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Abstract

In the present paper the authors discuss the efficiency of stochastic mesh meth-
ods introduced by Broadie and Glasserman [4]. The authors apply stochastic mesh
methods to certain type of Hörmander type diffusion processes and show the fol-
lowing. (1) If one carefully takes partitions, the estimated price of American option
converges to the real price with probability one. (2) One can obtain better estimates
by re-simulation methods discussed in Belomestny [3], although the order is not so
sharp as his result.
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1 Introduction

Stochastic mesh methods were introduced by Broadie and Glasserman [4], and Avramidis
and Hyden [1] and Avramidis and Matzinger[2] proved the efficiency of them in some
cases ( see [5] also ). Also, Belomestny [3] showed in Bermuda options that once we
have estimated functions for the so-called continuation values, we have a better estimated
value if we construct a pre-optimal stopping time by using these estimated functions
and estimate the expectation of pay-off functionals based on this stopping time by re-
simulation.
In the present paper, we consider the efficiency of stochastic mesh methods and re-

simulation in the case that we apply them to Hörmander type diffusion processes.
Let N, d = 1. Let W0 = {w ∈ C([0,∞);Rd); w(0) = 0}, F be the Borel algebra over

W0 and μ be the Wiener measure on (W0,F). Let Bi : [0,∞) ×W0 → R, i = 1, . . . , d,
be given by Bi(t, w) = wi(t), (t, w) ∈ [0,∞) ×W0. Then {(B1(t), . . . , Bd(t); t ∈ [0,∞)}
is a d-dimensional Brownian motion. Let B0(t) = t, t ∈ [0,∞). Let V0, V1, . . . , Vd ∈
C∞b (R

N ;RN ). Here C∞b (R
N ;Rn) denotes the space ofRn-valued smooth functions defined
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in RN whose derivatives of any order are bounded. We regard elements in C∞b (R
N ;RN)

as vector fields on RN .
Now let X(t, x), t ∈ [0,∞), x ∈ RN , be the solution to the Stratonovich stochastic

integral equation

X(t, x) = x+

dX
i=0

Z t

0

Vi(X(s, x)) ◦ dBi(s). (1)

Then there is a unique solution to this equation. Moreover we may assume that X(t, x) is
continuous in t and smooth in x and X(t, ·) : RN → RN , t ∈ [0,∞), is a diffeomorphism
with probability one.
Let A = {∅} ∪ S∞k=1{0, 1, . . . , d}k and for α ∈ A, let |α| = 0 if α = ∅, let |α| = k

if α = (α1, . . . ,αk) ∈ {0, 1, . . . , d}k, and let k α k = |α| + card{1 5 i 5 |α|; αi = 0}.
Let A∗ and A∗∗ denote A \ {∅} and A \ {∅, 0}, respectively. Also, for each m = 1, A∗∗5m,
{α ∈ A∗∗; k α k5 m}.
We define vector fields V[α], α ∈ A, inductively by

V[∅] = 0, V[i] = Vi, i = 0, 1, . . . , d,

V[α∗i] = [V[α], Vi], i = 0, 1, . . . , d.

Here α ∗ i = (α1, . . . ,αk, i) for α = (α1, . . . ,αk) and i = 0, 1, . . . , d.
We say that a system {Vi; i = 0, 1, . . . , d} of vector fields satisfies the following condi-

tion (UFG).
(UFG) There are an integer `0 and ϕα,β ∈ C∞b (RN), α ∈ A∗∗, β ∈ A∗∗5`0, satisfying the
following.

V[α] =
X

β∈A∗∗5`0

ϕα,βV[β], α ∈ A∗∗.

Let A(x) = (Aij(x))i,j=1,...,N , t > 0 x ∈ RN be a N ×N symmetric matrix given by

Aij(x) =
X

α∈A∗∗5`0

V i[α](x)V
j
[α](x), i, j = 1, . . . , N.

Let h(x) = detA(x), x ∈ RN and E = {x ∈ RN ; h(x) > 0}. By Kusuoka-Stroock [7], we
see that if x ∈ E, the distribution law of X(t, x) under μ has a smooth density function
p(t, x, ·) : RN → [0,∞) for t > 0. Moreover, we will show in that

R
E
p(t, x, y)dy = 1,

x ∈ E.
Now let x0 ∈ E and fix it throughout this paper. Let (Ω,F , P ) be a probability space,

and X` : [0,∞)×Ω→ RN , ` = 1, 2, . . . , be continuous stochastic processes such that the
probability laws on C([0,∞);RN ) of X`(·) under P and of X(·, x0) under μ are the same
for all ` = 1, 2, . . . , and that σ{X`(t); t = 0}, ` = 1, 2, . . . , are independent.
Let q

(L)
s,t : E × Ω→ [0,∞), t > s = 0, L = 1, be given by

q
(L)
s,t (y,ω) =

1

L

LX
`=1

p(t− s,X`(s,ω), y), y ∈ E, ω ∈ Ω,

Let m(E) denote the space of measurable functions on E.
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We define a random linear operator Q
(L)
s,t , t > s = 0, L = 1, defined in m(E) by

(Q
(L)
s,t f)(x) =

1

L

LX
`=1

p(t− s, x,X`(t))f(X`(t))

q
(L)
s,t (X`(t))

, x ∈ E, f ∈ m(E).

Now let T > 0, and g : [0, T ] × RN → R be a continuous function with sup{(1 +
|x|)−1|g(t, x)|; x ∈ RN , t ∈ [0, T ]} < ∞. For any n = 1, and 0 = t0 < t1 < . . . < tn = T,
we define ctk,tk+1,...,tn : E → R, and c̃

(L)
tk,tk+1,...,tn

: E × Ω → R, k = n, n − 1, . . . , 0, L = 1,
inductively by ctn(x) = c̃

(L)
tn (x) = g(T, x), x ∈ E, and

ctk,tk+1,...,tn(x) =

Z
E

p(tk+1 − tk, x, y)(g(tk+1, y) ∨ ctk+1,...,tn(y))dy,

and
c̃
(L)
tk,tk+1,...,tn

(x) = Q
(L)
tk,tk+1

(g(tk+1, ·) ∨ c̃(L)tk+1,...,tn
(·))(x)

for x ∈ E and k = n− 1, . . . , 0.
Then we will show the following.

Theorem 1 Suppose that n(L) = 1, 0 = t
(L)
0 < t

(L)
1 < . . . < t

(L)
n(L) = T. If there is an

ε > 0 such that

L−(1−ε)/2
n(L)X
k=1

(t
(L)
k − t

(L)
k−1)

−(N+1)`0/4 → 0,

then
E[|c̃(L)

t
(L)
0 ,t

(L)
1 ,...,t

(L)
n(L)

(x0)− ct(L)0 ,t
(L)
1 ,...,t

(L)
n(L)

(x0)|2]→ 0, L→∞.

Let n = 1, and 0 = T0 < T1 < . . . < Tn = T and fix them. For each ω ∈ Ω, let
τ̂L,ωW0 → {T1, . . . , Tn} be a stopping time given by

τ̂L,ω = min{Tk; k = 1, 2, . . . , n, c̃LTk,Tk+1,...,Tn(X(Tk, x0),ω) 5 g(Tk, X(Tk, x0))}.

Let ĉ : Ω→ R be given by

ĉ(ω) = Eμ[g(τ̂L,ω, X(τ̂L,ω, x0)].

Then we have the following.

Theorem 2 Suppose that γ ∈ (0, 1]. If
nX
k=1

μ(|cTk,Tk+1,...,Tn(X(Tk, x0))− g(Tk, X(Tk, x0))| < ε) = O(εγ), as ε ↓ 0,

then for any α ∈ (1/2, (1 + γ)/(2 + γ)), there are ΩL ∈ F , L = 1, and C > 0 such that
P (ΩL)→ 1, L→∞, and

|ĉ(ω)− cT0,T1,...,Tn| 5 CL−α for any ω ∈ ΩL and L = 1.

3



2 The basic property of Hörmander diffusion pro-

cesses

Let J : [0,∞)×RN ×W0 → RN ⊗RN , J(t, x) = (J ij(t, x))i,j=1,...,N be given by

J ij(t, x) =
∂

∂xj
X i(t, x)

Then it has been shown in [6] Section 2 that there are bβα : [0,∞) × RN × W0 → R,
α, β ∈ A∗∗5`0, such that

V[α](x) =
X

β∈A∗∗5`0

bβα(t, x)J(t, x)
−1Vβ(X(t, x)), α ∈ A∗∗5`0,

and
sup

x∈RN ,t∈[0,T ]
Eμ[|bβα(t, x)|p] <∞ α, β ∈ A∗∗5`0, T > 0, p = 1.

So we see that for any ξ ∈ RN ,

(A(x)ξ, ξ) =
X

α∈A∗∗5`0

(V[α](x), ξ)
2

5
X

α∈A∗∗5`0

(
X

β∈A∗∗5`0

bβα(t, x)
2)(

X
β∈A∗∗5`0

(J(t, x)−1V[β](X(t, x)), ξ)
2)

= (
X

α∈A∗∗5`0

X
β∈A∗∗5`0

bβα(t, x)
2)(J(t, x)A(X(t, x))tJ(t, x)ξ, ξ)

Therefore we see that

h(x) 5 (
X

α∈A∗∗5`0

X
β∈A∗∗5`0

bβα(t, x)
2)Ndet(J(t, x))2h(X(t, x)). (2)

Then we have the following.

Proposition 3 (1) μ(X(t, x) ∈ E) = 1 for any x ∈ E and t > 0. In particular,
p(t, x, y) = 0, y ∈ RN \ E, x ∈ E.
(2) For any p > 1 and T > 0, there exists a C > 0 such that

E[h(X(t, x))−p] 5 Ch(x)−p, x ∈ E, t ∈ [0, T ].

(3) For any n,m = 0, p ∈ (1,∞), and T > 0, there exists a C > 0 such that

||h(X(t, x))−m||Wn,p 5 Ch(x)−(n+m) x ∈ E, t ∈ [0, T ].

Proof. The assertions (1) and (2) are easy consequence of Equation (2). Note that

D(h−m(X(t, x))) = −mh−(m+1)(X(t, x)))D(h(X(t, x))).

Thus we easily obatain the assertion (3) by induction.
By Kusuoka-Stroock [7], we have the following.
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Proposition 4 Let δ0 > 0 be given by

δ0 = (3N( sup
x∈RN

dX
k=1

|Vk(x)|2))−1

Then we have the following.
(1) For any T > 0,

sup
t∈(0,T ], x∈RN

E[exp(
2δ0
t
|X(t, x)− x|2)] <∞.

(2) For any T > 0, n = 1, and p ∈ (1,∞),

sup
t∈(0,T ], x∈RN

tn/2|| exp(δ0
t
|X(t, x)− x|2)||Wn,p <∞.

Proposition 5 For any γ ∈ ZN=0, there are gγ,α1,...,αk ∈ C∞b (RN ), k = 1, . . . , |γ|, αi ∈
A∗∗5`0, i = 1, . . . , k, such that

h(x)|γ|
∂|γ|

∂xγ
f(x) =

|γ|X
k=1

X
α1,...,αk∈A∗∗5`0

gγ,α1,...,αk(x)(V[α1] · · ·V[αk]f)(x), x ∈ RN

for any f ∈ C∞b (RN ),

Proof. Let Ã(x) = (Ãij(x))i,j=1,...,N be the cofactor matrix of the matrix A(x) for x ∈ RN .
Also, let cα,i(x), x ∈ RN , α ∈ A∗∗5`0, i = 1, . . . , N, be given by

cα,i(x) =

NX
j=1

Ãij(x)V
j
[α](x).

Then we see that h, cα,i ∈ C∞b (RN ), andX
α∈A∗∗5`0

cα,i(x)(V[α]f)(x) = h(x)
∂f

∂xi
(x), i = 1, . . . , N.

So we have the assertion for the case that |γ| = 1. Since

h(x)|γ|+1(x)
∂

∂xi
∂|γ|

∂xγ
f(x)

= h(x)
∂

∂xi
(h|γ|

∂|γ|

∂xγ
f)(x)− |γ| ∂h

∂xi
(x)h|γ|(x)

∂|γ|

∂xγ
f(x),

we have our assertion by induction.
Now we have the following lemma.
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Lemma 6 For any t > 0, x ∈ E and γ0, γ1 ∈ ZN=0, there are kγ0,γ1(t, x) ∈ W∞,∞− such
thatZ
RN

∂γ0x ∂
γ1
y p(t, x, y)f(y)dy = E[h(X(t, x))

−2(|γ0|+|γ1|)`0f(X(t, x))kγ0,γ1(t, x)], f ∈ C∞0 (RN ),

and

sup
t∈(0,T ],x∈E

t(|γ0|+|γ1|)`0/2||kγ0,γ1(t, x)||Wn,p <∞, T > 0, n ∈ N, p ∈ (1,∞).

Here ∂γx = ∂|γ|/∂xγ and ∂γy = ∂|γ|/∂yγ .

Proof. First, by the argument in Shigekawa [9] we see that for γ ∈ ZN=0, there are
Jγ,β(t, x) ∈ W∞,∞−, t = 0, x ∈ RN , β ∈ ZN=0, |β| 5 |γ|, such that

∂γx(f(X(t, x)) =
X

β∈ZN=0, |β|5|γ|
(∂βxf)(X(t, x))Jγ,β(t, x),

and
sup

t∈(0,T ],x∈RN

||Jγ,β(t, x)||Wn,p <∞, T > 0, n ∈ N, p ∈ (1,∞).

Then we have for any x ∈ E and f ∈ C∞0 (RN ),Z
RN

∂γ0x ∂
γ1
y p(t, x, y)f(y)dy

= (−1)|γ1|
Z
RN

∂γ0x p(t, x, y)(∂
γ1
y f)(y)dy

= (−1)|γ1|∂γ0x E[(∂γ1y f)(X(t, x))]
= (−1)|γ1|

X
β∈ZN=0, |β|5|γ0|

E[(∂γ1+βx f)(X(t, x))Jγ0,β(t, x)]

= (−1)|γ1|
X

β∈ZN=0, |β|5|γ0|

|γ1|+|β|X
k=0

X
α1,...,αk∈A∗∗5`0

E[h(X(t, x))−(|γ1|+|β|)gγ1+β,α1,...,αk(X(t, x))

×Jγ0,β(t, x)(V[α1] · · ·V[αk]f)(X(t, x))].
So by the integration parts formula in [6] Lemma 8 and by Proposition 3, we have our

assertion.

Proposition 7 For any t > 0, x ∈ E and γ0, γ1 ∈ ZN=0,

∂γ0x ∂
γ1
y p(t, x, y) = 0 a.e.y ∈ RN \ E.

Moreover, for any γ0, γ1 ∈ ZN=0, p ∈ (1,∞), T > 0, and m ∈ Z with m 5 2(|γ0|+ |γ1|),

sup{t(|γ0|+γ1|)`0/2h(x)2(|γ0|+|γ1|)`0−m(
Z
E

h(y)pm exp(
pδ0
t
|y−x|2) |∂

γ0
x ∂

γ1
y p(t, x, y)|p

p(t, x, y)p−1
dy)1/p;

t ∈ (0, T ], x ∈ E} <∞.
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Proof. Let

ϕt,x(y) = exp(
δ0
t
|y − x|2), x, y ∈ RN , t > 0.

Then we have for any ε > 0, f ∈ C∞0 (RN) and x ∈ EZ
RN

∂γ0x ∂
γ1
y p(t, x, y)f(y)(ε+ h(y))

mϕt,x(y)dy

= E[h(X(t, x))−2(|γ0|+|γ1|)`0f(X(t, x))(ε+ h(X(t, x)))mϕt,x(X(t, x)))kγ0,γ1(t, x)]

By Propositions 3 and 4, we see thatZ
RN

∂γ0x ∂
γ1
y p(t, x, y)f(y)h(y)

mϕt,x(y)dy

= E[h(X(t, x))m−2(|γ0|+|γ1|)`0f(X(t, x))ϕt,x(X(t, x)))kγ0,γ1(t, x)].

Let k0(t, x) = h(X(t, x))m−2(|γ0|+|γ1|)`0ϕt,x(X(t, x))kγ0,γ1(t, x). Then we see that

sup
t∈(0,T ],x∈E

t(|γ0|+|γ1|)`0/2h(x)2(|γ0|+|γ1|)`0−mE[|k0(t, x)|p]1/p <∞, T > 0, p ∈ (1,∞).

Note that there is a Borel function k̃(t, x) : RN → R, t ∈ (0, T ], x ∈ E, such that

E[k0(t, x)|σ{X(t, x))}] = k̃(t, x)(X(t, x)), t ∈ (0, T ], x ∈ E.

Then we have Z
RN

∂γ0x ∂
γ1
y p(t, x, y)f(y)h(y)

mϕt,x(y)dy

= E[k0(t, x)f(X(t, x))] = E[k̃(t, x)(X(t, x))f(X(t, x))] =

Z
RN

f(y)k̃(t, x)(y)p(t, x, y)dy,

for any f ∈ C∞0 (RN). This implies that ∂γ0x ∂
γ1
y p(t, x, y)h(y)

mϕt,x(y) = k̃(t, x)(y)p(t, x, y)
a.e.y, t = 0, x ∈ E. Therefore letting m = 0, we have the first assertion. SinceZ

E

h(y)pmϕt,x(y)
p
|∂γy p(t, x, y)|p
p(t, x, y)p−1

dy =

Z
E

|k̃(t, x, y)|pp(t, x, y)dy

= E[|k̃(t, x)(X(t, x))|p] 5 E[|k0(t, x)|p],
we have our assertion.

Proposition 8 For any T > 0, there is a C > 0 such that

p(t, x, y) 5 Ct−(N+1)`0/2h(x)−2(N+1)`0 exp(−2δ0
t
|y − x|2), t ∈ (0, T ], x, y ∈ E

and

p(t, x, y) 5 Ct−(N+1)`0/2h(y)−2(N+1)`0 exp(−2δ0
t
|y − x|2), t ∈ (0, T ], x, y ∈ E.

In particular, for any T > 0 and m = 1, there is a C > 0 such that

p(t, x, y) 5 Ct−(N+1)`0/2h(x)−2(N+1)`0(1 + |x|2)m(1 + |y|2)−m, t ∈ (0, T ], x, y ∈ E
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Proof. Let C0

= sup{t`0/2h(x)2(
Z
E

exp(
2(N + 1)δ0

t
|y−x|2) |∂yip(t, x, y)|

N+1

p(t, x, y)N
dy)1/(N+1); t ∈ (0, T ], x ∈ E, ε > 0}.

Let

ρε(t, x, y) = (p(t, x, y) + ε exp(−(1 + 2δ0
t
)|y − x|2))1/(N+1).

Then we see that

(

Z
RN

exp(
2δ0
t
|y − x|2)| ∂

∂yi
ρε(t, x, y)|N+1dy)1/(N+1)

= (N+1)−1(

Z
RN

exp(
2δ0
t
|y−x|2) |∂yi(p(t, x, y) + ε exp(−(1 + 2δ0

t
)|y − x|2))|N+1

(p(t, x, y) + ε exp(−(1 + 2δ0
t
)|y − x|2))N dy)1/(N+1)

5 (
Z
RN

exp(
2δ0
t
|y − x|2) |∂yip(t, x, y)|N+1

(p(t, x, y) + ε exp(−(1 + 2δ0
t
)|y − x|2))N dy)

1/(N+1)

+(

Z
RN

exp(
2δ0
t
|y − x|2) |∂yi(ε exp(−(1 + 2δ0

t
)|y − x|2))|N+1

(p(t, x, y) + ε exp(−(1 + 2δ0
t
)|y − x|2))N dy)

1/(N+1)

5 C0t−`0/2h(x)−2 + (ε
Z
RN

(2|yi − xi|)N+1(1 + 1
t
)N+1 exp(−|y − x|2))dy)1/(N+1).

Also, we have

(

Z
RN

exp(
2δ0
t
|y − x|2)ρε(t, x, y)N+1dy)1/(N+1)

= (

Z
RN

exp(
2δ0
t
|y − x|2)(p(t, x, y) + ε exp(−(1 + 2δ0

t
)|y − x|2))dy)1/(N+1)

= (E[exp(
2δ0
t
|X(t, x)− x|2)] + πNε)1/(N+1),

and

(

Z
RN

(|∂yi(exp(
2δ0

(N + 1)t
|y − x|2))|ρε(t, x, y))N+1dy)1/(N+1)

= (

Z
RN

(
4δ0|yi − xi|

t
)N+1 exp(

2δ0
(N + 1)t

|y−x|2)(p(t, x, y)+ε exp(−(1+2δ0
t
)|y−x|2))dy)1/(N+1)

5 4δ0
t
E[|X(t, x)−x|N+1 exp(2δ0

t
|X(t, x)−x|2)]1/(N+1)+ε4δ0

t
(

Z
RN

|yi|N+1 exp(−|y|2))dy)1/(N+1).

Then by Sobolev’s inequality, we see that there is a constant C > 0 such that

sup
y∈RN

(exp(
2δ0
t
|y − x|2)((p(t, x, y) + ε exp(−|y|2)))1/(N+1)

5 C(C0t−`0/2h(x)−2`0 + Ct−1/2 + Cε(1 +
1

t
)).

So letting ε ↓ 0, we have our first assertion.
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Let

ρ̃ε(t, x, y) = (p(t, x, y)h(y)
2(N+1)`0 + ε exp(−(1 + 2δ0

t
)|y − x|2))1/(N+1).

Then similarly we can show thatZ
RN

(exp(
2δ0

(N + 1)t
|y − x|2)ρ̃ε(t, x, y))N+1

+
NX
i=1

|∂yi(exp(
2δ0

(N + 1)t
|y−x|2)ρ̃ε(t, x, y))|N+1)dy 5 Ct−`0/2, t ∈ (0, T ], x ∈ E.

So we have our second assertion.
Finally note that

| log(1+|x|2)−log(1+|y|2)| 5 |
Z |x|

|y|

2t

1 + t2
dt| 5 |x−y| 5 1

ε
+ε|x−y|2, x, y ∈ RN , ε > 0.

So we have the final assertion.

Proposition 9 Let δ ∈ (0, 1/N), α,β ∈ ZN=0 and T > 0. Then there are C > 0 and q > 0
such that

|∂αx∂βy p(t, x, y)| 5 Ct−(|α|+|β|+1)`0/2h(x)−2(|α|+|β|+1)`0p(t, x, y)1−δ, x, y ∈ E, t ∈ (0, T ],

and

|∂αx∂βy p(t, x, y)| 5 Ct−(|α|+|β|+1)`0/2h(y)−2(|α|+|β|+1)`0p(t, x, y)1−δ, x, y ∈ E, t ∈ (0, T ].

Proof. Let p = 1/δ > N, and let

ρε(t, x, y) =
∂αx∂

β
y p(t, x, y)

(p(t, x, y) + ε)1−δ

for ε > 0. Then we see by Proposition 7 that there is a C1 > 0 such that

(

Z
RN

|ρε(t, x, y)|pdy)1/p = (
Z
RN

|∂αx∂βy p(t, x, y)|p
(p(t, x, y) + ε)p−1

dy)1/p

5 C1t−(|α|+|β|)`0/2h(y)−2(|α|+|β|)`0 , ε > 0, t ∈ (0, T ], x ∈ E.
Also, we have

(

Z
RN

|∂yiρε(t, x, y)|pdy)1/p

5 (
Z
RN

|∂αx∂βy ∂yip(t, x, y)|p
(p(t, x, y) + ε)p−1

dy)1/p

+(1− δ)(

Z
RN

|∂αx∂βy p(t, x, y)|2p
(p(t, x, y) + ε)2p−1

dy)1/(2p)(

Z
RN

|∂yip(t, x, y)|2p
(p(t, x, y) + ε)2p−1

dy)1/(2p).

9



So we see by Proposition 7 that there is a C2 > 0 such that

(

Z
RN

|∂yiρε(t, x, y)|pdy)1/p

5 C2t−(|α|+|β|+1)`0/2h(y)−2(|α|+|β|+1)`0 , ε > 0, t ∈ (0, T ], x ∈ E.
So by Sobolev’s inequality, we see that there is a C3 > 0 such that

sup
y∈RN

|ρε(t, x, y)|

5 C3t−(|α|+|β|+1)`0/2h(x)−2(|α|+|β|+1), ε > 0, t ∈ (0, T ], x ∈ E.
Letting ε ↓ 0, we have the first assertion.
Let

ρ̃ε(t, x, y) =
∂αx∂

β
y p(t, x, y)

(p(t, x, y) + ε)1−δ
h(y)2(|α|+|β|+1)

for ε > 0. Then a similar argument implies that there is a C4 > 0 such that

sup
y∈RN

|ρ̃ε(t, x, y)|

5 C4t−(|α|+|β|+1)`0/2, ε > 0, t ∈ (0, T ], x ∈ E.
So we have the second assertion.

Proposition 10 Let m = 0, α,β ∈ ZN=0, p ∈ [1,∞), δ ∈ (0, 1) and T > 0. Then there is
a C > 0 such that Z

RN

|∂mt ∂αx∂βy p(t− s, x, y)|pp(s, x0, x)dx

5 C(t− s)p(|α|+|β|+2m+2)`0/2p(t, x0, y)1−δ

for any t ∈ (0, T ], s ∈ [0, t), y ∈ RN .

Proof. First note that

∂tp(t, x, y) = Lxp(t, x, y), where L =
1

2

dX
k=1

V 2k + V0.

So it is sufficient to prove the case m = 0.
Let r = 1/(1 − δ). Since p > 1 − δ, we see by Propositions 8and 9, that there is a

C > 0 and b > 0 such that

|∂αx∂βy p(t− s, x, y)|p 5 C(t− s)p(|α|+|β|+2)`0/2h(x)−bp(t− s, x, y)1−δ,

for any t ∈ (0, T ], s ∈ [0, t), x ∈ E, y ∈ RN . So we see thatZ
RN

|∂αx∂βy p(t− s, x, y)|pp(s, x0, x)dx

10



5 C(t− s)p(|α|+|β|+2)`0/2
Z
RN

h(z)−bp(t− s, z, y)1/rp(s, x0, z)dz

5 C(t− s)p(|α|+|β|+2)`0/2(
Z
RN

(h(z)−b/δp(s, x0, z)dz)
δ(

Z
RN

p(t− s, z, y)p(s, x0, z)dz)1−δ.

Since Z
RN

p(t− s, z, y)p(s, x0, z)dz = p(t, x0, y),

we have our assertion.

Proposition 11 Let a ∈ (0, 1], and b ∈ (0, a). Then we haveZ
RN

p(s, x0, x)
ap(t− s, x, y)bφ(x)dx 5 p(t, x0, y)b(

Z
E

dxp(s, x0, x)
(a−b)/(1−b)φ(x)1/(1−b))1−b

for any t > s = 0, and non-negative measurable function φ : E → [0,∞).

Proof. Let δ = (a − b)/(1 − b), p = 1/b, and q = 1/(1 − b). Then we see that
1− δ = (1− a)/(1− b) and a− δ = b(1− a)/(1− b), and so we haveZ
RN

p(s, x0, x)
ap(t−s, x, y)bφ(x)dx =

Z
RN

p(s, x0, x)
δp(s, x0, x)

(1−δ)/pp(t−s, x, y)1/pφ(x)dx

5 (
Z
E

p(s, x0, x)
δp(s, x0, x)

1−δp(t− s, x, y)dx)1/p(
Z
E

p(s, x0, x)
δφ(x)qdx)1/q

= p(s, x0, y)
b(

Z
E

p(s, x0, x)
(a−b)/(1−b)φ(x)1/(1−b)dx)1−b.

This proves our assertion.

Proposition 12 Let p = 1, m = 1. α, β ∈ ZN=0, T > 0, a ∈ (0, 1/p] and b ∈ (a− 1/N, a).
tThen here are C > 0 such thatZ

RN

|∂αx (p(s, x0, x)a)|p|∂βxp(t− s, x, y)|pdx

5 Cs−p(|α|+1)`0/2(t− s)−p(|β|+2)`0/2p(t, x0, y)pb(1 + |y|2)−m

for any y ∈ E and s, t ∈ (0, T ] with s < t.

Proof. Let δ = (a − b)/2 < 1/N. Note that ∂αx (p(s, x0, x)
a) is a linear conbination

of a(a − 1) · · · (a − m + 1)p(s, x0, x)
a−m∂α1x p(s, x0, x) · · · ∂αmx p(s, x0, x), m = 1, . . . , |α|,

αk ∈ Z=0, |αk| = 1, k = 1, . . . ,m, α1 + · · ·+ αm = α.
Then by Propositions 9, we see that there is a C1 > 0 such that

|∂αx (p(s, x0, x)a)||∂βxp(t− s, x, y)|

5 C1s−(|α|+1)`0/2(t− s)−(|β|+1)`0/2h(x)−2(|β|+1)`0p(s, x0, x)a−δp(t− s, x, y)1−δ

for any a ∈ (0, 1/p], b ∈ (a − 1/N, a), x, y ∈ E and s, t ∈ [0, T ] with s < t. By Proposi-
tions 8, we see that there is a C2 > 0 such that

p(t− s, x, y)1−δ−b 5 C2(t− s)−`0/2h(x)−2(N+1)`0(1 + |x|2)m(1 + |y|2)−(1−δ−b)m
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for any x, y ∈ E and s, t ∈ [0, T ] with s < t. So we have
|∂αx (p(s, x0, x)a)||∂βxp(t− s, x, y)|

5 C1C2s−(|α|+1)`0/2(t− s)−(|β|+2)`0/2h(x)−2(|β|+N+2)`0p(s, x0, x)a−δp(t− s, x, y)b

×(1 + |x|2)m(1 + |y|2)−(1−(a+b)/2)m

Note that pb < p(a− δ) < 1, and so we haveZ
E

(h(x)−2(|β|+N+2)`0p(s, x0, x)
a−δp(t− s, x, y)b(1 + |x|2)m)pdx

=

Z
E

p(s, x0, x)
p(a−δ−b)/(1−pb)p(s, x0, y)

pb(1−p(a−δ))/(1−pb)p(t− s, x, y)pb

×(h(x)−2p(|β|+N+2)`0(1 + |x|2)mp dx

5 (
Z
E

p(s, x0, x)
p(a−δ−b)/(1−pb)p(s, x0, y)

(1−p(a−δ))/(1−pb)p(t− s, x, y) dx)pb

×(
Z
E

p(s, x0, x)
p(a−δ−b)/(1−pb)h(x)−p(|β|+N+2)/(1−pb)(1 + |x|2)mp/(1−pb) dx)1−pb

= p(t, x0, y)
pb(

Z
E

(1 + |x|2)−Np(s, x0, x)p(a−δ−b)/(1−pb)h(x)−2p(|β|+N+2)/(1−pb)

×(1 + |x|2)mp/(1−pb)+N dx)1−pb

5 p(t, x0, y)pb(
Z
E

(1 + |x|2)−Np(s, x0, x)h(x)−p(|β|+N+2)/`0(p(a−δ−b))

×(1+|x|2)(mp+N(1−pb))/(p(a−δ−b)) dx)p(a−δ−b)(
Z
E

(1+|x|2)−N dx)(1−p(a−δ−b))/(1−pb)

= p(t, x0, y)
pb(

Z
E

(1 + |x|2)−N dx)(1−pδ)/(1−pb)

×Eμ[h(X(s, x0))
−(|β|+N+2)`0/δ(1 + |X(s, x0)|2)(mp+N(1−pb))/(pδ)]pδ.

So by Proposition 3, we have our assertion.

3 Stochastic mesh and random norms

Let F (L)
t , t = 0, L = 0, 1, . . . ,∞ be sub σ-algebra of F given by

F (L)
t = σ{X`(s); s ∈ [0, t], ` = 1, 2, . . . .L},

and
F (∞)
t = σ{X`(s); s ∈ [0, t], ` = 1, 2, . . .}.

Let νt, t = 0, be the probability law of X(t, x0) under μ. Then we see that ν0 is the
probability measure concentrated in x0, and νt(dx) = p(t, x0, x)dx, t > 0.
Then for any t > s = 0, we can define a linear contraction map Ps,t : L

1(E; dνt) →
L1(E; dνs) by

(Ps,tf)(x) =

Z
E

p(t− s, x, y)f(y)dy, x ∈ E, f ∈ L1(E; dνt).

12



Proposition 13 Let t > s = 0, α ∈ ZN=0 and bounded measurable function f : E → R.

Then we have

E[∂αx (Q
(L)
s,t f)(x)|F (∞)

s ] = ∂αx (Ps,tf)(x), νs − a.e.x.

and

E[|∂αx (Q(L)s,t f)(x)− ∂αx (Ps,tf)(x)|2|F (∞)
s ] 5 1

L

Z
E

(∂αx p(t− s, x, y))2|f(y)|2
q
(L)
s,t (y)

dy.

Proof. Note that

E[∂αx (Q
(L)
s,t f)(x)|F (∞)

s ] =
1

L

LX
`=1

Z
E

∂αx p(t− s, x, y)f(y)
q
(L)
s,t (y)

p(t− s,X`(s), y) dy

=

Z
E

∂αx p(t− s, x, y)f(y) dy = ∂αx (Ps,tf)(x).

This implies the first assertion.
Let

m` =
1

L

Z
E

∂αx p(t− s, x, y)f(y)
q
(L)
s,t (y)

p(t− s,X`(s), y) dy

and

d` =
1

L

∂αx p(t− s, x,X`(t))f(X`(t))

q
(L)
s,t (X`(t))

−m`

for ` = 1, . . . , L. Then we see that

E[d`|F (∞)
s ∨ F (`−1)

t ] = 0, ` = 1, . . . , L.

Here we let F (0)
t = {∅,Ω}. Moreover, we have

LX
`=1

d` = ∂αx (Q
(L)
s,t f)(x)− ∂αx (Ps,tf)(x)

So we see that

E[|∂αx (Q(L)s,t f)(x)− ∂αx (Ps,tf)(x)|2|F (∞)
s ] 5 E[(

LX
`=1

|d`|2)|F (∞)
s ]

5
LX
`=1

E[(
1

L

∂αx p(t− s, x,X`(t))f(X`(t))

q
(L)
s,t (X`(t))

)2|F (∞)
s ]

5 1

L2

LX
`=1

Z
E

(∂αx p(t− s, x, y))2|f(y)|2
q
(L)
s,t (y)

2
p(t− s,X`(s), y) dy

=
1

L

Z
E

(∂αx p(t− s, x, y))2|f(y)|2
q
(L)
s,t (y)

dy.
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So we have the second assertion.

Now let M
(L)
t : m(E) × Ω → R, and N

(L)
t : m(E) × Ω → [0,∞), t = 0, L = 1, be a

random functional given by

M
(L)
t (f) =M

(L)
t (f ;ω) =

1

L

LX
`=1

f(X`(t)), f ∈ m(E),

and

N
(L)
t (f) = N

(L)
t (f ;ω) =M

(L)
t (|f |) = 1

L

LX
`=1

|f(X`(t))|, f ∈ m(E).

Then we see that M
(L)
t is a linear function and N

(L)
t is a semi-norm in m(E).

Proposition 14 Let t > s = 0 and L = 1 (1) For any f ∈ m(E),

M (L)
s (Q

(L)
s,t f) =Mt(f).

(2) For any f ∈ m(E)
N (L)
s (Q

(L)
s,t f) 5 Nt(f).

Proof. Suppose that f ∈ m(E). Then we have

M (L)
s (Q

(L)
s,t f) =

1

L

LX
`=1

1

L

LX
k=1

p(t− s,X`(s), Xk(t))f(Xk(t))

q
(L)
s,t (Xk(t))

=
1

L

LX
k=1

(
1

L

LX
`=1

p(t− s,X`(s), Xk(t))f(Xk(t))

q
(L)
s,t (Xk(t))

) =Mt(f).

So we have the assertion (1).
The second assertion is an easy consequence of the assertion (1).

Proposition 15 (1) Let T > 0 and m = 1. Then there is a C > 0 such that

1

L

LX
`=1

E[((Q
(L)
s,t f)(X`(s))− (Ps,tf)(X`(s))2|F (∞)

s ]

5 C

L
(t−s)−(N+1)`0/2 max

`=1...,L
h(X`(s))

−2(N+1)(1+|X`(s)|2)m)
Z
E

f(y)2(1+|y|2)−m dy a.s.

for any L = 1 and s, t ∈ [0, T ] with s < t.
In particular,

E[N (L)
s (Q

(L)
s,t f − Ps,tf)2]

5 C

L
(t− s)−(N+1)`0/2E[ max

`=1...,L
h(X`(s))

−2(N+1)(1 + |X`(s)|2)m]
Z
E

f(y)2(1 + |y|2)−m dy

for any L = 1 and s, t ∈ [0, T ] with s < t.
(2) For any ε > 0 and T > 0,

lim
L→∞

L−ε sup
s∈[0,T ]

E[ max
`=1...,L

h(X`(s))
−2(N+1)(1 + |X`(s)|2)m] = 0
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Proof. By Proposition 13, we see that

1

L

LX
`=1

E[((Q
(L)
s,t f)(X`(s))− (Ps,tf)(X`(s))2|F (∞)

s ]

5 1

L2

LX
`=1

Z
E

p(t− s,X`(s), y)2f(y)2
q
(L)
s,t (y)

dy

5 1

L2

LX
`=1

Z
E

( max
`0=1,...,L

p(t− s,X`0(s), y))
p(t− s,X`(s), y)f(y)2

q
(L)
s,t (y)

dy

=
1

L

Z
E

( max
`=1,...,L

p(t− s,X`(s), y))f(y)2dy.

Then by Proposition 8 we have the assertion (1).
Let ε > 0. Let us take p > 1/ε. Then we have

E[ max
`=1...,L

h(X`(s))
−2(N+1)(1 + |X`(s)|2)m]

5 E[(
LX
`=1

(h(X`(s))
−2(N+1)(1 + |X`(s)|2)m)p)1/p]

5 E[
LX
`=1

(h(X`(s))
−2(N+1)(1 + |X`(s)|2)m))p]1/p

= L1/pEμ[h(X(s, x0))
−2p(N+1)(1 + |X(s, x0)|2)mp]1/p

5 L1/pEμ[h(X(s, x0))
−4p(N+1)]1/(2p)Eμ[(1 + |X(s, x0)|2)2pm]1/(2p)

So we have the assertion (2) by Proposition 3.

4 Application 1

Let r = 0, and let Br be the set of Borel measrurable functions f : RN → R such that
supx∈RN (1 + |x|2)−r/2|f(x)| <∞.
Then we see that Q

(L)
s,t and Ps,t, t > s = 0, can be regarded linear operators on Br.

Now let φs,t : R
n ×R, s, t ∈ [0,∞), s < t, be measurable functions. We assume that

there is a λ = 0, such that
|φs,t(x, y)− φs,t(x, z)| 5 exp(λ(t− s))|y − z|, x ∈ RN , y, z ∈ R, t > s = 0.

Also, we assume that φs,t(·, 0) ∈ Br, t > s = 0.
Let us define a nonlinear operator Φs,t : Br → Br, s, t ∈ [0,∞), s < t, by

(Φs,tf)(x) = φs,t(x, f(x)), x ∈ E, f ∈ Br.
Then we have

N (L)
s (Φs,tf − Φs,tg) 5 exp(λ(t− s))N (L)

s (f − g)
for any f, g ∈ Br.
Let us define operators Q̃

(L)
s,t and P̃s,t on Br by Q̃(L)s,t = Φs,t ◦Q(L)s,t and P̃s,t = Φs,t ◦Ps,t.

Then we have the following easily from Propositions 14 and 15.
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Proposition 16 (1)

N (L)
s (Q̃

(L)
s,t f − Q̃(L)s,t g) 5 exp(λ(t− s))N (L)

t (f − g)

for any f, g ∈ Br.
(2) Let T > 0 and m = 1. Then there is a C > 0 such that

E[N (L)
s (Q̃

(L)
s,t f − P̃s,tf)2]

5 C

L
a(L) exp(2λ(t− s))(t− s)−(N+1)`0/2

Z
E

f(y)2(1 + |y|2)−(r+N) dy

for any L = 1 and s, t ∈ [0, T ] with s < t. Here

a(L) = sup
s∈[0,T ]

E[ max
`=1...,L

h(X`(s))
−2(N+1)(1 + |X`(s)|2)m]

Note that by Proposition 15(2), we see that for any δ > 0,

L−δa(L)→ 0, L→∞.

So we have the following.

Theorem 17 For T > 0, there is a C > 0 satisfying the following. For any n = 1, and
0 = t0 < t1 < · · · < tn 5 T,

E[|(Q̃(L)t0,t1 · · · Q̃
(L)
tn−1,tnf)(x0)− (P̃t0,t1 · · · P̃tn−1,tnf)(x0)|2]1/2

5 C

L1/2
a(L)1/2 exp(λtn)

nX
k=1

(tk − tk−1)−(N+1)`0/4

(

Z
E

(P̃tk,tk+1 · · · P̃tn−1,tnf)(y)2(1 + |y|2)−(r+N) dy)1/2

Proof. Note that

|(Q̃(L)t0,t1 · · · Q̃
(L)
tn−1,tnf)(x0)− (P̃t0,t1 · · · P̃tn−1,tnf)(x0)|

= N
(L)
0 ((Q̃

(L)
t0,t1 · · · Q̃

(L)
tn−1,tnf)− (P̃t0,t1 · · · P̃tn−1,tnf))

5
nX
k=1

N
(L)
0 ((Q̃

(L)
t0,t1 · · · Q̃

(L)
tk−1,tk P̃tk,tk+1 · · · P̃tn−1,tnf)−(Q̃

(L)
t0,t1 · · · Q̃

(L)
tk−2,tk−1P̃tk−1,tk · · · P̃tn−1,tnf))

5
nX
k=1

exp(λtk−1)N
(L)
tk−1(Q̃

(L)
tk−1,tk P̃tk,tk+1 · · · P̃tn−1,tnf)− (P̃tk−1,tk · · · P̃tn−1,tnf)).

Also, we have by Propostion 16

E[N
(L)
tk−1(Q̃

(L)
tk−1,tkP̃tk,tk+1 · · · P̃tn−1,tnf)− (P̃tk−1,tk · · · P̃tn−1,tnf))2]1/2

5 C1/2

L1/2
a(L)1/2 exp(λ(tk − tk−1))(tk − tk−1)−(N+1)`0/4
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×(
Z
E

(P̃tk,tk+1 · · · P̃tn−1,tnf)(y)2(1 + |y|2)−(r+N) dy)1/2.

These imply our theorem.
Now we apply the above theorem to American option. Let g : [0, T ] × Rn → R

be a continuous function such that there are r = 1 and C1 > 0 such that |g(t, x)| 5
C1(1 + |x|2)r/2, t ∈ [0, T ], x ∈ Rn. Let φs,t(x, y) = g(s, x) ∨ y, for x ∈ Rn, y ∈ R, and
s, t ∈ [0, T ] with s < t. Then we have φs,t(x, y)−φs,t(x, z)| 5 |y− z|. It is easy to see that
there is a a = 0 such that

E[ sup
t∈[0,T ]

(1 + |X(t, x)|2)r/2] 5 exp(aT )(1 + |x|2)r/2, x ∈ Rn.

So we see that

sup
x∈Rn

(1 + |x|2)−r/2|P̃s,tf(x)| 5 expC1 ∨ exp(a(t− s)) sup
x∈Rn

(1 + |x|2)−r/2|f(x)|, f ∈ Br.

Then we see that

(

Z
E

(P̃tk,tk+1 · · · P̃tn−1,tng(tn, ·))(y)2(1+|y|2)−(r+N) dy)1/2 5 C1 exp(a(tn−tk))
Z
E

(1+|y|2)−N dy)1/2.

So we have by Theorem 17, we see that there is a C2 > 0 such that

E[|(Q̃(L)t0,t1 · · · Q̃
(L)
tn−1,tng(tn, ·)(x0)− (P̃t0,t1 · · · P̃tn−1,tng(tn, ·))(x0)|2]1/2

5 C2
L1/2

a(L)1/2
nX
k=1

(tk − tk−1)−(N+1)`0/4

for any n = 1, and 0 = t0 < t1 < · · · < tn 5 T. So if we take nL = 1 and 0 = t(L)0 < t
(L)
1 <

· · · < t(L)n = T for each L = 1, and there is a δ0, δ1 > 0, with δ0 < δ1 < 1/2 such that

lim
L→∞

L−δ0
nLX
k=1

(t
(L)
k − t

(L)
k−1)

−(N+1)`0/4 = 0,

then we see that

L−(1−δ1)/2|(Q̃(L)
t
(L)
0 ,t

(L)
1

· · · Q̃(L)
t
(L)
nL−1,t

(L)
nL

g(T, ·)(x0)− (P̃t(L)0 ,t
(L)
1
· · · P̃

t
(L)
nL−1,t

(L)
nL

gT, ·))(x0)|→ 0

in probability.

5 Preparations for estimates of functions

Proposition 18 Let Zk, k = 1, 2 . . . be independent integrable random variables.
(1) For any p = 1, there is a C > 0 only depend on p such that

E[|
nX
k=1

(Zk − E[Zk])|2p] 5 C(E[(
nX
k=1

Z2k)
p] + (

nX
k=1

|E[Zk]|)2p), n = 1.

17



(2) For any p = 1, there is a C > 0 only depend on p such that

E[|
nX
k=1

Zk|2p] 5 C(E[(
nX
k=1

Z2k)
p] + (

nX
k=1

|E[Zk]|)2p), n = 1.

(3) For any m ∈ N, there is a C > 0 only depend on m such that

E[|
nX
k=1

Z2k |2
m

] 5 C
m+1X
r=1

(

nX
k=1

E[Z2
r

k ])
2m+1−r n = 1.

Proof. (1) If
Pn

k=1E[|Zk|2p] =∞, the right hand side is infinity, and so the inequality
is valid. So we assume that

Pn
k=1E[|Zk|2p] < ∞. Then by Burkholder’s inequality we

have

E[|
nX
k=1

(Zk − E[Zk])|2p] 5 C2pE[(
nX
k=1

(Zk − E[Zk])2)p].

Since we have

E[(
nX
k=1

(Zk − E[Zk])2)p] 5 2pE[(
nX
k=1

(Z2k + E[Zk]
2))p]

5 22pE[(
nX
k=1

Z2k)
p] + 22p(

nX
k=1

E[Zk]
2)p 5 22pE[(

nX
k=1

Z2k)
p] + 22p(

nX
k=1

|E[Zk]|)2p,

we have our assertion.
(2) Note that

E[|
nX
k=1

Zk|2p] = E[|
nX
k=1

((Zk − E[Zk]) + E[Zk])|2p]

5 22p(E[|
nX
k=1

(Zk − E[Zk]|2p] + |
nX
k=1

E[Zk]|2p).

So we have our assertion by the assertion (1).
We can show the assertion (3) easily by induction and the assertion (2).

Proposition 19 For any m = 1, j = 0, α ∈ ZN=0, δ ∈ (0, 1), and T > 0, there is a C > 0
such that

E[ sup
s∈[0,t−ε]

|( 1
L

LX
`=1

∂jt ∂
α
y p(t− s,X`(s), y))− ∂jt ∂

α
y p(t, x0, y)|2

m+1

]

5 Cε−2m(j+|α|+3)`0L−2mLp(t, x0, y)1−δ(L−1 + p(t, x0, y)1−δ)2
m

,

for any y ∈ RN , L = 1, t ∈ (0, T ], ε ∈ (0, t).

Proof. Let us note that

∂

∂t
∂jt ∂

α
y p(t, x, y) = Lx∂

j
t ∂

α
y p(t, x, y), t > 0, x ∈ E, y ∈ RN ,

18



where

Lx =
1

2

dX
k=1

V 2k + V0.

So we see that ∂jt ∂
α
y p(t− s,X`(s), y), s ∈ [0, t), h > 0, is a martingale, and

h∂jt ∂αy p(t− ·, X`(·), y)is

=

dX
k=1

Z s

0

|∂jt ∂αy Vk,xp(t− r,X`(r), y)|2dr.

So we have by Burkholder’s inequality and Proposition 18 (3),

E[ sup
s∈[0,t−ε]

|
LX
`=1

(∂jt ∂
α
y p(t− s,X`(s), y)− ∂jt ∂

α
y p(t, x0, y))|2

m+1

]

5 C2m+1E[(
LX
`=1

dX
k=1

Z t−ε

0

|∂jt ∂αy Vk,xp(t− s,X`(s), y)|2ds)2
m

]

5 C2m+1d2
m

dX
k=1

E[(

LX
`=1

Z t−ε

0

|∂jt ∂αy Vk,xp(t− s,X`(s), y)|2ds)2
m

]

5 C
dX
k=1

mX
r=0

(

LX
`=1

E[(

Z t−ε

0

|∂jt ∂αy Vk,xp(t− s,X`(s), y)|2ds)2
r

])2
m−r

5 C
dX
k=1

mX
r=0

t2
m−2m−r(

LX
`=1

E[(

Z t−ε

0

|∂jt ∂αy Vk,xp(t− s,X`(s), y)|2
r+1

ds])2
m−r

= C
dX
k=1

mX
r=0

t2
m−2m−rL2

m−r
(

Z t−ε

0

(

Z
RN

|∂jt ∂αy Vk,xp(t− s, z, y)|2
r+1

p(s, x0, z)dz)ds)
2m−r .

Then by Proposition 10, we have

E[ sup
s∈[0,t−ε]

|
LX
`=1

(∂jt ∂
α
y p(t− s,X`(s), y)− ∂jt ∂

α
y p(t, x0, y))|2

m+1

]

5 C 0t2mε−2m(j+|α|+3)`0
mX
r=0

L2
m−r
p(t, x0, y)

2m−r(1−δ).

5 C 0t2mε−2m(j+|α|+3)`0L2mLp(t, x0, y)1−δ(L−1 + p(t, x0, y)1−δ)2
m

.

This implies our assertion.

Proposition 20 For any δ ∈ (0, 1/2), T > 0 and p ∈ [2,∞), there is a C > 0 such that

E[( sup
y∈RN

sup
t∈[ε,T ],s∈[0,t−ε]

(
|q(L)s,t (y)− p(t, x0, y)|

(L−1/(1−δ) + p(t, x0, y))(1−δ)/2
)p]1/p 5 Cε−5`0L−1/2+1/p, L = 1, ε ∈ (0, 1).
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Proof. Let us take an m = 1 such that p+N < 2m. Note that

L−1 + p(t, x0, y)
1−δ 5 2(L−1/(1−δ) + p(t, x0, y))1−δ.

Let

ρL(s, t, y) =
q
(L)
s,t (y)− p(t, x0, y)

(L−1/(1−δ) + p(t, x0, y))(1−δ)/2
, 0 5 s < t 5 T, y ∈ RN .

We see by Proposition 9, we see that for any a > 0, j = 0, and α ∈ ZN=0, there is a C > 0
such that

(L−1/(1−δ) + p(t, x0, y))
−a+2j+|α||∂jt ∂αy ((L−1/(1−δ) + p(t, x0, y))−a)|

5 Ct−(2j+|α|)`0p(t, x0, y)−δ, y ∈ RN , t ∈ (0, T ].
So we see that by Proposition 18, for any a > 0, j = 0, 1, and α ∈ ZN=0 with |α| 5 1, there
is a C > 0 such that

E[ sup
s∈[0,t−ε]

|∂jt ∂αy ρL(s, t, y)|2
m+1

]

5 Cε−2m+14`0L−2mLp(t, x0, y)1−2δ, y ∈ RN , L = 1, ε ∈ (0, 1), t ∈ (ε, T ].
Therefore we see that

E[

Z
RN

dy sup
s∈[0,t−ε]

|∂jt ∂αy ρL(s, t, y)|2
m+1

]

5 Cε−2m+3`0L−2mL
Z
RN

p(t, x0, y)
1−2δdy, L = 1, ε ∈ (0, 1), t ∈ (ε, T ].

Note by Proposition 8 that there is a C > 0 such thatZ
RN

p(t, x0, y)
1−2δdy 5 Ct(N+1)`0δ, t ∈ (0, T ].

Also, note that

∂αy ρL(s, t, y) = ∂αy ρL(s, T, y)−
Z T

t

∂r∂
α
y ρL(s, r, y)dr,

and so we see that

sup
t∈[ε,T ],s∈[0,t−ε]

Z
RN

|∂αy ρL(s, t, y)|2
m

dy

5 2m+1
Z
RN

dy sup
s∈[0,T−ε]

|∂αy ρL(s, T, y)|2
m

+2m+1(T + 1)2
m

Z T

t

dr

Z
RN

dy sup
s∈[0,r−ε)

|∂αy ρL(s, r, y)|2
m

.

Then by Sobolev’s inequality, we see that there is a C > 0 such that

E[ sup
y∈RN

sup
t∈[ε,T ],s∈[0,t−ε]

|ρL(s, t, y)|2
m+1

]1/2
m+1 5 Cε−(4+(N+1)/2m+1)`0L−1/2+1/2m+1 ,
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L = 1, ε ∈ (0, 1). This implies our assertion.
Let

ZL(s, t; δ) = sup
y∈RN

|q(L)s,t (y)− p(t, x0, y)|
(L−1/(1−δ) + p(t, x0, y))(1−δ)/2

, t > 0, s ∈ [0, t)

and
Z̃L(ε, δ, T ) = sup

t∈[ε,T ],s∈[0,t−ε]
ZL(s, t; δ)

for T > 0, ε ∈ (0, T ], and δ ∈ (0, 1). Note that ZL(s, t; δ) is F (∞)
s -measurable.

Then we have the following.

Proposition 21 (1) Let T > 0, ε ∈ (0, T ], and δ ∈ (0, 1). Then for any p > 1, there is a
C > 0 such that

E[(L(1−δ
2)/2Z̃L(ε, δ, T ))

p]1/p 5 Cε−5`0L−pδ2/2+1/p, L = 1.

(2)Let δ ∈ (0, 1), t > 0, and s ∈ (0, t). If L(1−δ2)/2ZL(s, t; δ) 5 1/4, and p(t, x0, y) =
L−(1−δ), then

1

2
5

q
(L)
s,t (y)

p(t, x0, y)
5 2, t ∈ (ε, T ], s ∈ [0, t− ε]..

Proof. The assertion (1) is an immediate consequence of Proposition 20. Note that

|q(L)s,t (y)− p(t, x0, y)| 5 ZL(s, t; δ)(L−1/(1−δ) + p(t, x0, y))(1−δ)/2

. for any y ∈ RN , t ∈ [ε, T ] and s ∈ [0, t− ε].
If p(t, x0, y) = L−(1−δ), we have

| q
(L)
s,t (y)

p(t, x0, y)
− 1| 5 ZL(s, t; δ)(L−1/(1−δ)p(t, x0, y)−1 + 1)(1−δ)/2p(t, x0, y)−(1+δ)/2

5 ZL(s, t; δ)(L−1/(1−δ)L1−δ + 1)(1−δ)/2L(1−δ
2)/2 5 2L(1−δ2)/2ZL(s, t; δ).

This implies our second assertion.

Proposition 22 Let T > 0, and δ ∈ (0, 1). Let BL(s, t) ∈ F , L = 1, be given by

BL(s, t) = {ω ∈ Ω : L(1−δ
2)/2ZL(s, t; δ) 5 1/4}, t > ands ∈ (0, t),

and ϕt,L : E → {0, 1}, t ∈ (0, T ], L = 1, be given by

ϕt,L = 1{y∈E;p(t,x0,y)>L−(1−δ)}, t > 0.

(1) Let a ∈ (1/(2N), 1/2), b ∈ (a − 1/(2N), a), and m = 1. Then there is a C > 0 such
that

1BL(s,t)E[(sup
x∈E

p(s, x0, x)
a|(Q(L)s,t (ϕt,Lf))(x)− (Ps,t(ϕt,Lf))(x)|)2|F (∞)

s ]

5 C

L
s−(N+2)`0(t− s)−(N+2)`0

Z
E

p(t, x0, y)
−1+2b(1 + |y|2)−mϕt,L(y)f(y)2dy a.s.
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for t ∈ (0, T ], s ∈ (0, t), L = 1, and any bounded measurable function f defined in E.
(2) Let a ∈ (0, 1/2), and m = 1. Then there is a C > 0 such that

1BL(s,t)E[(sup
x∈E

p(s, x0, x)
1/2−δ/4|Q(L)s,t (ϕt,Lf))(x)− (Ps,t(ϕt,Lf))(x)|)2|F (∞)

s ]

5 C

L1−δ
s−(N+2)`0(t− s)−(N+2)`0

Z
E

(1 + |y|2)−mϕt,L(y)f(y)2dy a.s.

for t ∈ (0, T ], s ∈ (0, t), L = 1, and any bounded measurable function f defined in E.
(3) Let a ∈ (0, 1/2) and b ∈ (a− 1/(2N), a). Then there is a C > 0 such that
1BL(s,t)E[(sup

x∈E
p(s, x0, x)

a|Q(L)s,t (ϕt,Lp(t, x0, ·)−b))(x)− (Ps,t(ϕt,Lp(t, x0, ·)−b))(x)|)2|F (∞)
s ]

5 C

Lδ
s−(N+2)`0(t− s)−(N+2)`0 a.s.

for t ∈ (0, T ], s ∈ (0, t), L = 1.
Proof. Note that for α ∈ ZN=0

1BL(s,t)E[|∂αx (p(s, x0, x)a(Q(L)s,t (ϕt,Lf))(x)− (Ps,t(ϕt,Lf))(x)))|2F (∞)
s ]

5 1

L
1BL(s,t)

Z
E

|∂αx (p(s, x0, x)ap(t− s, x, y))|2
q
(L)
s,t (y)

ϕt,L(y)f(y)
2 dy

5 2

L
1BL(s,t)

Z
E

|∂αx (p(s, x0, x)ap(t− s, x, y))|2p(t, x0, y)−1ϕt,L(y)f(y)2 dy

So we have by Proposition 12 there is a C > 0 such that

1BL(s,t)E[

Z
RN

dx |∂αx (p(s, x0, x)a(Q(L)s,t (ϕt,Lf))(x)− (Ps,t(ϕt,Lf))(x)))|2F (∞)
s ]

5 C

L
s−(N+2)`0(t− s)−(N+2)`0

Z
E

p(t, x0, y)
−1+2b(1 + |y|2)−mϕt,L(y)f(y)2dy.

This and Sobolev’s inequality imply the assertion (1).
In the assertion (1), if a = 1− δ/4 and b > 1/2− δ/2, then we have

p(t, x0, y)
−1+2bϕt,L(y) 5 L−δ.

This implies the assertion (2).
In the assertion (1), if m = N + 1 and f = p(t, x0, ·)−b then we haveZ

E

p(t, x0, y)
−1+2b(1 + |y|2)−mϕt,L(y)f(y)2dy 5 L1−δ

Z
RN

(1 + |y|2)−(N+1)dy

This implies the assertion (3).
Similarly by using Proposition 12, we have the following.

Proposition 23 Let a ∈ (1/(2N), 1/2) and b ∈ (a − 1/(2N), a). Then there is a C > 0
such that

sup
x∈E

p(s, x0, x)
a|(Ps,tf)(x)|

5 Cs−(N+2)`0/2(t− s)−(N+3)`0/2 sup
y∈E

p(t, x0, y)
b|f(y)|

for t ∈ (0, T ], s ∈ (0, t), and any bounded measurable function f defined in E.
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6 Application to Bermuda type problem

Let us think of the situation in Section 4. Then we have the following.

Theorem 24 Let 0 = T0 < T1 < . . . < Tn < T, δ ∈ (0, 1/2), and f ∈ Br, for some r = 0.
Then there are C > 0, ΩL ∈ F , L = 1, and measurable functions d(L)m,i : E × Ω → [0,∞),
m = 1, . . . , n− 1, i = 1, 2, L = 1, such that

lim
L→∞

Lp(1− P (ΩL)) = 0, p ∈ (1,∞),

1ΩL|(Q̃(L)Tm,Tm+1
· · · Q̃(L)Tn−1,Tnf)(x)− (P̃Tm,Tm+1 · · · P̃Tn−1,Tnf)(x)|

5 d(L)m,1(x) + d
(L)
m,2(x), x ∈ E, m = 1, . . . , n− 1, L = 1

and

E[

Z
E

d
(L)
m,1(x)p(Tm, x0, x)dx] 5 CL−(1−δ)

2

E[

Z
E

d
(L)
m,2(x)

2p(Tm, x0, x)dx] 5 CL−(1−δ)

for any L = 1, m = 1, . . . , n− 1.

Proof. Note that for f, g ∈ Br0

|(Q̃(L)s,t f)(x)− (Q̃(L)s,t g)(x)|

= |φs,t(x, (Q(L)s,t f)(x))− φs,t(x, (Q
(L)
s,t g)(x))|

5 exp(λ(t− s))(Q(L)s,t (|f − g|))(x)
So we see that

|(Q̃(L)Tm,Tm+1
· · · Q̃(L)Tk−1,Tkf)(x)− (Q̃

(L)
Tm,Tm+1

· · · Q̃(L)Tk−1,Tkg)(x)|

5 exp(λ(Tk − Tm))(QTm,Tm+1 · · ·Q(L)Tk−1.Tk(|f − g|))(x)
Similary we have

|(Q̃(L)s,t f)(x)− (P̃s,tg)(x)| 5 exp(λ(t− s))|(Q(L)s,t f)(x)− (Ps,tg)(x)|

Let us take ak, k = 0, 1, . . . , n such taht 1/2 > a0 > a1 > . . . > an > 1/2− δ. Also, let

cm(x) = (P̃Tm,Tm+1 · · · P̃Tn−1,Tnf)(x).

Note that

|(Q̃(L)Tm,Tm+1
· · · Q̃(L)Tn−1,Tnf)(x)− (P̃Tm,Tm+1 · · · P̃Tn−1,Tnf)(x)|

5
n−mX
k=1

|(Q̃(L)Tm,Tm+1
· · · Q̃(L)Tm+k−1,Tm+kP̃Tm+k,Tm+k+1 · · · P̃Tn−1,Tnf)(x)

−(Q̃(L)Tm,Tm+1
· · · Q̃(L)Tm+k−2,Tm+k−1P̃Tm+k−1,Tm+k · · · P̃Tn−1,Tnf)(x)|
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5 exp(λT )
n−mX
k=1

(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+k−2,Tm+k−1(|Q
(L)
Tm+k−1,Tm+kcm+k − PTm+k−1,Tm+kcm+k|))(x)

Let

Rk = 1BL(Tk−1,Tk) sup
x∈E

p(Tk−1, x0, x)
ak−1(|Q(L)Tk−1,Tk(ϕTk,Lck)− PTk−1,Tk(ϕTk,Lck)|)(x),

Zk

= 1BL(Tk−1,Tk) sup
x∈E

p(Tk−1, x0, x)
ak−1(|Q(L)Tk−1,Tk(ϕTk,Lp(Tk, x0, ·)

−ak)−PTk−1,Tk(ϕTk,Lp(Tk, x0, ·)−ak)|)(x),

and

Dk = sup
x∈E

p(Tk−1, x0, x)
ak−1(PTk−1,Tk(ϕTk,Lp(Tk, x0, ·)−ak))(x) <∞, k = 1, . . . , n.

Then Rk and Zk are F (∞)
Tk
-measurable for k = 1, . . . , n, and by Proposition 22 we see that

there is a C > 0 such that

E[R2k|F (∞)
Tk−1 ] 5 CL

−1, E[Z2k |F (∞)
Tk−1] 5 CL

−(1−δ)

for any L = 1, and k = 1, . . . , n. So inductively we have

E[R2k(

kY
i=`+1

(Zi +Di)
2)|F (∞)

T`
] 5 2k−`Ck+1−`L−1

kY
i=`+1

(D2
i + CL

−(1−δ))

for any L = 1, and 1 5 ` 5 k 5 n. Let ΩL =
Tn
k=1BL(Tk−1, Tk). Then we have

1ΩLQ
(L)
Tk−1,Tk(p(Tk, x0, ·)

−ak)(x)

= 1ΩLQ
(L)
Tk−1,Tk(ϕTk,Lp(Tk, x0, ·)

−ak)(x) +Q(L)Tk−1,Tk((1− ϕTk,L)p(Tk, x0, ·)−ak)(x)

5 1ΩL(Zk +Dk)p(Tk−1, x0, x)
−ak−1 + 1ΩLQ

(L)
Tk−1,Tk((1− ϕTk,L)p(Tk, x0, ·)−ak)(x)

Therefore we have

1ΩL(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+k−2,Tm+k−1(|Q
(L)
Tm+k−1,Tm+kcm+k − PTm+k−1,Tm+kcm+k|)(x)

5 1ΩLRm+k(Q(L)Tm,Tm+1
· · ·Q(L)Tm+k−2,Tm+k−1p(Tm+k−1, x0, ·)

−am+k−1)(x)

+1ΩL(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+k−2,Tm+k−1(Q
(L)
Tm+k−1,Tm+k((1− ϕTm+k,L)|cm+k|)

+PTm+k−1,Tm+k((1− ϕTm+k,L)|cm+k|)))(x)
5 d̃m,2(x) + d̃m.1(x),

where

d̃
(L)
m,2(x) = Rm+k(

kY
i=1

(Zm+i +Dm+i))p(Tm, x0, x)
−am)

and
d̃
(L)
m,1(x)
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=

kX
`=1

Rm+k(

m+kY
i=m+`+1

(Zi+Di))(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+`−2,Tm+`−1((1−ϕTm+`−1,L)p(Tm+`−1, x0, ·)
am+`−1))(x))

+(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+k−2,Tm+k−1(Q
(L)
Tm+k−1,Tm+k((1− ϕTm+k,L)|cm+k|)

+PTm+k−1,Tm+k((1− ϕTm+k,L)|cm+k|)))(x)
Note that

E[Rm+k(

m+kY
i=m+`+1

(Zi+Di))(Q
(L)
Tm,Tm+1

· · ·Q(L)Tm+`−2,Tm+`−1((1−ϕTm+`−1,L)p(Tm+`−1, x0, ·)
am+`−1)(x))]

= E[E[Rm+k(

m+kY
i=m+`+1

(Zi +Di))|F (∞)
Tm+`

]

×(Q(L)Tm,Tm+1
· · ·Q(L)Tm+`−2,Tm+`−1((1− ϕTm+`−1,L)p(Tm+`−1, x0, ·)am+`−1)(x))]

5 (2kCk+1L−1
m+kY

i=m+`+1

(D2
i + CL

−(1−δ)))1/2

×E[Q(L)Tm,Tm+1
· · ·Q(L)Tm+`−2,Tm+`−1((1− ϕTm+`−1,L)p(Tm+`−1, x0, ·)am+`−1)(x))]

= (2kCk+1L−1
m+kY

i=m+`+1

(D2
i+CL

−(1−δ)))1/2PTm,Tm+`−1((1−ϕTm+`−1,L)p(Tm+`−1, x0, ·)am+`−1)(x).

Note that for a = 0Z
E

PTm,Tm+`−1((1− ϕTm+`−1,L)p(Tm+`−1, x0, ·)a)(x)p(Tm, x0, x)dx

=

Z
E

1{p(Tm+`−1,x0,x)5L−(1−δ)}p(Tm+`−1, x0, x)
1+adx

5 L−(1−δ)2
Z
E

p(Tm+`−1, x0, x)
δ+adx.

Then we have our assertion.

7 re-simulation

We think of application to pricing Bermuda derivatives.
Let r = 1 and let g : [0, T ]×RN → R be a continuous function such that

sup
x∈RN , t∈[0,T ]

(1 + |x|2)−r/2|g(t, x)| <∞.

Let φs,t(x, y) = g(s, x) ∨ y, 0 5 s < t 5 T, x ∈ RN and y ∈ R. Let 0 = T0 < T1 < . . . <
Tn < T, and let cm : E → R, m = 0, 1, . . . , n, be given by

cm(x) = (P̃Tm,Tm+1 · · · P̃Tn−1,Tng(Tn, ·))(x), m 5 n− 1, and cn(x) = g(Tn.x).
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Now let c̃m : E → R, m = 1, . . . , n − 1, be given and let c̃n = g(Tn, ·). We regard c̃m
as estimators of cm, m = 1, . . . , n.
Let us think of the SDE in Introduction. Let τ : W0 → {T1, . . . , Tn} and τ̃ : W0 →

{T1, . . . , Tn} be stopping times given by

τ = min{Tk; ck(X(Tk, x0)) 5 g(Tk, X(Tk, x0), k = 1, . . . , n}

and
τ̃ = min{Tk; c̃k(X(Tk, x0)) 5 g(Tk, X(Tk, x0), k = 1, . . . , n}

Let c̄m, m = 0, . . . , n, be given by inductively, c̄n = g(Tn, ·), and

c̄m−1 = PTm−1,Tm(g(Tm, ·)1{c̃m5g(Tm,·)} + c̄m1{c̃m>g(Tm,·)}), m = n, n− 1, . . . , 1.

Then we have the following.

Proposition 25 (1) For m = 0, 1, . . . , n− 1,

Eμ[g(τ, X(τ, x0)|BTm]1{τ=Tm+1} = cm(X(Tm, x0))1{τ=Tm+1} a.s.

and
Eμ[g(τ̃ , X(τ̃ , x0)|BTm]1{τ̃=Tm+1} = c̄m(X(Tm, x0))1{τ̃=Tm+1} a.s.

Here Bt = σ{Bi(s); s 5 t, i = 1, . . . , d}.
(2) For m = 0, 1, . . . , n− 1, and x ∈ E,

0 5 cm(x)− c̄m(x) 5 PTm,Tm+1(|cm+1− c̃m+1|)(x)+PTm,Tm+1(1{c̃m+1>gm+1}(cm+1− c̄m+1))(x).

In particular,

0 5 cm(x)− c̄m(x) 5
nX

k=m+1

PTm,Tk(|ck − c̃k|)(x), m = 0, 1, . . . , n.

Proof. Since we have
Eμ[g(τ̃ , X(τ̃ , x0)|BTm−1 ]1{τ̃=Tm}

= Eμ[Eμ[g(τ̃ , X(τ̃ , x0)1{τ̃=Tm+1}|BTm] + g(Tm, X(Tm, x0))1{τ̃=Tm}|BTm−1 ],
we can easily obtain the assertion (1) by induction.
Note that

cm − c̄m
= PTm,Tm+1(1{c̃m+15g(Tm+1,·)}((g(Tm+1, ·) ∨ cm+1)− g(Tm+1, ·)))
+PTm,Tm+1(1{c̃m+1>g(Tm+1,·)}((g(Tm+1, ·) ∨ cm+1)− c̄m+1))

= PTm,Tm+1(1{c̃m+15g(Tm+1,·)}((g(Tm+1, ·) ∨ cm+1)− (g(Tm+1, ·) ∨ c̃m+1)))
+PTm,Tm+1(1{c̃m+1>g(Tm+1,·)}((g(Tm+1, ·)−cm+1)∨0)−((g(Tm+1, ·)−c̃m+1)∨0)+cm+1−c̄m+1))

5 PTm,Tm+1(|cm+1 − c̃m+1|) + PTm,Tm+1(1{c̃m+1>g(Tm+1,·)}(cm+1)− c̄m+1))
This implies the first inequlity of the assertion (2). The second inequality follows from
this by induction.
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Proposition 26
c0(x0)− c̄0(x0)

5
nX
k=1

Z
E

(|c̃k − c̄k|+ |ck − c̄k|)(x)1{|c̃k−ck|+|ck−c̄k|=ε}(x) + ε1{|g(Tk,·)−ck|<ε}p(Tk, x0, x)dx

for any ε > 0.

Proof. Note that

c0(x0)− c̄0(x0) = Eμ[g(τ, X(τ, x0))− g(τ̃ , X(τ̃ , x0))]

= Eμ[g(τ, X(τ, x0))− g(τ̃ , X(τ̃ , x0)), τ > τ̃ ] + Eμ[g(τ, X(τ, x0))− g(τ̃ , X(τ̃ , x0)), τ < τ̃ ]

= Eμ[Eμ[g(τ, X(τ, x0))|Bτ̃ ]− g(τ̃ , X(τ̃ , x0), τ > τ̃ ]

+Eμ[g(τ, X(τ, x0)− Eμ[g(τ̃ , X(τ̃ , x0))|Bτ ], τ < τ̃ ]

=

n−1X
k=1

(Eμ[ck(X(Tk, x0))− g(Tk, X(Tk, x0)), τ > Tk, τ̃ = Tk]

+Eμ[g(Tk, X(k, x0))− c̄k(X(Tk, x0)), τ = Tk, Tk < τ̃ ])

5
n−1X
k=1

(Eμ[(ck(X(Tk, x0))− g(Tk, X(Tk, x0))1{c̃k5g(Tk,·)<ck}(X(Tk, x0))]

+Eμ[((g(Tk, X(k, x0))− c̄k(X(Tk, x0)))) ∨ 0)1{ck5g(Tk,·)<c̃k}(X(Tk, x0))]).
For any ε > 0, we see that

(ck − g(Tk, ·))1{c̃k5g(Tk,·)<ck}

5 ε1{g(Tk,·)<ck5g(Tk,·)+ε} + (ck − g(Tk, ·))1{c̃k5g(Tk,·)<ck}1{gk+ε<ck}
5 ε1{g(Tk,·)<(Tk,·)+ε} + (ck − c̃k)1{ck−c̃k>ε}1{c̃k5g(Tk,·)<ck},

and
((g(Tk, ·)− c̄k) ∨ 0)1{ck5g(Tk,·)<c̃k}

5 ((g(Tk, ·)−c̄k)∨0)1{ck5g(Tk,·)<c̃k}1{|c̃k−ck|+|ck−c̄k|=ε}+((g(Tk, ·)−c̄k)∨0)1{ck5g(Tk,·)<c̃k}1{|c̃k−ck|+|ck−c̄k|<ε}
5 (|c̃k − ck|+ |ck − c̄k|)1{|c̃k−ck|+|ck−c̄k|=ε}1{ck5g(Tk,·)<c̃k} + ε1{ck5g(Tk,·)<ck+ε}

So we have our assertion.
Now we have the following.

Lemma 27 Let dm,i : E → [0,∞). m = 1, . . . , n, i = 1, 2, be measurable functions.
Assume that |c̃m − cm| 5 dm,1 + dm,2, m = 1, . . . , n. Then we have the following.

c0(x0)− c̄0(x0)

5 n
nX
k=1

Z
E

dk,1(x)p(Tk, x0, x)dx+ n(

nX
k=1

(

Z
E

dk,2(x)
2p(Tk, x0, x)dx)

1/2)
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×(ε−1/2(
nX
k=1

Z
E

dk,1(x)p(Tk, x0, x)dx)+ε
−1(

nX
k=1

(

Z
E

dk,2(x)
2p(Tk, x0, x)dx)

1/2))

+2ε

nX
k=1

Z
E

1{|g(Tk,·)−ck|<2ε}p(Tk, x0, x)dx

for any ε > 0.

Proof. Let

d̃m,i(x) =

nX
k=m

(PTm,Tkdk,i)(x),m = 1, . . . , n.

Then by Proposition 25, we have

|c̃m(x)− cm(x)|+ |c̄m(x)− cm(x)| 5 d̃m,1(x) + d̃m,2(x).

Note that Z
E

(d̃m,1(x) + d̃m,2(x))1{d̃m,1(x)+d̃m,2(x)=2ε}(x)p(Tm, x0, x)dx

5
Z
E

d̃m,1(x)p(Tm, x0, x)dx+(

Z
E

d̃m,2(x)
2p(Tm, x0, x)dx)

1/2((

Z
E

1{d̃m,1(x)=ε}(x)p(Tm, x0, x)dx)
1/2

+(

Z
E

1{d̃m,2(x)=ε}(x)p(Tm, x0, x)dx)
1/2)

5
Z
E

d̃m,1(x)p(Tm, x0, x)dx+(

Z
E

d̃m,2(x)
2p(Tm, x0, x)dx)

1/2(ε−1/2(

Z
E

d̃m,1(x)p(Tm, x0, x)dx)
1/2

+ε−1(

Z
E

d̃m,2(x)
2p(Tm, x0, x)dx)

1/2)

Also, note that Z
E

d̃m,1(x)p(Tm, x0, x)dx 5
nX

k=m

Z
E

dk,1(x)p(Tk, x0, x)dx,

and

(

Z
E

d̃m,2(x)
2p(Tm, x0, x)dx)

1/2 5
nX

k=m

(

Z
E

dk,2(x)
2p(Tk, x0, x)dx)

1/2.

This and Proposition 26 imply our assertion.
Now we apply this Lemma and the results in the previous section to a Bermuda

derivative.
Let φs,t(x, y) = g(s, x) ∨ y, 0 5 s < t 5 T, x ∈ RN and y ∈ R. Let c̃m : E → R,

m = 1, . . . , n− 1, be given by

c̃m(x) = (Q̃
(L)
Tm,Tm+1

· · · Q̃(L)Tn−1,Tng(Tn, ·))(x).

Then by Theorem 24, we see that for any δ ∈ (0, 1/2), there are Ω0L ∈ F , L = 1, C > 0
and measurable functions d

(L)
m,i : E × Ω → [0,∞), m = 1, . . . , n − 1, i = 1, 2, L = 1, such

that
lim
L→∞

P (Ω0L) = 1,
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|c̃m(x)− cm(x)| 5 dm,1(x) + dm,2(x), x ∈ E, ω ∈ Ω0L, m = 1, . . . , n− 1, L = 1
and

E[

Z
E

dm,1(x)p(Tm, x0, x)dx] 5 CL−(1−δ)
2

m = 1, . . . , n− 1, L = 1,

and

E[

Z
E

dm,2(x)
2p(Tm, x0, x)dx] 5 CL−(1−δ)

2

m = 1, . . . , n− 1, L = 1.

Let

Ω00L = {ω ∈ Ω;
Z
E

dm,1(x)p(Tm, x0, x)dx = L−(1−δ)
3

or

Z
E

dm,2(x)
2p(Tm, x0, x)dx = L−(1−δ)

3}.

Then we see that
P (Ω \ Ω00L) 5 2CL−(1−δ)

2δ, L = 1.
Let ΩL = Ω

0
L∩Ω00L, L = 1. Then we see that P (ΩL)→ 1, l →∞. So if we use these c̃m(x),

m = 1, . . . , n− 1, as estimators and use the re-simulation method, we have

c0(x0)− c̄0(x0)

5 n2L−(1−δ)3 + n3L−(1−δ)3/2(ε−1/2L−(1−δ)3/2 + ε−1L−(1−δ)
3/2)

+ε

nX
k=1

Z
E

1{|g(Tk,·)−ck|<ε}p(Tk, x0, x)dx

for any ε > 0, ω ∈ ΩL, and L = 1. Suppose that
n−1X
k=1

Z
E

1{|g(Tk,·)−ck|<ε}p(Tk, x0, x)dx = O(ε
γ), ε ↓ 0,

for some γ ∈ (0, 1]. Then letting ε = L−(1−δ)
3/(2+γ), we see that c0(x0) − c̄0(x0) =

O(L−(1−δ)
3(1+γ)/(2+γ)) as L→∞.

Since δ is arbitrary, this proves Theorem 2.
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