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STRUCTURE OF
THE POSITIVE RADIAL SOLUTIONS FOR
THE SUPERCRITICAL NEUMANN PROBLEM
e?Au—u+u’ =0 IN A BALL

YASUHITO MIYAMOTO

ABSTRACT. We are interested in the structure of the positive ra-
dial solutions of the supercritical Neumann problem in a unit ball

e2 (U + XU —U+UP =0, 0<r<1,
U, (1) =0,
U >0, O0<r<i,

where N is the spatial dimension and p > pg := (N +2)/(N —2),
N > 3. We show that there exists a sequence {ef}52, (ef >
€5 > -+ — 0) such that this problem has infinitely many singular
solutions {(e,Uz)}52; C R x (C?(0,1) N CY(0,1]) and that the
nonconstant regular solutions consist of infinitely many smooth
curves in the (¢,U(0))-plane. It is shown that each curve blows up
at €} and if pg < p < psr, then each curve has infinitely many

turning points around €. Here,

00 (2 < N <10).

In particular, the problem has infinitely many solutions if ¢ €
{er}%2,. We also show that there exists & > 0 such that the
problem has no nonconstant regular solution if ¢ > &. The main
technical tool is the intersection number between the regular and
singular solutions.
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1. INTRODUCTION AND MAIN RESULTS

Let Q@ ¢ RN, N > 3 be a bounded domain with smooth boundary.
We are concerned with the elliptic Neumann problem

AU -U+UP =0, inQ,
(1.1) o,U =0, on 012,

U >0, in €2,
where p > 1 and € € Ry := {x; © > 0}. The problem (1.1) arises
in physical and biological models. In particular, (1.1) appears in the
stationary problem of the Keller-Segel model for chemotaxis aggrega-
tion [19] and the shadow system of the Gierer-Meinhardt model for
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biological pattern formations [12]. For these two decades (1.1) has at-
tracted considerable attention and solutions with various shapes have
been found. See [29, 31] for single-peak solutions, [14] for multi-peak
solutions, and [21] for boundary concentrating solutions. Many papers,
including [14, 21, 27, 29, 31}, study the subcritical case 1 < p < psg,

pe e A vz (N23),
oo, (N=12).

In this case the compact embedding H'(Q2) < LPT1(Q) is applicable,

hence a variational method works well. In this paper we are inter-

where

ested in the solution structure of (1.1) in the supercritical case p > pg.
Specifically, we consider the case where the domain € is the unit ball
B :={z € RY; ||z| < 1}, and study the bifurcation diagram {(\,U)}
of the positive radial solutions. The problem (1.1) can be reduced to
the ODE

e? (U + 20,) = U+ UP =0, 0<r<1,

T

(12) U.(1) =0,
U >0, 0<r<il,
Throughout the present paper we define f(U) := —U 4+ U? and A :=

1/e2. Then A\ € R, and A diverges as ¢ | 0. Since we study the
bifurcation diagram of (1.2), it is convenient to transform (1.2) into
U + XU, + Af(U) =0, 0<7r <1,
(1.3) U:(1) =0,
U >0, 0<r<1.
We need some notations. We call the constant solutions {(X,1)} the

trivial branch which is denoted by Cy. Let Ay denote the Neumann

o0

o, be the eigenvalues of —Ax on B in the space

Laplacian, and let {u,
of radial functions. Since each p, is simple, 0 = po < pg < po < -+ -.
Let A, := u1,/(p—1). By Crandall-Rabinowitz bifurcation theorem we
easily see that (\,,1) (n = 1,2,---) is a bifurcation point from which
a curve of nontrivial solutions emanates. We denote the closure of the
curve by C,. We will see in Proposition 3.1 of the present paper that
each curve C,, which we call the branch, can be locally parametrized by
7 := U,h(0). Then each curve C,, can be described as {(A,(7), Un(7,7))}

(7 := Un(0,7)). We define
Cr=C.n{y>1}, C,=C,n{y<1}.

n
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By Z;[v(-)] we denote the number of the zeros of the function v(-) in
the interval I C R, i.e.,

Zilo()] ==t € I; v(x) = 0}.

Let (A, U,) € C,. Every zero of U,(r) —1 (0 < r < 1) is sim-
ple, because of the uniqueness of the solution of the ODE (1.3). If
(An, Uy) is near (\,,1), then U,(r) — 1 is close to the n-th eigen-
function of the corresponding eigenvalue problem. By Sturm-Liouville
theory, Zo1)[Un(-,v) — 1] = n provided that (),,U,) is near (\,,1).
Since each zero is simple and U, (r) — 1 continuously changes along
each C,, Zjo1[Un(-,7) — 1] is preserved along each C,. Therefore,
ZoUn(-,7) — 1] = n along C,.

Let us recall known results about (1.3). It was shown in [18] that in
the subcritical case 1 < p < pg the set of the regular solutions of (1.3)
is bounded in L*, i.e.,

(v* :=) sup{||U||s; U is a solution of (1.3).} < oo.

and that A (y) = oo asy 17" Since 9,A1(7)|,_; < 0 ([24]), the branch
C; has at least one turning point. Moreover, if v(< v*) is close to 7*,
then U, () is nondegenerate, hence 9, () > 0 ([31]). In the critical
case p = pg the solution structure depends on the spatial dimension
N. For N € {4,5,6}, (1.3) admits a (nonconstant) radially decreasing
solution for 0 < A < A; ([1]), which implies that C; is unbounded in ~.
For N > 7, there is A > 0 such that (1.3) has no nonconstant solution
for 0 < A < A ([1, 2, 3]). When N = 3, the structure depends on the
radius of the ball. See [1] for a partial result. In the supercritical case
p > ps, there are few results about (1.1). When p = pg + ¢ for small
e > 0, [9] constructed a bubble tower solution of (1.1). See [26, 20, 11]
for other results. A brief history of this problem is written in [11].

On the other hand, the branch of the positive solutions of the critical

or supercritical Dirichlet problem

Uy + 220, +Ag(U) =0, 0<r<1,
(1.4) U(1) =0,
U >0, 0<r<l,
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was studied by [4, 7, 15, 17, 23]. In [17] the case g(U) = (1 + U)? was
studied. The structure depends on p and N. Let

1+ ——2—, (N>11
(1.5) PIL = =V ek (V2 11),
o0, (2< N < 10).
When pg < p < pyr, Joseph-Lundgren[17] have shown that the branch

which emanates from (0,0) has infinitely many turning points around
A=X:=0(N —2—0) and blows up at A = \*, where

(1.6) 0 .= PR
Moreover, there is a singular solution U* = r=/ —1 € H}(B) for A = \*.
When p > pjyr, the branch exists for 0 < A < A*, does not have a
turning point, and blows up at A = A*. Moreover the singular solution
(A*,U*) exists. In particular, (1.3) has a unique regular solution for
0<A <A

In the study of the bifurcation diagram singular solutions play an

important role. First we study the problem

u58+%us+f(u) =0, s>0,
(17) {u(O) =7, us(0) =0.

Theorem 1.1. Suppose that p > ps. There is a singular positive

solution u*(s) of

uSS—F%uS—i—f(u):O, 0<s< oo,
u(s) > o0 (s0).

u*(s) oscillates around 1 hence it has infinitely many critical points.
Moreover, u(s,y) — u*(s) in Cp (0,00) asy — oo. Here u(s,) is the
solution of (1.7).

When p > pyp, this theorem was already proved by [5, Theorem 1.1].
Our method is different from [5] and it can prove the case p > pg.
Using the singular solution u*, we prove the existence of singular so-

lutions of (1.3). The first main result is the following:

Theorem A. Suppose that p > ps. The problem (1.3) has infinitely
many singular solutions (X5, U*(r)) € Ry x (C?(0,1) N C°(0,1]) (n =
1,2,--+ and \] < X\ < --- — o0) such that the following assertions
hold:
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(i) Ui(r) satisfies
(1.8) Ur(r) = N)Y /NP (1+0(1) as (r]0),

where
(1.9) A(p,N) = {B(N =2 - 6)}77 .

(i1) Zoy[Us(-) =1] =

(11i) Uk(r) >0 (0 <r <1).

Moreover, the singular solution (X2, U*) is unique, i.e., if (X%, U*) is a
singular solution such that (i) and (ii) hold, then (X5, U*) = (\*,U%).

The second main result of the paper is the following:

Theorem B. Suppose that p > ps. Let X! (n = 1,2,---) be as in
Theorem A. Let S denote the set of the reqular solutions of (1.3). Then

(1.10) S=culJ(cruc,).

n=1
Fach C,, (n=1,2,---) can be parametrized by v = U, (0), hence C,, can
be described as {(\.(7), Un(r,7))}. Moreover, \,(v) € C'(0,00) and
the following assertions hold:
(i) For each n > 1, A\,(1) = \,.
(ii) For eachn > 1, \,(7) = X5 (v = ).
(11i) If ps < p < pyr, then for each n > 1, A\, (7) oscillates around \*
infinitely many times as v — oo.
(iv) For each n > 1, \y(y) = oo (74 0).
(v) If v > 0 is small, then Uy(r,v) is nondegenerate, and it becomes a
boundary concentrating solution as v | 0.
(vi) For each v € Ry, A\ () < Aa(7) <

See Figure 1 for the case ps < p < psr.

(iv), (v), and (vi) of Theorem B hold for every p > 1.

It follows from Theorem B (iii) that each branch C! has infinitely
many turning points around A} if ps < p < pyr.

Remark 1.2. If 3 < N < 10, then py, = oco. Hence, the supercritical
equation (1.3) always has infinitely many solutions for X = A5 (n =

1,2,--+) and each C} has infinitely many turning points.
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TA

F1GURE 1. The schematic picture of the bifurcation di-
agram of (1.3) in the case ps < p < pyr.

Corollary 1.3. Suppose that p > ps. There exists A > 0 such that if
0 < A <A, then (1.8) has no nonconstant solution. Moreover, there
is A > 0 such that the radially decreasing solution does not exist for
A >

Corollary 1.4. Suppose that ps < p < psr. There exists A > 0 such
that (1.8) has a nonconstant solution if X > A and that (1.3) has no

nonconstant solution 1f 0 < A < A.

Let us explain technical details. In [17] they used a special change
of variables in the study of (1.4) with g(U) = (1 + U)?. The equation
(1.4) can be transformed to a first order autonomous system. See
(2.5) in the present paper. They used a phase plane analysis to obtain
the bifurcation diagram. However, for a general nonlinearity g, we
cannot expect such a change of variables. In [23] the author studied the
bifurcation diagram of the solutions of (1.4) when ¢g(U) = UP+h(U)(>
0) and h(U) is a lower order term. Let u(s) := U(r) and s := v/Ar.
The equation (1.4) becomes

uss+¥us—|—g(u) =0, 0<s<V\,
(1.11) u(v/A) =0,
u > 0, 0<s< \/X

The equation (1.11) has a singular solution (A*,u*(s)). Let (A, u(s,7))
denote the regular solution of (1.11) such that u(0,y) = v and us(0,v) =
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0. It was shown that \ is a C''-function of . He used the intersection

number between u*(s) and u(s,y) which can be written as

(1.12) Zpw () —ul- )],

where I, := (0, min{v/A*, v/A(7)}]. He showed by a scaling argument
that if ps < p < psr, then

(1.13) Zru(-) —u(-,7)] =00 (y—00).

Because of the uniqueness of the solution of the ODE (1.11), each zero
of u*(-) — u(-,7) is simple. Hence, each zero depends continuously
on 7. The number of the zeros in I, is preserved if another zero does
not come from the boundary of I,. Since u*(0) — u(0,v) = oo, a zero
cannot enter I, from s = 0. Because of (1.13), a zero enters I, from
s = min{v/A\*, \/A(7)} infinitely many times as y — oco. Therefore,
A(7y) oscillates around A* infinitely many times which indicates that
the branch has infinitely many turning points. This method cannot be
directly applied to the Neumann problem, since in the Neumann case
u(1/A(7),7) is not necessarily equal to u*(v/A*) and the oscillation of
A(7y) around A* is not trivial. The shape of the singular solution u*
of the Neumann problem becomes important to study the behavior of
each zero.

In our problem (1.3) we see that C, is locally parametrized by v =
U,(0) (Proposition 3.1). We can write the solution as (A, (%), Un(r,7)).

Section 3 is devoted to the study of the fundamental property of A, (7).
In Lemma 3.3 we show that for each v* > 1, A, () does not diverge as
v 1 v*. Therefore, combining this result and the local parametrization
of C,,, we show in Lemma 3.4 that the domain of A, () can be extended
to v > 1. It is perhaps interesting to note that the nondivergence of
An(7y) is proved by the nonexistence of the entire positive solution of
Au—u+uP =0 (p > ps) which is proved by the Pohozaev identity.
We also show that \,(7) can be extended to 0 < A\ < 1. Hence, A, (7)
is defined in v € R,.
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In Section 4 we study the singular solution of (1.3) and prove Theo-
rem A. Let u(s) := U(r) and s := v/Ar. The equation (1.3) is trans-

formed to the problem

s + XU + fu) =0, 0<s <V
(1.14) us(VA) =0,
u >0, 0<s<vVA\

In Lemma 4.1 we construct the singular solution u*(s) of the equation
in (1.14) near s = 0 and show that u*(s) = As~%(1+0o(1)) (s 0). In
Lemma 4.4 we show that the domain of u*(s) can be extended to 0 <
s < 00, that u*(s) satisfies the equation in (1.14), and that u*(s) > 0 for
s> 0. In Lemma 4.8 we show that u*(s) oscillates around 1 infinitely
many times as s — oo and that u*(s) has the set of the critical points
{sr}o2, of u* such that 0 < s} < s5 <--- — 0o and

*
n
*

n

s* is a local minimum point of v* and u*(sf) < 1ifn € {1,3,5,---},
sy is a local maximum point of u* and u*(s}) > 1if n € {2,4,6,--- }.

We set A := (s%)% and U} (r) := u*(s) (s = \/A*r). Then, (A, U?) is
a singular solution stated in Theorem A.

Let (An(7), u(s,7)) denote the solution of (1.14) such that u(0,v) = v
and u4(0,7) = 0. In Section 5 we show that A\,(y) — AL as 7 — o
and that u(s, ) converges to u*(s) in an appropriate sense. In [22] the

authors proved a similar convergence result for the Dirichlet problem

Uy + XU, + XU+ UP =0, 0<r<1,
U(l) =0,
U >0, 0<r<l.

when p > pg. In Theorem 5.1 we show that u(s,vy) — u*(s), following
arguments in the proof of [22, Theorem A].

In Section 6 we show that A, (7) oscillates around A if ps < p < pyp.
Let p := 7”2 s. We define w(p,y) = u(s,y)/v and @*(p) := u*(s)/7.
We use the intersection number between @ and @*. The function @(p, )

satisfies

(1.15) Upp + 220, + 0 — i =0, 0<p< oo,
@(0) = 1, @,(0) = 0.
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Let u(p,~) be the regular solution of

(116 {apﬁ%aﬁap:o, 0< p< oo,

a(0) = 7, ,(0) = 0.
We show that as v — oo,

(0,00) N C}

loc

a(p,y) = alp,1) in Cj

loc [07 OO)
and

w(p) = u*(p) in Cp

loc(()? OO>7
where @*(p) is given by (2.2) which is a singular solution of the equation
in (1.16). In Section 2 we recall the fact that Z «)[a*(-) —a(-,1)] =

oo. Hence, for each 6 > 0,
(1.17) Zoglu () —ul-,7)] =00 (v —00),

since s € (0,6) is corresponding to p € (0,57%) and 077 — 00
(7 — 00). Since each zero of u*( - )—u( -, ) is simple, each zero depends
continuously on 7. The divergence (1.17) tells us that a zero which
is simple enters the interval (0, /A%] from s = \//\—;"L infinitely many
times. Therefore, there exists a sequence of large numbers {7;}%2,
(71 < 72 < --+ — 00) such that us(y/A;,7;) <0 for j € {1,3,5,---}
and us(\/A5,7;) > 0 for j € {2,4,6,---}. In Theorem 6.1, using the
convergence u(s,y) — u*(s), we show that if n € {1,3,5,---} (resp.
n€{2,4,6,---})

>N, (G€{1,3,5,-+}),
(1.18) An(75) {< XL (G Ee{2,4,6,-- ),

<)‘7*w (j€{1,375,"‘}),
(reSp' A () {> N (G € {2,4,6,- --}).)

which implies that A, () oscillates around A’ infinitely many times as
v — 0.

In Section 7 we construct a smooth branch of boundary concentrating
solutions, using a standard blow-up argument with the contraction
mapping theorem. We also show that this branch is in C; and that
Ai(7) = o0 (71 0).

The paper consists of 8 sections. In Section 2 we recall known re-
sult about the intersection number and the nonexistence of the entire
solution. In Section 3 we collect fundamental properties of A,(7). In

Section 4 we prove Theorem A. In Section 5 we prove the convergence



SUPERCRITICAL NEUMANN PROBLEM 11

to (Af, UY). In Section 6 we prove the oscillation of A, (). In Section 7
we prove (iv) and (v) of Theorem B. In Section 8 we prove the other

assertions of Theorem B and Corollaries 1.3 and 1.4.

2. PRELIMINARIES

2.1. Regular and singular solutions of the limit equation. Let

us consider the radial solution %(p) of the elliptic equation on RY

AU+ P = in RV

(2.1) - U+ U 0 ¥n N,

u>0 in RY.
It is well known that

(2:2) @(p) = Ap~?

is a singular solution of (2.1), where 6 is defined in (1.6) and A :=
A(p, N) is defined in (1.9). Next, we consider the regular radial solution
u(p). The solution u(p) satisfies (1.16). We define 9(p) := A~1p%(p).
The function v(p) satisfies

@pp—'—;l)(N_l_Qe)@p"'Azgl(@p_@)zoa 0<p<oo,

r5(p) = 5 (pd0),
v >0, 0<p<oo.

In order to make the equation autonomous we change variables to t :=

A"7 log p and y(t) := v(p). The function y(t) satisfies

v +ay —y+yP =0, —o0 <t < oo,
(2.3) e~ fmiy(t) - 1 (t = —o0),
y >0, —o00 <t < 00,

where the prime stands for the derivative,

(2.4) m:=A"7, and a:= m(N — 2 — 20).
The equation (2.3) is transformed into the first order autonomous sys-
tem
Yy ==z
(2.5) { , .
2 =—az+Yy—y".

This system has two equilibrium points (0,0) and (1,0). By simple
calculation we see that (0,0) is a saddle point. The eigenvalues of the
linearized operator at (0,0) are the roots of A> + A —1 = 0. The
eigenvalues are mf(> 0) and —m(N — 2 — #)(< 0). On the other
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hand, the eigenvalues of the linearized operator at (1,0) are the roots
of A>+ aA +p—1=0. Therefore, (1,0) is a spiral point if and only if
(26) a?*—4(p—1)<0, ie, (N—-2—20)>-8(N —-2—6) <0.
Then,

(2.7) (N—4—-2/N—-1)/2<0 < (N—-4+2/N—-1)/2.

We easily see that 1+4/(N —4+2y/N — 1) < ps(< p). Thus, 6 < (N —
4+42y/N —1)/2 always holds. If N < 10, then (N —4—2y/N —1)/2 <
0(< ), hence (2.7) holds. When N > 11, (2.7) holds if

4
N _4_ 2\/ﬁ<: pJL)'

If p > pyr, then two eigenvalues are negative. Thus, we have the

p<l+

following:

If N <10, then (1,0) is a spiral point for p > pg.
spiral point for ps < p < pyr.
If N > 11, then (1,0) is a ¢ (resp. degenerate) node for
(resp. p=psL) P > piL-

Let

1 1 1
2.8 E == -y —
(2.8) (y.2) = 52" =5y 17

p+1

By direct calculation we have £ E(y(t), z(t)) = —a2?(t). If p > pg, then
a > 0 and F is a Lyapunov function. A phase plane analysis with this
Lyapunov function reveals that there is a heteroclinic orbit from (0, 0)
to (1,0) which is in the right half-plane. Note that the eigenvalue Om
is compatible with the limit condition in (2.3), because y(t) ~ Cpe?™
(t = —o0). This orbit corresponds to a regular solution u(p) of (1.16)
for some v, and u is positive. Since u(p) is a solution, 711(71%1 p) is also
a solution. Without loss of generality, we assume that (0) = 1. Every
solution of (1.16) can be written as vﬂ(v% p). Since the equilibrium
point (1,0) corresponds to the singular solution w*(p) of (1.16) and
(1,0) is a spiral point for ps < p < pyz, the intersection number of
u(p,7) and @*(p) is infinite for each v, i.e., Z( o 0)[u*(-) —u( -, )] = oco.
We have

Proposition 2.1. Suppose that p > pg. Then the problem (1.16)
has a unique (positive) solution u(p,7y) and u(p,vy) = 7@(7%1,0,1).
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Moreover, if ps < p < pyr, then, for each v > 0, Zgo)[t*(-) —
u(-,7)] = oo.

In Section 4 we use Proposition 2.1 in order to prove (1.17).
2.2. Nonexistence of the entire solution.
Proposition 2.2. If u(s) € C?*(e, R) N C°[e, R] satisfies

N -1
(2.9) Uss +

us+ flu) =0 (e<s<R)

and u(s) >0 (¢ < s < R), then

(2.10)
+z% (RN u(R)us(B) — N u(e)un(e) + 5 (RN uu(B)? — (<))
L (RYu(R)? — eVu(e)?) +1%(RN (R — Moy

Proof of Proposition 2.2. Multiplying (2.9) by sVu, and integrating it

over [e, R], we have

R
1
0 :/6 N {W(SN_lus)s —u—l—up}ds

R R R
:/ (leus)ssusds—/ sNuusds—l—/ sNuPugds
£ € £

= ]1+IQ+]3.

Then,
n R
I = [sN_lussus}a —/ sV Mg (stgs + ug)ds
€

R R
= RNuy(R)? — eMNuy(e)? — / sNugugeds — / sNtutds.

Since

R R 02
/ s usussds—{ } —/ NSN’I?sds
1
2

N R
(RVus(R)® — eNuy(e)?) — 5/ s huds,
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we have

R
I = RNUS(R)Q—SNus(e)Q—/ sV tutds

£

LN 2 N N
_§(R us(R)” — e ug(e) )+E s uzds

N B vl o Lo 2 N 2
- 5—1 s usds+§(R us(R)? — eMuy(e)?) .

Next, we have

12:—[5 —] / NsNV- l—ds

A / Nl2ds — o (RVu(RY? — (),

p+1 R p+l
Is = [SN ¢ ] —/ NsN- 1u—ds
p+1]. e p+1
N " oo +1 1 N +1_ N +1
== s uP T s + ——] (RVu(R)P* — eNu(e)Pt).
p e p
Adding I, Iy, and I3, we have

(211) 0=1 + I, + I

N i N [
— <5 — 1>/ sV ulds + 5/ sNtulds

N " sVt ds
p p+1
1 1
+3 (RNUJS(R)2 — eNuy(e)?) — 3 (RNu(R)? — eNu(e)?)
1
+ m (RNU(R>p+1 — €NU(€)p+1) .

Multiplying (2.9) by s ~lu and integrating it over [e, R], we have

R
o= [l
R R
/ Ug Suds—/ N- 1U2d8+/ sV LyP s,

—u+up}ds

Since

R R
sV suds = [ T tugu e sV hulds
e s
15 &

R
_ / N 2ds + RN u(R)us(R) — eV u(e)us (o),
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we have

R R R
(2.12) 0= —/ sV lulds — / sNluPds —l—/ sNluPtlds

+ RV u(R)ug(R) — ™ tu(e)us(e).
Calculating (2.11) + %(2.12), we have (2.10). O

Proposition 2.3. Suppose that p > ps. The problem

uss—l—%usqu(u):O, 0<s< o0,
(2.13) us(0) =0, u(0) < oo, u(oo) =0,
u > 0, 0<s< o0

does not admit a solution.

Proof of Proposition 2.3. Since f'(0) = —1 < 0, it is well known that
u(s) and us(s) decay exponentially as s — oco. Thus, the four terms
RN 1u(R)us(R), RNus(R)?, RNu(R)?, and RMu(R)P*' converge to
zero as R — oo. It is clear that the four terms eV ~Lu(e)u, (), eNu,(e)?,
eNu(e), and eNu(e)P*! converge to zero as e | 0. Taking the limit of
(2.10) as € | 0 and R — oo, we have

N N > N N e
(— -1- —) / sNulds + (— - —> / sV ulds = 0.
2 p+1) /)y 2 p+1/ )

Since p > pg, % ol % > (0. The above equality implies that (2.13)

does not admit a solution. O

3. LOCAL AND GLOBAL PARAMETRIZATION RESULTS

In this section we study the parametrization of each branch C, of the
solution of (1.3). Let U(r) be a regular solution of (1.3). We sometimes
use the stretched variable s := v/ Ar(= /). We define u(s) := U(r).
Then u(s) satisfies (1.14). We denote the solution of the initial value
problem (1.7) by u(s,~).

3.1. Local parametrization result. To begin with, we study the

local parametrization of the branch.

Proposition 3.1 ([24, Proposition 3.1]). Let (A, Up) be a nonconstant
reqular solution of (1.3), and let vy := Uy(0). Then, all solutions near
(Mo, Uo) can be parametrized as {(A(7),U(r,7))} o< (U(0,7) =7,
A(0) = Ao, U(r,70) = Us(r)).
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This proposition was obtained in [24]. We prove this proposition for

readers’ convenience.

Proof of Proposition 3.1. Let s := v/Ar and u(s) := U(r). Then, u
is not constant and w satisfies (1.14). We consider the initial value
problem (1.7) and denote the solution by wu(s,v). Then, u is a C*
function of (s,v) and U(r, \,7)(= w(v/Ar,v)) satisfies (1.3). Since
Ur(1, A7) =0, Vug (VA7) = 0. We will show that dyu,(vV/A, ) # 0.
Since Ohus(VA,7) = us(VA,7)/(2V/A), it is enough to show that
uss(VA,7) # 0. Suppose the contrary, i.e., us(v\, ) = 0. Differ-
entiating (1.7) with respect to s, we have

N -1 N -1
Uggs + ———Ugs + (f’(u) — )Us =0.
s

52
Since uy(VA,7) = uss(VA, ) = 0, we see by the uniqueness of the so-
lution of the ODE that wus(s,y) = 0. Thus, u is a constant solution of
(1.7) which contradicts that U is not constant. Hence, uss(v/X, ) # 0.
We can apply the implicit function theorem to us(\/x, v) = 0. We see
that there is a C'-function A = A(y), which is defined in a neighbor-
hood of 7y, such that us(m ,7) = 0 and that all the solutions near
(Ao, Up) can be written as (A(7y), u(+\x/A¥)r,7)) (|v — Y| < €). The
positivity u(y/A(y)r,y) > 0 (0 < r < 1) follows from the maximum
principle. U

Remark 3.2. [t follows from Proposition 3.1 that another radial branch
does not emanate from C,. However, the branch may have a turning

point.

3.2. Local bifurcation from the trivial branch. We work on the
space of radial functions. Let ¢, be the eigenfunction of the lineariza-
tion of (1.3) at (A,,1). Since

1 1
/0 Pn 8U/\(>‘f<U))‘()\,U):(5\n,1) Gur™ " Hdr = (p — 1)/0 orr™ e # 0,

the transversality condition of Crandall-Rabinowitz type holds, hence

(A, 1) is a bifurcation point.

3.3. Extension to 1 < v < oo. For each n > 1, the branch C, em-
anates from (\,, 1) and it is locally parametrized by v = U,,(0), hence



SUPERCRITICAL NEUMANN PROBLEM 17

Cn = {(An(7), Un(r,7))} (v = Un(0,7)). In this subsection we extend
the branch in the direction v — oco. In particular, we show that, for

each v* > 1, A, () does not diverge as v 1 v*.

Lemma 3.3. For each v* > 1, there are C' > 0 and € > 0 such that
[An(N] < C fory € (v" —&,77).

Proof. First, we prove the case n = 1. We use a contradiction argu-

ment. Suppose the contrary, i.e.,

*

(3.1) there is a sequence {v;}52, (v; <% v T
such that A\ (;) = oo (j — 00).
Let u(s, ;) denote the solution of (1.7), and let u;(s) :

u;(0) = ;. We show that there exists a solution u.(s) € C?(0,00) N
C"[0,00) of the problem

u(s, ;). Then,

uss+N;1us+f(u):0, 0< s < o0,
(3'2) US(O) =0, u(O) =77 U(OO) =0,
u >0, u, <0, 0<s<oo.

Since the problem (1.7) is well-posed, there exists . (s) € C?(0,00) N
C°[0, c0) such that 1, satisfies

() ss + (W) + f(0:) =0, 0 <s < o0,
()5 (0) = 0, @,(0) = 7%,

and u;(s) = @.(s) in CE.(0,00) N CP[0,00) as j — oo. Therefore, in

loc

order to show that u,(s) = u.(s) we show that @, satisfies

(3.3 {f‘*<°°> 0
Uy >0, (Uy)s <0, 0<s<o00.

If there is 5o > 0 such that @.(59) < 0, then, for large j > 1, u;(5) < 0,
.10, 00). We obtain a contradiction, because §y <
VA (y;) for large j > 1 and wj(s) > 0 (0 < s < 1/Ai(7)) for every
j > 1. Thus @.(s) > 0 (0 < s < 00). By the maximum principle we see
that @, (s) > 0 (0 < s < 00). If there is §; > 0 such that Osu.(5;) > 0,
then, for large j > 1, O5u;(51) > 0. We obtain a contradiction, because
51 < VMi(y) for large j > 1 and dqu;(s) < 0 (0 < s < /Ai(v5))-
Thus, 0st.(s) < 0 (0 < s < 00). Let v := Oyti,. If there is §5 > 0
such that v(33) = 0, then v4(53) = 0, since v(s) <0 (0 < s < 00). We

since uj; — Uy in c?
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obtain a contradiction, because v satisfies

. N -1
Vs + ( I () —

2
and Hopf’s lemma says that vg(32) # 0. Therefore, v(s) < 0 (0 < s <
00) and Ost.(s) < 0 (0 < s < 00). Since @, > 0 and st < 0, U, (00)

exists and Oy, (c0) = 0. Since @, satisfies (1.7), Osst.(00) exists and

Uss +

)u:o (0<s<o0)

it follows from the boundedness of @* that Osst.(00) = 0. Because of
(1.7), f(t4(00)) = 0, hence u,(c0) = 0 or 1. Suppose that @, (o0) = 1.
Let w :=u — 1. Then w satisfies

N —1 1P — 1
(34) wss+ ws+ <w+ ) (w+ )’U} =0.
S w

If w is close to 0, then {(w + 1)? — (w + 1)}/w is close to p — 1. Since
p— 1 > 0, by Sturm’s oscillation theorem we see that w oscillates
around 0 which contradicts that ws < 0. Thus, @,.(co) = 0. We have
shown that (3.3) holds and @, = u..

By Proposition 2.3 we see that if p > pg, then (3.2) has no solution.
We obtain a contradiction. Then, (3.1) does not hold, and |A;(v)] is

bounded for v € (v* — €,7*). Therefore, there exists a subsequence,

which is still denoted by {~,}, such that A;(v;) converges as j — oo.
We define A\;(7*) = lim;_,o, A1(7;). Because of Proposition 3.1, Ay (v*)
does not depend on the subsequence and it is uniquely determined.
Moreover, us(y/A1(7*),7*) = 0.

Second, we prove the case n > 2. Let E be as given by (2.8). Then
S B(us),v(s) =~
Therefore, FE(u(s),v(s)) < E(u(y/A(7*)),0) < 0 (s > /A(7")),

which implies that
(3.6) u(s) = u(v/A(v*)) (> 0).

Let w(s) := u(s) — 1. Then w satisfies (3.4). Because of (3.6), there is
0 > 0 such that
(w1~ (w+1) uly M) —ulv/ M)
w u(y/A(y%) —1
provided that s > \/W . Sturm’s oscillation theorem says that w

oscillates around 0 infinitely many times. Therefore, u(s) has the n-th

(3.5) v? < 0.

>6>0(y>0)

positive critical point s,. Since \,(7*) = s2 and \,(7) is continuous at
v* (Proposition 3.1), we see that |\,(y)| < C for v € (v* —e,7%). O
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Using Lemma 3.3, we prove the global parametrization result.

Lemma 3.4. For each n > 1, {(Au(7),Un(7))} can be defined in 1 <
v < o0.

Proof. Let C,, := {(An(7),Un(7))} be the branch which emanates from
(A, 1). We extend C,. We define

7= sup{y > 15 Au(7) < oo for every v € (1,7).}.

Suppose the contrary, i.e., v* < oco. Let {7;}32, (v; <7*, 7 T7") bea
sequence. Let U, ;(r) be a solution of (1.3) such that U, ;(0) = v; and
0,U, ;(0) = 0. Because of Lemma 3.3, there are A, > 0 and a subse-
quence of {v;}, which is still denoted by {~;}, such that A,(vy;) = A
(j — o0). Note that it is clear that A, > 0. Because of the continuous
dependence of the solution U(r, v, A) of

rr ur A - 1
(37) {U +5=U,+Af(U)=0, 0<r<l,

U-(0) =0, U(0) =~
on (v, ) in C} [0, 00), there exists a solution U, of (3.7) with (v, \) =
(7%, Ax) such that 0,U.(1) = 0. Since each zero of U, ( -,~)—1 is simple,
ZonUs(-) = 1] = Z(01)[Un(-,7;) — 1] = n for large j > 0. Therefore,
(As, U,) is a solution of (1.3) and (A, U,) € C,. By Proposition 3.1 we
can extend the branch C, to 1 < v < v* 4 ¢ for small ¢ > 0. This
contradicts to the definition of v*. Thus, v* = oo. O

The branch C; is unbounded in 7.
3.4. Extension to 0 <y < 1. We extend C,, .

Lemma 3.5. For each n > 1, {(Au(7),Un(7))} can be defined in 0 <
v < 1.

Proof. Let
Y. i= inf{y > 0; A\u(7) < oo for every v < v < 1}.

Suppose the contrary, i.e., 7, > 0. Let u(s) be the solution of the (1.7)
with v = 7, and let v(s) := u,(s). Let E be as given by (2.8). Then
(3.5) holds. Therefore, E(u(s),v(s)) < E(7,0) < 0, which implies that

(3.8) u(s) > u(0)(=v > 0).
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Let w(s) := u(s) — 1. Then w satisfies (3.4). Because of (3.8), there is
d > 0 such that {(w+1)?—(w+1)}/w > (u(0)?—u(0))/(u(0)—1) > § >
0 (y > 0). Sturm’s oscillation theorem says that w oscillates around
0 infinitely many times. Therefore, u(s) has the n-th positive critical
Then (A(y),u) is a solution of (1.7) with
7 = 7. By Proposition 3.1 we can extend A,(7), which contradicts
to the definition of 7. Thus, v = 0, and A,(y) can be defined in
0<y<1. ]

point s,. Let A, := s2.

The branch C,; is defined in 0 <y < 1.

4. ENTIRE SINGULAR SOLUTION

In this section we prove Theorem A. Let (A, U(r)) be a solution of
(1.3). Then u(s) := U(r) (s := v/\r) satisfies (1.14). We use the same

change of variables y(t) := A(p, N)"'s%u(s) and ¢t := m~llogs as in

Section 2. Here
m={0(N —2—0)})7,
and 0 is defined by (1.6). The function y(t) satisfies
(4.1) y'+ay —y+yf —m’e™y =0,
where o := m(N — 2 — 20). We mainly consider (4.1) in this section.

4.1. Existence of the singular solution near r = 0. We construct

the singular solution of (1.14) near s = 0.

Lemma 4.1. The problem

(4.2) {y/, +ay —y+y? —mPe*y =0,

yit) > 1 (t = —o0)

has a unique solution.

The proof is essentially the same as one of [22, Theorem A]. We use

the following lemma to prove Lemma 4.1.

Lemma 4.2. Assume that (4.2) has a solution y*(t). Then, y*(t)

satisfies

(4.3) y(t) =1+ 0(e*) (t = —oc0).
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Proof. Let ¢ := —t and n(() := y(t) — 1. The function 7(() satisfies

n' —an +(@p-1n=g9n), G <{<oo,
n(¢) =0 (¢ — oc0),

where (, is a large number,

(4.5) 9(¢) ==m?e™ ™ (1 4+ n(C)) — ¢(n(C)),

(4.6) o(n) = 1+n)’—1-pn.

There are three possibilities:

(4.7) (1)p—1><%>2, (2)p—1<(%>2, (3)p—1:<%)2.

(4.4)

Case (1): Let g := \/(p —-1) - (%)2 Because the linearly independent
solutions of the homogeneous equations associated with the equation

in (4.4) becomes unbounded as { — oo, we have

4.8 Al R d
48 0= [ e Bne - Optorao
If |n| is small, then there are ¢ > 0 and (. > 0 such that
(4.9) el <11 +n)P =1 —pnl <elnl (>¢).
By (4.5) and (4.9) we have

(4.10) 9(O] < Coe™™ +eln(Q)] (¢ > ¢)-

Using (4.8), we have

/ \da</ / e~ 27|g(7)|drdo
¢
2 > > 2e2° _a
-7 / Hlglr M v [ e st

2 2¢
e e 2%g(o |d0—|— / o)|do

(4.11) < aﬁ/ o)|do,

where we use

2 [Fe 2T d —2e 37
lim f ¢ ]g( )ldr = lim ¢’ ]g(aa)\
0—00 afe” 30 g0 3 (—%) e 29

By (4.10) and (4.11) we have

| do < — —2mo 4 ¢ do ).
/C| o)l < - / +eln(o))do (¢ >C)

=0.
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Hence,
2¢e & 200 o _9
1—-— o)ldo < — e ™ do
( aﬁ)/< (oo < 55 J,
(4.12) S G s
' - afm =

On the other hand, by (4.8) and (4.10) we have

e3¢ [ . L
20' mao d
ol < /< e~ 57 (Coe ™™ + eln(0)])
_ﬁ (;C ( +2ma
= 56 / da+5/ o)|do
Coe 2m(
. _ )|d
(4.13) FICEST) B/ o)|do.

By (4.12) and (4.13) we have

Coe_gmc 008 _9
(O] < —3 + e e
B (5 +2m) (1 - 3—%) af2m
(4.14) =: Cre™2ms,

Case (2): Let 5 := \/(%)2 — (p—1). Then, § — 3 > 0. We have

(4.15) n(¢)=— [ e 2 sinh(B(o —))g(0)do.

Using (4.15) and |sinh(3(7 — 0))| < €= /2 (1 > o), we have
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/C o) do < / Tet / " e 87| sinh(8(r — 0)||g(r)|drdo
2 (r— U)
/ ‘ T)|drdo

:/C e(iﬂ U e (597 g(r)|drdo
(4.16) _ l% /U h e(%ﬁ)fg(f)m]:o
Saa ). bl
(5-8)¢ oo
(4.17) = _5(204—26 e~ (5= g(r) a7
3o —25) / l9(0)|do
(4.18) <3 25)/ l9(0)]do,
where we use & — 8 > 0 and
i o Tg£T>|dT: i i | IS

In the case (2) (4.10) also holds. By (4.10) and (4.18) we have

/ (o —26)/ (Coe™™ +eln(o)]) do (¢ > ().
Hence,
C OO —2mo
(=) [ oo < s [ e
(4.19) S ()

2mf(a - 20)
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On the other hand, by (4.15) and (4.10) we have
G%C = —-50 : —2mo
n(Q)] < € ? (006 + 5|77(0)|) do
B 2

_ Cbe<zﬁ><J/ o (5-8+2m)7 4
¢

2
ie 270)¢ Ooef 278) p(0)|do
# gl [ ntoa

Coe—2mC c /oo
< + — o)l|do.
5 a5 ) @)
By (4.19) and (4.20) we have

(4.20)

Coe—QmC 008 —2m(
n(Q)] < Bla — 28 + 4m) + dmp (Bla —28) — 5)6
(4.21) = Coe ™ (¢ > ().

Case (3): In this case we have
(4.22) 00 = ¢ [ &80~ gl
¢
For each g > 0, we have
1
o —¢l < B|Sinh(/3(0 —O)l-

Hence,

e3¢ [>

B J

Therefore, by the same argument as in Case (2) we have (4.21). How-

(O] < e~ 27| sinh(8(o — ¢))l|g(0)]|do

ever, 3 is not the same value as in Case (2).
We have verified all the cases. U

Proof of Lemma 4.1. There are three cases (4.7) as in the proof of
Lemma 4.2. We consider only the case (1).

We transform (4.2) to the integral equation
(4.23) n(¢) = F(0)(C)-

The integral operator F is different in each case. In this proof we write
g(n,0) in order to stress the dependence of g on 7. In the case (1) F

becomes
e3¢ [

Fm)(¢) = A e~ 2%sin(B(c — ¢))g(n, o)do.




SUPERCRITICAL NEUMANN PROBLEM 25

We show by contraction mapping theorem that (4.23) has a unique
solution. Let (o > 0 be large. Hereafter, by || - || we denote || - || cofcy,00)-
We set X = {n(¢) € C°Go,00); [n(Q)ll < oo} and B := {n(¢) €

X5 |Inll < n}. Let my, ma € B. If 7 > 0 is small, then there is a small
€ > 0 such that

(4.24) |o(m) = ()] < elm — 1l

Using (4.24), we have

lg(m1,0) — g(n2,0)] < mPe ™ |n1 — 2| + &|m — g
(425) S 2€|7]1 — 772|,

provided that ¢ > 0 is large. By (4.25) we have
3¢
e2

B

[ F(m) = Fn)ll <

/ e 571g(m,0) — glna, 0)|do
¢

EC o0
ez o
—/ e 2%lo
8 Je

4e
4.2 = i — .
(4.26) aﬁllm |

On the other hand,

< 2 [

e2¢

— e 2%g(0,0)|do
e AR

26 [
3 / e 27m2e " do
¢
m2 e—QmC
ﬁ(%—i—Qm)
(4.27) <e,

IFO)] <

<

provided that ¢ > 0 is large. By (4.26) and (4.27) we see that if ¢ > 0
is small, then

[F )l = 1F(m) — F(0) + F(0)]]
< 1F () = FQO)I[ + [|F(0)]]

<= Imll +

9
= ﬂ 1
(4.28) < 1.

Because of (4.26) and (4.28), if € > 0 is small, then F is a contraction
mapping from B into itself. Therefore, (4.23) has a unique solution. [J
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Hereafter, let y*(¢) be the solution given by Lemma 4.1, and
(4.29) u*(s) := As™%y*(m 'log s).

Then the following corollary is an immediate consequence of Lem-
mas 4.1 and 4.2.

Corollary 4.3.
(4.30) u'(s) = As~? (1 +0(1)) as s/0.
Here, A= A(p, N).

4.2. Positivity of the entire singular solution.

Lemma 4.4. The domain of the singular solution y*(t) obtained in
Lemma 4.1 can be extended to t € (—o00,00), and y*(t) > 0 (—oo0 <
t < 00). Therefore, the domain of u*(s) can be extended to s € (0, 00),
and u*(s) >0 (0 < s < 0).

Proof. In the proof we denote y* by y for simplicity. We extend the
domain of y(t). The equation (4.1) is equivalent to

y =z,
4.31
( ) {Z:—CYZ+?/ yp+m22mty

Then, the solution of (4.1) can be considered as the orbit (y(t), z(¢)) of
(4.31). Let

- ) y*t!
4.32 E = — 2
(4.32) (y.2) = 3 s Voo

where 3(t) := 1 +m?e®*™. Then

th( (8), 2(8)) = —az? — mie2mty? < ).
Since (y(—o0), z(—o0)) = (1,0), E(y(—oo),z(—oo)) =-1/2+1/(p+
1) < 0. Because of (4.33), (y(t),2(t)) € {(y,2); E(y,z) < 0}. Since
B0y 2+ 97/ (p+1) <0,

(4.33)

431)  0<ylt) < (p“ ) (—o0 < t < 00).
)-

Therefore, y(t) > 0 (—oo < t < 00). Since E(y,z) < 0, 22 < B(t)y? —

2yPT1/(p + 1), hence

15(t)1+9> " (oo <t <o)

(4.35) 0<z(t) < (%
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Because of (4.34) and (4.35), neither y(¢) nor z(t) blows up. Hence, the
solution (y(t), z(t)) of (4.31) can be extended to t € (—o0,00). Because
of (4.29), the conclusion about u*(s) also holds. O

4.3. Nonexistence of the entire singular solution.

Lemma 4.5. Let y*(t) be as in Lemma 4.1. Then,

(436 Y0 =5y _"’;) —5 " O (1 —o0),

where v = min{p — 1, 1}.

Proof. Let ¢ := —t and n(¢) = y(t) — 1. By (4.6) and (4.14) we have

(4.37) lp(n)| < Cre 2miHX,
Because of (4.6) and (4.37), we have
(438) g(C) = m26—2mC + 0(6_2m(1+y)<)'

There are three cases (4.7) as in the proof of Lemma 4.2. We consider
only the case (1).
Differentiating (4.8) with respect to ¢, we have

(439) 1/(0) = pgete /C " e #osin((o — 0))glo)do

— e3¢ OOe_%("cos o — o)do.
/ (8o — O))g(0)d

By (4.38) and (4.39) we have
am?

7(Q) = e /C " (547 sin(B(0 - ())do

— m2e2¢ /OO 6_(%+2m)a COS(ﬁ(U N C))dO' + 0(6_2m(1+y)<)
¢

_ —2m23 —2m( + O(G—Qm(l—f—l/)g“)
(2 +2m)" + B2
- m —2m¢ | (= 2m(1+0)¢
aN 1) s o )
Since (y*)'(t) = —1/(¢), we obtain (4.36). In the other cases (2) and
(3) we also obtain (4.36), using (4.15) and (4.22). O

Corollary 4.6. Suppose that p > ps. Let § > 0. Then, u* € H(Bjs),

and

(4.40) ul(s) = —0As 11 +o(1)) (s10).
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Proof. Differentiating (4.29) with respect to s, we have
1 1 1
* :_QA—Q—I*_I A—@ */_1 -
3 (s) = ~0A5™ 7y (- logs) + As (Y (- log.s)
= —0As " (1 + o(1)) + As™%71o(s)
= —0As" 11+ 0(1)),

where we use Lemma 4.5. Then, we obtain (4.40). We show that

P
/ {(u)* + (u})*} sV lds < .
0
We have
{u*(s)Q +u:(s)2} N1 < (003_2‘9 +C’15_29_2) GN-1
_ 008729+N71 + 018729724»]\771.

Since p > pg, =20 —2+ N —1> —1 and —20 + N — 1 > —1. Hence,
f06(005_29+N_1 + Cys72072+N-1)ds < oo, which indicates that u* €
HY(By). 0

Lemma 4.7. Suppose that p > ps. The problem

u58+¥us+f(u):(), 0< s < o0,
(4.41) u(s) = As(1+0(1)) (s 0),

u(oo) =0,

u > 0, 0<s<oo

does not admit a solution.

This lemma was proved by [25]. See [5] for details of nonexistence

results. However, we briefly prove the lemma.

Proof. Suppose that (4.41) has a solution. Because u(s) = As~%(1 +
o(1)) (s } 0) and the uniqueness of the solution u*(s) obtained by
Lemma 4.1, the solution of (4.41) is u*(s). We denote u* by u for
simplicity. Because f'(0) = —1 < 0, u(s) and us(s) decay exponentially
as s — oo. Thus, the four terms RN tu(R)u,(R), RNu,(R)?, RNu(R)?,
and RNu(R)P™ converge to zero as R — oco. Because of (4.30) and
(4.40), we see that the four terms eV ~tu(e)u,(e), eNuy(e)?, eNu(e)?,
and eNu(e)P*! converge to zero as € | 0. Taking the limit of (2.10) as
el 0and R — oo, we have

N N o N N o
(— -1- —) / sV ulds + (— — —) / sV lutds = 0.
2 p+1/) Jo 2 p+1/) )y
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Since p > pg, % —1- z% > 0. The above equality implies that (4.41)

does not admit a solution. O

4.4. Existence of critical points of u*(s). The main technical lemma

in this section is the following:

Lemma 4.8. Suppose that ps < p < pyr. There is a sequence {s}}>2,
(0=sf < s] <sh<---— 00) such that Osu*(sy) =0 (n > 1),

u*(s) <1 (SG{ST,S;,"'}),
>1 (86{35752""}>
and
* <0 (SG(SS,ST)U(S;,S;)U'--),
o (8){>0 (s € (51, 85) U (5,85 U ).

Proof. First, we show that u* has the first positive critical point. We

use a contradiction argument. Suppose the contrary, i.e.,
(4.42) Jsu*(s) <0 (0 < s < o00).

Since u*(s) > 0 (0 < s < o0), u*(s) converges as § — 00. Since
Osu* does not change sign, dsu*(s) — 0 (s — o0). We see by (1.14)
that Ossu*(s) converges as s — oo. Since u*(s) converges, Ossu*(s) — 0
(s = o00). Therefore, f(u*(c0)) =0, and u*(c0) = 0or 1. If u*(c0) =1,
then by the same argument as in the proof of Lemma 3.3 we see that u*
should oscillate around 1. This oscillation contradicts that dsu*(s) < 0
(0 < s < 00). Thus, u*(co) = 0. We see that u* is a solution of (4.41),
which contradicts to Lemma 4.7. Therefore, there is s7 > 0 such that
Osu*(s) <0 (0 < s < s7) and Jsu*(s7) = 0.

Second, we show that there exists s (n > 2). Let v* := u¥, and let £
be as given in (2.8). Then

LB (5),0"(s)) =~ (0*(s)? <0

Therefore, E(u*(s),v*(s)) < E(u*(s}),0) < 0 (s > sj). This implies
that

(4.43) u*(s) > u*(s]) (s> s7).

Let w(s) := u*(s) — 1. Then w satisfies (3.4). Because of (4.43),
{(w+1)P = (w+1)}/w > {(u*(s7))P —u*(s])}/(u*(s])—1) > 0. Sturm’s

oscillation theorem says that w oscillates around 0 infinitely many times
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as s — o0o. Consequently, u* has infinitely many critical points. Be-
cause u* satisfies the ODE, we easily see that u* does not have a critical
point on {u* = 1} and that if «* has a critical point on {u* > 1} (resp.
{u* < 1}), then it is a local maximum point (resp. local minimum

point). Thus, the conclusion of the lemma holds. Il

4.5. Proof of Theorem A. Since the convergence property in Theo-
rem 1.1 is proved in Section 5, the proof of Theorem 1.1 is postponed

until Section 5. Here we prove only Theorem A.

Proof of Theorem A. Let X% := (s%)2. Then, (A, u*(s)) is a singular
solution of (1.14) which satisfies (4.30). We define U;(r) := u*(\/Air).
Then by Corollary 4.3 and Lemmas 4.4 and 4.8 we see that U sat-
isfies (i), (ii), and (iii). The uniqueness of (A, U}) follows from the

uniqueness of the solution of (4.2) which was shown in Lemma 4.1. O

5. CONVERGENCE TO THE SINGULAR SOLUTION AS Y — 00

Let u(s,v) denote the solution of (1.7). Note that u(0,v) = 7. Let
y(t) = A(p, N)"ts%u(s,7) and t = m~logs. Then y(t) satisfies (4.1).
Let n € N be fixed. Let A} be the number given in Theorem A, and let
y*(t) be the singular solution given in Lemma 4.1. Then by Lemma 4.4
we see that y(¢) can be defined in R. We set ¢} :=m~'log /A%, ;.

5.1. Convergence to u*. Our goal in this section is to prove the

following;:

Theorem 5.1. Let n > 1 be fived. Let r} := e™n. Suppose that
{75}521 is an arbitrary sequence diverging to co. Let u*(s) be the sin-
gular solution defined by (4.29), and let u;(s) := u(s,~y;) be the solution
of (1.7). Then, as j — oo,
(5.1)

uj = u*,  Osu; — Osu”, and Ossu; — Ogu™  in v

loc

(0, 773].
We define
1
T(7y) = @(log’y —log A).
Lemma 5.2. Suppose that v > 0 is large. Then, y(t) satisfies

y(t,7) < ™) (oo <t < t7).
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Proof. Let u(s) := u(s,7) and v(s) := us(s). Since (u(s),v(s)) satisfies

(5.2)

usf  u(spt g
— <F < FE~,0)=—— >0
Since v > 0 is large, (5.2) tells us that u(s) < v (s > 0). By the

definition of y(t) we have

y(t) = A7 %u(s) < A7temlty = emHTOD (oo <t < 17).

We define
=t+7(y) and w(&,7):=y(t,7)
Then w(&, ) is a solution of the problem

(5.3)
w4 aw' —w + wP —m2e?ETy =0, —o0o < € <t +7(v),
w >0, —o0 < &<t +7(7),

e MW (E) =1 (€ — —o0).
Because of Lemma 5.2,
(5.4) w(§,7) < e (—oo < €<t +7(v)).
Using the apriori estimate (5.4), we prove the following uniform con-
vergence:
Lemma 5.3. Let w(§) be a solution of

w” 4+ oaw' —w+wP =0, —o0o < & <th+7(7),
(5.5) w >0, —o0 < &<t +T7(7),
e ™Ew(E) -1 (&£ = —o0).

Then, for each fized £ € R,

w&,y) = wE) and W(v) = @) in C'(—o0,)

as vy — 00.

Proof. Let € > 0 be small. Since w(§) is a solution of (5.5),

(5.6) w(€) =0 (§&— —o0).
Because of (5.4) and (5.6), there is £(< £) such that
wE | <5 and |a(Q)| <5 (—0<E<E).
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Then,
w(§,7) —w(&)] <

A
=
™
2
+
=
o

IN

(5.7) =
We show that

(5.8) w(&, ) —w()] <e i [§¢]

Since y'(t) = A7 ms?(Qu(s) + su/(s)), ¥'(t,7) — 0 (t = —o0). Hence,
w'(§,7v) = 0 (§ = —o0). Integrating the equation in (5.3) over (—o0, £],

we have

3
(5.9) w' (&) + aw(§) = / (w —w” + m?e*™= (M) dn,

where we use w'(—o00) = 0 and w(—o0) = 0. There is Cy > 0 indepen-
dent of large v > 0 such that

3 _
/ lw — w? + erQm("’T(V))w‘ dn < Cy (£ <9),

—00

because of (5.4). Then |w'(£)| < |aw(&)| + Cp, which indicates that

w is equicontinuous in [£,£]. It follows from (5.4) that w(, ) is uni-

formly bounded in [¢, £]. By Arzela-Ascoli theorem we see that w(€, )

converges to a certain function in C° €, &] which satisfies the equation
in (5.5). This function is a solution of (5.5). Using the same argu-
ment as in the proof of Lemma 4.1, we see that the solution of (5.5)
is unique, hence the limit function is w(¢). Therefore, (5.8) holds for
large v > 0. The estimates (5.7) and (5.8) indicate that w(§,y) — w(&)

in C°(—o0, ] as v — oo. In particular, this convergence is uniform.

Next, we show that
(5.10) w'(€,7) = w'(€) in C%—o0,€] as vy — oo.

Because of (5.4), we see by (5.9) that |w'(&, )| is uniformly bounded
in each bounded interval. Since w” = —aw’ +w —w? +m2e2™E-TMy,
|w”(&,+)| is also uniformly bounded in each bounded interval. By
Arzela-Ascoli theorem we see that w'(£,) uniformly converges in a
bounded interval as v — oo. Since the solution of (5.5) is unique, the

limit function is w’(§). Hence

(5.11) w'(&) = @'(§) in Cpe(—00,8].
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By the same argument as in the case w’(—o00) we can show that w'(—oo) =
0. Therefore, there is &, such that

(5.12) [w'(§,7) —w'(§)] <& (—00 <& < &)

Because of (5.11) and (5.12), (5.10) holds. The proof is complete. [

Since (w,w') — (1,0) (£ — o0), it follows from Lemma 5.3 that (y, 2)
approaches (1,0) as 7 — oo along t = £ — 7(v) provided that £ is large
enough. In the next lemma we show that once near (1,0), the orbit
(y,z) remains near (1,0) until ¢ reaches some T, which is large and

negative, but independent of v. We set
Lo :={(y,2); E(y,2) < E(1,0)+p}, p>0,
where E is defined by (2.8).

Lemma 5.4. For every ¢ > 0, there exists T.(< t*) such that the
following holds: If there is to(< T:) such that (y(to), z(to)) € I's, then

(y(t),2(t)) € Mo (to <t T0).

Proof. Let E(t) := E(y(t), 2(t)). We have

4
m
(5.13) E'(t) = —az® + m?e*yz < 4—64"”3/2.
o)
Hence, for t > tg,
mt [t )
(5.14) B(t) < B(t) + 7 [ emy(cdc.
to

However, there is K > 0 such that
(5.15) E(y,z) > —K +y°.
Therefore,

m* (K t
5.16 E(t) < E(to) + — | —e"™ /4m<E ¢ ) .
516 B0 < B + 5 (e [ Qi

We choose T so that

mt [ K 1
— s — 4+ —(E(1 2 amTe .
4a{4m+4m( (1,0)+ E)}e =€

Let to(< T.) and define

ty :=sup{t > to; E(t) < E(1,0) + 2¢}.
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We show by contradiction that ¢; > T.. Suppose the contrary, i.e.,
t1 < T.. Then by (5.16) and the definition of ¢; we have

_€4mt + /t e4mCE(<-)d<—)

to

which contradicts to the definition of ¢;. Hence, t; > T., which indi-
cates that (y,z) € I'y. (to <t <T). O

Lemma 5.5. Suppose that v > 0 is large. There exists a constant
M > 0 independent of v > 0 such that

O+ =) <Mt <ty).

Proof. By the same argument as in the proof of Lemma 5.3 we show
that y/(—oo0) = 0. Let E := E(y(t), 2(t)). Since E(t) < E(—o0) = 0,

hence

(5.17)

ﬂ_@y(t)2+m<0 for teR
) < .

2 2 +1
When t € (—oo,tf], 5(t) is bounded, hence there is K > 0 such that

pt) o Yyt K v

1 — > ——4+= (= t<th).
(5.18) 2y+p+1_ 5t (—oo<t<t)
We see by (5.17) and (5.18) that for ¢t € (—o0, t}],
2?2 y)? K _z(t)? Bt) e, Y

LAV S A USSR ACVAR

> T2 T 2= y v+ =0,
hence y(t)? + 2(t)*> < K. The conclusion holds. O

Proof of Theorem 5.1. Let (y;,z;) be a solution of (4.31) such that
e ™y (t) — % (t - —o0). By Lemma 5.5, the sequence {(y;,z;)}
is uniformly bounded in (—oo,t}]. Since (y;, z;) is a solution of (4.31),
the sequence {(y;,2;)} is uniformly bounded in (C?*(—o0,])®. By
Arzela-Ascoli theorem we can extract a subsequence, which is still de-
noted by {(y;, z;)}, converges in (C*(I))? to some function (¥, z), where
I is an arbitrary compact subset of (—oo,t’]. By taking the limit, we
find that (g, z) satisfies (4.31).

It remains to show that

(5.19) ygt) =1 as t— —oo,
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for then ¢ is the solution of the problem

' +ay —y+yP —m2ePMy =0, —oo<t<tk,

y(—o0) = 1.
We have shown in Lemma 4.1 that this problem has a unique solution
y*(t). Thus, y(t) = y*(t) (—oo < t < t}). Because of this uniqueness,
the entire sequence {y;} converges to y*. Thus, as j — oo,

y; > y" and o — (y*) in Cp(—oo,ti].

Hence, the first two convergences of the statement of the theorem are
obtained. The third convergence holds, since u; satisfies (1.7).

We show (5.19) by contradiction argument. Suppose that (5.19) does
not hold. Then there exists a sequence {t;} such that ¢, — —oo as
k — 0o, and a constant o > 0 so that

(5.20) (y(te), z2(ty)) ¢ s forall k> 1.

Let € := %. Then by Lemma 5.3, there exist £ € R and j, € N such
that

(i (€= 7(9), 2(E—7(7y))) € Te i 5> jo.
By Lemma 5.4, this implies that if j > jo, then
(y;(t),2;(t)) €T CTs in (£ —7(v;),T.),

where T, depends only on €. By choosing j large enough, the interval
(€ —7(7;),T-) can be made to include an element of the sequence {t;}.
We obtain a contradiction, because of (5.20). O

We are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. The existence of u*(s) near s = 0 follows from
Lemma 4.1. Lemma 4.4 says that u* is positive and it is defined in
s € (0,00). It follows from Lemma 4.8 that u* oscillates around 1. The

convergence property follows from Theorem 5.1. U

5.2. Convergence to \’. Using Theorem 5.1, we prove the following:

Theorem 5.6. Let {\,(7)}y>1 be as in Subsection 3.3, and let \}, be

as in Theorem A. Then

() = A as 4 — oo
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Proof. Let 57 be the first positive zero of u*(s) — (Z%l)ril, and let
I := (0, %1) Let s; be the first positive critical point of u(s,~y). We
show by contradiction that if v > 0 is large,then u(s,y) does not have
a critical point in I;. Suppose that s; € I;. Then, s; should be a
local minimum point of u(s,~y), hence by (1.7), u(s1,7y) < 1. Then the
corresponding orbit in the (u, us)-plane is in {E < 0} at s = 51, and it
cannot go out when s > s;. This contradicts to Theorem 5.1, because
u(s,y) — u*(s) in CO[%, §1]. We have shown that u does not have a
critical point in I;.

Let s! be the n-th positive critical point of u*(s). Let 6 > 0 be small.
Because of Theorem 5.1, u(s,y) — u*(s) in Cl[%,sz + 4] as v — 0.

Since each zero of u} is simple, s, — s (7 — 00), where s, is the n-th

positive critical point of u(s,7). Since \/A,(7) = s, and /A% = s,
we obtain the conclusion. U

6. OSCILLATION OF \,(7)

Let u(s,v) be the solution of (1.7), and let (A%, u*) be a singular
solution of (1.14). Let {\,(7)},>1 be as given in Subsection 3.3. The

goal of this section is to prove the following:

Theorem 6.1. Suppose that ps < p < pjr. Au(7) oscillates around X

infinitely many times as v — 00.

Proof. Let I := (0,y/A%]. We define a(p,v) := u(s,v)/7y, a*(p,7) =

u*(s)/7, and p := ~"= s. We show that

(6.1) for each M > 1, there are py € [0, 1] and - > 0 such that
Zopo)[u (7)) —u(-,7)] =M for 7=

The function @(p) satisfies (1.15). Since the energy
~2 ~2 ~p+1
a a a
Cli i) = o W
(@%) =5~ o+ 5

1

decreases, G(i,1,) < G(1,0) < 0, hence 4 < (;;j_ﬂ)pfl. Since

a/vP~t — 0 as v — oo,

(6.2)  alp,y) = alp,1) in Cp(0,00) N Ch,[0,00) (v — 00),
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where @( -, 1) is the solution of (1.16) with v = 1. We apply the same

change of variables to the singular solution u*(s). We have

i (p,7) == 1A( 51) (1+o(1) (s10)
Y v 2

(6.3) = Ap~’(1+0(1) ("= L0).

If p is in a compact interval in R, then p’y_% uniformly converges

to 0 on the interval as 7 — oo. Therefore, (6.3) indicates that

(6.4) a*(p,y) — u*(p) in C}

loc

(0,00) (v — 00),

where @* is given by (2.2) which is a singular solution of the equation
in (1.16). Because of Proposition 2.1, Zj.oy[a*(-) — a(-,1)] = oo.
Therefore, (6.2) and (6.4) indicate that (6.1) holds.

Since 0 < p < pog is equivalent to 0 < s < pov_% and pofy_p%l 40
(7 — 00), (6.1) implies that

(6.5) Ziu () —u(-,7)] = o0 (v = 00).

Since each zero of u*(-) — u(-,7) is simple, the number of the zeros
in [ is preserved provided that another zero does not enter I from 0I.
Since u*(0) — u(0,7v) = oo, a zero cannot enter I from s = 0. Since
(6.5) says that the number of the zeros increases, a simple zero enter
I from s = \/)\_;‘L infinitely many times as v — oo. Therefore, there

exists a sequence of large numbers {7;}32; (y1 <72 < --- — o0) such

that u(y/A5, 7)) = u*(y/A;) and

- <0, (7e€{1,3,5,---}),
8SU(\/)\_m%) {> 0, (je€{2,4,6,---}).

Note that asu(\/)\_j;, 7v;) # 0, because of the simplicity of the zero. We
consider only the case where n is odd, since the proof of the case where
n is even is similar to this case. In the proof of Theorem 5.6 we already
saw that u(s,v;) does not have a critical point in (0,%). /A% is a
local minimum point of u*. Because of Theorem 5.1, u(s,~;) is close
to u*(s) in CQ[%, VL. We easily see that the n-th positive critical
point of wu(s, ), which is \/W, is close to \/E We consider the
case where dsu(y/A5,7;) < 0. We show that A, (7y;) > A5. Suppose the
contrary, i.e., A,(7;) < A% Since Gsu(y/A5,7;) < 0 and s = /A% is a
local minimum point of u(m ,7;), there is a local maximum point
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s* € (v/A(75), VAL). Since s* is a local maximum point, u(s*,7;) > 1
which contradicts to Theorem 5.1. Thus, A, (y;) > Aj,.

When 83u(\//\_7*1, 7v;) > 0, we suppose the contrary, i.e., A,(7;) > Af.
Since /A, (7;) is a local minimum point, there is a local maximum
point s* € (1/A(75), v/A) and u(s*,v;) > 1. We obtain a contradic-
tion, because of Theorem 5.1. Thus, A, (7;) < A%.

We have proved (1.18), which implies that A, () oscillates around X,

infinitely many times as v — co. U

7. BOUNDARY CONCENTRATING SOLUTION

We construct a boundary concentrating solution which is radially in-
creasing when A is large. We show that this solution belongs to C;. We

use different notation only in this section.

7.1. One-dimensional problem. We consider the one-dimensional

problem

1) {Eme +fw)=0, 0<z<l,

w,(0) = w,(1) = 0.
Let w(y) := w(x) and y := /. The function w(y) satisfies

{wnyrf(u‘)):O, 0<y<d,.,

i 0,(0) = 7,(d:) =,

where d. :=1/e.

For p > 1 the system of equations for (w, z) (Z := w,) in the phase

{Ey = —f(u_))

has a saddle point at (0,0) and a center (1,0). There is a unique

plane

homoclinic solution around the center connecting the saddle to itself.

This homoclinic solution can be written explicitly as

o= (1) ()

From the phase portrait for (w,z) it is clear that all the orbits on
{w > 0} satisfying the Neumann boundary conditions are inside the
region enclosed by the homoclinic orbit and that every orbit in this
region is periodic one. Hence, w is a solution of (7.2) if and only if an

integral multiple of its half period is equal to the interval length d..
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Now, we find a increasing solution. Let w(y) be a increasing solution

that has maximum « and minimum . Then,

1
1\»1
0<fB<l<a<a:= (%)p )

Multiplying (7.2) by w, and integrating it, we have

w, = F(w)=F(f),  Fla)=F(p), and F(w)=1w"—

The half period is given by the integral

(7.3) T(a) := /a _dw :

s VW) - F(p)
Thus, @ is a increasing solution of (7.2) if and only if 7'(«) = d.. The
integral (7.3) was studied by De Groen and Karadzhov [8]. Among
other things, they obtained

Proposition 7.1. There is a small £y > 0 such that the problem (7.1)
has a smooth curve of increasing solutions {w(z;€)}ocece,, which can
be described as a graph of €, satisfying the following: For § > 0, there
exists €1 > 0 such that, if 0 < € < &1, then

(7.4) [w(s;e) —w(s)| < for se€0,d],

where w(s;e) .= w(x;¢e) (x = 1—es). Moreover, the first two eigenval-

ues of the eigenvalue problem

0 + ['(W)d = k¢ in (0,1), ¢ =0 at z=0,1

Kole) = w +0 (e%) ,
:_W—i—O(eﬁpr) (1<p<3),
i(e) < —1+O<e*§> (3 <p).

In particular, if € > 0 is small, then k1(e) < 0 < ko(e) and w(x;¢) is
nondegenerate.

Using (7.4), we immediately have

Corollary 7.2. Let w(zx;e) be the increasing solution. Then, w satis-
fies (ew,)? — F(w) = —F(w(0;¢)) for x € (0,1), and —F(w(0;¢)) — 0
(€1 0). Moreover, F(w(-;¢)) 20 pointwisely in [0, 1].
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We recall some known results of the “limiting” operator L* := 05, +
f'(w*(s)) on R, with the Neumann boundary condition. The oper-
ator L* has a continuous spectrum (—oo, —1] and may have discrete
eigenvalues outside (—oo, —1] ([16, p. 140]). We study the nonnegative

eigenvalues of L*.

Proposition 7.3. The eigenvalue problem
(7.5) L*¢* = k*¢* in Ry, $%(0) = 0, ¢* € H'(R,)

has the unique nonnegative eigenvalue. Moreover, this eigenvalue is
the first one which is simple, Kk} := (p—1)(p+3)/4, and the associated
eigenfunction is ¢j(s) := (w*)PT/2,

By direct calculation we see that

3—p 3 p+1 — 1)(5 —
67 = (w)F — %w)z and gt —P=DO=P)

satisfy
L*¢; = k1o in Ry,  0,¢07(0) =0, ¢7e€ H(R;) (1 <p<3).

It is known that if 1 < p < 3, then &7 is the second eigenvalue and that
if p > 3, then L* has only one eigenvalue above —1. In particular, 0 is

not an eigenvalue and L* is invertible.

Corollary 7.4. For each p > 1, there is 6 > 0 such that L* has no

eigenvalue in [—d,00) except K.

7.2. Notation. From now on we assume ¢ € (max{N/2,2}, N). Un-
der this assumption the inclusion W*4(B) — C°(B) is continuous
(¢ > NJ/2) and 1/r € LYB) (¢ < N). Let R denote the set of the
radial functions on B. Let X := {u € W*4(B)NR; d,u = 0 on 0B}
and Y := LY(B)NR. By B(X,Y) we denote the space of the bounded
operators from X to Y equipped with the operator norm || - || Becy)- 10
this section we work on X and Y and define f(U) := —U + U|UP~*
in order that f is defined in R. The regular radial solutions of (1.3)
satisty

(7.6)

e2 (0, + 20, ) U+ f(U)=0, 0<r<1,
UT(O)ZU( )=0.



SUPERCRITICAL NEUMANN PROBLEM 41

Let w(r) be the increasing solution given in Proposition 7.1. We find a
solution of (7.6) near w(r). Substituting U(r) = v(r) +w(r) into (7.6),

we obtain the following equation of the error term v:

(7.7) Lo+ Mw + N (v,w) =0,
where
Loy :=¢e (&«r + u&) v+ f'(w),
T
N -1
Muw = ? Wy,

N(v,w) = f(v+w) = f(w) = f(w)v.

L is an approximation of the linearized operator £2 (arr + %&) +
f/(U). We easily see that £ € B(X,Y) and that A(-,w) is a nonlinear

mapping from X to Y, since the inclusion X < C°(B) is continuous.

7.3. Apriori estimates. We use the following apriori estimate in or-

der to use the dominated convergence theorem.

Proposition 7.5. Let Q2 be a bounded domain. Let ¢ € C°(Q)NH(Q).
If

A —V(x)p=0 in Q,
and if V(z) > Co > 0 in Q, then there is Cy > 0 independent of & such

that Cod 20
o(a)] < 2 ol exp (-SRI,

where dist(x,00) is the distance from x to OS).
When ¢ € C?(Q), Proposition 7.5 was proved in [10, Lemma 4.2] for a
general operator. The proof of [10, Lemma 4.2] works in the generalized

sense, hence Proposition 7.5 holds. This proposition was also used in
27].

Lemma 7.6. Let (k., ¢) € R X X (]|¢]l = 1) be the eigenpair of

L=k in B,
0,06 =0 on 0B.

If there is a small 8o > 0 such that |k.| < &g for small e > 0, then there
are Cy > 0 and Cy > 0 independent of € > 0 such that

|6(r)] < Coe™ U2 (0 <r <1).
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Proof. We see by Proposition 7.1 that there are Cy > 0 and §; > 0
such that f/(w) < —Cy <0 (0 <r < 1—d;e). The function ¢ satisfies

g (8,«7« - ?@) o+ fl(w)p — k0 = 0.

Since §p > 0 is small, there is C3 > 0 such that f'(w)—rk. < f'(w)+dy <
—C3 <0 (0<r<1-4de). It follows from Proposition 7.5 that there
are Cy > 0 and Cj5 > 0 such that dist(r,0B) =1 —r — d;e and

‘QS(T’)‘ S 046—6’5(1—7’—551)/8 — 04651056—05(1—7")/8 (O S r S 1— 515).

If we take Cy large enough, then this inequality holds for r € [0, 1],
because ||¢|,, =1 < Cy < Cue U=/ (1 — §1e < r < 1). The

proof is complete. O

7.4. Invertibility of £. The main technical lemma in Section 7 is the
invertibility of L.

Lemma 7.7. The operator L € B(X,Y) is invertible, and there is
C > 0 independent of small e > 0 such that |L7|prvx) < C.

Proof. 1t is enough to show that there is a small § > 0 such that £ has
no eigenvalue in [—d, d]. We show this by contradiction.

Suppose the contrary, i.e., there is a small 6 > 0 such that £ has an
eigenvalue k. in [—d, 0] for small € > 0. Then there is an eigenfunction
¢ such that

eA¢ + f'(w)dp =k in B,

{8,,¢ =0 on 0B.
Without loss of generality we can assume ||¢||_ = 1. Because of Propo-
sition 7.1, f'(w) — k. < =6y <0 (0 <r <1—0de). By Lemma 7.6 we
have

|6(r)] < Coe™ % (0 <r <1).
We let ¢(s) := ¢(r), w(s) := w(r), and r = 1 — es. Moreover, we set
d(s) := &(|s|) and w(s) := @(|s|). Then ¢ satisfies

W
s + a(s)ds + f/(0()p =0, —L<s<l,
b 0
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Let R > 0. If ¢ > 0 is small, then 2R < 1/¢, a(s) € L>*(—2R,2R).
By [13, Theorem 9.11] we see that ||¢||g2(_rr < C». Since the in-
clusion H*(—R,R) — CY(—=R,R) (0 < v < 1/2) is continuous,
|llcrm(—rr) < Cs. By the Arzeld-Ascoli theorem we can choose
a subsequence {¢}.~o such that the following holds: There is ¢p €
CY(—R, R) such that ¢ =% ¢p in C'(—R, R). It follows from (7.8)
that ¢,, converges in C°(—R, R) as € | 0. Since the operator d,, that
is defined on {u € C*(—R,R); u,(0) = 0} is a closed operator in
CY(=R,R), ¢p € C? and ¢y, =% 0,6 in C°(—R, R). Let {R;};>1
(0 < Ry < Ry < -++ — ) be a sequence diverging to co. For each
fixed R;, there is ¢ > 0 such that [0, R;) C (—1/e,1/¢). Using the
expanding domains {[0, R;)},;>1 and a diagonal argument, we see that
there is ¢* € C%(R) and x* € [—4,d] such that ¢ 0 & in C2 (R) and

loc

ke — k*. We set ¢*(s) := ¢*(s) (s € Ry). Since, for each ¢ € C}(R,),

/e s _ N — 2 i i
/0 (¢ss — ¢¢s + f’(’d))¢ — /‘€5¢) QOdS = 0’

1—e¢s

we have

/w;+fmww—nwwwm:a 167l = 1. 6:(0) = 0.

Ry

Since [l¢°], = 1, 6" £0.
We will show that ¢* € H1(R,). Multiplying L& = r.¢ by r¥"1¢ and

integrating it, we have
1 1
/ (&ngzﬁz — f’(w)¢2) rNldr = —/ ke rN L.
0 0
Making the change of variables r = 1 — s, we have
/e , B 1/e B
/ (gbi + ¢2> (1—es)V"lds = / (pa?~" — k.) ¢*(1 —es)N " 'ds.
0 0

By Lemma 7.6 we have |¢(s)| < Coe=©'*. The right-hand side is

bounded uniformly in €, hence

1/e 5
/ (pu?p_l — /‘65) P*(1 —es)Vds
0

< (.
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Using Fatou’s lemma, we have

L 07+ (07 ds = /R Tyl o, (32 +%) (1 —e5)¥as

/e , B
< lim inf/ (¢§ + gz52> (1 —es)Nlds < O,
0

€l0

where x[,1/¢ Is the characteristic function. Thus ¢* € H*(Ry). There-
fore (k*, ¢*) is an eigenpair of (7.5). Since (7.5) has no eigenvalue in
[—9, 8] (Corollary 7.4), we obtain a contradiction. O

7.5. Contraction mapping. Because of Lemma 7.7, £ is invertible
provided that € > 0 is small. The equation (7.7) can be transformed

to
v="T(v),
where
T(v) == —L7 [Muw] = LN (v, w)].

In order to show that 7 is a contraction mapping on a small ball in X
we show that ||[£7 [ Muw]]|y is small.

Lemma 7.8. ||L7'[Muw]|lx = o(e).
Proof. By Lemma 7.7 we have
7 My < (127 | g My < C [ Mu]ly

We show that || Muw]||y = o(e). Using Corollary 7.2, we have

q

N -1
2

[Muwlly =

r)) — F(w(0)))2 rN=9"1dr.

—~

_ (N — 1) /01 (F(w

el0

Since | F'(w(r))—F(w(0))] < C' (0 < r < 1) and [F(w(r))—F(w(0))] —
0 pointwisely in [0, 1], we see that (F(w(r)) — F(w(0)))¥?rN-1-1 =%
pointwisely in (0, 1] and that

| (F(w(r)) — F(w(0))Y? pN=071| < ¢9/2pN=a=1 ¢ 10, 1).
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Here, we use the condition ¢ < N. The dominated convergence theorem

says that

/ 1 (F(w(r)) — F(w(0)))? TN Ldr — 0 (¢ 1 0).
Since ||M7~U(|]|§{ =¢?-0(1) = o(e?), the proof is complete. O
Let B, := {u € X; |Ju|lx < ¢}. We show that the Lipschitz constant
of N(+,w) in B, is small.
Lemma 7.9. Let € > 0 be small. If vi,vy € B., then
L7V (v, w)] = L7HN (w2, w)] || < 0(1) [l = wally (e L0).
In particular, the Lipschitz constant of L7 N (-, w)] : B. — X is less

than one.

Proof. By Lemma 7.7 we have
[L7HN (or, w)] = L7HN (w2, w)] [ < L7 gy IV (01, w) = N (v, 0)
< C N (1, w) = N(vg, w)ly -
We show that [N (v, w) — N (ve,w)|ly < o(e) |lvr — vall for vi,ve €
B.. We have
I (on, ) = N, ), = 1 Con ) = s ) = 7 )0 — w3,
= [l (@) (v1 = v2) = f'(w)(v1 = va)l,
< 1) = f1 (W)l lvr = w2l
Here, w(x) is a function such that
min{vy (x)+w(z), va(x)+w(z)} < w(x) < max{v(x)+w(z), va(x)+w(z)},

hence [|w(z) —w(z)||,, < Ce. We have || f'(w) — f'(w)||, = o(1) (¢ L

0). Thus,
NV (v, w) = N (vz, w|, < o(1) flvr — o2l
< o(1)C [lvy — vallx -
The proof is complete. O

Using Lemma 7.9, we will show that 7 is a contraction mapping in
B..

Lemma 7.10. Let € > 0 be small. Then T'(B.) C B.. Moreover, the
Lipschitz constant of T : B, — B, is less than one, i.e., there is § €
(0,1) such that if vy, vy € Be, then | T (v1) — T (v2)llx < 0 ]|v1 — v2lx-
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Proof. First, we will show that T'(B.) C B.. By Lemma 7.9 we have
that, for v € B,,

Hﬁfl[./\/'(v,w)]HX = H/l*l[./\/’(v,w)] — L7HN(0,w)]
(7.9) < o(1) [lv =0,

I

where we use Lemma 7.9. We have that, for v € B,,

IT@)llx = |7 Muw] + LT N (v,
< [lc”! Mw]l|x+llﬁ
o(e) + o(1) [|v[lx = o(e )

where we use Lemma 7.8 and (7.9). Thus, if € > 0 is small, then, for

allve B, T(v) eB
Second, we show that the Lipschitz constant of 7(-) in B. is o(1).
We have that, for vy, vy € B,

1T (01) = T ()l = [[£7 N (w1, w)] = L7HN (v, w0

< o(1) [lr — vallx

HX

P

I

where we use Lemma 7.9. Then the later part of the lemma holds. [J

Applying the contraction mapping theorem to 7 which is defined in

B., we obtain the following:

Corollary 7.11. There is a large Ay > 0 such that (7.6) has a one-
parameter family of positive solutions {(X, U(r, X)) }asx, and ||U —w|| <

Ce(=C/VN).

Proof. Since the condition ||U — w|l« < Ce does not guarantee the
positivity of U, we have to check the positivity of U. We see by apriori
estimate that U is a classical solution. If there is 7o € [0,1] such
that U(rg) < 0, then there is r € [0, 1] such that ming<,«; U(r) =
U(ry) < 0. Then, 0 < 2U,,(r1) = —f(U(r1)), hence U(r;) < —1. We
obtain a contradiction, because ||U — w|l« < Ce. Therefore U > 0.
The equality does not hold, because of the strong maximum principle.
Thus, U > 0. O

7.6. Nondegeneracy.

Lemma 7.12. Let {(\,U)} be a family of solutions obtained in Corol-
lary 7.11, and let L := &* (8” + %&) + f/(U). Then there is small
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d > 0 such that L has no eigenvalue in [—0,9] if € > 0 is small. In

particular, U is nondegenerate in X.

Proof. Let 6 > 0 be a constant used in the proof of Lemma 7.7. Then,
L has no eigenvalue in [—0d,d]. We show that L has no eigenvalue in
[—8/2,8/2]. Suppose the contrary, i.e., there is k) € [—d/2,d/2] such
that Lo = ka¢ (||¢]lx = 1). Then,

(7.10) (£~ k) + (f(U) — f'(w))d = 0.

Because of Lemma 7.7, (£ — k,) is invertible and there is C' > 0 inde-
pendent of small ¢ > 0 such that ||(£ — HA)_lHB(x,Y) < C. It follows
from Corollary 7.11 that || f'(U) — f'(w)||,, = 0 as € L 0. By (7.10) we

have

161l = 1(£ = 52) 7 [(F'(U) = f'(w)) 6]
<L = K2) " g 1) = f'(w)) 0l
<CIf'(U) = f(wllsllolly =0 (40),
which contradicts that ||¢||x = 1. d

7.7. Asymptotic behavior of A\;(y) (7] 0).

Theorem 7.13. Let (A (7),Ui(r,v)) € C1. Then, Uy(r,v) is a bound-

ary concentrating solution obtained in Corollary 7.11 if v > 0 is small.

Proof. Since |w(r)—w(r)?| < C (0 <r < 1)and w(r) 20 pointwisely
in [0,1), by the dominated convergence theorem we see that if r > 1/2,
then

o|wr(r)] _ 1

2 < 2 [ o)+ o)) ds

r

§2/0 (Jw(s)]| + |w(s)P) ds = 0 (2 4 0).

Hence, || Mw||,, — 0 (¢ ] 0). Since v satisfies (7.7), by the elliptic regu-
larity we see that |[v||;c — 0 (e 4 0). Ifv(zo)+w(zg) =1, thenzy > 1/2
and by phase plane argument we see that w'(zg)(> 0) is large. Since
V' () is small, v'(xg)+w'(z0) > 0. Therefore, Zjqj[v(-)+w(-)—1] =1
provided that € > 0 is small. The boundary concentrating solution ob-
tained by Corollary 7.11 belongs to Cy, because of (1.10). The proof of
(1.10) is postponed until the proof of Theorem B in Section 8. O
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Corollary 7.14. Let (A(7y), Ui(r,7)) € C1. Then, Ai(y) = oo (71 0).
Moreover, 04\ (7y) < 0 for small v > 0.

Proof. Because of Lemma 7.12, if € > 0 is small, then U is nondegen-

erate, which indicates the following: If A;(v) > 0 is large, then

(7.11) O () 0.

Because of Corollary 7.11, ||{U —w| < Ce. Since € = (A7) 2, we
have

(Y(A1) =)U(0) < |U(0) = w(0)] + [w(0)]

< 0(%) Fo(l) (A — o0).

Therefore,
(7.12) Y(A1) = 0 (A — o0).
By (7.11) and (7.12) we see that
(7.13) Oy () <0 if Ai(y) >0 is large.
By (7.12) and (7.13) we see that A\j(y) — oo (v ] 0). O

8. PROOF OF THEOREM B

Proof of Theorem B. (i) is mentioned in Section 1. (ii) follows from
Theorem 5.6. (iii) is proved in Theorem 6.1. (v) follows from The-
orem 7.13 and Corollary 7.14. Let u(s,vy) be the solution of (1.7).
Then, we already saw in Lemmas 3.3 and 3.5 that if v # 1, then u(s, )
has infinitely many critical points. Let {s,}2%, (0 < 53 < $9 < -++)
denote the set of the critical points of u(s,7). Since \,(y) = s2,

(vi) holds. Corollary 7.14 says that A;(y) — oo (y | 0). Since
A1(77) < A2(y) < -+, (iv) holds.

We prove (1.10). Let (Ao,Up) € S, and let m = Zjqy[U(-) — 1].
Proposition 3.1 says that there is a one-parameter family of solutions
C = (A(7),U(v)) such that (A(0),U(0)) = (Xo,Up). This branch C
can be extended to v = 1, because of Lemmas 3.3 and 3.5. Note
that Zjo[U(-,v) = 1] = m if (\,U) € C and U # 1. It follows

from the uniqueness of the branch near (\,,,1) that C C C,,. Thus,
(Mo, Up) € C C Cyy, and the (1.10) holds. The proof is complete. O



SUPERCRITICAL NEUMANN PROBLEM 49

Proof of Corollary 1.3. Let A := inf cgr, A1(7) > 0. Because of (ii) and
(iv), A > 0. For each n > 2, A\, (7) > Ai(7)(> A). This implies that the

first assertion holds. The other assertion follows from the boundedness

of {)\1(7)}7>1. Il

Proof of Corollary 1.4. The statement clearly follows from (ii), (iii),

and (iv) of Theorem B. O
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