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CURVES IN QUADRIC AND CUBIC SURFACES WHOSE
COMPLEMENTS ARE KOBAYASHI HYPERBOLICALLY
IMBEDDED

ATSUSHI ITO AND YUSAKU TIBA

ABSTRACT. We construct smooth irreducible curves of the lowest possible degrees in
quadric and cubic surfaces whose complements are Kobayashi hyperbolically imbed-
ded into those surfaces. Moreover we characterize line bundles on quadric and cubic
surfaces such that the complete linear systems of the line bundles have a smooth
irreducible curve whose complement is Kobayashi hyperbolically imbedded.

1. INTRODUCTION AND MAIN RESULT

Kobayashi [9], [10] introduced the Kobayashi hyperbolicity and proposed the follow-
ing famous conjecture.

Conjecture 1 (Kobayashi conjecture). Let X be a general hypersurface of degree d in
P*(C).

(i) If d > 2n — 1, X is Kobayashi hyperbolic for n > 3.

(i) Ifd > 2n+ 1, P"(C) \ X is Kobayashi hyperbolically imbedded into P™(C).

A lot of researchers have studied about Kobayashi conjecture. For example, Paun [16]
showed that a (very) general smooth surface of degree d > 18 in P3(C) is Kobayashi
hyperbolic and Rousseau [17] showed that P?(C)\ X is Kobayashi hyperbolically imbed-
ded into P?(C) if X is a very general curve of degree d > 14 improving the results of
[19], [15], [3] and [6]. It seems that there exist some difficulties to prove Kobayashi
conjecture with optimal degrees even in the case of low dimensions. We note that Fuji-
moto [7] proved that the statement of Kobayashi conjecture (ii) is true if X is a union
of d-hyperplanes with simple normal crossing.

On the other hand, concrete examples of Kobayashi hyperbolic hypersurfaces in P™(C)
are known. Masuda and Noguchi [11] constructed algebraic families of hyperbolic hy-
persurfaces in P"(C) for large degrees. Duval [5] constructed smooth Kobayashi hyper-
bolic hypersurfaces of degree six in P3(C). Shiffman and Zaidenberg [18] constructed
smooth Kobayashi hyperbolic hypersurfaces of degree d in P3(C) for d > 8. A smooth
Kobayashi hyperbolic hypersurface of degree five in P?(C) is not known yet. Zaiden-
berg [21] showed that, for each degree d > 5, there exists a smooth irreducible curve of
degree d in P*(C) such that the complement of the curve is Kobayashi hyperbolically
imbedded into P?(C). In this paper, we construct smooth irreducible curves of the low-
est possible degrees in quadric and cubic surfaces whose complements are Kobayashi
hyperbolically imbedded into those surfaces.

Theorem 1. Let Q = P*(C) x P(C). Let L = Opi(cyxpr(c)(m,n) be a line bundle on
Q. There exists a smooth irreducible curve X in the linear system |L| such that Q \ X
1
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is Kobayashi hyperbolically imbedded into Q) if and only if m and n are larger than or
equal to four.

Remark 1. We cannot remove the irreducibility of X. For example, (P*(C)\{0, 1, 00}) x
(PY(C) \ {0, 1,00}) is Kobayashi hyperbolically imbedded into P!(C) x P!(C).

Theorem 2. Let S be a general cubic surface in P2(C) and let L be a holomorphic
line bundle on S. There exists a smooth curve X in |L| such that S\ X is Kobayashi
hyperbolically imbedded into S if and only if the intersection number L. | is larger than
or equal to three for any line l in S.

Remark 2. Tt is known that there exist 27-lines in .S, where a line is a smooth rational
curve of degree one in P?(C) (cf. Proposition IV. 12 of [1]).

Remark 3. Let M be a compact complex manifold and let L be a line bundle on M.
Let D € |L| be a smooth divisor on M whose complement is Kobayashi hyperbolically
imbedded into M. Then there exists a family of divisors in |L| whose complements
are Kobayashi hyperbolically imbedded into M. More precisely, there exists a small
neighborhood U of D € |L| in the sense of classical topology such that the complement
of any element of U is Kobayashi hyperbolically imbedded into M (see [21]).

We note that any smooth quadric surface in P?(C) is isomorphic to P!(C) x P*(C)
imbedded by Op1(c)xp1(c)(1,1). By Theorem 1 and Theorem 2, there exists a hypersur-
face Y in P3(C) of degree d such that Y|g (resp. Ylg) is a smooth curve and @ \ Y|g
(resp. S\ Y|s) is Kobayashi hyperbolically imbedded into @ (resp. S) if d > 4 (resp.
d > 3). However, there exists no such hypersurface of degree d if d < 3 (resp. d < 2).
Furthermore, the above Y| for d = 4 (resp. Y|g for d = 3) is a smooth irreducible curve
of the lowest possible degree whose complement is Kobayashi hyperbolically imbedded
into @ (resp. S). This follows from the nefness of L —Op1(cyxp1(c)(4,4) (resp. L—0g(3))
for any line bundle L on @ (resp. S) which satisfies the condition in Theorem 1 (resp.
Theorem 2). The nefness of L — Op1(c)xpi(c)(4,4) is clear, and see the paragraph fol-
lowing Fourth Step of Section 3 for the nefness of L — Og(3).

The plan of this paper is as follows. Since the proof of Theorem 1 is similar to and
simpler than that of Theorem 2, we first prove Theorem 2. In Section 2, we prove the
necessity of Theorem 2 and prove that there exists a non-irreducible curve of degree
nine in S such that the complement of the curve is Kobayashi hyperbolically imbedded
into S. In Section 3, we deform the above non-irreducible curve to a smooth irreducible
curve preserving the Kobayashi hyperbolic imbedding as [21] and we complete the proof
of Theorem 2. In Section 4, we prove Theorem 1.

Acknowledgments. The authors would like to express their gratitude to Professor
Junjiro Noguchi and Professor Joél Merker for fruitful advices. The authors also thank
Dr. Yoshihiko Matsumoto for useful comments.

2. KOBAYASHI HYPERBOLIC IMBEDDING OF THE COMPLEMENT OF LINES IN S

Let S C P?(C) be a general smooth cubic surface and set Og(1) = Ops(c)(1)|s. Then
S is isomorphic to the blow-up of P?(C) at six points (cf. Theorem IV.13 of [1]). Let
7S — P%(C) be the blow-up at six points pi,...,ps € P*(C). Let E; (1 <i < 6) be
the exceptional divisor over p;, let L;; C S (1 < i < j < 6) be the strict transform of
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the hyperplane in P?(C) through p; and p; under 7, and let C; (1 <4 < 6) be the strict
transform of the conic in P?(C) through five points p; (j # i) under 7 (such conic is
uniquely exist since S is a smooth cubic surface). It is known that £; (1 <i <6), L;;
(1<i<j<6),and C; (1 <i<6) are all the lines on S (cf. Proposition IV.12 of [1]).

The necessity of Theorem 2 is easily shown as follows.

Proof of the necessity of Theorem 2. Assume that there exists a line [ on S such that
L.1<2. Let X € |L| be asmooth irreducible curve in S. If X = [, X intersects another
line I’ at most one point. Hence, there exists a non-constant holomorphic map from C
to '\ X|y € S\ X and S\ X is not Kobayashi hyperbolically imbedded into S. If X # [,
X N contains at most two points. Hence there exists a non-constant holomorphic map
from C to [\ X|;. This implies that S\ X is not Kobayashi hyperbolically imbedded
into .S. 0

To prove the sufficiency of Theorem 2, we show the following proposition.
Proposition 1. Let D be a divisor on S such that
D=FE;+ Es5+ Eg+ Lys + Lyg + Lsg + Cy + C5 + C.
Then S\ D is Kobayashi hyperbolically imbedded into S.

Before proving Proposition 1, we recall some theorems.

Theorem 3 (Logarithmic Bloch-Ochiai’s theorem [12], [13]). Let A be a semi-abelian
variety and let f : C — A be a holomorphic map. Then the Zariski closure of the image
f(C) is a translation of a semi-abelian subvariety.

Theorem 4 (Theorem 5.2 of [2]). Let A be a semi-abelian variety and let B be an
effective reduced divisor on A. Let f : C — A be a non-constant holomorphic map
whose image f(C) is Zariski dense in A. Assume that the dimension of the stabilizer

Stab(B) ={r € A:x+ B = B}

is zero. Then there exists at least one irreducible component B’ of B such that the
intersection f(C)N B’ is Zariski dense in B'. In particular, if dim A > 2, f(C) N B is
infinite.

We use Theorem 3 and Theorem 4 only for the case when A is an algebraic torus.

Proof of Proposition 1. Let D; (1 < i < 9) be irreducible components of D. Hence
D; is equal to Ej or Ly or C;. Assume that S\ D is not Kobayashi hyperbolically
imbedded into S. Then there exists a partition of indices T U J = {1,2,...,9} and
a non-constant holomorphic map from C to (,.; D; \ U;c; D (cf. Theorem (1.8.3) of
[14]). Here I may be the empty set and we define (),.; D; = S in that case. Since each
D; is isomorphic to P'(C) and each D; intersects | J,,; D; at four points, there exists no
non-constant holomorphic map from C to D; \ J;; D; by the small Picard theorem.
Therefore I must be empty and there exists a non-constant holomorphic map f from
CtoS\U,_,D;=S\D. Put g=mof:C — P*C). It follows that the image of
g is contained in T := P?(C) \ m(Lys5 U Lyg U Lsg) and T is isomorphic to the algebraic
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torus (C*)2. Since 7 is isomorphic over T'\ {py, pa, ps} and f(C)NJ>_, C; = 0, we have
9(C)N UL, 7(Cy) C {p1,p2,p3}. Tt is easy to see that the dimension of

Stab (zG: W(Cl) |T>

1=4

is zero. Since g(C) N U, 7(Cy) is a finite set, g(C) is not Zariski dense in T by
Theorem 4. We take a homogeneous coordinate [z : y : z] of P?(C) such that

7(Lys U Lyg U Lsg) = {[z : y : 2] € P*(C) : 2yz = 0}.

By Theorem 3, ¢g(C) is contained in a translation of a subtorus in 7. Hence we may
assume that there exist non-negative integers m,n (m < n) and a non-zero complex
number /5 such that g(C) is contained in

G={r:y:2]€T CP*C):a™y" — pz""" =0} ~ C".

Let ¢ be a point in GN7(C;) for 4 < i < 6. We show that ¢ € {p1, pa, p3}. Otherwise,
g(C) does not contain ¢ since g(C) N7 (U?:4 Ci) C {p1,p2,p3}. Hence g(C) is in the
complement of one points in G ~ C* and ¢ is a constant map by the small Picard
theorem. This is a contradiction. Therefore ¢ € {p1, p2, ps}-

If G is tangent to m(C;) (i = 4,5,6) at p; (j = 1,2,3), the strict transform of G
under 7 intersects C; over p;. Then g(C) does not contain p,;. By the same argument
as above, g is a constant map. This is a contradiction. Hence G intersects m(C;)
(1 =4,5,6) transversally.

We denote by G the Zariski closure of G in P?(C), that is, G = {[z : y : 2] € P?(C) :
a™y" — Bz™+" = 0}. Assume that m = 0, i.e. G is a hyperplane in P?(C). Two of
{p4, ps, P} are not contained in G, say p4, ps & G. It follows that GN7(Cs) = GNr(Cs).
By Bézout’s theorem, 7(C) intersects G at two points of {p1, p2,ps}. Since ps € G,
three points of {py,...,ps} are in the hyperplane G and such case does not occur since
S is a general cubic surface. This is a contradiction.

We have m > 0. Then G contains two points of {p4, ps, ps}, say ps and ps. We may
assume that py = [1 : 0 : 0] in the homogeneous coordinate [z : y : z] in P?(C). Let
U={lz:y:2] €P*C):x+#0}andlet u= £ v =2 be alocal coordinate on U. On
U, m(C5) is defined by

au + bv + P(u,v) =0,

where a,b € C and P(u,v) is a homogeneous polynomial of u, v of degree two. Since S
is a general cubic surface, 7(C5) intersects m(Lygs) and 7(Lyg) transversally. Therefore a
and b are non-zero. Since G is defined by u” = Sv™*+" on U, the intersection multiplicity
of G and 7(C5) at p4 is equal to n. By Bézout’s theorem, G intersects m(C5) at 2m +n
different points in 7' (recall that G intersects m(C5) transversally in 7" and 7(C5) does
not contain ps). Since G N 7w(Cs) N T = G N 7(Cs) C {p1,p2,p3}, it follows that
2m +n < 3. Since 0 < m < n, we have m =n = 1. Then G is a conic which contains
{p1, P2, P3, D1, P5 }, which means G coincides with m(Cs) by the uniqueness of such conic.
This is a contradiction and the proof of Proposition 1 is completed. O
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3. DEFORMATION OF CURVES

We show the sufficiency of Theorem 2. From First Step to Fourth Step, we deform
the nine lines in Proposition 1 to three smooth elliptic curves keeping the Kobayashi
hyperbolic imbedding.

First Step. We first deform E4 and L5 to an irreducible conic in S keeping other lines.
Since L;; is linearly equivalent to m*Op2(cy(1) — E; — E; and Cj is linearly equivalent
to mOp2(c)(2) — X254 By Ei + Lij + C; (4 < i < j < 6) is linearly equivalent to
Os(1) = 7 Op(cy(3) — Z?:l E; (cf. Chap. IV of [1]). Hence there exists a hyperplane
H;; in P?(C) such that Hyj|ls = E; + L;; + C;. Let H, (t € C,|t| < 1) be a deformation
family of hyperplanes in P?(C) such that C5 C H, for all ¢t and Hy = Hys. Since there
exist only finite lines in S, H;|s is a union of Cs and an irreducible conic for small ¢ # 0.
We show that there exists small 6 > 0 such that S\ (H; U Hys U Hsg)|s is Kobayashi
hyperbolically imbedded into S for |¢t| < §. Otherwise, there exists a sequence {t,},en
such that ¢, — 0,t, # 0 and S\ (Hy, U Hys U Hsg)|s is not Kobayashi hyperbolically
imbedded into S. Then there exist holomorphic maps f, from A(v) = {2z € C: |z| < v}
to S\ (Hy, UH4UHs56)|s such that f, converges uniformly to a non-constant holomorphic
map f : C — S on compact subsets (cf. Section 2 of [21]). Let D be the hypersurface
in S x A(1) such that D|gxqy = (Hy U Hyg U Hsg)|s. Then we may consider f, (resp.
f) as a holomorphic map from C to S x {t,} \ D|sxq} (vesp. S x {0} \ D|sxqo})-
Let C be an irreducible component of D. By Hurwitz’ theorem, f(C) C C|gxo} or
F(C) N Clsxqoy = 0. Because there exists no non-constant holomorphic map from C
to S\ D, f(C) is contained in an irreducible component of Hys|s or Hygls or Hsgls.
Since any irreducible component of D intersects other components of D at four points,
f(C) must be contained in Fy or Lys. Without loss of generality, we may assume that
f(C) C Ey. Since Ej intersects the divisor D — (Ey4 + Lys) at three points, it follows
that f is constant by the small Picard theorem. This is a contradiction and we have
that S\ (Hy, U Hys U Hsg)|s is Kobayashi hyperbolically imbedded into .S for small .

Second Step. Next we deform H, |s to an irreducible curve with a node in S. Since
two components of Hy,|g intersect at two points, there exist two nodes in H; |s. Let p
be one of those nodes. Then Hy, is the tangent plane of S at p. Let e : P3 "(C) xS — Sbe
the second projection and let H be the divisor on IP’3((C) xS such that H H |B3(C)x {q}

(q € S) is the tangent plane of S at ¢ in P*(C). Then H]5X5 is a divisor on S x S.

Lemma 1. Let U be a sufficiently small neighborhood of p in S. Then the divisor ]TI|SX5
consists of two smooth transversally intersecting irreducible components in U x U.

Proof. Let (x,y) be a local coordinate on U such that z(p) = y(p) = 0 and Hy|s is
equal to the divisor defined by zy in U. Let m; : S x S — S be the i-th projection. We
will still write + = 7z, y = 7]y by abuse of notation. Let u = mjz, v = w}y. There
exists a holomorphic function f(x,y,u,v) on U x U which defines the divisor H luxu-
Then we write

f(z,y,u,v) = fio(u,v)(x —u) + foi(u,v)(y —v) + faolu,v)(z — u)?
+ fra(u, v)(@ —u)(y —v) + foalu, v)(y —v)* + O((Jx —u| + [y — v])?).

Let ¢ = (a,b) be any point in U. The divisor ]:HSX{q} is defined by f(x,y,a,b) on U.
Because of the singularity of H|sx(q at ¢, we have fo(a,b) = fo1(a,b) = 0. Since
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(a,b) is any point in U, we have

f(:l?,y,u, U) = f2,0(u7 U)(QT - U’)2 + fl,l(ua ’U)($ - U)(y - U) + f()g(U,'U)(y - U)Q
+O((Jz —ul + [y = v])*).
Since Hy,|g is defined by zy on U, we may assume f(x,y,0,0) = xy. In particu-

lar, we have that fo0(0,0) = f52(0,0) = 0 and f;1(0,0) = 1. Hence fi(u,v)* —
4foo(u,v)fo2(u,v) # 0 on the small open set U, and we take the branch of the function

\/fl,l (u, U>2 - 4f2,0(u7 U)f0,2<u7 U) as

—g < arg (\/fm(u, v)2 —4fo0(u,v)fo2(u, 7})> <

e

It follows that

flz,y,u,v) = (x' +

2 fo,2(u,v) y’)
fra(u,v) + 1/ fia(u,v)? — 4 fa0(u,v) foo(u, v)

X (f2,o(u,v)$/ + % (f1,1(U,U) + \/fu(uﬂ))z - 4f270(u,v)f072(u, U)) y’)
+O((l2'] + Y1),

where ' = —u, ¥y =y —v. We take

2f0?2(u, U) y,
Fra(w,v) + /fra(u, 0)2 — 4 foo(u,v) foo(u,v)”

y" = faolu,v)’ + % <f171(u,v) + \/fm(u,v)? — 4f50(u, v) fo2(u, v)> Yy

We have that (z”, 3", u,v) is a local coordinate on Ux U and f = 2"y"+O((|2"|+]y"])?).
It is easy to see that f = Zy for suitable & = 2"+ O((|2"|+|y"|)?) and § = v+ O((|2" |+
1¥”'|)?) by a similar argument to Example 5.6.3 in Chapter 1 of [8]. Since (%, 7, u,v) is
a local coordinate on U x U, this completes the proof of the lemma. O

.T” — x/+

We show that S\ (]qu U Hys U Hsg)|s is Kobayashi hyperbolically imbedded into S
if ¢ is sufficiently close to p. Otherwise, there exists a non-constant holomorphic map
f:C = S such that f(C) C Hy|s\ (His U Hsg)|s by the same argument as First Step.
We note that ﬁp = H;,. Because of Hurwitz’ theorem and Lemma 1, we have that
f(C) does not contain the point p (cf. Lemma-Definition 3.2 of [21]). Each component
of ﬁplg intersects Hyg|ls U Hsg|s at more than or equal to two points. Hence f(C) is
contained in the complement of three points in a rational curve and f is a constant
map by the small Picard theorem. This is a contradiction and S\ (I;Tq U Hye U Hsg)ls
is Kobayashi hyperbolically imbedded into S if ¢ is sufficiently close to p.

Third Step. Let gy be a point of S such that qq is sufficiently close to p and ﬁq0| 5 18
irreducible. We deform the nodal rational curve fIq0| s to a smooth elliptic curve in S.
Let E’ be a smooth irreducible elliptic curve in S which is sufficiently close to ﬁqo |s in
|Os(1)|. Since flq0|g is a small deformation of Hys|g, ffqo\s intersects Hygls U Hsgls at
six points and S\ (E' U Hyg|s U Hsg|s) is Kobayashi hyperbolically imbedded into S by
the same argument as First Step.
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Fourth Step. Deforming Hyg|s and Hsgls as Hys|g, there exist smooth irreducible
elliptic curves E”, E" in |Og(1)| such that S\ (E'UE"UE"") is Kobayashi hyperbolically
imbedded into S.

Let L be a holomorphic line bundle on S such that L. [ > 3 for any line [ on S.
Let L' = L — Og(3). Then L. I > 0 for any line [ on S and this implies that L’ is
spanned by its global sections (cf. [4]). We take a general curve D’ in |L'|. We have
that S\ (E'U E” U E" U D’) is Kobayashi hyperbolically imbedded into S.

It follows that D is linearly equivalent to 7*Opz(c)(9) — 3 S0 | E; and this is linearly
equivalent to Og(3) (cf. Chap. IV of [1]). Hence E'+ E”+ E" 4+ D' is linearly equivalent
to L.

In the rest steps, we deform E'U E” U E" U D’ to a smooth irreducible curve in S
keeping the Kobayashi hyperbolic imbedding.

Fifth Step. Let G be a smooth irreducible curve in S which is a small deformation of
E'"U E”. Since both elliptic curves E' and E” intersect E” U D’ at more than or equal
to three points respectively, S\ (G U E"” U D’) is Kobayashi hyperbolically imbedded
into S by the same argument as First Step. Let G’ be a smooth irreducible curve in
S which is a small deformation of E” U D’. Here we put G' = E" if D' = 0. Note
that D’ is an irreducible smooth curve which is not a line if D" # 0. We have that E"
intersects G at six points and D’ also intersects G at more than or equal to four points
if D" # 0. Hence S\ (GUG’) is Kobayashi hyperbolically imbedded into S by the same
argument as First Step.

Sixth Step. We deform GUG’ to an irreducible curve with a node in S. It follows that
G intersects G' transversally at any point s € G NG'. Let p: S — S be the blow-up
at s and let Z be the exceptional divisor of p. The strict transform G of G + G" under
p is linearly equivalent to u*L — 27, and p*L — 27 is a very ample line bundle on S.
We can take a smooth irreducible divisor G’ in |G| which is sufficiently close to G' and
intersects Z transversally at two points. The image u(é’ ) is an irreducible curve in S
with a node at s and S\ u(G’) is Kobayashi hyperbolically imbedded into S by the
same argument as Second Step (note that the genera of G and G’ are larger than or
equal to one. Hence there exists no non-constant holomorphic map from C to G'\ s and
G\ s).

Seventh Step. Finally we deform u(G') to a smooth irreducible curve in S. Since
the genus of the normalization of ,u(CN}’ ) is larger than or equal to two, there exists no
non-constant holomorphic map from C to ,u(é’ ). Hence the complement of a small
deformation of p(G’) in S is Kobayashi hyperbolically imbedded into S by the same
argument as First Step. This completes the proof of Theorem 2.

4. THE CASE OF QUADRIC SURFACES

Proof of the sufficiency of Theorem 1. Let Q = P'(C) x P}(C). Let [Xp : X;] and [Yj :
Y}] be the homogeneous coordinates on the first and second factors of P! (C) xP*(C). Let
H,,..., Hy be divisors on () defined by Xy =0, X; =0, Yy = 0 and Y; = 0 respectively.
Let D be a general divisor in |Og(m — 2,n — 2)| (m,n > 4). Then 3.+ H; + D is
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linearly equivalent to L = Og(m,n). It follows that

Q\ (OHiUD>

is Kobayashi hyperbolically imbedded into @ (cf. Theorem 1 of [20]). Let C be a
smooth irreducible curve in @) which is sufficiently close to Hy + Hj in |Og(1,1)]. We
have that H; (i = 1,3) intersects Hy + Hy + D at more than or equal to three points.
Then @ \ (C'U Hy U Hy U D) is Kobayashi hyperbolically imbedded into @ by the same
argument as First Step of Section 3. Let C’ be a smooth irreducible curve in ) which is
sufficiently close to Ho+H, in [Og(1,1)|. As the case of C, it follows that Q\ (CUC"UD)
is Kobayashi hyperbolically imbedded into ). Let D’ be a smooth irreducible curve
in @ which is sufficiently close to C'+ C" in |Og(2,2)|. Then both C and C" intersect
D at more than or equal to four points respectively and @ \ (D U D’) is Kobayashi
hyperbolically imbedded into ¢) by the same argument as the First Step of Section 3.
Let p € DN D’". We have that D intersects D’ transversally at p. Let u: Q — Q
be the blowing up at p and let Z be the exceptional divisor of u. Let D be the strict
transform of D + D" under p. We have that D is an element of |i*Og(m,n) —2Z| and
the line bundle p*Og(m,n) — 2Z is very ample. Note that genera of D and D’ are at
least one. By the same arguments as Sixth Step and Seventh Step of Section 3, there
exists a smooth irreducible curve in ) whose complement is Kobayashi hyperbolically

imbedded into Q). O

Proof of the necessity of Theorem 1. Let L = Og(m,n). Without loss of generality, we
may assume that m < n. Assume that m < 3. Let X € |L| be a smooth irreducible
curve in Q. Let m: P}(C) x P}(C) — P!(C) be the second projection.

If m < 2, a general fiber F' of 7 intersects X at less than or equal to two points.
Then there exists a non-constant holomorphic map from C to F'\ X, and @ \ X is not
Kobayashi hyperbolically imbedded into Q.

If m =3, m|x : X — P!(C) is ramified because of the Riemann-Hurwitz formula. Let
q € P1(C) be a branch point of 7|x. The fiber 771(g) intersects X at less than or equal
to two points. There exists a non-constant holomorphic map from C to 77 1(q) \ X.
This implies that @ \ X is not Kobayashi hyperbolically imbedded into Q. O
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