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Abstract

In a late paper of J. Noguchi and J. Winkelmann [7] (J. Math. Soc. Jpn., Vol. 64 No.4
(2012), 1169-1180) they showed the condition of being K&hler or non-Kéahler of the image
space to make a difference in the value distribution theory of meromorphic mappings into
compact complex manifolds. In this paper, we will investigate orders of meromorphic map-
pings to a Hopf surface which is more general than dealt with by Noguchi-Winkelmann, and
an Inoue surface. They are non-Kéahler surfaces and belong to VIIj-class. For a general Hopf
surface S, we prove that there exists a differentiably non-degenerate holomorphic mapping
f : C?> — S with order at most one. For any Inoue surface S’, we prove that every non-
constant meromorphic mapping f : C* — S’ is holomorphic, differentiably degenerate and
its order satisfies py > 2.

1 Main Results

In Nevanlinna theory, there are many studies on the value distribution of meromorphic map-
pings whose image spaces are Kahler, especially complex projective algebraic manifolds. On the
other hand, however, little are known for the non-Kéhler case. J. Noguchi and J. Winkelmann
gave the first phenomena where Kéahler or non-Kéhler condition of the image space make dif-
ference in value distribution theory by focusing on orders of meromorphic mappings [7]. The
purpose of this paper is to investigate orders of meromorphic mappings into Hopf surfaces and

Inoue surfaces, both of which are non-Kéahler surfaces. The two main theorems are as follows.

Main Theorem 1.1. Let S, be a Hopf surface defined by the action,
n:(z,y) € C*\{(0,0)} — (a"z,b"y) € C*\ {(0,0)}, neZ,

where a, b are complex numbers with |a|, |b| > 1. Then there exists a differentiably non-degenerate

holomorphic mapping f : C* — a,p With order at most one.

We are going to prove this theorem by branched covering argument and applying some esti-
mates introduced by J. Noguchi-J. Winkelmann [7] to prove the case of a = b.

N.B. In general, whether there exists a differentiably non-degenerate meromorphic mapping
with order less than two or not are big difference. Because if there is such a map, every global

contravariant holomorphic tensor on the manifold must vanish ([7]).



Main Theorem 1.2. Let S be an Inoue surface. Let n be an arbitrary natural number. Then
every non-constant meromorphic mapping f : C* — S is holomorphic, differentially degenerate

and its order satisfies py > 2.
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2 Preliminaries

2.1 Notation

We fix the following notaion.
e Let X be a compact complex manifold.

e Let f: C"™ — X be a meromorphic mapping. We denote by I(f) the indeterminancy locus
of f.

e If the differential df is generically of maximal rank, f is said to be differentiably non-

degenerate.
e For z = (2;) € C", we set

(2.1) a = dd°|=|]%,
(2.2) ¢ = dlog [12][2 A (dd° log ||,

where d° = =(0 — 0) and |z[|> = > i1 R
e B(r)y={z€C":|z| <r}, S(r)y={z€C":|z]|=r} (r>0).

Definition 2.3. Let f : C" — X be a meromorphic mapping and let w be a Hermitian metric

form on X. We define a function
Todt
Ti(r,w) = / — frona™t
! 1 27

which is called the characteristic function of f with respect to w.

Definition 2.4. In above setting we define the order of f as follows,

Fr— loglf(r,w)
2.5 = lim ————~.
(2.5) Pr rioo log r

Since X is compact, ps is independent of the choice of a metric form w on X.



2.2 Relations between orders and one-dimensional image spaces

Possible values of orders are affected by image spaces. To get a better comprehension of our

results, we recall the following facts of one dimensional case.

Fact 2.6. Let X be a closed Riemann surface of genus g.
(i) Let g > 2 and let f be a holomorphic mapping from C into X. Then f is constant.

(ii) Let g = 1 and let f be a non-constant holomorphic mapping from C into X. Then the
order satisfies py > 2.

(iii) Let g = 0 and let s > 0 be a given real number. Then there exists a non-constant holo-

morphic mapping f : C — X with order s. ([5],Theorem 7.5.9, p.241.)

Here it is noted that every meromorphic mapping from C into a compact complexr manifold

is holomorphic since codim I(f) > 2 (I(f) =0 in this case).

2.3 Difference between Kahler and non-Kahler surfaces

J. Noguchi and J. Winkelmann proved the following theorems, giving the first phenomena

where Kéhler or non-Kéahler conditions of image spaces make difference in value distribution.

Theorem 2.7 (J. Noguchi-J. Winkelmann [7]). Let X be a compact Kdhler surface. Assume
that there is a differentiably non-degenerate meromorphic mapping f : C*> — X. If pr <2, then

X is rational.
The Kéhler condition is necessary by the following:

Theorem 2.8 (J. Noguchi-J. Winkelmann [7]). Let a be a complex number with |a| > 1. Let S, 4
be a Hopf surface defined as the quotient of C2\ {(0,0)} by a Z-action n : (z,y) — (a"x,a™y).
Then there exists a differentiably non-degenerate holomorphic mapping f : C* — a,a With order

at most one.

3 General Hopf surfaces : Proof of Main Theorem 1.1.

Our Main Theorem 1.1. asserts that Theorem 2.8 still holds for more general Hopf surfaces.

We are going to prove Main Theorem 1.1. in two steps.

Proof. We may assume 1 < [b| < |a|]. In the first step, we prove the holomorphic mapping
f:C%?— Sa,p induced by

f:C% > ? \ {(0,0)} (z,w)+— (2,14 zw)



is diffetentiably non-degenerate and its order satisfies py < 1, assuming that
(3.1) 1< [b| < a| < |b]2.

In the second step, we prove that the same result holds for all a,b € C with |al, |b] > 1 by

using a branched covering argument.

3.1 The first step with assumption (3.1)

log ||

Let o be as in (2.1). Setting v = 2214 _ 1 and s =1— Togal’

Tog [0 we have 0 < § <~ < 1 by (3.1).

We define a continuous positive Hermitian form on C? \ {(0,0)} which is invariant under the

above Z-action as follows,

o A drAdr (g + )y A dy
2 JaP+ (P + [Py P

It induces a continuous positive Hermitian form on the quotient space S,; which is denoted
by w.

Since S, is compact, the order py is independent of choices of smooth Hermitian metrics. In
addition to this, a continuous Hermitian metric is bounded from below by a positive constant

multiple of a smooth Hermitian metric by the compactness. Therefore it suffices to show
— 1 T dt
lim log/ 3/ ffona<l.
r—o00 10g7’ 1 t B(t)

1 (2P A+ [w) (1 + 2w + |Z!26)a2
22 4 |1 2w]2()1 F zw]?Y 4 |2[20) T

Note that

ffwAa
We define

2 1
T+ s
I;, _ / [14+2w[27 +|z]2 dv, r— H(z,w)H,
S(

N 1+ 2w)?
[1+2w[27 +]2[29

7,,2
n=/' : v,  r=|(zw)l.
S( |Z|

[ ) 2
r) [1+zw|27+[z[20 + ’1 + Zw|

Here dV is the euclidean volume element on S(r). Then we have
(3.2) I <2I,.
Indeed,
e When |z| > rf%, we have |1 + zw|?7 4 |2|20 > [2]?° > r—2.
e When |z| < 7’_%, we have |zw| < r1=5 < 7=, This implies
114 2w + 22 > 14 20> > (1 - rlf%)z'y > (1 - rlf%) > p2

for all large r.



In both cases, < r2 for all large r. Hence it is sufficient to show

1
[1+2w|27+|2]20

(3.3) I, = O(r*™®), Ve >o0.

In fact, from this and (3.2), we obtain
1

" T '
/ P o> =0 (/ I;dr> = 03", Ve>0,

which implies

/ dt/ r? + |1+zw|27+\z|25 a? _ O(TH_&), Ve > 0.
B(1)

2
T w|27+|z|25 + {1+ 2w

Therefore we have

log T (r)

= lim <1
Pr= TLI?O logr —
To show (3.3), we set
2
r
n= :
2" + 1+ zwl?

To estimate I, = fS(r) ndV, we divide S(r) into eleven regions, A, B, C, D_y, D_1, Dy, D1, E,
F, G, H which are defined later, and estimate the volume and the integrand on each region.

We introduce useful some geometric and arithmetic estimates used in [7].

Geometric estimates.
For (z,w) € C? with z # 0 and w # 0, set 6 € [0,27) by e?|zw| = zw. For K > 0,
—00 < A< 1and u>0, we set

Qi ={(z,w) € S(r)]z=00r (0 < |z| < K1, |sinf] < r~H)}.
We define a mapping ® : C*\ {z = 0orw = 0} — C x R? as follows,
D . (z,w) — (Z,Targ(zw),r)

where r = ||(z,w)|| = /|2]? + |w|?>. To show the Jacobian of ® is identically —1 we set z =
x++v—1ly, w=u+ +/—1v and write ® with real coordinates as follows,

b (z,y,u,v) — (x,y,r(arg z + argw),r) € RrR*

with 7 = \/22 + y2 4+ u2 + v2. The Jacobian of ® is

1 0 0 0
el =0 1 0 0
LA P %(argz+argw)+ra%argw %(argz+argw)+7“a%argw
_ rc%argw -
a r%argw -
=-1



Furthermore the gradient grad(r) is of length one and normal on the level set S(r).

Hence the euclidean volume of Q) , is the same as the euclidean volume of
{zeC:|z| <Kr'} x {0r:0 €[0,2n),|sinb] <r "} x {r}
becuase

vol(Qka ) = vol(Qg xp \ {2 = 0})
vol(®(Q xp. \ {z = 0}))
(
(

vol({z € C: 0 < |2| < Kr} x {fr: 0 € [0,27), |sinf] <77} x {r})
vol({z € C: |z| < K} x {fr: 0 € [0,2n),|sin ] <77} x {r})

>

Using sin(#) > 26 (0 € [0, Z)), it follows that for r > 1 the volume of Q » , is bounded from

above by
2
T (KTA> C o THy = 2K 22T,

In particular,

(3.4) vol(Q x ) = O(r21my.

Arithmetic estimates.

Besides the Landau O-symbols we also use the notation 2: If f, g are functions of a real

parameter r, then f(r) 2 g(r) indicates that

lim inf m > 1.
r—+o0 g(r)
Similarly f ~ g indicates
im L) g
r—+o0 g(r)

In the sequel, we will work with domains 2 C S(r) (i.e. for each r > 0 some subset 2 = Q, C
S(r) is chosen). In this context, given functions f, g on C? we say f(z,w) > g(z,w) holds on

if for every sequence (zy,,wy) € Q. (r = ||(zn, wy)||) with

lim ||(zn,wy)|| = 400
n—oo

and we have

i jnf 4 Zn2n) > 1.
n—00 g(zmwn)
2

We show some estimates for n = L . Fix —co < A< 1.

212 2
|1+zw|27+\z|25+|1+zw|




. ) 1

(i) Suppose (z,w) € S( ) and |z| < & Since |w| < r, we have |zw| < 3, implying [1+2zw| > 1.
Therefore n < |1+ e < 4r2.

(i) Suppose |z| < r*. We have |w| ~ 7.

(iii) Suppose 2| > 2 and |z| < r*. We have |1 + zw|* 2 $|zw|2. Since |w| ~ 7, we have
|

lzw| 2 3 (equivalently, 1 < 2|zwl), implying |1 + zw| > |zw| — 1 2 %|2w|. Therefore
n < Iz;‘Q (Here c is a positive constant greater than nine)
(IV) FOI' all z and w, % + ’1 + Z’U}’Z Z ’Im(l -+ Zw)|2 — (’Z’LU‘ Sin0)2.

Estimates on each regions.

We are going to prove the following claim
I, = O(r**%), Ve >0

by dividing S(r) into eleven regions A, B, C, D_y, D_1, Dy, D1, E, F, G, H, each of which is

investigated separately.

e A={(z,w) €S(r)| |z| < &} ie, A= Q%_LO. By (3.4), we have vol(A) = O(r~1). Due
to (i), restriction of integrand 7 to A is |4 = O(r?). Thus

/ ndV <vol(A)- sup n(z,w) < O(r).
A (z,w)eA

Hence the contribution of A to the integral I, = [ s(r) AV is bounded by O(r).

e B={(z,w) € S(r)| 5= < 2| < 5 and [sinf] < 1}. Thus B C Q35 1. Due to (3.4), we
have vol(B) = O(r~2). Since |zw| < 3, the function |1+ zw|?*” is bounded on B. Therefore

we obtain )

.
s < W(H + 2wl + [2[?) = 0(rY).

At the last estimate we used the inequality |z| > 5-. Hence we have

/ ndV <vol(B)- sup n(z,w)=0(r?),
B (z,w)EB

which implies the contribution of B to the integral I, is bounded by O(r?).

o C={(z,w) € S(r)| & < |2| <& and [sinf| > L}. Then its image by ® is

2(0)={zec| % <l < %}x{ar( 0 [0,27), |sin ] > %}x{r}



1 3
For z € C with 5. < |2] < 5, we define

Jr(z) = n(® (2, 76,7)) rdf.

/0<9<27r, |sin 9|>%
Since |w| ~ r, we obtain £ < |2w| < 3. Using arithmetic estimate (iv), we get

r? r? c-r?

< .
= 11+ zw|® ~ [sin? 6] [zw]* ~ |sin® 6]

Here c is a constant greater than four. Hence we obtain

L2 5 L3 1
Jr(z)gf c_;‘rd0—4/ %alé?zélc-r4 1——2§4c~r4.
0<6<2m, |sin 9|>% |Sln 0} arcsin % ‘Sln 9‘ r

Therefore it follows that

V&
(3.5) / ndvV = / J, dz Ndz < Jr?
c << 2

=

where ¢’ is a positive constant. Thus the contribution of C' to the integral I, is bounded
by O(r?).

For n € {~2,—1,0,1}, set D,, = {(z,w) € S(r)||2| > &, |2| <r'®and r2 < |2| < TRTH}

Z o

For each n, the integrand n is bounded by O(r™") on D, due to (iii), and vol(D,) =

O(r?*™) because D,, C O ns1
T2

by O(r?).

o- Thus the contribution of D, to the integral I;. is bounded

i

E = {(z,w) € S(r)||z] > r'=¢,|w| > 7‘%} Since |zw| > r27¢ we have

7,,2 7,2 7,2

ne < < <
| 11+ 2w> = (Jew| = 1) 7 (p3-5 —1)2

= O(r*h).

Because vol(E) is bounded by the total volume of S(r), vol(E) = O(r3). Thus the contri-
bution of E to I, is bounded by O(r?*%).

F ={(z,w) € S(r)|1 < |w| < r%} Since |z| = /7% — w2 > V/r2 —r > 1, we have

2 7“2

r
< <
Ml < 11+ zw|? — (Vr2 —r—1)2

—0(1).

Because the volume of F agrees with the volume of {(z,w) € S(r)|1 < |z| < r%} CQ 1
727
we obtain

vol(F') < VOI(QL;O) = 0(r?).

Thus the contribution of F to I, is bounded by O(r?).



o G = {(z,w) € S(r)|r~! < |w| < 1}. Since |z| < 7, we have |z2w| < r. This implies
|1+ zw|?’ < (r2 +2r 4+ 1)7. Hence we obtain
r? 2 26 2
e < T;Tg(!1'+’210\ T4 [2[7) < 00T) < O(r).

Here we used |z| ~ rand 0 < 6 < v <

1. Because vol(G) < vol(€,00) = O(r), the
contribution of G to I, is bounded by O(r?).

o H=/{(z,w) € S(r)]0 < |w| <r t}. Since |w| < r~!, we have |z| ~ 7 and |2w| < 1. Hence

we obtain )

i < L+ 20l +1%) £ 06%) < 00).
Because vol(H) < O(r~1), the contribution of H to the integral I, is bounded by O(1).

Eleven regions A, B, C, D_y, D_y, Dy, D1, E, F, G, H cover the sphere S(r). On each such

region ) we have verified
/ ndV = O(r*T¢), e>0.
Q

Therefore those establish our claim
I, =0, e>0.

As a consequence, the holomorphic mapping f : C? — ,p induced by f D (zyw) = (2,14 zw)

is of order at most one.

3.2 The second step: To remove assumption (3.1)

We show by branched covering argument that for every a,b € C with 1 < |b| < |al, there exists
a differentiably non-degenerate meromorphic mapping from C? into Hopf surface S, , with order
at most one.

Take a,b € C with 1 < |b| < |a|]. Then there exist p,q € N such that [b|? < |a’ < \b|gq. Let
II,, be the universal covering of S, 3, and Ilgr pe be the one of Sgr pa. We define a holomorphic

mapping ¥ as follows,
T\ {(0,0)} = C\{(0,0)}, (2.y) = (a%,97).
Then ¥ induces a branched covering U,

C2\ {(0,0)} —2— €2\ {(0,0)}

Hap,zﬂl Ha,bl

Sapybq —>\II Sa,b



Note that a? and b? satisfy (3.1). By the first step, there exists a differentiably non-degenerate
holomorphic mapping g : C? — ar pe With order at most one. Then Wo g is also a differentiably
non-degenrate holomorphic mapping from C? into Sa,p With order at most one since d¥ is

generically rank 2. O

4 Inoue Surfaces : Proof of the Main Theorem 1.2.

M. Inoue constructed in [2], three type of surfaces Sy, SJ(\}Z, arit and S](\Z; ar which are called
Inoue surfaces. It is known that a VIIj surface with second betti number zero is either an Inoue
surface or a Hopf surface, and that an Inoue surface contains no closed curve. In this section
we recall the definition of Sy, S](\j,_])),q,r;ﬂ S](V_,;’qm and prove the Main Theorem 1.2. as S = Sy,

+ - .
S J(V,;,qm;w S](V,z)J,q,r respectively.

The case of S = Sy : Let H = {x € C | Imz > 0} be the upper half plane. Let M = (m;;) €
SL(3,Z) be a unimodular matrix with one real eigenvalue A; > 1 and two complex conjugate
eigenvalues Ay # 2. Note that \; |)\2|2 = 1 and that real number )\ is necessarily irrational. Let
(a1,a2,a3) be a real eigenvector with eigenvalue A\; and let (b1,b2,b3) be an eigen vector with
eigen value \o. Since (ai,az,as), (b1,b2,b3), (b1,be2,b3) are C-linearly independent, it follows
that (a1,b1), (az2,b2), and (as, b3) are R-linearly independent. Let Gj; be the group of analytic

automorphisms of H x C generated by
go(z,y) =(A1z, Aoy),
9j(@,y) =(x + a5,y +b;),1 <j <3
Then Gy acts on H x C properly discontinuously without fixed points. Hence
Sy=MHxC)/Gy

is a complex surface. Furthermore by the definition of the action, Sj; becomes a compact
complex surface, which is diffeomorphic to a 3-torus bundle over a circle. Relations between the

generators go, g1, g2, g3 of G are as follows:

9i95 = 99 fori,j =1,2,3,
g3 fori=1,2,3.

1 m;1

Jdogigo - =491

m;2

92
It follows that
Hy(Sp,Z) = w1 (Sp) /[m1(Sa)s m1(Sm)] = G /(G Gl = Z© Zey © Ley © Ly

where e, e2,e3 # 0 are the elementary divisors of M — I. Hence b;(Sy;) = 1. Thus we deduce

ba(Spr) = 0, since Euler characteristic of Sy is zero.

10



Proof. We first prove that meromorphic mapping f : C"* — S is holomorphic. Let p : HxC — S
be the universal covering mapping. Since codim I(f) > 2, C™ \ I(f) is simply connected. Then

we get a holomorphic lift
f@n\](f) :C" \ I(f) —HxC
of
flemay : C"\NI(f) — S.

Since codim I(f) > 2, the holomorphic mapping fm) : C"\ I(f) — H x C extends to a
holomorphic mapping f : C* — H x C. Because f = po f, we deduce that f is holomorphic.

We now calculate the order of f. Since Sjs is compact, the order is independent of the choice
of Hermitian metric forms on Sj;. We define a Hermitian metric form on H x C which is invariant
under the action of G s as follows

V-1

YT Tor 2T

((Irril 2 dzx A dz + (Imz) dy A dy)

Note that A [Ag|? = 1. Let f = (f1, f2) : C* — H x C be a holomorphic lift of f. Then f; is

constant. Set Imf; = ¢. Since

vV-1,1 V-1
2

f~ w= o ( df1 /\df1 +Cdf2 /\dfg) - (Cdfg /\de) =

\/2?(05% ADf2),

we obtain
frfona™t =cdd|fol* Aot

Therefore we have

Pt o ‘
Tf(r,w):/l et [ fwna 1:/ - 1/ cdde|fof? A o

B(t)

From Jensen’s formula we obtain

C C
cdd®|fo]? Ao~ :/ fQC—/ fol%¢.
/tZ” 1/3) 72 2 S(r)| 2 2 s<1)| 2

Let fa(z) = > p>0 Pr(21, - 2n) be the expansion with homogeneous polynomials Py of degree

k. Since fo is not constant, there exists kg > 1 such that Py, # 0. Hence we obtain

c c-r?
TSy BN N Piol?.
S(r) k>0 S(1) S(1)
Therefore we deduce the order of f satisfies py > 2, since ¢ # 0 and |, s(1) ]Pk0\2 # 0. O

11



The case of S = S](\;;))’W;t : Here we study Inoue surface Sl(\tﬁz,q,r;t‘ Let N = (ni;) € SL(2,Z)
be a matrix with two real eigenvalues A > 1 and +. Let (a1, az) and (b, by) be two real eigen
vectors of N corresponding to A and % respectively (A is necessarily irrational).

Fix integers p,q,r with r # 0 and a complex number ¢. Set real numbers (cj,c2) as the
solution of the following linear equation

braz — baaq

(c1,¢2) = (e1,¢2) " N + (e1,e) + (p,q),

r

where

1 1 .
e = inil(nil —1Daibs + 5”1‘2(”1‘2 — 1D)agbs + njingpbiaz, i=1,2.

Let GE\J{;’ q.rt D€ the group of analytic automorphisms of H x C generated by

gO(:Uay) = ()‘xvy + t)v

gi(z,y) = (x+aj,y+bjx+c;), j=1,2,

bias — b

r
They satisfy the following relations:
939i = gigs for1=0,1,2,
9192 = 929195

(41) -1 n n

909190 = 91" 95" g5,

g0gag0” " = g1 g5*2 g4,
Then S;{,’p’ grt = HxC)/ Gg\?’; gt 1S an Inoue surface. Since the action is properly discon-
tinuously with no fixed points, S](\;;),’ arit becomes a complex surface. Moreover it is a compact
complex surface. It is known that S](\?L; qrit 18 diffeomorphic to a fiber bundle over a circle
whose fiber is a circle bundle over a two torus ([2]). It is known that b1(5$’p7q7r;t) =1 and
bQ(SZ—C,p,q,r;t) =0.
Proof. Let p : Hx C — S](\;;))’w;t be the universal covering. As in the case of Sy, every

](\;FI)) arit is holomorphic. We construct an Hermitian metric on
(+)

N,p,q,r,

the order of f. Take an arbitrary Hermitian metric form w on S](\;FI)) ot Let @ be the pull-back

meromorphic mapping f : C" — S

H x C which is invariant under the the action of G . and which makes it easier to calculate

p*w. Then @ is invariant under the action. Write @ in coordinates,

V-1

w= 2

(hlldflj AN dx + hiodx A dy + hordy A dT + hoody A d?j)

Then hog # 0 since @ is a positive Hermitian metric form. Therefore we can define a Hermitian

metric form & = h%? Note that the coefficient of dy A dy of & is one. Since g@w = @, we obtain

12



hao(gi(z,y)) = hog(z,y) for i = 0,1,2,3. This implies

w w

‘o=g'(—)=-—=0.
gl gl (h22) h22

Let f = (f1,f2) : C* — H x C be a holomorphic lift of f : C* — St J))qm We calculate the
order of f with respect to . Since f; is constant, we have

. V—1h hio —  ho, = N -

Fro == (Ddf A dfy + o (Ddfy Adfo + o (Fdfa Adfy + 22 (f)dfa A d )

21 “hog hos haa ha2
=YX dfy n )
T

Hence we obtain

(4.2) TJ;(T;&):/ o 1/ 7 U/\a"lz/ el 1/ | fo2 1 o

Note that f5 is not constant. As in the case of Sy or in the case of complex torus, we deduce

from (4.2) that the order of f satisfies py > 2. O
The case of S = SJ(Vg)aqr : We define an Inoue surface SJ(\ZZ)),q,r as follows. Let N = (n;;) €

GL(2,Z) be a matrix with det N = —1 and with two real eigenvalues A and —%. Let (a1,a2)
and (by, b2) be two real eigenvectors for N with eigenvalues A and — respectlvely Fix integers

p,q, 7, with r # 0. Define two real numbers (¢, c2) as the solution of the following linear equation

bchQ — b2a1
—(c1,¢2) = (c1,¢2) 'N + (e1,€2) + f(% q);
where e; are the same as for the surface S](V[)) gt et GE\, 3) qr D€ a group of analytic automor-

phisms of H x C generated by

go(z,y) = (A\z, —y),
gj(x,y) = (x+aj,y+bjx+cj), j=1,2,

bias — b
g3(z,y) = (w,y+ 1a2r2a1) :

Then S\, —(HX(C)/G

Nopar is an Inoue surface.

N,p,q,r

Proof. As we have seen in other Inoue surfaces, the meromorphic mapping f is holomorphic. As

(+)

N.p.q.rito We can construct a Hermitian metric form ¢ on H x C which is invariant

in the case of S

under the action of GE and is written in coordinates as follows,

N,p,gq,r)
v =1
o= ?(hndx A dT + hiodx A dy + hordy A dT + dy N d@)

Note that the coefficient of dy A dy is one. This implies that the order of a non-constant

holomorphic mapping f : C" — S](V ; o satisfies py > 2. O

13



5 Inoue surfaces : Restriction of the universal covering to a leaf

We now prove that the restriction of the universal covering mapping to a leaf {xg} x C

(Vzo € H) is of order two.

Proposition 5.1. Let S be an Inoue surface and let p : H x C — S be the universal covering
mapping. Fix an arbitrary ro € H. Let f be a holomorphic mapping w € C — (z9,w) € H x C.
Then p o f has order two.

Proof. The case of § = S)s. Take the following Hermitian metric form on H x C

V1

2

d}:

1 _ _
<(Imx)2 dzx A dz + (Imz) dy A dy) .

Let w be the induced Hermitian metric form on S by @w. We calculate the characteristic function

of po f with respect to w. Since f*@ = (Imzg) e,

ordt [ a1 1
Tpof(T',CL)) = Tf(T,(AJ) = /1' — f W = §(Iml‘0)’l”2 — §(Imx0)

0
Hence we obtain Ppof = 2.

The case of § = S](\j; - S](V_; qr Take the following Hermitian metric form on H x C

el

o (h11dx A dZ + hiadx A dy + hordy A dz + dy A dy).

o=

Let o be the induced Hermitian metric form on S. We calculate the characteristic function of

po f with respect to o. Since f*& = «, we have

. " dt . 15 1
T +(r,0) :T};(r,a):/l t/B(t)f =g
Hence we deduce Ppof = 2- O

Remark 5.2. By similar calculations, we get the order of the holomorphic mapping from C” to

an Inoue surface S induced by (21, ,z,_1,w) € C" — (20, w?) € H x C is 2d.

Remark 5.3. Let S be an Inoue surface. Let p : H x C — S be the universal covering mapping.
Fix an arbitrary xg € H. Then its image p({xo} x C) C S is Zariski dense, but not dense with
respect to the differential topology, for there is no closed curves on an Inoue surface (see [8]).
The differential structure of an Inoue surface S is as follows:

If S = Sy, S is diffeomorphic to a real 3-torus bundle over a circle parametrized by the
imaginary part Imz of z € H.

IfS = S](\i;? arit S is diffeomorphic to a fiber bundle over a circle parametrized by Im x, whose

fiber is a real three dimensional compact manifold. According to [2], this three dimensional

compact manifold is a circle bundle over a real 2-torus.
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Ifs = S](\,_; ar S is diffeomorphic to a fiber bundle over a circle parametrized by Im x, whose

fiber is a real three dimensional compact manifold.

6 Problems

Finally we pose some interesting questions related to characteristic functions of meromorphic

mappings from C? into Hopf surfaces.

Problem 6.1. Let S, ; be a Hopf surface defined in Main Theorem 1.1. We define a non-negative

number p(S, ) as follows,
p(Sap) = inf{ps| f : C* — S, differentiably non-degenerate meromorphic mapping}.

Which number is p(Sgp)? Since there exists a holomorphic mapping from C? into Sap with

order at most one, we have at least p(Sgp) < 1.

Problem 6.2. Let S, , be a Hopf surface defined in theorem 2.8. Let f : C? — Sa,a be a holo-

morphic mapping, and let f = (f1, f2) : C2 — C2\{(0,0)} be its lift. Let & = gdz/‘\ﬁfify%\dg be

a Hermitian metric form on C?\ {(0,0)} and let w be the induced Hermitian metric form on S, 4.
Let wy be Fubini-Study metric form on P*(C) and let 7 : C?\ {(0,0)} — PY(C), (z,y) — [z : 9]
be the Hopf mapping. Set F = 7o f. Then we found the following decomposition of the

characteristic function of f with respect to w,
_ "t 2 2 c 2 2
Ty(r,w) = Tp(r,wo) + s B()dlog(\hl + [f27) Adlog(|f1]” + | f2]7) A .
t

Let Ry(r) denote the second term of the above formula. It is interesting to compare the growths

of Tr(r,wo) and Rf(r) as r — oo or the growths of Tr(r,wp) and T¢(r,w) as r — oo.
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