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Abstract

In this paper, we propose a new hybridized discontinuous Galerkin method for the
convection-diffusion-reaction problems with mixed boundary conditions. The coer-
civity of the convection-reaction part is achieved by adding an upwinding term. We
give error estimates of optimal order in the piecewise H'-seminorm. Furthermore,
we show that the approximate solution of our scheme is close to that of the reduced
problem when the diffusion coefficient is very small. Some numerical results are
presented to verify the validity of our method.

1 Introduction

The discontinuous Galerkin method (DGM) is now widely applied to various problems in
science and engineering because of its flexibility for the choice of approximate functions
and of element shapes. An issue of DGM is, however, the size and band-widths of the
resulting matrices could be much larger than those of the standard finite element method,
since the DGM is formulated in terms of the usual node values defined in each elements
together with those corresponding to inter-element discontinuities. In order to surmount
this difficulty, it is worth-while trying to extend the idea of DGM by combining with the
hybrid displacement method (see, for example, [8], [9], [10] and [11]). Thus, we introduce
new unknown functions on inter-element edges. We can then obtain a formulation that the
resulting discrete system contains inter-element unknowns only and, consequently, the
size of the system becomes smaller. Recently, in [12], [13] and [14], the author and his
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colleagues proposed and analyzed a new class of DGM, the hybridized DGM, that is based
on the hybrid displacement approach by stabilizing their old method ([10] and [11]). In
[12], we examined our idea by using a linear elasticity problem as a model problem and
offered several numerical examples to confirm the validity of our formulation. After that,
we carried out theoretical analysis by using the Poisson equation as a model problem. In
[14], stability and convergence of symmetric and nonsymmetric interior penalty methods
of hybrid type were studied. The usefulness of the lifting operator in order to ensure
a better stability was studied in [14]. Furthermore, B. Cockburn and his colleagues are
actively contributing to the hybridized DGM for elliptic([18], [15] and [19]), Stokes and
Navier-Stokes problems ([20], [21] and [22]).

The purpose of this paper is to propose a new hybridized DGM for stationary convection-
diffusion-reaction problems with mixed boundary conditions. In [17], Cockburn et al.
proposed hybridization for the diffusion-convection-reaction problems. The stability of
their method is achieved by choosing stabilization parameters according to the convec-
tion. They reported a lot of numerical results and confirmed the validity of their schemes.
However, error analysis seems to be not undertaken. The scheme we are going to propose
is close to the original DGM for convection-diffusion problem ([3] and [4]) and is based on
a certain upwinding technique. As is well-known, there are a lot of methods of upwinding.
Our method, however, differs form any previous methods. For example, our upwinding
technique does not need information on neighboring elements, whereas most of upwind-
ing use information upwind elements. Instead, our upwinding method is introduced in
terms of neighboring edges. To be more specific, we find a hybridized approximation to
convection and reaction terms in the following form

> (b Vup + cup, vi)k + (up — tiy, avy, — Bon)ox), (1.1)
KeTy

where coefficients « and [ are decided to satisfy coercivity, as it will be shown later.
Moreover, our proposed scheme is stable even when ¢ is sufficiently small and it can be
applied to the case ¢ = 0. We furthermore give stability and optimal order error estimates.

Now let us formulate our continuous problem. Let €2 be a bounded polyhedral domain
in R". In this paper, we propose a new hybridized discontinuous Galerkin method for the
convection-diffusion-reaction problems with mixed boundary conditions:

—eAu+b-Vu+ cu= fin(), (1.2a)
U = gp Oon FD, (12b)
eVu-n =gyonly, (1.2¢)



where ¢ > 0 is the diffusion coefficient and f € L*(Q2), b € WH>(Q)", ¢ € L>*(Q),
gp € H3?(Q), and gy € HY?(Q) are given functions. We assume I'p U Ty = 050,
I'p NT'x = (), and that the inflow boundary is included by I'p, i.e.,

' :={x€d:b(z) n(x) <0} CIp,

where n is the outward unit normal vector to J€). Moreover, we assume that there exists a
non-negative constant py such that

p(x) == c(z) — %divb(a:) >po >0, Veel (1.3)

Under these assumptions, there exists a unique weak solution v € H'({) by the Lax-
Milgram theory. We shall pose further regularity on w in the error analysis. This paper
is organized as follows. In Section 2, we introduce finite element spaces to describe our
method, and norms and projections to use in our error analysis. Section 3 is devoted to
the formulation of our hybridized method, and mathematical analysis is given in Section
4. We explain why our proposed DGM is stable even when ¢ is close to 0 in Section 5.
In Section 6, we report some results of numerical computations. Finally, we conclude this
paper in Section 7.

2 Preliminaries

2.1 Notation

Function spaces and norms Let 7, = {K;}; be a triangulation of {2 in the sense of [13].
Thus, each K € 7T, is an m-polyhedral domain, where m denotes an integer m > n + 1.
The boundary 0K of K € 7, is composed of m-faces. We assume that m is bounded
from above independently a family of triangulations {7}, and 0K does not intersect
with itself. Furthermore, we set h = maxgc7, hi, where hy denotes the diameter of K.
The skeleton of T}, is defined by

[, = U oK.

KeTh

We use the broken Sobolev space over 7}, defined by
H*(Ty) = {v € L*(Q) : v|x € H*(K)},
and L?-spaces on I}, as follows

L3(Ty) = {0 € L*(T}) : dlr, = gp, 0|ry, = 0},
Li(T) ={o€ L¥T}) : d|r, = 0,0, =0}
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Then, we set V' = H?(T,) x L%(T},) and Vo = H?*(T,) x L3(T'}). The inner products

are defined as follows
(u,v) = / uvdz, (4,0), = /fw}ds,
K e

for an element K and an edge e, respectively. Let || - ||,, and | - |,,, be the usual Sobolev
norms and seminorms. We introduce auxiliary seminorms:

WP, = W Vw2, forv e H™(Ty),

KeTh,
2 e A ?
w2, =) ) (0 =10) forv eV,
KeTy, eCOK ¢ O

where hy is the diameter of K and h. is the length of e. For error analysis, we define the
HDG norm defined by

2 2 2
loll™ = lllvllz + vl .

2
llolllg = e (Jvfin + vl n + [vI55)

2 1 .
ol == 5 3 116 ncl2 = ) o + pollvll o
KeTy,

where n is the unit outward normal vector to 9K and p, is the positive constant defined
in (1.3).

Finite element spaces Let U, and Uh be ﬁniteAdimensional spaces of H 2(771) and of
L% (T},), respectively. Then we set V'), := U, x Uy, which is included by V. Similarly,
we define Vo, := Up, x Uy, C V. In this paper, we assume (H1) Vv, € [U,]" for all
vy, € Uy, and that (H2) U, includes the piecewi§e constant functions P°(7;,). For example,
we can use polynomials of degree k as Uy, or Uj,.

Projections Let P, denote the L2-projection from H? (71) onto Uy, and let Ph denote the
L2-projection from L (T',) onto U,. We define P, : V. — V, by Pyv := {P,v, P,0}.
We introduce the L2-projection P : W1>(Q) — P(T;,)". We also use the projection ~
defined by v := {v, 0|, \00 + th|ag}, which affects only on 0. In this paper we assume
the approximate properties (H3): for all v € H*"1(K), we have

v — Pywlix < CH P ol fori=0,1, 2.1
HU — Ph(U‘e)Ho’e S Chk+1/2|v|k+1,K. (22)
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Remark Throughout this paper, a boldface lowercase letters except b and n denotes a
function of V, i.e., v indicates {v, 0} € V. Moreover, the symbol C' denotes a generic
constant.

2.2 Inequalities

Theorem 2.1. Let K € 7, and e be an edge of K.

1. (Trace inequality) There exists a constant C' independent of K and e such that
lelloe < Che > ([0l s + Rielel? ) Vo € HM(K). 23)

2. (Inverse inequality) There exists a constant C' independent of K such that
ol < Chidlvnllox  Von € Up,. (2.4)
Proof. See [5, p.745]. O
Lemma 2.2. Assume (H3). Let v € H*"! and v = {v,v|r, }. Then we have

llo = Prolll, < Ce/2h*|vliya,
llo = Puolll,, < CRE2[v]jya.

Proof. This follows immediately from the definitions. L

3 A new hybridized DGM

We are able to state a new hybridized DGM, which we propose in this paper. We first state
our formulation: Find u; € V', such that

By(un,vi) = (f,vn)a + (gn, vn)p,  Von € Vi, (3.1



where

Bh(uh, 'Uh) = B,‘f(uh, ’Uh) + B;;C(’U,h, 'Uh), (32)
0
Bi(up,vy) = ¢ Z { Vup, Vup) g — <%,Uh - @h> (3.3)
KeTy, n oK
8Uh N > Tle ~ N :|
= 5, Un — Up + — (up — Up, vy — On), |
< on oK 6% he
By (wp,vp) = [(b -V + cup, vp) (3.4)
KETh

+ <Uh — th, [b . 'I’L]_Uh — [b . n]+@h)8K} s
(fion)a = / fonde, (3.5)
Q
(9N, Vn)p,, = / gnuRds. (3.6)
I'n

Here 7). is a penalty parameter with 7. > 7,,:,, > 0, h, is the length of an edge e, and the
functions |- |, and [-]_ are defined by

[z]; = max(0,z), [z]- = max(0, —x). (3.7)

Note that [z], + [z]_ = |z| and [z]; — [x]_ = =.

Before proceeding to the analysis of (3.1), we state the derivation of it. Multiplying
the both sides of (1.2) by a test function v, € V', and integrating the both sides over 2,
we have, by integration by parts,

0
Z [(Vuh, Vur)k — <%, vh> + (b - Vuy, + cuy, vh)K} (3.8)
n oK

KeTy,
= (f,vn)a + (9n, vn)r,, v, € Vi

We denote the diffusion part and convection part in (3.8) by D and C, respectively, i.e.,

0
D(up,vp) = Z [(Vuhavvh)l(_<%7vh> }7 (3.9)
oK

KeTh

C(uh, ’Uh) = Z (b . Vuh + cuy, Uh)K- (310)
KeTy,



We first derive our formulation of the diffusion part. From the continuity of the flux, we
have

0
5 <%,@h> 0. @3.11)
Ke']’h n 8K
Adding (3.11) to (3.9) yields
8uh
D(un,on) = Y [(Vun, Vo) = { 55 on = bn) |- (3.12)
n oK
KEeT;,

Symmetrizing (3.12) and adding a penalty term

> Z< (up — p) vh—@h> , (3.13)

KETy, eCOK he oK

we obtain (3.3).
Next, we derive the formulation of the convection part. Let o and [ be coefficients to
be determined later, and consider the following form:

Ch(uh, Uh) = Z [(b . Vuh + CUp,, Uh)K + <uh - ﬂh, avp — 5@h>a[(] . (314)
KeTy

The coefficients o and (3 are chosen so that

Ch(vp,vp) = Z {(pvh,vh);(—l—<((b-n)/2+a)vh,vh>aK (3.15)
KeT,

— (4 B)vn, On)oxc + (B0n; On)orc | 2 [llV]l],
for any v, € V;,. We can find the following sufficient conditions
a+pB=2((b-n)/2+a)=|b-n|,
from which it follows that
a=[b-nl_, f=[b-n].

Thus we obtain our formulation (3.1).



4 Error analysis

In this section, we shall establish an error estimates for (3.1).
Lemma 4.1. The following hold.

1. (Boundedness) There exists a constant C' > 0 such that

|Bi(w,v)| < Gy lllwllgllvlll, Vw,veV. 4.1)

2. (Coercivity) There exists a constant C’g > 0 such that

Bl(vn,vn) > C||lvnll[5  Vou € Vi (4.2)

Proof. We first prove the boundedness. Applying the Schwarz inequality for each term of
(3.3), we have

Bi(w,v)| < > |[IVwlloklVollox (4.3)
KeTh,
ow . v .
e 3 ([[Gel, v otoct |G| o=t
eCOK ,€ e
UE N Tle N
+H,/—(w—w) —(v—10) ) .
he 0,e he 0,e
By the trace theorem, we have
ow
%2 = oncraut e it @)
0,e

From (4.3), (4.4), and the Cauchy-Schwarz inequality, it follows that

—1/2
|Bil(w, v)| < max(1+ Cnyyl,2) w0, -

min
Next, we prove the coercivity. By definition,

B,ff(vh,’vh) > ’Uh’ih_Q Z Z

KeTy, eCOK

v
on

|lvr, — Onllo,e + ’Uhﬁh 4.5)
0,e



By the trace theorem, the inverse inequality and the Young inequality, we have for § €
(0,1),

on 2

2| et < S b = “6)
C [7e NG
S 6—ne|vh’iK+(5H h—e(’Uh—Uh) o VU}LGU}L.
From (4.5) and (4.6), we obtain
Bionon) 2 (1= 50— )l + (1= ) oa @
If 1nin, > 4C, then we can take 0 = \/C/1min < 1/2, which implies that
1- >1/2, 1—-6>1/2.
677mm / 7 /
Hence we have
d 1 2 2 1 2
Bitwn ) > ol + o). = 3 lloalll
Since the norms |[|-[||; and [[|-[|| ; , are equivalent each other over V'j,, we obtain the coer-
civity (4.2) . O]



Lemma 4.2. The following hold.

1. There exists a constant C7¢ > 0 such that forallv € V, w;, € V,

B (0 — Ppo,wy)| < Ci°|[o — Pyolll,., [llwrll,.

2. (Coercivity) There exists a positive constant C¢ > 0 such that

Byt (wn,vn) > C° loall. Vor € Vi,

Proof. For the proof of (1), we first show the following equality:

BZC(’U}“ 'wh) = Z ( — ("Uh, b- th)K + ((C — diVb)Uh, wh)K (48)
KeTy,

+([b-n]yv, — [b-n]_0p, wy, — W) g )
By Green’s formula,

BZC(’U}L, wh) = Z (Uh, —-b- th>]( + ((C - diVb)’Uh, wh)K
KeTy,
+ (b m)op, wh) e + (v — On, [b- n]_wn — [b - n]pin)y,

= Z (I + g + Mg ).
KeT,,

Rewrite 1115k as follows:

gy = (([b-n]y —[b:n] o, wi)yp + (Un, [b 1] wh)
— (O, [b-n]_wn) g — (vn — On, [b- 1] 101) o
= (([b-n]ivp — [b-n]-0n, wi) g — (vn — On, [b- 11 08) o -

Since

we have

Z III@K = Z <[b : TL]+Uh — [b . 'I’l,]_f)h, Wp — wh>8K .

KeTh, KEeT,
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Thus we obtain (4.8). Next, we will estimate Ix. Let us denote n = {n, 7} := u — Pu,
then

Iy = (77a -b- th)K
= (n,(Phb—0b) - Vw,)k — (n, (Pyb) - V) k.

By the property of the projection P and P,u = P, we have
(n, (P)b) - Vwy) i = 0.
Using the inverse inequality, we see that
k| = |(m, (Pyb —b) - Vn) x| < Clblusolnlloscllwnllox- (4.9)

By using the Schwarz inequality, we have

k| < C([clooo + b1, |vnllo,x[[whllo,x, (4.10)
and
S k] <> (b nf(vn — ), wh — W) (4.11)
KeTy KeTy
< > b n(n = o)lloox - 1B nl (0 — 01) ok
KeTh

From (4.9), (4.10), and (4.11), we conclude that (4.8) holds.
We now turn to the proof of (2). By Green’s formula, we have

Bi(vp,v,) = Z (/K(c—divb/Q)vidx—F%/ (b- n)vidw

KeT, oK
+ (v, — O, [b-n]_vy — [b- "]+@h>aK>

= Z (I + Hyx + Hyg).
KeT,,

By the assumption (1.3), we have

It = pollonlls i

11



Sinceb-n =[b-n|, — [b-n|_, we have

Hox + My

Since

% (0n, [b- 1) _0R) oic — (On, [b- 1] 03 o
g (00 [0l on) oy — (v, [b- ] 00) o
% (([b-n]- +[b-n])(vn = Dn), 0n — D)o
45 ([~ b ml )i, )

N | =

Y ((bm)by, n) gy =0,

KeTy

summing (4.12) over all elements K € 7T}, gives us

1 .
> (Hoxe + lllore) = 5 Y [Ib- nf(on — ) [ o

KeTy

KeTy

Thus we obtain the coercivity (4.8).

12
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From Lemma 4.1 and Lemma 4.2, we get the following lemma
Lemma 4.3. We have the following three properties.

1. (Galerkin orthogonality) Let u be the exact solution of (1.2), and let w = {u, u|r, }.
Let uy, be the approximate solution by (3.1). Then we have

Bh(u — ’U,h,’Uh) =0 V’Uh € Vh.

2. There exists a constant C}, independent of h and ¢ such that

|Bu(v = Pro,wp)| < Gy [[lv = Pyol| lwnl] - v eV, wye V.

3. (Coercivity) There exists a constant C, independent of h and ¢ such that

Bh('vh,vh) > Cc H”Uhm2 Yy € VOh- (413)

Theorem 4.4. Let u be the exact solution of (1.2), and let v = {u,u|r, }. Let u; be
the approximate solution by (3.1). Recall that we are assuming (H1), (H2), and (H3). If
u € H*1(Q) then we have the following error estimate:

| — wp|l| < C(EY?+ B2 RF u)py, (4.14)
where C' denotes a positive constant independent of A and ¢.
Proof. By using the three properties in Lemma 4.3, we deduce that

OcH‘uh_PhuH‘2 S Bh uh—Phu,uh—Phu)

Ss

(
h(u — Phu,uh — Phu)

= Bh(u — &,uh — Phu) + Bh(’& — Phu,uh — Phu)
Co(lllw —alll + llle — Prull) [lun — Prull|.

IN

Hence we have
[|lun, — Prull| < C([[lu — all| + [[lu — Prull]).

By the triangle inequality and Lemma 2.2, we have

llw =l < flfwn = Prull] + [[lw — Prull]
(C+ 1) |lw— Prull| + C[u - af|

<
< C(V? + hYH)hF sy

Thus, the proof is completed. []
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5 The relation between u;, and the solution of the reduced
problem

Let u( be the solution of the reduced problem of (1.2) :

b-Vug+cuy = finQQ, (5.1a)
Uy = gDOl’lFD. (Slb)

Here we assume that I'p = I'_ and gy = 0, and suppose that the unique existence of a
solution uy € H?(Q) to (5.1). Let uy = {uo, ug|r, }- The aim of this section is to show
the approximate solution wy, is also close to wy when ¢ is very small. This suggests that
our hybridized DG method (3.1) is stable even when ¢ is sufficiently small.

Theorem 5.1. Let u;, be the approximate solution defined by (3.1), and let u, be defined
as above. Then we have the following inequality:

llur — ol < C (1ollly + o — Prasollf) (5.2)
where C' is a constant independent of € and h.

Proof. By the consistency of B;°(-, ), we have
Bj(wo, vi) = (f,vn), (5.3)
from which it follows that
By (o, vn) = (f,vn) + B (wo, v1) + Bu(to — o, vp). (5.4)
Subtracting (5.4) from (3.1) gives us
By (g — up, vy) = Bi(u),vy) + Bu(tg — ug, vy) Yo, € V. (5.5)
Here we claim that
B (g — ug, vy,) = B (g — ug, vp). (5.6)
In fact, we have

Bi(tg — ug,v,) = Bi(tg — ug,vy) + B(g — ug, vp,)

= Bz(’&,o — Uy, ’Uh)

+ <15h(u0]m) — Uolog, [b-n]-v, — [b- n}+ﬁh>aa\r_
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Since [b - n|_ and 0y, vanish on 992 \ T'_, we have (5.6). Thus (5.5) becomes

Bh('&O — Up, ’Uh> = B,‘f(uo, 'Uh) + Bg(’&o — Uy, ’Uh) (57)
= BXa),v,) Vv, € V.

Choosing vy, = u, — Prug € Vg, in (4.13), we have

Ccl\luh—PhﬂoW < Bp(up — Prug, up, — Pyiy)
= Bh(uh — Ug, Wp, — Phﬁo) + Bh(ﬁo — Prug, uy, — Phﬁo)
| Bil (o, up — Pyttg)| + | Bp (o — Pritg, up — Prito)]

Gy ol llun — Puaolll, + Co ll[to — Prsolll [lun — Prsol
Then we have

Ce lllun — Puto||| < Gy [l[tolll; + Co ll[ho — Prsol|.
By the triangle inequality,

llwn —aoll] < [lun — Patioll] + [[| Prto — ol

cy C
< G llally + (14 G ) o = Pl
where Ogl, C., and C}, are independent of ¢. Thus we obtain the inequality (5.2). [l
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6 Numerical results

6.1 Convection-dominated case

We consider the case that the diffusion coefficient is very small, e = 1077, so that the exact
solution has a boundary layer. Let §2 be the unit square domain, b = (1,1)%, and ¢ = 0.
The example problem is as follows:

—eAu+b-Vu = fin(, (6.1a)
u = 0onlp =01, (6.1b)

where [ is given so that the exact solution is
u(z,y) = sin(rz/2) sin(ry/2) (1 — e(x_l)/a) (1- e(y_l)/a) :

This solution has a boundary layer near x = 1 or y = 1. The meshes we use are the
rectangular meshes with the length of h = 1/N. We computed the approximate solutions
for h = 1/10,1/20,1/40, and 1/80 with linear elements. In Figure 3, we display the
graph of the approximate solution for h = 1/10. We can see that no oscillation appears
unlike the classical finite element method. Figure 1 shows that the convergence diagram
in the L? norm and H'(7}) seminorm on Qg9 := (0, 0.9)2. Here we restrict the domain to
Q0.9 in order to remove the boundary layers. We observe that the convergence rates of the
L?-error and the H'(T})-error are optimal,i.e., h? and h, respectively. We also computed
for ¢ = 107! to compare with the convection-dominated case, see Figure 2. In this case, it
can be observed that the convergence rates of the error on the entire {2 are h? and A in the
L?-norm and H'(T;,)-seminorm, respectively.

6.2 Rotating flow problem

Next, we consider the example where b is not constant. Let ) be the unit square domain
with a slit, i.e., @ = (0,1)%\ {(1/2,y) : 0 < y < 1/2}. We consider the same equation
(6.1) for different coefficients: ¢ = 107, b = (1/2 —y,z — 1/2)7, and f = 0. The
non-homogeneous Dirichlet boundary condition, gp(z,y) = sin?(27y), is imposed on
the inflow-side slit, and gp = 0 otherwise, see Figure 4. We used the same meshes and
finite element spaces as the previous example. In Figure 5, we display the graphs of the
approximate solution wy, and u, with h = 1/20. Figure 6 shows the cross section of u, at
x = 1/2, which confirms us that our method works well and is stable.
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H1(Th)—error

Figure. 1: L?-error (left) and H'(7y,)-error(right) on Qg for e = 107°.
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Figure. 2: L*-error(left) and H'(7})-error(right) on ) for e = 1071,
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Figure. 3: Approximate solutions uy,(left) and 4 (right) for h = 1/10 and € = 1077,

=—gp(z,y) = sin*(2ry)

Figure. 4: Rotating flow problem.
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Figure. 6: Approximate solution uy, at x = 1/2 of the rotating flow problem for h = 1/20

(left) and h = 1/40 (right).
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7 Conclusions

We have presented a new hybridized scheme for the convection-diffusion-reaction prob-
lems. In our formulation, a unwinding term is added to stabilize the convection-reaction
part. As aresult, our scheme is stable even when ¢ | 0. Indeed, numerical results show that
no oscillation appears in our approximate solutions. We have proved the error estimates
of optimal order in the HDG norm, and discussed the relation between our approximate
solution and the solution of the reduced problem.
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