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A remark on quadratic functional of Brownian motions

Shigeo KUSUOKA *and Yasufumi OSAJIMA T

1 Introduction and result

Let d > 1, T >0, Wy = {w € C([0,T];R%); w(0) = 0}, and B(W¢) be a Borel algebra
over W¢. Let p be the Wiener measure on (W, B(W{)). Now let af : [0,7] — R,
b [0,T] - R,i=1,...,N, k=1,...,d, be continuous functions. Let X : W¢ — R be
a random variable given by

Xw) =33 / ( / b (s)duwt () (1) dua ().

i=1 k=1

Here stochastic integrals are Ito integrals. We assume that E*[exp(X)] < oco.
Our concern is to compute the following.

d T
Brexp(0 Y / BE () du (£) + X))
k=10

for h € L?([0,T]; R4, dt) and A € C.

Such a problem was considered by Ikeda-Kusuoka-Manabe [1] and [2] in special cases,
and they gave explicit formulae. In the present paper, we consider general case and show
that we can reduce this problem to a problem of a linear ordinary differential equation by
using ideas in [1] and [2].

Let o*: [0,T] — R*, k=1,...,d, be given by

k(t):{ ak(t), j=1,...,N,

% b¥ y(t), j=N+1,...,2N.

Let J : R?¥ — R2" be a linear operator given by

N2NY ) TRj+N J=1...,N,
J((Zz)i_l)J_{ zi-n, J=N+1,...,2N.
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Let 8% :[0,T] - R?*N, k=1,...,d, be given by 3%(t) = Ja*(t). Then we have

—bk@t), j=1,...,N
I'C fry J ’ Y I bl
o) { a¥_y(t), j=N+1,...,2N.

Let ¢;;: [0,7] = R, ¢, =1,...,2N, be given by

cu(t) = 3 a8

Also, let e;, 4, : [0,7] — R, i1,i2 = 1,...,2N, be the solution to the following ODE

dte“ ia ( Z Cir,j () €jia (1)

€i,i2(0) = 8y in 11,79 =1,...,2N.
Let e be a 2N x 2N-matrix valued function defined in [0, 7] given by

e(t) = (eij(t))ij=1,.2n, and let € be a N x N-matrix valued function defined in [0, T]]
given by é(t) = (e;;(t))ij=1,..n-
Let 4% : [0,T] — R?N, k= 1,...,d, be continuous functions given by

= en()Bi(t),  i=1,...,2N, t€[0,T].
Now let ¥ : L2([0,T]; R4, dt) — C([0, T]; R*) be bounded linear operators given by

t
(W) =3 [ ket eds, e .1
k=1"0
for h € L%([0, T); R4, dt).

The following is our main result.

Theorem 1 (1) The N x N-matriz é(T') is invertible.

(2) Let é(T)™ = (&;;(T))ij=1,..n be the inverse matriz of é(T). Let di; € R, i,j =
1,..., N, be given by
N

z 67’ N+J )
r=1

Then di,j = dj,ia Z,] = 1,...,N.
(3) For any h € L*([0,T]; R, dt) and ) € C,

EFlexp(A) /0 R (t)dw* (t) + X))
= det(&(T)) Y2 exp(— ZZ/ dt—l——A(h h)),



where

A(h, h)

~IhlE | (RO, TR vl

+ Z J(Th)(T) (Yh)(T)" + Z dij(Yh)(T)' (PR)(T)'.

2 Preliminary Facts
Let H be the Cameron Martin space of the Wiener space (Wo, ), i.e.,

T

~ dk

H = {k € Wy; k(t) is absolutely continuous in ¢, / E(tﬂzdt < o0},
0

Tdky . dks
ki, ko) = —(t) - —=(t)dt.
(ko) = [ GH - G20

- dk
Let H = L*([0,T];RY,dt). Then the map ¥ : H — H corresponding k to g is an

isomorphism.
Let £ : H x H — R be a symmetric bilinear form given by

E(hy, hy)
N d T ,T
=3 [ ]t onkon s
i=1 k=170 v0
N d T T
#33 [[ ead @ omom s
i=1 k=170 70
for hl, hy € H.
The associated symmetric bounded linear operator £ : H — H to £ is given by
(ER)*(t)
N d T N d T
= Z / 1{t>s}af(t)bf(s)hé(s)d8—1—22/ 1{s>t}af(8)bf(t)hz(s)d8
i=1 ¢=1 Y0 i=1 ¢=1 Y0
N d N d
=> ) af(t) / bi(s)ht(s)ds — > Y " bE(t) / at(s)h*(s)ds
i=1 (=1 i=1 (=1

for h € H.



Since E*[exp(X)] < oo, we see that Iy — E : H — H is invertible and positive-definite
and we have

E“[exp()\Z/o R*(t)dw" (t) + X))

A
= dety (I — E) Y2 exp(- (ks (T = E)'h)y), heH. (2)
Let Vou : H — H,and A, : H — R, r =0, 1, be given by
(Vorh)®(t)
d t N d t
=0 ak) [ s - S0 S ) [ allom(s)as,
i=1 =1 0 i=1 (=1 0
2N d t
=Yk [ el s k=1,
i=1 /=1 0
d T
(Agh)i — Z/ (s)hi(s)ds, heH i=1,.. N,
=170
and
d T
(Ah); = Z/ b(s)h(s)ds, heH i=1,.. N
=170

Then we see that
E - VE)l + A){AO

Note that Vj, is a Voltera type operator.
Proposition 2 (1) dety(Ig — E)
= det(Iy — Ag(Ir — Vo1) t A7) exp(trace Ay AY),
where Iy is the identity map in RYN.
In particular, the N x N-matriz I — Ao(Ig — Vo1) L AF is invertible .
(2) (I — E)~
= Iy — Vo) ' + (I — Vo) ' AT (I — Ao(Tu — Vo) A7) Ao — Vor) ™
Proof. Let z € C for which |z| is sufficiently small. Then we have
deto(Iy — 2E)

= detg((IH — 2%1)(.[]-[ — Z(IH — Z%l)ilATAo)).

Since Vp; is a Voltera type operator, we have dets(Iy — 2Vp;) = 1. So we have
detg(IH — ZE)

=deto(Ig — 2Vo1)deto(Ig — 2(Iy — zVOl)_lA{AO) exp(—trace(z2%1(IH — zVOl)_lA’{AO))



=1
= exp(— Z Etrace 2(Ig — 2Vo1) AT A)F)) exp(—trace(zAo(Ig — 2Vo1) ™" — Ig)AY))
k=2

trace((zAo(Ig — 2Vo1) "t AD)F)) exp(trace(z Ag A}))

w|>—t

= exp(— f:

= de IN — 2zAo(Ig — 2Vi1) 1 A}) exp(z trace(ApA3)).
Also, we have

(Ig — 2E) " = {(Ig — 2Vo1)(Ig — 2(Ir — 2Vi1) T AT Ap) }

Z (Ig — 2Vo1)~ ATAO)’C)(IH - ZVOl)_l
k=0

= {IH + Z Z(IH — 2%1)_1A>{(ZA0(IH — Z%l)_lATycAo}(]H — Z%l)_l

k=0
= (Ig — ZVo1)_1 +2(Ig — 2%1)_1AT(IN — zAo(Iy — 2%1)_114’{)_1140([}1 — 2%1)_1

Since dety(Iy — 2E) and (Ig — zE)~! are holomorphic in C except a countable set which
has no cluster point and are holomorphic around z = 1, we have our assertion.

3 Basic Computation

Let ¢ be a 2N x 2N matrix-valued continuous function defined in [0, 7] given by c(t)

Note that

and so

Therefore we have

ci(Je( t)*J) = J(c(t)e(t)) J = —Je(t)* Jc(t).
Since —Je(0)J = Iy, we have by the uniqueness of a solution to ODE
e t(t) = —Je(t)*J.
So we see that
JVE(t) = —Je(t)* Ja(t) = e L (t)a"(t) E=1,...,d.

Then we see that .
t
=3 [ el ek ens)as Q
k=170

In this section, we prove the following.



Proposition 3 (1) Iy — Ao(Ig — Vo1) LA} = &(T),
and

det(Iy — Ag(Ig — Vor) tAL) = det(&(T)).
(2) For h € H,

(Ao(Iyr — Viy)™ Ze” h(T));, i=1,...,N.

(3) For h € H and v € RV,

N
(ha (IH - ‘/01)_1‘/4;@)}1 = Zvl(\Dh)l(T>7 k= ]-7 cee 7d7 te [07 T]
i=1
(4) For any h € H,
(I — Vo) *h)"(8) = h¥(2) Z% (t);,  k=1,....d, te0,T].

In particular,

d

(hb (IH - V()1>_1h'2>H = (hflah2)H _/0 (E

(Thy)(t), J(The)(t))rendt
for hi,hy € H.

Proof. Let f € C°((0,T); RY) C H and let £ = (I — Vg1) "' f. Then we have

§=f+Vug

Let

d t
= Z/ af(s)€¥(s)ds, i=1,...,2N.
0

k=1

Then we have
(Ao(ITrr — Vo) f)i = mi(T), i=1,...,N. (4)

Also we have
IN
k t)+z/6f(t>nz(t)7 k:17...’d7
i=1

and so we have

L) =3 a0
:Zaf(t)fk(t)—'—zcu( )77]() 1=1,...,2N



Note that 7;(0) = 0,4 =1,...,2N. So we see that

ON  d ‘
= 53 ent) / el (s)al, () f(s)ds

Ji,j2=1 £=1

=Y e, OUENW);  i=1,....2N, te 0, 7]

This and Equation (4) imply the assertion (2), since C§°((0,7T); R?) is dense in H.
Also, we see that

2N
&)y =rr e+ D Bht)en®T(T)H)))
J1,j2=1
for k=1,...,d,t €[0,T]. This implies the assertion (4).
Let v € RY. Then we have
N 2N d

t
(A 0) = 333 v [ e loal(s)t(s)ds
r=1 j=1 (=1 0
N 2N d ¢ N tg N
= - Z Z Z Ur/o 62-_7]-1(8>Cj7r(s)d8 = Z Ur/(; Ee;rl(s)ds = Z vrei_,rl (t) —U;
r=1 j=1 (=1 r=1 r=1
Therefore

(h, (Ir — Vor) ™" Ajv)

2N N T

— A+ S Y / 8% (Deyia ()5 (1R (1)t
J1,ja=1 i=1
2N N T

> D v /0 k(t)e; i (t)RE(t)dt

j=1 i=1

=1

.

This implies the assertion (3).
So we have

((In — Ao(Iy — Vo) A7)v);
2N N

d T
=vit Y Y Y v, /0 af (t) B}, (t)ejo 5, (t)dt

k=1 jo=1j1=1
2N N

T
=v; + Z Z Ujy /0 Ci,jo (t)ejom (t)dt

jo=1j1=1
N N

= v+ ) _vileis(T) = 6y) = ) eiy(T)oy.
= =1

This implies the assertion (1).



4 Proof of Theorem

Proposition 4 (1) d,; = d;;, foralli,j=1,...N.
(2) For any hy,he € H,
(h1, (I = E)"'ho)n

= (b, o)+ 30 ()T (WD = [ W), (Vh) ()
£ dy(Wha)(T)) (W) (T

Proof. Note that e(t)Je(t)* = J. This implies that for 7,5 = 1,..., N, and

N

N
0= (e(t)J Z eir(t)ejnir(t) + Z eiN+r(t)ejr(t)
r=1

r=1

Let f;;:[0,7] = R, 4,5 =1,...,N, be given by

N
flj E ezr ejN—I—r

and let F'(t) be an N x N-matrix given by F(t) = (fi;(t))ij=1
= F(t). Since we have

77777

we have the assertion (1).
By Propositions 2 and 3, we have for hy, hy € H,

(hy, (I — E) 'ho) g
= (hy, (IH_%I)ith)H‘i‘(hla (IH_‘/Ol)ilA’{(IN_AO<IH_%1)71A>{)71A0(IH_%1)71h2)H

— (b o) = [ (R0, (PR ()t

N 2N

T Z Z é; (T)e;, o(T)J(Who)(T) (Thy)(T)'

i,j=1 =1

— (hy, ho)wr — / (jt(xyhl)( ), J(Uho) ()t + 3 J(Whs) (7Y (Why) (T

+ Z dij(Tha)(T)'(Wha)(TY

So we have the assertion (2).
Now Theorem 1 is an easy consequence of Propositions 2, 3, 4 and Equation (2).



5 A Remark

Let us define N x d-matrix valued functions by a(t) = (a;?(t))jzl 77777 Nk=1,.d, D(t) =

(0%(2))j=1,...N k=1,...d> t € [0,T]. Also, let us define 2N x d-matrix valued functions a(t) =
(Oé?(t))g_l ..... oN k=1,..d> B(t) = (BF(t))j=1....2N k=1,..a t € [0, T].

Then we see that
c(t) =a()Bt)",  t€[0,T].

So we have

t
e(t) = Ly +/ c(s)e(s)ds
0
e t s1 Skp—1
Zsz-i—Z/ d81/ d82'--/ dsy c(s1) -+ - c(sk)
= Jo 0 0

o0

=Ly + Z/ a(s1)B(s1)"a(s2)B(s2)" - alsi)B(si) dsadsy -~ dsy
0<sp<---<s1<t

k=1
t 00
= I2N+/ a(s)ﬂ(s)*ds—i—Z/ a(s1)K(s1,82) - K(sk—1, sk)B(sk) ds1dsy - - - dsy,
0 k=1 0<sp < -<s1<t

where K (t,s) is a d x d-matrix valued function given by

K(t,s) = B(t)"a(s) = a(t)*b(s) — b(t)*a(s), 0=s=t=T.

So v
Kij(t,s) = (a} s) —bi(t)al(s)), ij=1,....,d, 0Ss<t<T.
k=1
Let
E(t,r)
= K(t,r) + Z/ K(t,s1)K(s1,82) - K(sg_1,5k) K (sk,r)ds1dsy - - - dsy,
k—1 r<sp<-<s1<t
0<r <t<T. Then we see that
E(t,r) = K(t,r) /Kts (s,r)ds 0Sr<tsT,
e(t) = Iy +/ a(s)B(s) ds + a(s)E(s,r)B(r)*dsdr,
0 0<r<s<t
and .
6t) = Iy — / a(s)b(s)*ds — a(s)E(s, 7)b(r)*dsdr,
0 O<r<s<t

A(t)” = By elt) = Bty + / E(t, 5)3(s)"ds.



6 Special Case

Let K be a 2N x 2N matrix and &* € R?N, k = 1,...,d. We assume that the matrix K
satisfies
JKJ=K".

Note that the matrix K satisfies this condition, if and only if
Ky = —Kj,, K{y = K5 and K3, = Ky,
where K;;, t,5 = 1,2 are N x N matrix such that
K, K
o= (i 12)-

Now let o : [0,7] — R™, k =1,...,d be given by

of(t) = exp(tK)a", tel[0,T), k=1,...,d.
Let af : [0,7] - Rand b} : [0,7T] - R,i=1,...,N, k=1,...,d, be given by
d(t) = ak(t), Bt =ak (), telT)

7

Let

0= [ ([ e epware

i=1 kf=1

We assume that if E#[exp(X)] < co. Then, for any h € L*([0,T]; R4, dt) and \ € C,

E*lexp(A) /0 RR(t)dw* (t) + X))

is computable by Theorem 1. In this section, we show that we can reduce all computation
to linear ordinary differential equations with constant coefficients.

Note that
_ 2 o o *
Jexp(tK) = EO n! J(KJ?) 50 n! JKJ "J =exp(—tK")J,

and so we have
BR(t) = JaF(t) = Jexp(tK)a* = exp(—tK*)Ja"

Then we see that
d
c(t) =Y a¥(t)B*(t)" = exp(tK) L exp(—tK),
k=1

where

10



Note that the matrix L also satisfies JLJ = L*. Since we have

%(exp(tK) exp(t(L — K)) = exp(tK)Lexp(t(L — K))

= c(t) exp(tK) exp(t(L — K)),

the uniqueness of the solution to the ordinary equation (1) implies that
e(t) = exp(tK) exp(t(L — K)), t€[0,7].

Then we have

and

for h € L*([0, T]; R4, dt).

7 Examples 1

In this section, we shall see some examples that Theorem 1 is applicable. First example
is known as harmonic oscillator.

Proposition 5 For k > 0 and A € C, we have

1 e})<;p(>\—2 tanh(\/ﬂT))
cosh(v/2kT) 2 ez

E {exp()\w(T) ok /0 Tw(t>2dt)] _

Proof. We define the quadratic Wiener functional given by

Then we see that X = —“TTQ + X, where

X (w) = /0 Dokt T) /0 " duw(s)duw(t).

We apply the computation of previous section for N =1, d =1,
0 2k . —2rT
K_<0 0),a,nda—( 1 )

11



Then we see that a;(t) = 2k(t — T) and by(t) = 1. Also, we have

(1 . (22T -1
Jo = (—2/<JT) L=Jaa" = (4&2T2 —2I€T) :

Then we have

e(t) =
cosh(v2kt) — V2k(t — T) sinh(v/2kt) 2kt cosh(v2kt) — v2k(1 + 2kT(t — T)) sinh(v/2kt)
—\/Lz_n sinh(v/2kt) cosh(v/2kt) — v/2kT sinh(v/2xt) '

Then 7, and 7, are given as
v1(t) = cosh(V2kt), ~2(t) = 2kT cosh(v/2kt) — v/2k sinh(V2kt).
Now we have
&(t) = cosh(v/2kt) — V2r(t — T) sinh(v/2kt),
dyy = 2T — V2 tanh(v/2£T),

and

A(h, h) = %tanh(\/%T).

for h = 1. From Theorem 1, we can easily show Proposition 5.
Corollary 6 For k >0 and x € R, we have
E [exp(—m/Tw(t)th)é (w(T) V2% 2)
0 ’ \/ 27T smh V2KT Qtanh (V2KT) /7’

where 0,(w(T)) is the pull-back of the Dirac delta function at x € R by the Wiener
functional w(T).

Proof. Applying Fourier transform for the Dirac delta function, we have the following;

ELKM—RATwuVﬁwAwaw}

L wEkaﬁf@@%%mkﬂwﬂ—ﬂﬂ%

£ tanh(v2T)

5/ ¢;;77— (5T

1 V2kT (_1 V2K 2)
~ VorT \ sinh(verT) P\ 2tann(vaRT) " /)

We applied Proposition 5 in the middle.
We shall see the next example. This is known as Levy’s stochastic area.

+ z'gx) de

12



Proposition 7 For k > 0 and A\, Ay € C, we have

5 fexp (s (1) @)+ [ a0~ [ o))

1 (Af + A3
= ex
cos(kT) P ok
Proof. 1t is enough to show the formula for k = 1. We define the quadratic Wiener

functional given by

tan(xT)).

s = [ wstdn) ~ [ wi0duste)

Then we can apply Theorem 1 for N =2, d = 2 and

1 2 1 2
_fay af) (0 1 A A )
“(t)_<a5 a§>_(—1 0)’ b(t)_<b§ ) = \o 1)

Then o* : [0,T] — R*, g*:[0,T] - R* k =1,2 and C € My(R) are given by

0 1 -1 0 0 -1 1 0
1 o | 1 20y _ |0 1y _ |0 2y | 1 |1 0 0 1
0 1 -1 0 0 -1 1 0

Here e : [0,7] — M,(R) satisfies the ODE

d
dat°

_ ([ BEu(t) En)
e(t)_(—Em(t) Ell(t)>’

(t) = Ce(t), e(0) = I,

and the solution is given as

where
1 I 1 1.
Ey(t) = 5(1 + cos(2t)) I, + 3 sin(2t)Jy, FEia(t) = 5(1 —cos(2t))Jy + 3 sin(2t) 5.
Therefore we have

é(t) = E11(t), det(é(t)) = % + %COS(Qt),

(an ) = mmman = (" i),
Also we can easily show that
A(h, k) = (A} + A3) tan(T),
where h; = Aq, hg = A\s. Now Proposition 7 is an easy consequence of Theorem 1.

Corollary 8 For k > 0 and x € R, we have

B [oxp(u [ wattamn®) ~ [ 0wt )

1 kT |z|> KT
= —— exp | ——= .
27T sin(kT) 2T tan(xT)

Proof. We can prove this formula as in the same way as Corollary 6 using Proposition 7.

13



8 Examples 2

We think of some examples using results in Section 5. Let N = 1, d = 2, and Ky,
k,¢ =1,2, be N x N-matrices given by

-1, ifi=j+1,5=1,...,N—1,
(K1) _{ 0, otherwise,

(K21>ij = _(K12>jia Z,j = ].,. .. ,N, and K12 = Kgl = 0. Let K be 2N x 2N-matrices
given by
Kll K12
K= .
(K21 K22>

Also, let & € R*N, k = 1,2, be given by

~1 1, Z - ]_,
YTV 0, i #£1,
and
2 | 1, ©=2N,
YT 0, i #£2N.
Then we see that
_t)ifl tN*l
a’l() (2_1)|7 Z() (N—Z)', ? Y Y I

N Tt GN—i ) )il )
X:;/O (/O (N—i)!dw (S»Ei—)l)!dw (t)

_ % /0 Y /0 (= )N dw?(s))du (1)

We also have
-1, i=N+1,

(Jdl)i:{ 0, i#N+1,

[ 1, i=2N,
UO‘)%_{O, i # 2N.

Let 7:{1,2,...,2N} — {1,2,...,2N} be a permutation given by

and

7(1)=N+1, 7(i)=i—1,¢1=2,...,N, 7(i)=i+1, i=N+1,...,2N—1, 7(2N) = N.
Then it is easy to see that

1, ifi=1,...,N,and j = 7(4),
(L-K);=< —1, fi=N+1,...,2N, and j = 7(3),
0, otherwise.

14



Note that 7(i) # i, n = 1,...,2N — 1, and 72N (i) = i, for any i = 1,...,2N. So it is
easy to see that (L — K)*V = (=1)VLy.

For M =1, let
o nM+k
®)(2) = ° k M-1
SOM(Z) nz:O(nM_'_k)'v ZGC )
Then we see that if N is even,
2N-1
k
exp(t(L — K)) = Y @S (t)(L - K)F,
k=0
and if V is odd,
AN-1 2N-1
k k 2N+k
exp(t(L —K)) = Y ein(®)(L = K)f = Y (@i (t) — oiy V)L — ).
k=0 -0

Proposition 9 For any M = 2,

M-1
1 . |
SDYZ)@):M;%}M Wexp(wlz), 2€C, k=0,...,M—1.

Here
(27r\/—1)
Wy =€ .
M Xp M
Proof. Note that
M-1 (o) Zk M-1
‘ pi
exp(wirz) = ) (77 > wir)
j=0 k=0 " j=0

It is easy to see that ZM ! kj = 0, if k is not divisible by M, and that 2?401 wM = M,
if k is divisible by M. So we see that

Z exp(w);2)

Also, it is easy to see that

.—Mw()()

) dM—k
§0M<Z):W90M(z)v k:177M_1

So we have our assertion. 1
It is easy to see that fori,7=1,...,N,and n=0,1,...,2N — 1,

1, ifj=1i—n,
0, otherwise.



Now we give a concrete computation in the case that IV is even. In this case we have

—7'(t)" = (J&')" exp(t(L — K))

IN-1 IN—2 N 0 1 2 3 N-2 N-1
= (‘PéN )(t)a SOéN )(t)a ceey Spgzv) (t)a (Péj\)/'(t)a _Soéj\)f(t)a (Péj\)/'(t)a _Soéj\)7<t)a ey SoéN )<t>7 —QOgN )
and

V(t)* = —(Ja')* exp(H(L — K))
N-1 N—2 0
= (SOgN )(t)v 9051\7 )<t ). 79051\)7@)7
(N) (N+1) (N+2) (N+3) (2N —2) (2N-1)
Pon (t)v —Pon (t)v Pon (t)= —PonN <t>7 s 2N (t)a T ¥Y2N
Also we have
(€ij(t))i=1,..N j=1,..2n =
0 2N-1 N2 N+1 1 2 N
ean(t) ey V(1) () (0 ey() el 2o (1)
‘P%é\)f(t) ‘P%{\)f(t) 2]\20) (t) %%_Fg) (t) Sp%é\)/(t) SO%i\)/(t) %ﬁ » (t)
S02N(t> S%N(t) SOQN(t) 2N (t) <P2N(t) 8021\/(75) 2N (t)
N-1 N—2 N-3 0 N N+1 IN-1
o V() e ) ey () o) oSN (1) e ) N U)
Since det exp(tK71) = 0, we have
0 2N-1 N2 N+1
w§§<t> so;N(O) (t) E% ; t Eﬁi (t)
‘P%é\)/(t) ‘P%{\)/(t) 21\(0) (t> %%JFS) (t)
_ Pon(t) Par(t) Pon(t) v (t)
det é(t) = det . . . :
N-1 N—2 N-3 0
A (IR N (RN () Psn(t)
Then we can compute
(_1)N—1

E*lexp(A) /0 h*(t)dw" () + T

/ K / (1 5w (s))du (1)

We can also handle the case that NV is odd, though formulae become much complicated.
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