,L(“h)UK - B;{,L(“h)”L]-

KeT LeNk
We have the following lemma.

Lemma 4.10 Forpe (d,u), 1/p+1/q=1,

b (tn, Oy ) = b(un, O, X)| < OB g [[p[0n 11 IV RRNg,  (436)

for any up, € Xy, Op, Xn € Xh.
Proof We set the finite-element approximation operator Ly, the same to [27],

and our by, is equivalent to by, of [27]. Tt is a direct result from Lemma 5.4 in
[27].
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4.3.2 Estimates on b — By ( proof of Lemma 4.7)

Proof (Proof of Lemma 4.7) With w}! = u} — My Rpu(t,), we write as

Bn(up ™ up, xa) = b(u(tn), u(ty), Xn)
= b(u(tn—1) —utn), utn), Xn) + b(Rputn—1) — u(tn—1),u(tn), Xn)
(t

)
+o(Mp Rpu(tn—1) — Rpyu(tn—1),u(tn), Xn)
b(MthU( n-1), Rpu(tn) — u(tn), Xn)
+b(—w ™, Rpu(tn), Xn)

+(Bh(uh Loup, xn) = b(up ™ Rpu(tn), Rn))

+

I..

Il
&Mm

1

(2

Using Lemma 4.8, (4.8), (3.5) and (3.4), we have

11| < Cllutn)lloo[[u(tn-1) — ultn)llp[[VXnllq

tn
/ u'(s)ds
th—1

n

=Caqp IVXallq

r
< Ca pral|v lego,11,20) [V XRlg
< Cazpon pTnl[VXnllg;

[I2| < Cl|Rpu(tn-—1) — u(tn—1)llpllutn)llplVXrllq
< Cof B2Vl

3| < C|MpRpu(tn—1) — Rpu(tn-1)|lplluln)llp[VXnllq
< Caf ,h|[Vinllg;

14| < C|[MpRpu(tn-1)|lpllRru(ts) — u(ta)|lpVXrll
< Cof B2 Vxnllg;

1Is| < Cllwp ™ lpll Rault) || VXallg
< Carpllwy ™ plI VRl

To estimate Ig, we divide it as
I = Ig1 + l63 + o3,
where

Is1 = Bp(up " uy xn) = Bu(up ™t My Rypu(ty), xn),
Iso = B (up ™ My Ryu(tn), xn) — bu(up ™", Rpultn), Xn),
Ioz = b (u ™", Ryultn), Xn) — b(ul ™, Ryu(ts), Xn)-

Under the assumption (4.35), applying Lemma 4.9 (or (4.34)) to Ig1, it yields

o1l = —Bu(u ", wit, xn) < Cllwp [,V Xllq.
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Setting

Biep(up ™) : / ‘ V(M 'Grup ™) - v 1]=ds,
K|L

we calculate as

Toal = > e > {18k o™ = B L (DI Rnu(ta) (2x)

KeT LeNk
B (™) = Bz o (up ™) Rnultn) (@1 }

= Z (XK —Xxz) {[BIJE,L - B})L]Rhu(tn)(m{) - [BI;,L - B}?,L]Rhu(tn)(fﬁ)}

K|LEE;nt
|ﬂK L — BK L|
ma = WM, Ryu(t .
S qipax Tt | MpRpu(to)llpllxnll,qem

)

To estimate g2, we see by (4.3)

Bz — Br,L
dr. 1,
1
dr,r JK|L
m(K|L 1 _ n 1 _ n—
= %[(thMh Y MG )u k) — (L "M — MG N G)uy ()]

< Ch PV (L M = M Gy .

V(LM = MGy vk n

Applying Lemma 4.3, we have
(L5 My = My Gr)up =t < Chllag [l < CRYPllag " 2,

which gives

Br.r — Br.L
dr,L

)

< Chlliy 12
Furthermore, under the assumption (4.35), we obtain,
[Ts2| < Canphl|Xnllig-
Following from Lemma 4.10, we have
Isz < ChY= | {0 1.q-

Combining the estimates of Is;, j = 1,2,3 and I,,,, m = 1,...,6, we obtain
(4.31).
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4.4 Error estimates( proof of Theorem 3.1)

Proof (Proof of Theorem 3.1) In views of (4.24) and (4.25), we are aim to
estimate

wi = uf — MyRuu(ty,), or equivalently W} = M, 'w}.

Recalling the equation (2.3) ( the weak form of system (1.1)), and the equation
(3.20) ( the equivalent form to (2.4)), we have, for any xp € Xp,

(aTnUA}}Tzlv )A(h)h + (VUA/Z’ vf(h) + (UA}Za )A(h)h
_(8anZ’Xh) (V@Zavf(h) + (wZaXh)
(aTthRhu ) Xh) - (u/(tn)a )A(h) + (wga Xh) - (Rhu(tn) - u(tn)a >A(h)

=J1 =Js
+ (u/(tn)7>2h) - (a'rnu27Xh) + (Vu(tn) - V'&Z7 vf(h)
:Bh—b:.]g
+ (VRhu(tn) — Vu(tn)7 V)A(h) + (Rhu(tn) — u(tn), )A(h>
=0
(4.37)
From Lemma 4.6, we have
1] < Clazp +asp)(h+77)l[Xnll1,q-
| Ja| < CllwpllplIRnllg + ch®anpllXallq-
Follows from Lemma 4.7,
|| < O+ B~ 1 gl + 05 ) 1Xnll10-
Combining these estimates of J;, i = 1,2, 3, we rewrite (4.37) into
(aTnUA)iTLL’ )%h)h + (V’li);f, V)A(h) + (w;zlvf(h)h = <Fn>>zh>7 (438)
for some F™ € X;’; such that
(F" %n) < C(r7 + W' YP - dop |l + [l ) %nll1q: (4.39)

Furthermore, we formulate (4.38) into a single equation, with the help of (4.13),
Oy, Wy + Apwy, = F". (4.40)
Applying Lemma 4.4, we obtain
wh = By + > 1 En ;FY, (4.41)
j=1

where

Enj =1(maAn) - r(m;An), 1(1jAn) = (I +7;45)""
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Now, applying norm (4.21) and (4.22) in Lemma 4.4, we have

n
hp + |l ZTjEnijj”h,p

Jj=1

17 I, = lwhllp < [1En1h

n
—0( A—0,~ —0( A—0 1)
< &AL g + > & I AL F | s
j=1

where & = (7, + -+ + 7j) = (¢, — t;). Thanks to the following property of
A;e, which is a consequence of Lemma 4.5,

HA}:e’lA)hHLq < C”ﬁh‘ h,q» Yoy, € th b€ (1/27 1]7 qc (N/(M—l)a/ﬁ), (:U' > d)7

we obtain
j AT9F Fi A-05
A0y < sup MALTTR) Y AR
Xh€Xn q HXh”h,p XhEXn q ”Xh‘ h,p
—6 ~
114" Xn 1.0

<C(75 + B2 4 o] [l + |, ) sup -
XhEXh q ||Xh||q

o — ~J ~j—1
<C(77 + ' YP 4 ||do] lnp + 107, ([np)-

Obviously, ||A; @)

hp < CllWy |h.p, and (3.23) gives
i llnp < CllRuuo — ||, < Ch =P

Noticing that >27_, &0 <TY0/(1-0), (§ =t, —t;), we obtain

. . B o i .
l&hllnp < C(r7 + =)+ O m& (1] lngp + @7 ln.p)-
j=1
We then introduce a discrete inequality of Volterra type (Lemma 4.7 [27]). For
{Z,}L,_, satisfying

n
0<Z,<c1+eco ZTj(tn — tj)ie(zjfl + Zj)»

j=1
then, we have
zn < c1C3 exp(C4cé/(170)tn),
where c3, ¢4 only depending on 6. Putting z,, = |0} ||n, = [|[w}|p, We obtain

the error estimate (3.24). And the error estimate (3.25) of v} — v(t,,) follows
directly from Lemma 4.2 and 4.3.
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5 Analysis on numerically “blow-up”
5.1 One-dimensional system

We consider the one-dimensional Keller-Segel system of (1.1) and its finite
volume approximation. For all ¢t € (0,T), (u(x,t),v(z,t)) satisfies

Ut — Uge + (W) =0, —Vpp+v=u in2=(-L,L),
Uy =0y =0 onz=0,L, (5.1)
u(z,0) = up(x) on (2.

We consider the finite volume scheme for (5.1) with mesh 7
—L:x% <y <o <Tyogpl < Tyl =1L,

where 0 < N € N is the number of control volumes, h = % is the mesh

size. r;, 1 = th — L. (l‘i+%7l‘i+l+%) is the control volume with control point
Tip1 = (i+3)h,i=0,1,...,N —1. We set u) = ug(z;), i =1,...,N. Let u,
vl be the approximation of u(ty, z;), v(t,, z;), respectively. The finite volume

scheme is to find u" = (u?)N,, v = (V)N for n=1,2,...,J, such that
o 1 n—1 n—1
—2v;'" "+,
Dt - N (5.2a)
2u + u
87— :L i—1
1 -1
l z—i—l - ]Jrun, i — v ]7u”
T ' h i (5.2b)
i 1 nf n—1 n—1
( i—1 Ui Ugl*[l_l hz ] u;ﬂ_1>}_0
Un_ = ? ) ”N = ”Zﬁp ug = Uy, un = Upngqs (5.2¢)

where 7 > 0 is the time-step increment, 8,ul* = (u? — u?~ 1) /7. {uf}N, >0,
and not identically zero. It is easy to verify that scheme (5.2) satisfies the
conservation of mass and positivity,

N N
S ulh=> ulh=:0, ul>0, Vn>1, (5.3)

N
S wph=0, >0, n>0. (5.4)

As it mentioned in Sect. 1, the global existence of u follows from the bounded-
ness of ||v]]1,00. For 1-dimensional problem, (1.10) and (1.11) are proved. For
the discrete system, We have the following theorem of v™, which is an analogue
o (1.10) and (1.11).
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Theorem 5.1 We have, for anyn >0 andi=1,...,N —1,

%(1 +4L2)0, (5.5)

M}:m <9. (5.6)

Proof From (5.2a), we see that
z+1 z Z n+1
j=1

In view of conservation laws (5.3) and (5.4), we have | Z;LZ (0P —uT)n| <6,
which implies (5.6). To derive (5.5), we see tha

N 7
) Zv”h thvﬁl :ZhZ@h
= j=1 k=j

fZ] 1V b

=Vi41—0; <SS N, hYh_; 0h<4L20

Hence, 2Lv?, | — 0 < 41?0, which gives (5.5)

5.2 Two-dimensional system

The global existence and blow-up of solution for 2-dimensional Keller-Segel
system (1.1) is briefly discussed in Sect. 1. For the global existence of u, it is
sufficient to prove (1.12) and (1.13) under the condition 6 < 8m; for the blow-
up of solution, It is crucial to estimate the moment My (t) = [, u(t)|z|*dx.
Setting 2 = B(0, L) € R?, ug(x) = ug(r), the Keller-Segel system Wlth radially
symmetric solution reads as

"y = rlid(’l’dil(ur _ uvr))r’ re (O,L), t e (O,T)a
0=r=4rd"1y), —v +u, re(0,L), te€(0,T), (5.7)
Uy = v, = 0, r=01L, (01,
u(r,0) = uo(r), reen:

Setting N € N, we define mesh 7

OZT%<T’1+%<'~'<7’N_1+%<TN+%:L,

where r; 1 = dh. (r;1,741,1) is the control volume, with control point
rip1 = (1 + %) , 4 =0,...,N —1. Let d = 2, and we set the initial data
ud = ug(r;), u® = (u)X, >0, and not 1dentlcally zero. Let u* and v? be the
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approximation of u(t,, r;) and v(t,,r;), respectively. The finite volume scheme

reads as: finding u” = (u?)¥;, v* = (v?)Y,, for n =0,1,...,J, such that,
Ay o —
i+1 4 i i—1
— |:’I"i+% — Ty | T hri(ui — o), (5.8a)
n+1l _  n+l n+1l _  n+l
o h— | Yin =% Y Uiy
T4 i i+1 n F%ih
n n n n
NI I [ty — ] ]+un+1 _ [V — o7 ]- untl (5.8b)
i+3 h i h i+1
[vP | — v} [vP | — ol
i—1 i ]+ n41 i—1 i n+1 _
+ iy (h u; ' — B — u; | =0.
n _.n n+1 _  n+1
UN41 = UNy Unyp = Uy (5.8¢)

In view of [, uodx = 27 fOL ug(r)rdr, we set the mass of initial data

N
0 =2m Z riudh.
i=1

The conservation of mass and positivity of u™,v™ are easy to verify:

N
0
» E Prih = —, >1, .
uy > 0, 2 ulr 5o N2 (5.9)
al 0
r g Prih = —, > 0. 1
vy >0, 2 vpT o n>0 (5.10)

We have the following theorem of v™, which is an analogue to (1.12) and (1.13).
Theorem 5.2 Suppose 6 < 8r, we have, n >0,i=1,... ., N —1,

0(i + 1)
n < 2, 5.11
U’L+1 — 47TZ + ( )
[vofyy — o] < L(l + 4k), (5.12)

h
where constant k > 0 is sufficiently large such that, for Ul = Z§:1 riuih,
V=35 vt

4kr?+l

UV <W; = —+—2- i=1,...,N, (5.13)
1—1—1457“1,4_l
2

and constant | > 4k.

Remark 5.1 We see that V", U >0, UR =V = 2, and W; < W;,1. We

27

also have W; < 4, and W; — 4 as k — oo. Hence, in order to find some k
satisfying (5.13), we have to assume 6 < 8.
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Proof Setting Uy = V' =0, Uy, = Uy, Vi = Vi, and in view of

n n 4 n Uzn 7 Zil Uzn+1 71}?
UN:VN:%a U =T h _Ti-i-%T:Ui_Vi; (5.14)
we have, forn =0,1,...,J,
Py (Vi -V V-V
- - Vit =U;" 5.15
h ( hrita hr T Y (5.15)
oo+l _ lits Uy -urtt _ Ut o
T h hri+1 h,?"i
U_n+1 _ U_n+1 U_n+1 _ U_n+1
Ur—yr_ b Timl pno_yn), 2L T8 ) .
+ ([ 4 i ] Tz‘h [ % % }Jr 7’1'+1h
(5.15b)

In view of (5.13), setting Wy = 0, W1 = Wi, we obtain, for alli = 1,..., N,

Wip1 —W;
rig1h

) + (W; — V™) <0. (5.16)

Titd (Wiga =W Wi = Wiy
h hri-ﬁ-l hri

Setting Y;” := U* — W;, and adding (5.15) to (5.16), it yields, fori =1,..., N,

. n+1 n+1 n+1 n+1
oyl _ ity <Yi+1 SRS e £ )
Tt h

hrita hr;
Yn+1 _ Y’n+1 Y,n+1 _ Yn+1
Un o Vn _ ) 1—1 . Un o Vn 1+1 )
+[ i i ] h?"i [ i i ]+ hri-{-l
Wiv1 =W, W, —W,_ Wiy —W;
+op -V (——E + L)y LT <,
]’L’I“H_l h’l“i hTH_l
>0 >0
which implies,
Y <0if Y <0 Vi=1,...,N. (5.17)
From (5.16) and (5.17), we obtain
ur<w,;, i=1,...,N, n=0,1,...,J. (5.18)

Setting Z; = lrl.2+l, i=1,....,N, Zg =0, Znyy1 = Zy = L?I, where | > 4k.
2
Zy =1L* > L. We sce that (Z;), > (W;)X,, and

Titl (Zi+1 —Zi  Zi—Zi

L4 UM = -Z,4 UM< —Z, 4 Wi <0,
B\l T ) U HUSs it

which shows, in view of (5.15a),

Vi< Z, i=1,...,N, n=0,1,...,J. (5.19)
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From (5.14), (5.18) and (5.19), we have
iy =o' l/h = U = Vi fripy <V + 20 /1ot
which implies (5.12). In view of (5.15a) and r?

2~ i_1/2 = 2r;h, we get

) ij—l_‘/in ) Vn_vn

Ti_,’_%wzri_i_%T‘i‘hr ( U)
V'in_‘/l_n_, . . . .
:ri{%Tl—kQ(Vi — V) + hr (V= UP)
= —Zhr — UM)+2V" -2V
NG ~—

>0 =0
; .

n n . 9
<Y b V2V <Y +2r? .y, (0 (5.19)

° ‘ 3o
j=1 j=1
1 0
§§ri+%ri+g o —|—2l7"z+1,
which gives
Vi, —=vr riys @ i+146
n i+1 2 +2
, < — 42l = 21.
Vie1 = rigth Tiyl 47 + i A4Am
Thus, we proved (5.11).
In view of My(t) = [, u(t,z)|z|*dex = 27 fo u(t,r)r3dr, we define a discrete
moment
My = Zr?’u”h

To explain the blow-up of solution to (1.1), it proves the decreasing of Ms(t)
under the condition of large mass 6 and small moment M»(0)( see (1.15)). Our
motivation lies to show a discrete analogue of inequality (1.15), such as, for
n=1...,J,

My — M2t 49 0> - s [
My - My~ (%) T+ COM 4 Co0R M 4 Cah?, (5.20)

T = o

where C},Cy,C3 are independent of h, 6, and My ~*. However, (5.20) is im-
possible for conservation scheme. If @ is sufficiently large and MY is small
enough, then M3 is decreasing and goes to zero or negative value, which is
contradict to the conservation laws. In the following, we consider a numer-
ical scheme without conservation laws but satisfying (5.20), and we draw a
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remark to compare the moment equations between conservative scheme and
nonconservative scheme. The nonconservative scheme is to replace (5.8b) by

n+1 n+1 n+1 n+1
Ou L h Uipr — U Wy — Uy
U, rin — TH_% h — 7‘1-_% h

n n n n
Viv1 — Uy 5 Vi — Vi1 o -0
+ riJr%Tui - Ti,%Tui,l =V,

which satisfies the conservation of total mass, but not conservation of positiv-
ity, which means u', v}’ may lose positivity after some time step n.

(5.21)

Theorem 5.3 Let (u™,v™);_, be the positive solution of nonconservative scheme
(5.21) and (5.8a), then we have the moment inequality (5.20).

Proof Follows from (5.21), we have

— N-1 N-1
My — Myt — 7
2 _ 2 n+1 n+1 n H—l 7
—=—= =2 E T (ulJrl Uty 42 E +1hu -

T 4 4 h
=1 =1

ES N =IB
It is not difficult to derive that

al 40
Iy = 4Zrihu? —2L%u < o

In view of (5.8a), we get

N-1
IB—2ZT+1h Un-i-Vn) T =1Ip + Ipa,
i=1

where V", U are defined in Theorem 5.2.

Ip = —2 Z P Uphuf < =2 Z rihUlMul

Zrlhu — 72T2h2 2+ rnhun Uy

< - 0 2+r hu”i
- 2m NTEN o

To estimate Igy = 2 Zl 1 r2+1 Vi ha?, we introduce @7 and ¥;,

0 (Tir1\’
:Vﬁ-( L2), i=1,...,N, &} =0, &%, =&} =0,
i

i=1,...,N, W=0, Wyy =Uy=0.
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One can verify that

1 (@?+1 - o o @?1) 1 (@?ﬂ - o 47’?1)

h h h 2\ riah rih

0 [Tii1\? 0
PN () )
2T

1 (Y1 =¥ W, - 1 (Wi =W Y=Yy
h h h 2 rit1h rih
0 0
VUi < == = W; < ——,
< 2w 2w

which implies @}* < ¥; and

T‘il 2
1/;”<w+9( +2> .

- 27
We have, with some calculation

02h? 0L, 5L <~ , . 10Lh ,

N
0 3
Igs < — MP2 + ——0 2h2ul
B2 = o My o ;T ui F 97

oOMZ 3h6? n 10Lh6? n 0%h2 97[/
- L2mr  2L%xw o L?m T

s N N
hu'y + 979 (; rihul)? (; T?hu?ﬁ .

—=01/2 =(Myp)1/2
Combining the estimates of I4, Ip; and Igs, we obtain (5.20).

Remark 5.2 For the conservative scheme (5.8), assuming v, ; < v}* (the blow-
up point is at origin, and u,v are decreasing by r. The numerical solution is
showed in Figure 6.4), we have,

The difference between Ip and Ip- is slight but crucial. The numerical exper-
iment of conservative scheme also reproduce the decreasing of moment M3 (
see Figure 6.6).
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6 Numerical experiments
6.1 Numerical example: error, Lyapunov’s property and blow-up phenomenon

Let 2 = (-0.5,0.5)2, 0 < N € N, and h = 1/(N — 1). We take {(—0.5 +
th,—0.5+jh) | 4,7 =0,...,N—1} as the set of control point for the admissible
mesh of rectangles. Setting

0.2)2 x24+(y—0.2)2

2242 o %
wo = 100~ 555 4 60e~ 505 4 30e” o0

where |lup|l1 &~ 26.26 > 8w, so that the corresponding solution w may blow-
up. The mass concentrating is well captured by numerical simulation( see
Figure 6.1, N = 61). The conservation laws are verified, and we show the
discrete discrete Lyapunov’s property( see Figure 6.3). Taking N = 81 and
t = 0.0625, h = 0.0125 7,, = 7 = 0.2h, we obtain the numerical solution
ujl(=: U), J = t/7 = 10. Since the exact solution u is not obvious, we think

of U as the solution closed to u. Then, for N =11,21,...,61,71, we exam the

error %, for p = 2,3,4,5( see Figure 6.2).

6.2 Numerical examples for radially symmetric solution

Both conservative scheme (5.8) and nonconservative scheme (5.21) are applied
to Keller-Segel system (5.7). 2= B(0,L), L = 1. Assume

(r—0.3)2

2
ug(r) = 10e 05 + 20e” " 05

with 6 ~ 9.31 > 4. The solution v is expected to blow-up at the origin.
Setting N = 100, h = 1/N, 7 = %h, we show the mass concentration of
numerical solutions( see Figure 6.4,6.5) and the decreasing of discrete moment(
see Figure 6.6,6.7). For the nonconservative scheme, we stop the computation
when positivity of solution broken.
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