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ABSTRACT. We study the asymptotic behavior of solutions to fully nonlin-
ear second order parabolic equations including a generalized curvature flow
equation which was introduced by Mullins in 1957 as a model of evaporation-
condensation. We prove that, in the multi-dimensional half space, solutions of
the problem with prescribed contact angle asymptotically converge to a self-
similar solution of the associated problem under a suitable rescaling. Several
properties of the profile function of the self-similar solution are also investi-
gated. We show that the profile function has a corner and that the angles are
determined by points at which the equation is degenerate. We also study the
depth of the groove, which is represented by the value of the profile function
at the boundary. Among other results it turns out that, as the contact angle
tends to zero, the depth of the groove is well approximated by the linearized
problem.

1. INTRODUCTION

We are concerned with the asymptotic behavior of solutions to second order
parabolic equations with the Neumann boundary condition of the form

owu(x,t) = F(Vu(x,t), V3u(z,t))  in Qx (0,00), (1.1)
(NP) {8 u(z,0) = ug(x) on Q, (1.2)
Oz, w(2, t)|zy=0 =B >0 on 9 x (0,00), (1.3)

which we also denote by (NP; F,ug). Here Q = {(x1,...,2z,) € R" | z1 > 0} is the
half space, Vu and V?u denote, respectively, the gradient and Hessian matrix of u
with respect to x, and the initial data ug is bounded and uniformly continuous, i.e.,
up € BUC(Q). A given real-valued function F is continuous and degenerate elliptic.
Our goal in this paper is to prove that (viscosity) solutions of (NP) asymptotically
converge to a self-similar solution of the associated problem, and study properties
of a profile function of the self-similar solution.

Our study is motivated by evaporation-condensation model which was first pro-
posed by a material scientist Mullins in [43]. Consider the situation that there
are two crystal grain regions (solid phases) on the plane which consist of the same
matter and differ only in their relative crystalline orientation. Let the two region be
{(z,y) | 220, y < u(z,t)} and {(z,y) | 2 £0, y < a(x,t)} at time ¢ = 0, where
we assume u(0,t) = @(0,t) so that a triple junction appears at the point (0, u(0,t));
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see Figure 1. Moreover, we assume the symmetry, i.e., u(x,t) = a(—=z,t) for x > 0.
The rest part on the plane is filled by gas. The intersection between the two crys-
tal regions, which is called a grain boundary, is assumed to be stable on the line
x = 0. We suppose that due to evaporation and condensation crystal atoms move
between solid phases and gas phase. This mechanism leads development of a sur-
face groove at the grain boundary, which we call a thermal groove, as in Figure 1.
In this setting we study evolution of interfaces between crystal grains and gas. By

U . u %O T, u(z,t)
— crvstal - ]

grain boundary (fixed) thermal groove

F1GURE 1. The thermal groove develops due to evaporation-condensation.

symmetry we consider the interface only in the right region, which we represent as
Iy := {(z,u(x,t)) € R?| x = 0}. According to Mullins’ theory in [43] the evolution
equation for I'; is given as

Vo =Co(l—e ) onTy, (1.4)

where V,, is the upward normal velocity of I'y, k is the upward (mean) curvature,
and Cy,C are positive constants. Thus, taking Cy = C; = 1 for simplicity, we
obtain the following partial differential equation for wu:

(7 —k

——=1-c 1.5
V1+u (15)
in {z > 0} x {t > 0}, where (u¢, Uy, Ugz) = (Oru, Oy, Ozzu). Here we have invoked
the formula V;, = u;/4/1+u2, and also the curvature k is represented by k =

Uz [/ 1+ uig ([22, Chapter 1.2, 1.4]). In this model a boundary condition on u at
x = 0 is given as
ugs(0,8) =8 >0, (1.6)

which is the prescribed angle condition and results from equilibrium of tensions
at the triple junction point (0,u(0,¢)). Hence solving the Cauchy problem for
(1.5) under the Neumann boundary condition (1.6) gives the surface profile due
to evaporation-condensation. The problem (NP) is a generalized multidimensional
case of this model.

In [43] Mullins approached the equation (1.5) via two approximations. He first
applies the linear approximation of the exponential term, which is

1—e b=k (1.7)
Then the original equation (1.5) simplifies to

Vg
= 1.8
Ut 1 ¥ ’U% ) ( )
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which is the usual mean curvature flow equation for graphs. To solve (1.8) Mullins
next applies the second approximation that

vy ~ 0. (1.9)

This condition comes from physical assumption that slopes on the surface are suf-
ficiently small, which especially implies 5 < 1. Applying (1.9) to (1.8) finally
yields

Wy = Wy (1.10)

Since this is the simple heat equation, its classical solution w with the initial-
boundary conditions w(z,0) = 0 and w,(0,t) = 8 > 0 exists and has the explicit
form; see Example 2.3. In this way Mullins concludes that the groove profile due to
evaporation-condensation is given by the solution w. In particular, putting z = 0,
Mullins computes the depth of the developing thermal groove at the origin, which
is

—w(0,t) = 2,3\/Z ~ 1138Vt (1.11)

In this paper we aim at justifying these two approximations by Mullins. Namely,
we rigorously discuss a relation among the three solutions u, v and w. The point in
our study is that the solutions v of (1.8) and w of (1.10) are (forward) self-similar,
i.e., they are of the form

oz, t) = ViV (\2) . w(a,t) = VIW (\2) .

The functions V and W are called profile functions of v and w, respectively. Then,
as a justification for the first approximation, we prove

1

Vit
in Theorem 3.4. This convergence result says that if we rescale the solution w of
(1.5) in the above way, then it converges to the profile function V' of the approx-
imated equation. In other words, u itself is not necessarily self-similar, but it is
asymptotically self-similar in the above sense.

We prove such an asymptotic result for more general problems of the form (NP)
in Section 3. As a special structure of the equation (1.1) we direct our attention
to homogeneity of F. Here we say F (or (1.1)) is homogeneous if F is positively
homogeneous of degree 1 with respect to X, i.e., F(p, X) = AF(p, X/\) for A > 0.
Evidently, the equation (1.8) is homogeneous. It also turns out that solutions of the
homogeneous equations with the zero initial data are self-similar. Thus (1.8) can be
generalized to homogeneous equations. In order to explain how we generalize (1.5)
to the equation (1.1) with G : R™ x S™ — R", we shall give an idea of the proof of
(1.12). Let u and v be, respectively, a solution of (NP; G, ug) and (NP; F,0), where
F' is homogeneous. We prove the result (1.12) by showing that rescale functions of
u converge to v; namely,

u(Vtx,t) = V(zr) ast— oo (1.12)

1
uony(z,t) = Xu()\x,)\zt) = v(x,t) as A — oo. (1.13)

It is easy to see that this rescaled function u(y) is a solution to the rescaled equation
(NP; Gy, (ug)(n)) with Gx(p, X) = AG(p, X/A) and (ug)n)(z) = uo(Az)/A. Since
(uo)(n) = 0 as A — oo, we can conclude that if G\ converges to F, then the limit
of u(yy solves (NP; F,0). By uniqueness the limit should be v, and hence we obtain
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(1.13). Note that our convergence result (1.13) holds for a solution u of (NP; G, ug)
with an arbitrary initial data ug € BUC(RQ).

In this way we are led to introduce a notion that G is asymptotically homo-
geneous, which roughly means that G approximates some homogeneous function
in a suitable sense. To be more precise, we require that G (p,z) := AG(p, X/)\)
converge to some homogeneous F' as A — oo. By a simple calculation we see that
(1.5) is asymptotically homogeneous with the limit (1.8). Accordingly the asymp-
totic homogeneity is a generalized notion containing (1.5), and the Mullins’ first
approximation is then generalized to

G~ F.

To show the convergence of u(y) to v rigorously we employ stability results of
viscosity solutions. Due to comparison principle for (NP), we see that the upper and
lower relaxed limit of u(y), which are a sub- and supersolution respectively, should
agree with v provided that the relaxed limits exist. Thus the remaining problem,
which is our main difficulty, is to show the existence of the relaxed limits. This is
achieved by constructing suitable barriers which are of order O(v/1) as t — oo; see
Lemma 3.5 and the proof of Theorem 3.4.

We turn to the second approximation by Mullins, to which we dedicate Section
5. Since the solution v of (1.8) and w of (1.10) are self-similar, we consider only
their profile functions. Our main interest is to examine adequateness of Mullins’
conclusion (1.11) concerning the depth of the thermal groove at the origin. For
this purpose we compare the depths of two profile functions at the origin; one is
the original depth —V(0)(= —v(0,1)) which comes from (1.8) and the other is
the approximated depth —W(0)(= —w(0, 1)) corresponding to (1.10). Recall that
—W(0) has the explicit form that —W(0) = 28/y/7 by (1.11). We prove among
other results that, in Mullins’ problem, —W(0) is the third order approximation of
-V(0), i.e.,

~V(0) = -W(0)+O(B*) as 3 — 0. (1.14)

In this paper we discuss such comparison of the two depths for more general equa-
tions. From results for the general case we deduce (1.14). To discuss the general
case let us consider (NP) with a homogeneous F'. Since the problem (NP;F,0)
does not include the variables s, ..., z,, its self-similar solution depends only on
21 and t. Thus, in what follows we let the spatial dimension n be one so that the
profile function V is defined on R. Then it turns out that V satisfies the ordinary
differential equation of the form

V(€)= &V'(§) = a(V'(§))V"(§) in (0,00), (1.15)
where a is given by a(p) := —2F(p, —1). Note that a(p) = 2/(1 + p?) in Mullins’
case since F(p, X) = X/(1 + p?) for (1.8). Let us recall the Mullins’ second ap-
proximation which replaces the first derivative v, by zero. As its analogue, for the
general equation (1.15) we replace a(V'(§)) in the right hand side by a(0), i.e., we
apply

a(V'(€)) = a(0).
This is a generalized Mullins’ second approximation. The resulting approximated
equation is

W(§) = EW'(&) = a(0)W"(£) in (0,00), (1.16)
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which represents the heat equation if we return (1.16) to the parabolic problem.
Let V and W be, respectively, the unique viscosity solution of (1.15) and (1.16)
with the boundary conditions that V/(0) = 8 and V(co) = 0. A well-posedness of
these equations in the viscosity sense is a consequence of that of parabolic equations
(NP). We also remark that W has the explicit form. In this general setting we prove
that the estimate

V(0) = W(0)

< 5 <C (a(()) — min a> (1.17)

[0,8]

holds for some positive constant C' independent of 8. This result implies =V (0) =
—W(0) + o(8) as B — 0 for general equations and (1.14) for Mullins’ case where
a(p) = 2/(1 + p?). The main tool for the proof of (1.17) is comparison principle.
Namely, if we have a subsolution V; and a supersolution V5, then we obtain an
inequality V4 < V5 and in particular —V;(0) = —V5(0). To this end we seek a
suitable sub- or supersolution of the ordinary differential equation. We also deduce
a couple of other estimates on the depth by the comparison method.

Our another interest is degenerate cases. We study (1.15) when a(p) is allowed
to be zero. Even in such degenerate cases the unique solution to (1.15) exists in the
viscosity sense. As an instructive example, we now let a(p) = 0 for p € [¢7, ¢™] and
a(p) > 0 otherwise. Then a simple observation indicates that the unique solution

a(p) V(&)
0]

solution
—_—

0 q ¢t B P

FI1GURE 2. The profile function V has a corner when the equation
is degenerate.

V has a corner whose angles are determined by ¢~ and ¢™. Indeed, if we admit
that V' is negative and increasing (these properties are shown in Proposition 4.3),
we notice by (1.15) that 0 > a(V'(£))V"(£). This implies V'(£) & ¢, ¢]; in other
words, the derivative of V' jumps over the interval [¢~,¢"]. Rigorous statement
and its proof on the corner of the viscosity solution V are given in Theorem 4.10,
where we prove that there exists a unique &, € (0,00) such that the left and right
derivatives of V at &, are, respectively, g™ and ¢~ ; see Figure 2.

Since the solution V' of (1.15) is a profile function of the (forward) self-similar
solution, it is natural to expect relation between V and the Wulff shape, which
minimizes the total surface energy among all sets with the same volume. Although
our interface I'; is now unbounded, we are able to relate the corner of the profile
function V to that of the associated Wulff shape in the following way. For a given
surface energy density v : S""! = {z € R" | |z| = 1} — (0,00) we define a Wulff
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shape associated with v by

Wulff(y) = (] {z € R" | (2,¢) <v(9)},
lg|=1

where (-,-) is the standard inner product in R™. Let us consider the evolution
equation of the form

Vo =M(m)ky, onTy, (1.18)

where M : S"~1 — (0,00) is the mobility, n is the oriented normal vector on T,
and k. is the anisotropic curvature with respect to the surface energy density .
See, e.g., [22, Chapter 1.3] for the definition of k,. We now let n = 2 and assume
that T’y is represented by a graph, i.e., I'y = {(z,u(x,t)) € R?}. Then, choosing n
as the upward normal vector and using the formula

ky = (7" (argn) + y(argn))k,

where argn is the argument of n and 4(0) := y(cos#,sinf), we see that (1.18) is
rewritten as

Ut (_Uzv ]-) ~ I ~ Ugx
— =M | ——== arg(—ug, 1)) + y(arg(—ug, 1)) —.
m <m> (’7 ( g( )) ’7( g( ))) mi’)

The profile function of the self-similar solution of this equation satisfies the ordinary

differential equation (1.15) with a of the form

(=2l 1
ViP Ve
Therefore we see that a(p) = 0 for all p € [¢—, ¢ ] if and only if 5”(0) +5(0) = 0 for
all 6 € [arg(—q—,1),arg(—q",1)]. The latter condition on ~ leads the corner point
of Wulff(v) at which the slope of each tangent line is in [¢7,¢"]. This agrees with
the corner of our profile function shown in Figure 2.

Let us explain why the equation (1.5) (or (1.4)) and the boundary condition
(1.6) appear in Mullins’ model. The exponential term in (1.4) comes from the
Gibbs-Thompson formula in physics. This formula asserts that the vapor pressure
p in equilibrium with the surface is given as

log (p) = —Ck, (1.19)

Po

where pg is the atmospheric pressure and C4 is a positive constant. Now, re-
call that the only mechanism operative in the transport of matter is evaporation-
condensation. Thereby the normal velocity V,, is determined by the difference
between the effect by condensation and that by evaporation. According to kinetic
theory their effects are in proportion to pressures pg and p, respectively, and thus

Vo = Ca(po — p) (1.20)

with Cy > 0. It is now clear that (1.19) and (1.20) lead the equation (1.4) by letting
Cy = Capg. The prescribed angle condition (1.6) is a consequence of equilibrium
of tensions. More precisely, the resultant of the grain boundary tension (0, —v,) €
R? and two surface tensions (£, cosf,7ssinf) € R? is assumed to vanish at
(0,u(0,t)), where v, > 0 and 5 > 0 are, respectively, the boundary free energy and

a(p) = 2M < ) (7" (arg(—p, 1)) + F(arg(—p, 1)))
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the surface free energy per unit area and 6 is the slope angle of u at * = 0. Thus
we have 274 sin@ = 73, which implies (1.6).

In [43] Mullins proposes another mechanism for the development of surface
groove, which is surface diffusion. If we take the surface diffusion into account,
the resulting equation describing the surface profile becomes a fourth order non-
linear parabolic equation. In this paper, however, we do not discuss such effect by
surface diffusion so that only second order equations appear in our study. As a re-
sult, we are able to apply the viscosity solution theory ([16]) to study the problem.
Mullins gives a criterion for judging which mechanism dominates the development
of surface. According to [43] for magnesium under high pressure the profile is com-
pletely shaped by evaporation-condensation after a very short time while surface
diffusion plays a dominant role for a very long time for gold under low pressure.
See, e.g., [11, 32, 42, 58] for the studies of fourth order equations related to the
surface diffusion.

We next state previous work related to our study. Many authors investigate
asymptotic behaviors of solutions to curvature flow type equations. We first refer
the reader to [26], where surfaces evolving by the mean curvature over a domain
in R™ are studied under the zero Neumann boundary condition. It is shown that
the solution converges to a constant function as ¢ — oo. In [2] Altschuler and
Wu study Cauchy problems for quasilinear equations of the form u; = (a(uy)), on
{0 £ 2 £ d} x[0,00). They prove that solutions of the problem asymptotically
converge to a solution which moves at a constant speed. The same authors obtain
in [3] a similar convergence result for surfaces over a convex domain in R?, but
they deal with only the curvature flow equation.

Asymptotic behaviors of graph solutions to free boundary problems are also
studied in the literature. The paper [13] treats a quasilinear parabolic equation
us = (a(uyz)), under a two point free boundary condition. (The same problem
restricted to the equation (1.8) can be found in [15].) In [13] two half-lines are given
radially from the origin and solutions are required to have intersections with them,
which are the free boundary points, at prescribed contact angles. A global existence
and uniqueness of solutions to the parabolic problem are established. A convergence
result to a self-similar solution is deduced together with its convergence rate in
the sense of the Hausdorff metric. The parabolic equation in [13] is not allowed
to be degenerate, but our results concerning a well-posedness and the asymptotic
behavior include degenerate cases. A similar setting to [13] is found in [39], where a
one-point free boundary problem is considered. The paper [13] deals with expanding
interfaces while the preserving case and the shrinking case for the same problem
are discussed in [24].

For graphs defined on a whole space, their convergence results to a self-similar
solution are obtained in [20, 31]. The paper [20] studies mean curvature evolutions
written as graphs over R™. Under a suitable rescaling the convergence result is ob-
tained for initial data satisfying a linear growth condition and further assumptions.
Ishimura, the author of [31], considers the spatially one dimensional equation (1.8)
in R x (0, 00) with prescribed opening angle conditions; that is, v, — Kj as x — 00
and v, - — K5 as x — —oo for given constants Ky, Ko > 0.

Curvature flow equations with constant driving force

Ut Ve

VIR T

te (1.21)
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and asymptotic convergences to traveling fronts are studied in several works. In
[17] the authors consider (1.21) for (z,t) € (0,00) x (0,00) with the zero Neumann
condition at z = 0 and the opening angle condition at £ = co. It is shown that
the solution v converges to a traveling wave solution as ¢ — co when c is positive,
while for a negative ¢ convergence to a self-similar solution is proven in the sense
that t=t|v(z,t) — tQ(z/t)| — 0 as t — oo, where tQ(x/t) is a solution of (1.21).
The explicit form of @ is also found in [17]. Note that the way of rescaling is
different from ours. The papers [48, 45] studies asymptotics of solutions to (1.21)
on R x (0,00) when c is positive. Convergence results to a traveling V-shaped
solution are obtained for spatially decaying and non-decaying initial perturbations
in [48] and [45], respectively. For the explicit form of the V-shaped front, see [47].
The reader is also referred to [44] for convergence to a traveling line.

The paper [46] is related to the Mullins’ second approximation (1.9) and asymp-
totic stability of constant solutions. There it is shown that

blelg lv(z,t) —w(z,t)| = O(1/Vt) ast— oo, (1.22)

where v and w are, respectively, the solution of the Cauchy problem for (1.8)
and (1.10) in R x (0, 00) with the same initial data. Moreover, using the results,
the authors of [46] obtain a necessary and sufficient condition on initial data that
ensures © — 0 uniformly or pointwisely as ¢ — co. In our Neumann problem on
the half space, however, a similar convergence result to (1.22) does not hold since

sup |v(z,t) —w(z,t)| =Vt sup |V(€) = W(E)] = oo ast— oo
z€[0,00) £€[0,00)

for two different self-similar solutions v(z,t) = vtV (x/v/t) and w(x,t) = VtW (x/\/1).

Asymptotic shapes of expanding interfaces represented by a level set function
are obtained in [29]. There the evolution equation V,, = —tr(E(n)Dn) + v(n) on
T'; is considered, and it is shown that I';/t — OWulff(v) as t — oo in the Hausdorff
metric. We remark that the limit is not the Wulff shape of the surface energy density
in this work. To prove this large time asymptotics the authors study the limit of
rescaled viscosity solutions of second order parabolic equations, and consider the
corresponding stationary equations which the limit function satisfies. The result
says that if u is a viscosity subsolution (resp. supersolution) of d;u+ Fy (Vu, Vu)+
F»(Vu) = 0, then the (relaxed) limit of u(tz,t) as t — oo is a viscosity subsolution
(resp. supersolution) of —(z, Vu) + F»(Vu) = 0. Note that this limit equation is
first order while the second order equation (1.15), which V in (1.12) should satisty,
appears in our study.

Motion by curvature with triple junctions such as the point (0, (0, t)) in Mullins’
model is studied in [14]. There a planar domain surrounded by other phase domains
is considered, and at each junction point three intersection angles are assumed
to satisfy the Herring condition which is determined by interfacial energies. The
authors of [14] give conditions for existence of self-similar stationary, expanding
or shrinking solutions to the problem. Plane curves having the triple junction are
also treated in [57], where the authors study evolving three curves by curvature
forming 120 degree angles at their common start point. The authors of [57] derive
several properties of solutions to (1.15) with a(p) = 1/(1+p?) and prove the unique
existence of self-similar expanding solutions. As a study of expanding self-similar
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solutions we finally refer the reader to [21] for evolution by a crystalline curvature
flow.

A generalized Mullins’ model is proposed in [56, 49]. The author of [56] con-
siders the model including a strain energy. In [49] Ogasawara studies evaporation-
condensation model under a temperature gradient and proves an existence of sta-
tionary solutions to the resulting parabolic equation of the form u; = F(u, ty, Ugy)-
See also [50] for flattening properties of solutions to the generalized problem. Such
flattening properties are also studied in [33, 37, 34, 38] for equations of the type
(1.8) and in [35, 36] for those of the type (1.5).

Interestingly, an exact representation of the solution to (1.8) with v,(0,t) = S
and v(x,0) = 0 is obtained by Broadbridge in [10]. However, we do not employ the
formula in the present paper since generalization of the problem is one of our aims
and the formula is rather complicated to handle. In [5] the authors obtain upper
and lower bounds on the solution to (1.15) of the Mullins’ case by solving two aux-
iliary problems which are relatively easily solvable and employing the comparison
principle. They conclude accurate estimates of the depth when § is large, but an
estimate allowing 8 to be small such as (1.17) is not stated in [5]. See Remark 5.3
for comparison with our results concerning the depth. The paper [52] gives exact
solutions to wider classes of nonlinear equations, but solutions to (1.8) constructed
there do not satisfy the prescribed angle condition (1.6). In [53, 12] exact solutions
of the separated form ¢(z) + 1 (t) are investigated. We also refer [1] for solvablity
of the equation (1.8) on I x (0,00), where I is a bounded interval. Under the zero
Dirichlet or Neumann boundary condition, the authors of [1] establish the existence
of weak, strong and classical solutions and asymptotic behaviors of the classical so-
lutions. The paper [40] shows the existence of classical solutions to more general
degenerate parabolic equations.

A well-posedness of the problem (NP) is established in the sense of viscosity so-
lutions in Section 2. We thus interpret the boundary condition (1.3) in the viscosity
sense, that is, we require solutions to satisfy either (1.1) or (1.3) on the boundary.
As a result, we observe that the unique solution may not satisfy (1.3) in the clas-
sical sense when the equation is degenerate (Proposition 4.6 (1)). Such generalized
boundary conditions, which naturally appear when we take the limit in the van-
ishing viscosity method, was first introduced by Lions in [41]; see also [51]. The
well-posedness is obtained in [41] for first order equations with Neumann or oblique
conditions involving applications to optimal control, differential games and ergodic
problems. After their works, uniqueness and existence results for oblique boundary
problems in the viscosity sense were established in [9] for first order cases and in
[28, 27, 6] for second order cases. In [18, 19] the authors approach oblique problems
on domains involving corners. All of these studies treat continuous equations while
equations with singularity in Vu like the mean curvature flow equation for level sets
are discussed in [23, 54] under the zero Neumann boundary condition. As relatively
general results for second order singular equations with nonlinear boundary condi-
tions, we refer the reader to [7, 30]. Compared with [30], the paper [7] deals with
more general equations and boundary conditions, but domains are more restrictive.

Unfortunately, all the above results treat a bounded domain with respect to the
space variables. As far as the author know, [55] is the only paper which proves
a well-posedness of the Neumann type problems on an unbounded domain. In
[55] Sato established comparison and existence results for second order singular
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equations under the capillary boundary condition:
Op,u=k|Vu| with —1 <k <1,

which does not cover our boundary condition (1.3). Although it might be possible to
extend the previous results for bounded domains to our problem (NP) by modifying
their proofs suitably, we give in the present paper complete proofs of comparison and
existence theorem for (NP) to make the paper self-contained. Neumann problems
in half-space type domains are also treated in [4, 8], where the authors studies
ergodic problems and homogenization.

This paper is organized as follows. In Section 2 we establish comparison and
existence results of viscosity solutions to (NP). Section 3 is devoted to the asymp-
totic profile. We prove (1.13), i.e., asymptotic self-similarity of the solution to the
equation of the type (1.5). In Section 4 we consider the ordinary differential equa-
tion (1.15) and its solution. We show the solution has a corner if the equation
is degenerate. Section 5 concerns the depth of the thermal groove at the origin.
Several estimates for the depth including (1.17) are obtained.

2. A WELL-POSEDNESS OF NEUMANN PROBLEMS

2.1. Definition of solutions. Throughout this paper we set  := {(z1,...,2,) €
R™ | 1 > 0}. We first introduce a notion of viscosity solutions for (NP). The
boundary condition (1.3) is interpreted in the (weak) viscosity sense. Our basic
assumption on F' is

(FO) F:R™ x S™ — R is continuous and degenerate elliptic.
Here S™ denotes the space of real n x n symmetric matrices with the usual ordering,

ie, X Y if (X& &) < (YE,€) for all € € R™. We say F is degenerate elliptic if
F(p, X)L F(p,Y) forallpe R" and X,Y € S® with X LY.

Definition 2.1 (Viscosity solution). We say u : Q x [0,00) — R is a viscosity
subsolution (resp. supersolution) of (NP) if u is bounded from above (resp. below)
on Q x [0,T) for every T > 0, u*(-,0) < ug (resp. u.(+,0) = ug) on Q and

Ord(x,t) — F(Vo(x,t), V2p(z,t)) <0 (resp. 20) if 1 >0,
Or(x,t) — F(V(x,1), V2h(w,1)) < 0 (resp. 2 0) (2.1)
or f— 0z ¢(x,t) <0 (resp. = 0) ifz1 =0

whenever u* — ¢ (resp. u, — ¢) attains its maximum (resp. minimum) at (x,t) for
¢ € C*1(Q x [0,00)). If u is both a viscosity sub- and supersolution, u is said to
be a viscosity solution.

Here by a C?! function we mean that derivatives 9;¢, V¢ and V2¢ are con-
tinuous. If u* < oo (resp. u, > —o0) on Q x [0,00) and u satisfies (2.1), u is
said to be a viscosity subsolution (resp. supersolution) of (1.1) and (1.3). In the
definition above, u* and u, stand for an upper and lower semicontimuous envelope
of u respectively. Namely,

U*(l‘7t) = gi_I}%)sup{u(y, S) | (y75) € ﬁ X [Oa OO), |JC - y| + |t - 5| g 5}a

ux(x,t) = }ig(l)inf{u(y, s) | (y,8) € A x[0,00), |z —y|+ |t —s| <3}
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As a boundary condition we consider not 9., ¢(x,t)—8 = 0 but 8—09,, ¢(x,t) =0
so that consistency between a classical subsolution (resp. supersolution) and a
viscosity subsolution (resp. supersolution) holds.

Proposition 2.2 (Consistency). Assume (F0). Let u € C*1(Q x (0,00)) and
assume that
owu(x,t) < F(Vu(x,t), Vau(x,t))  if x>0, (2.2)
{ B — Ogu(z,t) £0 if x1=0. (2.3)
Then u is a viscosity subsolution of (1.1) and (1.3).

Proof. Take any ¢ € C?1(Q x (0,00)) such that u — ¢ attains its maximum
at (z,t) € Q x (0,00). In the case where x; > 0, the inequality di¢(x,t) <
F(Vo(z,t), V2¢(z,t)) follows from (2.2) and the degenerate ellipticity of F. If z; =
0, we see at once that 9., ¢(x,t) = 0, u(z,t), and consequently 8 — 0., ¢(x,t) <0
by (2.3). O

It is known that for a general boundary condition B(z,u(zx), Vu(z)) = 0 the
consistency holds if a map A — B(z,r,p— Av(z)) is nonincreasing on [0, 00), where
v(x) is the unit outward normal vector at a boundary point z. We refer the reader
to [16, Proposition 7.2] or [22, Proposition 2.3.3] for more details.

Example 2.3. We consider the heat equation
Opu(z,t) = AAu(z,t), (2.4)

ie, F(p,X) = A-tr(X) with A > 0, where tr(X) denotes the trace of X € S™.
Then the unique solution of (NP; F, 0), which is also given by Mullins in [43], is

u(z,t) = hg a(x,t) == =26V At - ierfc (2 %) : (2.5)

Here ierfc(x) is the integral error function

ierfe(x) :/ erfe(z)dz,

and erfc(z) is the error function

2 e 2
erfc(z) = 7/ e % dz.
™ x

We now differentiate h = hg 4 to obtain

B A X1 Bz Z1
Oth(z1,t) = -0 ; 1erfc<2m) 57 erfc<2m),

X1 —ﬂ 2
Og,h(x1,t) = - erf . O bz, t) = —— zy/(4At)
i@y, t) = - erfe <2m> (71, 1) WAte

Employing the formula

1
ierfc(€) + & - erfe(§) = ﬁe*g
with & = x1/(2v At), we observe that h indeed solves (2.4) in the classical sense.
Thus h is also a viscosity solution of (NP; F,0) by Proposition 2.2. By the formula
(2.5) or the derivatives of h we notice that h(-, ) is negative, increasing and (strictly)
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concave on [0, 00). It turns out that these properties still hold for viscosity solutions
of more general equations; see Proposition 4.3.

Example 2.4. We seek viscosity sub- and supersolutions of (NP; F,0) which have
the form of (2.5). Assume (FO0) and

(F1) F(p,X) = AF(p, X/\) for all (p, X) € R™ x S™ and A > 0.
We simply say F' is homogeneous if F satisfies (F1). For v = 0 we set

m(y) = min {=F(0yer, —l11)}, M(y) = max {=F(yer, 1)}, (26)

where e; = (1,0,...,0) and I; ; denotes the matrix with 1 in the (1,1) entry and
0 elsewhere. We then notice that m(y) = 0 since F is degenerate elliptic by (FO0)
and satisfies F(p,O) = 0 for all p € R™ by (F1), where O is the zero matrix. For
the function h = h. 4 given as (2.5) we observe

F(Vh,V?h) = F(0g,h-e1,05,0,h - [11) = —Opyo,h - F(Og,h -1, —111)

< m(’)’) : 8m1m1h = (m(’Y)/A) ’ 8th7
Taking account of the boundary condition (1.3), we conclude that h. 4 is a vis-
cosity subsolution of (NP; F,0) if v =2 8 and A = M(~) while h, 4 is a viscosity
supersolution of (NP; F,0) f 0 <y < fand 0 < A < m(7).
2.2. Comparison principle. We show uniqueness of viscosity solutions to (NP)
via comparison principle. Define Up := Q x Q x [0,T) for T > 0.

Theorem 2.5 (Comparison principle). Assume (F0). Let u and v be, respectively,
a viscosity subsolution and a viscosity supersolution of (NP). Then

K = Klu,v] := gi_%sup{u*(x,t) — vy, t) | (z,y,t) €Up, |z —y| <0} L0

for every T > 0. In particular, u* < v, on Q x [0,00).

In the proof of Theorem 2.5 we use an auxiliary function F : Ur — R U {—o0}

of the form
.F((ﬂ, yat) = U*(Z,t) - ”U*(y,t) - \Ij(ma yvt)

with

N _ = y? 2 2 @

(z,y,t) = o + B(x1 —y1) + {p(x1) + p(y1)} + (2" + [y]7) + T

Here «,~,d,c € (0,1) are constants and p is given by p(r) = (1 +r)~!. Note that
p'(0) = —1. It then follows from an elementary calculation that for all (x,y,t) € Ur

B—0,9Y(x,y,t) 25§ ifzg =0, (2.7)
B4 0,V (z,y,t) <=6 ify; =0 (2.8)
and
1/1 -1
li 2 0 = 2.
(%(;)ILH(O’O) v(m,y) (Jf,y,t) c (—I I ) ) ( 9)

where I is the identity matrix with dimension n.

Lemma 2.6. Assume the same hypotheses of Theorem 2.5. Let T > 0 and suppose
K = Klu,v] > 0. Then,
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(1) F attains a mazimum on Ur at some (2,9,t) with t < T.
(2) There ezists a constant n € (0,1] such that

max F > K’ (2.10)
Ur

for all a,~,6 € (0,m), where K' := K/17.
(3) SUD., 5. (0,n) |Z — 9] < 0o and lim._,¢ SUP. 5¢(0,n) |z — 9] =0.
(4) lmy,5)—(0,0)(¥E,79) = (0,0) for all e € (O,n)A.
(5) There exists a constant ng € (0,m) such that t > 0 for all v,d,e € (0,19).

Proof. (1) This follows from an upper semicontinuity of F and the facts that

F(z,y,T) = —o0 and F — —c0 as |z| — oo or |y| — oo.
(2) By the definition of K there exists some 6y > 0 such that for all 6 € (0, 6]
U*(xg,tg) — U*(yg,tg) > 6K’ (211)

holds for some (g, yg, ts) € Ur with |xg — yg| < 0. Take
§ = min {90, V2K'e, K’/,B} .
By this choice we have

|20 — yo|®
2e
We next choose 1 € (0,1] as

n=min {1, K'/2, K'(|ze|*> +|ye|* + 1), K'(T —t)},
and then for a,v,d € (0,7)
5{p(zer) + p(ye2)} < K’y ~(|zel? + |yol*) < K,

Thus (2.11)—(2.13) yield (2.10).
(3) Take M > 0 so that u* — v, £ M on Ur. By (2.10) we have

<K', Blxor —yn) < K. (2.12)

<K' 2.13
T—tg — ( )

N A2
K<t (1) — v (,) — w90 < M- DI04 g g

Thus by an elementary calculation

| — 91 < eB+ V/E2B2 + 2 M,
which implies our assertions.
(4) By (2.10) again we see

K'< M+ Bl = g| = y(|2l* + [9]*).
Therefore sup., s¢ (o, 7(1Z[* + [9]°) < oo, and so
Y2+ 19) = V2y V(122 + [917) = 0 as (v,6) — (0,0).

(5) Suppose by contradiction that there were some sequence {(g;,d;,7;)}3%,
which satisfies lim;_,(g;,d;,7;) = (0,0,0) and = #(¢;,;,7;) = 0. Then

]:(:E’Qa{) = u*(iao) - U*(yAvO) - \I/(i‘,]],()) < UO(j) - Uo(@) - 6('%1 - gl)v

and the right hand side converges to 0 as j — oo by (3) and the uniform continuity
of ug. This is a contradiction to (2.10). O
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Proof of Theorem 2.5. By virtue of (3) in Lemma 2.6 we may assume
lim (Z—g)=p
(%5)—>(070)( n=r
for some p € R™ by taking a subsequence if necessary. We now apply the Crandall-
Ishii lemma ([16, Theorem 8.3]) to F. Since (2.7) and (2.8) hold, there exists
(X,Y) € S™ x S™ such that

at\ll('fj7ya£) < F(Vwm(:%ag?f)7X) - F(_vy\y(ivﬂﬂ% _Y> (214)
and
1 X O ,
_(5+|A|)I§(O Y)éA—i—sA. (2.15)
Here A := V%z’y)\lf(i",g,f) and |A| := sup{|(4£,&)| | £ € R™, |¢] = 1}. Note that
VoU(#,9,8) = = + {8+ 0/ (@1)}er + 21,
VU (4. 0) = = — {880/ (n)Yer + 270,
N a
0V (2, 9,t) = ————.
(2, 9,t) (T — 1)

In view of (2.9) and (2.15) we may assume that (X,Y’) converges to some (X,Y) €
S™ x 8™ as (v,0) — (0,0). Then the limit (X,Y") satisfies

X 0 < 31 —I
O YY)~ e\-1 1)’
and in particular X +Y < O. Letting (7, 8) — (0,0) in (2.14), we have
2 <F (3 +,861,X) _F (3 +B61,—Y> .
T2 € €
This is a contradiction since F' is degenerate elliptic. (I

Corollary 2.7 (Uniqueness). Assume (F0). Then (NP) admits at most one vis-
cosity solution, and the solution is continuous on € x [0, 00).

Proof. If u and v are two viscosity solutions of (NP), we have u* < v, and v* < u,
on Q x [0,00) by Theorem 2.5. These inequalities imply our assertions. O

Corollary 2.8 (Contraction property). Assume (FO). Let ugi,up2 € BUC(S).
Let uy and ug be, respectively, a wviscosity solution of (NP; F,ug1) and that of
(NP; F,ug2). Then we have supg, (g ..y [u1 — uz| < supg |uo1 — upz|.

Proof. Let d = supg |ugr — uo2|. Then it is easily seen that us + d is a viscosity
solution of (NP; F, ugz+d). Since ug; < ugz+d on Q, Theorem 2.5 gives u; < up+d
on 2 x [0,00). In the same manner we obtain us < u; +d on Q x [0, c0). O

2.3. Existence result. We prove the existence of viscosity solutions by Perron’s
method ([16, Section 4]). An important step is to construct a lower and upper
barrier, which are a viscosity sub- and supersolution of (NP) satisfying the given
initial data. We first prepare stability results for viscosity solutions. For the proofs
we refer the reader to [16, Lemma 4.2, Lemma 6.1] or [22, Lemma 2.4.1, Theorem
2.3.5].

Proposition 2.9 (Stability). Assume (FO0).
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(1) Let S be a nonempty subset of
{v | v is a viscosity subsolution of (1.1) and (1.3)}.

Let u(z,t) := sup,cs v(z,t). Ifu* < oo on Qx[0,00), then u is a viscosity
subsolution of (1.1) and (1.3)

(2) Assume that F* satisfies (FO), and let u® be a a viscosity subsolution of
(1.1) with F = F*° and (1.3) for each ¢ > 0. If F = limsup,_,, F¢ on
R" x 8" and u := limsup,_,,u < 0o on Q x [0,00), then U is a viscosity
subsolution of (1.1) and (1.3).

To apply Perron’s method we need only (1) while (2) plays an important role
in Section 3, where we discuss a local uniform convergence of solutions. We recall
a notion of relaxed limits appearing in (2). For a subset L C R”" and functions
he : L — R with € > 0 we define an upper relazed limit h = lim supzw he (resp.

lower relazed limit h = liminf,. o h®) : L — R U {+o0} as
h(z) := limsup h%(y) =limsup{h®(y) |y €L, ly—2| <9, 0<e <4}
(2:9)=(0,2) 840
(resp. h(z) := liminf h%(y) =Uminf{h°(y) |y €L, |y — 2| <4, 0 <e < d}).
(e4)—(0,2) 610
If h = h in L, then h® converges to h := h = h locally uniformly in L as ¢ — 0.

Proposition 2.10 (Barriers). Assume (F0). Then (NP) has a viscosity subsolution
w™ and a viscosity supersolution w* such that w™ (z,t) < ug(z) < w*(z,t) for all
(z,t) € Q% [0,00) and uo(z) = wk(x,0) = lim(, ) (z,0) wE(z,t) for all z € Q.

Proof. We give the proof only for a subsolution since a similar argument applies
for a supersolution.

1. Let w(r) = supj,_y <, [uo(z) — uo(y)| and f(r) = r — arctanr. Then for
each € > 0 there exists Cy(e) > 0 such that w(r) < e 4+ Cy(e) f(r) for all » = 0.
Set C(e) := max{4Cy(e), 4Co(e)/B, 1} = 1. Since f(r + s) < 4{f(r) + f(s)} for

r,s = 0, we see that
w(lz —yl) e+ BC(e) f(lzr —ml) + Cle) f(l2" —y')) (2.16)

for all x = (21,2’) € R" and y = (y1,y’) € R®. We also remark that f € C?(R),
£(0) = £/(0) = £7(0) = 0,0 < f' < 1 and 0 € f < 1/2 in R.
2. For € € (0,1) and y € 2 we define

BC(e)
f'(y)
where M = M(e,y) > 0 is a large constant. Then v., € C%1(Q x [0,00)) and

Ve y(2,t) < up(x) on O x [0,00) from (2.16). By the boundedness of f’ and f” we
see that |V, v. | and |V2v, | are also bounded on Q x [0, 00). We thus have

flzr =) = Cle) (2" = y']) — Mt,

Ve y(x,t) = uo(y) —e —

-M = F(vﬂfv&y(xv t)v vi”&y(x’ t))
for sufficiently large M. We also compute

BC(e)

f/(yl) {_fl(yl)} 2 ﬁ7

a:vlvs,y(% t)|11:0 ==
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and therefore v, , is a viscosity subsolution of (1.1) and (1.3) by Proposition 2.2.
Consequently Proposition 2.9 (2) ensures that the supremum of v, ,

w™ (x,t) = sup{ve y(z,t) | €€ (0,1), y € Q}

is also a viscosity subsolution of (1.1) and (1.3). By definition w™ is lower semicon-
tinuous and satisfies w™ (z,t) < ug(x) on Q x [0,00). In particular w™~ is bounded
from above.

3. We next show w™(z,0) = ug(z) for all z € Q. We see w™(z,0) = v, ,(z,0) =
ug(x) —eif z € Q, and so w™ (,0) = up(z) holds. Let z € 9Q. Taking y = (y1,2’),
we then have

BC(e)
B f’(yl)f(yl)'

Letting y; — 0 first and then € — 0, we obtain w™ (z,0) = ug(x).
4. Since w™ is lower semicontinuous, for all x € Q)

w (2,0) 2 v y(2,0) 2 up(x) — ¢

uo(z) =w (2,0) £ liminf w™(z,t) £ limsup w™ (z,1)
(z,6)—(z,0) (2,t)—(,0)

< limsup wuo(z) = uo(x).
(z,t)—(z,0)
Hence lim, 4)_ 5,0y w™ (2,t) = ug(w). We thus conclude that w™ satisfies the re-
quired properties. [l

Remark 2.11. By the same way as in Step 3 we obtain a more general estimate that
w”(z,t) = up(x) — Mt for all (z,t) € Q x [0,00). This implies that w~ is bounded
from below on 2 x [0, T) for every T' > 0. Similarly, we are able to construct w* in
Proposition 2.10 such that it is bounded from above on Q x [0, T') for every T > 0.

Theorem 2.12 (Existence by Perron’s method). Assume (F0). Then (NP) admits
at least one viscosity solution.

Proof. Let
S = {U

where w~ and w' are functions in Proposition 2.10. Since w~ € S, the set S
is nonempty. We demonstrate that u(x) := sup,cgv(z) is a viscosity solution of
(NP). By definition we have w~ < u < wt on Q x [0,00). We then notice that
u*(+,0) = u4(-,0) = up on Q and that u is bounded on © x [0,7) for all T > 0 by
Remark 2.11. Proposition 2.9 (1) ensures that u is a subsolution of (NP). We also
see that u is a viscosity supersolution of (NP) since u is a maximal subsolution in
the sense that u(wg,ty) < v(wg,to) for some v € S and (wg,ty) € Q x (0,00) if u
were not a supersolution. See [22, Lemma 2.4.2] for more details. O

v is a viscosity subsolution of (NP)
such that w= < v < wt on Q x [0,00) [’

3. ASYMPTOTIC BEHAVIOR

To study the asymptotic behavior self-similar solutions of (NP) play an impor-
tant role in our study.
Definition 3.1. Let u: Q x [0,00) — R.

1) We define a rescaled function uyy of u as ucyy(z,t) := u(iz, \2t)/\ for
©) M)
A > 0.
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S/ -S1mi - A > 5 q y 9 —
2 Ve sa u 18 58lf S1my l(” lf () “( ) f()l 311 )\ O or e lll\/ale]lll u\x t
151/ X t f()I‘ some 1) . (), o) — I{. V\/e Call U a p']() e unctl()n ()f Uu.
\/7 \/>

Note that, if u is self-similar, the profile function U of u is represented by U(z) =
u(xz,1). We next introduce a notion of asymptotic homogeneity. We consider
G : R"™ x 8™ — R such that G is not necessarily homogeneous but it approximates
some homogeneous F' in a suitable sense. To state the rigorous meaning of the
approximation we define

Gr(p. X) =G <p, f)

for A > 0. We say G is asymptotically homogeneous if G satisfies the following:
(F2) Gy converges to some F' : R™ x S® — R as A — oo locally uniformly in
R"™ x S™.
We call F in (F2) the limit of G. We also remark that the limit F' satisfies (F0)
and (F1) whenever G satisfies (F0) and (F2). Thus the limit F' is always homo-

geneous. The function G(p, X) = /1 + p2(1 — e~ %) with k = X/4/1 +p23, which
represents (1.5) in Mullins’ case, is indeed asymptotically homogeneous with the
limit F(p, X) = X/(1 + p?) corresponding to (1.8). This follows from the fact that
fa(z) = A1 — e~*/*) — z converges to 0 as A — oo locally uniformly in R.

Remark 3.2. If u is a viscosity solution of (NP; G, ug), then the rescaled function
u(y) is a viscosity solution of (NP; Gy, (uo)(y)), where

(o) 3y () = 0 (A2).
Indeed, noting that
Opuny (z,t) = Adpu(Az, )\zt),
Vueny(z,t) = Vu(dz, N2, VQu()\)(x,t) = AV2u(Az, A\?t),

we compute
1
druny (z,t) = AG(Vu(Az, \2t), V2u(Ax, A*t)) = AG (Vu(A)(x,t), XVQu(A) (m,t))

and

Dwyuen (2, 1) = g, u(Az, N2t) = B
if u is a classical solution. In the case where u is not smooth, taking elements of
semijets, we see that wu(y) solves (NP; Gy, (ug)(y)) in the viscosity sense. We also
remark that if G is homogeneous, then u(y) solves (NP; G, (uo)(»))-

We prove that the unique solution of the homogeneous equation with the zero
initial data is always self-similar. Several properties of the self-similar solution are
also discussed.

Proposition 3.3 (Self-similar solution). Assume (FO) and (F1). Let u be the
unique viscosity solution of (NP; F,0). Then

(1) w is self-similar.

(2) <0 0nQx[0,00). If F(0,—1I11) <0, then u <0 on Q x [0, 00).

(3) u(x,t) = u(z1,0,...,0,t) for all (x,t) € Q x [0, 00).

(4) limg, oo u(x,t) =0 for all t = 0.
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Proof. By Remark 3.2 we see that u(y) is a viscosity solution of (NP; F,0) for every
A > 0. Applying Theorem 2.5, we obtain u = wu(y). This implies (1). Combining
Example 2.4 with Theorem 2.5, we observe that hg,M(ﬁ) <u < h@m(m on ) x
[0,00), where h is the function in (2.5) and m(f5), M (8) are defined as (2.6). Thus
the first assertion in (2) and (4) hold. If F(0,—1I; 1) < 0, then we have m(vy) < 0 for
sufficiently small v € (0, 8]. Then a supersolution ., ,,,(,) is negative on Qx[0,00),
so that u is also negative. We finally prove (3). For a € R"™! we set w,(z,t) :=
u(zy,2’ — a,t), where ' = (z3,...,2,). Then it is easy to see that w, is also
a viscosity solution of (NP; F,0) since F' and the initial-boundary conditions do
not depend on z’. By the uniqueness we obtain u = w,. In particular, for fixed
(z,t) € Q x [0,00) we have u(z,t) = wy (x,t) = u(z1,0,...,0,t). O

Our main result on asymptotic convergence is

Theorem 3.4 (Asymptotic behavior). Assume that G satisfies (F0) and (F2) with
the limit F'. Let u and v be, respectively, the unique viscosity solution of (NP; G, ug)
and that of (NP; F,0). Then u(y) converges to v as A\ — oo locally uniformly on

Q x [0, 00).

By Theorem 3.4 we see that u( s (2, 1) converges to v(z,1) as t — oo uniformly

on every compact subset of 2. This implies that (1.12) holds locally uniformly with
respect to x € Q.

As is pointed out in Remark 3.2, the rescaled function w(y) is a solution of
(NP; G, (ug)(n)). Since the local uniform convergence of G\ to F' is assumed, in
view of Proposition 2.9 (2) the relaxed limits % and u of u(y) becomes a sub- and
supersolution of (NP; F) 0), respectively, provided that the limits exist. To guaran-
tee the existence of the relaxed limits we construct suitable barriers of (NP; G, ug)
whose rescaled families are locally uniformly bounded. Recalling Remark 2.11,
we have rough estimates for u that ug(z) — Mt < u(x,t) < ug(x) + Mt. Then
up(Az) /A — MMt < ugyy(2,t) < up(Ax)/A + MAt, but this does not yields that @
and u are real-valued. We construct the barriers so that they have the order O(v/%)
as t — o0.

Lemma 3.5. (1) Assume that g : [0,00) — R satisfies
lg(t)] = M(VE+1) on [0,00) (3.1)

for some M > 0. Set gi)(t) := g(A\*t)/A, g := liminf,\_,oc g(r) and g :=
lm sup}_, o g(r). Then we have —MV/t < g(t) < g(t) < M/t on [0, 00).
(2) Assume that G satisfies (FO) and (F2). Then there exists My > 0 such that

0'1111 %

plt) = sup
[0],]o|<1

for allt = 1. Moreover
0 0<t<1),
gt =1°, ( ) (33)
Jip(s)ds (t>1)
satisfies (3.1) with M = 2Mj.

Obviously, the estimate (3.2) holds if G is homogeneous. For a general G, roughly
speaking, (3.2) still holds since G is approximately homogeneous.
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Proof. (1) Fix to 2 0. Let § > 0 and take t = 0, A > 0 such that |t — ¢o| < 0,
A =1/§. We then observe

1 1 = 1
|g(/\)(t)| = X|g(>\2t)| § XM( )\2t+ 1) =M (\/Z‘i’ )\) § M(\/to +40+ 5)
Thus, sending 0 — 0 gives —M /Ty < g(to) < G(to) < My/to.
(2) The second assertion is obvious if (3.2) holds. For ¢t = 1 we observe

ViG <eﬂe1, ”3;) — F(0Ber,011,)

The first term of the right hand side converges to 0 as t — oo by assumption while
the second term is a constant independent of t. Therefore (3.2) follows. O

Vip(t) < sup
6] Jo]<1

+ sup |F(06€1,O’Il71)|.
161],lo]<1

Proof of Theorem 3.4. Let w~™ and wt be barriers constructed in the proof of
Proposition 2.10. Then there exists C > 0 such that —C < w™ < w™ < C on
Q x [0,2] by Remark 2.11. Define ® : Q x [0,00) — R as

O(x,t) := —C + h(xy,t) — g(t).

Here h and g are the functions given by (2.5) and (3.3), respectively. We choose
A = B%/7in (2.5) so that 0 < 9,,h < B and —1/vt < 0p,0,h < 0in Q x (0, 00).
By the definition of g, we then find that ® and —® are, respectively, a viscosity
subsolution and a viscosity supersolution of

Bru(z, t) = G(Vu(z, t), V2u(z,t)) (3.4)

in Q x (1,00) and (1.3). Indeed, the boundary condition is easy to check, and for
(z,t) € Q x (1,00) we compute

0']1’1

Vit

Here we have used the facts that 9;h <0, 0 < 0,,h < 5 and —1/\/% < 0pya, R 0.
A similar argument yields that —® is a supersolution. Since ® < w~™ < wt <
—® on Q x [0,2], we see that W~ = max{w~, ®} and " := min{w", —®}
are, respectively, a viscosity subsolution and a viscosity supersolution of (3.4) in
Q x (0,00) and (1.3). Noting that (@~)*(x,0) = ug(x) = (@1).(z,0) on Q, we see
by Theorem 2.5 that (w~)* < u < (@), in Q x [0,00). In particular, we have
<I>(>\) < U(x) < —<I>(>\). Taking liminf,_,c and limsup}_, ., we obtain

0, ®(x,t) £ —g'(t) = — sup
16],lo|<1

G (9561, )' < G(VO(x,t), V2O(x,1)).

h(zy,t) —g(t) < u(z,t) < u(x,t) < —h(wy,t) +g(t) in Q x [0, 00),

where u := liminf, 00 u(y) and (@, 7) := limsup}_, . (u(x), g(r))- Therefore Lemma
3.5 implies that u and % are bounded on  x [0,T) for every T > 0 and that
u(x,0) = u(x,0) =0 on Q.

Now, since uy) is a viscosity solution of (NP; Gy, (uo)(»)) for every A > 0, Propo-
sition 2.9 (2) and (F2) imply that @ and u are, respectively, a viscosity subsolution
and a viscosity supersolution of (NP; F,0). By Theorem 2.5 we have u < u in
Q x [0, 00), and therefore 7 = u = v since v is now the unique solution of (NP; F,0).
As a result, u(y) converges to v locally uniformly in Q x [0, 00). O
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Remark 3.6. If G is homogeneous in Theorem 3.4, i.e., G = F, then u(y) converges to
v uniformly on £ x [0, 00). Indeed, since u(y) solves (NP; F, (ug)(»)), the contraction
property (Corollary 2.8) ensures

1
sup [u(x) —v| = sup |(uo)»y — 0 = +supfuol.
Qx[0,00) Q Q

We thus obtain the uniform convergence of u(y) together with its convergence rate.

Remark 3.7. We derive a sufficient condition for (F2). Let G : R” x S™ — R and
consider a linear approximation of G such as (1.7). Suppose that G is of the form
G(p,X) = H(p, f(p, X)) with some continuous and homogeneous f. We expand H
as H(p,z) = z-0,H(p,0) + z - r(p, z), where we have assumed H(p,0) = 0. Then

26 (5. 5) =M (5 310:3)) = 10 X)- 01,0+ 0.0 (350 3)).

Thus G satisfies (F2) with the limit F(p, X) = f(p, X) - 9. H(p,0) if the reminder
term 7(p,z/A) converges to zero as A — oo locally uniformly with respect to
(p, z). This setting includes Mullins’ problem which corresponds to the case where

H(p,X)=+/1+p* (1 —e7?) and f(p, X X/\/1+p

4. PROFILE FUNCTIONS

In this section we study the profile function of the unique self-similar solution
to (NP; F,0) with a homogeneous F'. Our main interest is the configuration of its
graph, especially the corner of the graph when F(p, X) is allowed to be 0 even if
X #£0.

We first derive the ordinary differential equation which the profile function should
solve. Assume (FO0) and (F1). Let v be a viscosity solution of (NP; F,0). According
to Proposition 3.3 (3), v(x,t) is independent of (z2,...,x,). Thus we hereafter
assume n = 1 so that u and F are, respectively, defined on R X [0,00) and R x R.
We let V' : [0,00) — R be the profile function of v, i.e.,

V(z) = v(z,1). (4.1)

Since v is self-similar, we have

oz, t) = Vi (\2 1) = ViV (\2) . (4.2)

‘We now differentiate v to find

wien= ()5 (3).

vt =V () duartetr= v ()

provided that v is smooth. Substituting these derivatives for (1.1), we have

il () - Gl = (7 () v ()
Multiplying the both sides by 21/t and letting ¢ = 2/v/f, we are led to
V(&) = &V'(§) = 2F(V'(£), V"(€))-
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Here we have used (F1). We consider this equation with the boundary condition
at ¢ =0 and £ = oo:

V(&) —&VI(€) =2F(V'(£),V"(§))  in (0,00), (4.3)
(FODE){ V'(0)=8>0, .
Jim V() =0, (4.5)

To impose (4.5) is natural in terms of Proposition 3.3 (4). Since F' is now defined
on R x R and satisfies (F1), we notice that F' is written as

F(p,1)X if X >0,

Fp.X) = {—F(p, )X if X £0.

Thus the right hand side of (4.3) is linear with respect to V() as long as the sign
of V(&) does not change. By (F0) we also find that F(p,1) and —F(p, —1) are
nonnegative continuous functions of p.

We say a function V' : [0,00) — R is a classical solution of (FODE) if V €
C?(0,00) N C1[0,00) and V satisfies (4.3)-(4.5). Here we define V'(0) as the right
derivative:

V'(0) := lim Ve - v,
€lo 3
A wiscosity subsolution of (FODE) is a function V' : [0,00) — R such that V is
bounded from above on [0, 00), V* satisfies (4.5) and

V*(0) <2F(p,X) or B—p=<0 if{=0

for all (p, X) € J>TV*(&) with € 2 0. The definitions of a viscosity supersolution
and a viscosity solution of (FODE) are similar so are omitted. The set of all
second order superjets and subjets of V at ¢ on [0,00) are denoted by J> V(&)
and J2~V(€), respectively. Namely,

J2TV(E) = {(¢'(£),9"(€)) | ¢ € C?[0,00) and V — ¢ attains its maximum at £},
J2V(€) = {(¢'(£),0"(€)) | ¢ € C?[0,00) and V — ¢ attains its minimum at &}.

Remark 4.1. Assume (FO0) and (F1). Although (4.3) was derived under the assump-
tion that v is smooth, the consistency between (NP; F,0) and (FODE) holds in the
viscosity sense as well.

e (Consistency) If V' is a viscosity subsolution of (FODE), then v given as
(4.2) is a viscosity subsolution of (NP; F,0). Conversely, if v is a viscosity
subsolution of (NP; F,0), then V given as (4.1) is a viscosity subsolution of
(FODE). Similar statements hold for supersolutions.
Due to this consistency we have the comparison and existence of viscosity solutions
to (FODE). These assertions follow from the results for the time-dependent case in
Section 2.

e (Comparison principle) If U and V are, respectively, a viscosity subsolution
and supersolution of (FODE), then U* <V, on [0, 00).
e (Existence) There exists a continuous viscosity solution of (FODE).
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Example 4.2. Let us consider the linearized equation

V(&) —€V'(§) =BV"(§)  in (0,00), (4.6)

(LODE) { (4.4), (4.5)

with B > 0. This equation corresponds to the case that 2F(p,1) = —2F(p,—1) = B
for all p € R in (FODE). Choosing A = B/2in (2.5), we see that the unique classical
solution of (LODE) is

Hg p(€) := —BV2B -ierfc ( (4.7)

)

Note that the derivatives of Hg g up to the second order are

Hy5() = Brerte (=) B o0 = -5y 2 €7 )

In the rest of this section we consider the problem of the form

V(&) —&VI(©) = a(VI)V"(E)  in (0,00), (4.9)
(4.4), (4.5)
with nonnegative a € C(R). Although (ODE) is a special case of (FODE), it turns

out that the both problems are equivalent; see Remark 4.8. Our basic assumption
on a is

(Al) a € C(R),a 20 in R and a(0) > 0.

Recall that Mullins’ equation (1.8) corresponds to (ODE) with a(p) = 2/(1 + p?).
We list fundamental properties of a viscosity solution to (ODE).

(ODE) = (ODE;a, 3) {

Proposition 4.3. Assume (Al). Let V be the unique viscosity solution of (ODE).
Let (p, X) € J»~V (&) with & > 0. Then

(1) V<0 on [0,00).

(2) V is increasing on [0,00), i.e, V(&1) < V(&) if 0 £ & < &a.

(3) p>0and X <0.

(4) V is strictly concave on [0,00), i.e., V((1 —X)& + A&) > (1 — NV (&) +
AV (&) for all X € (0,1) and &1,&2 € [0,00) with & < &s.

(5) a(p) > 0.

Proof. (1) This is a consequence of the second assertion of Proposition 3.3 (2).

(2) We suppose that 0 > V(&) = V(&) with & < &. In view of (4.5) we then
have min, )V = V(1) < 0 for some 7 € (&, 00). Thus (0,0) € J*>~V(n), so that
V(n) —n-0=a(0)-0=0since V is a supersolution. However, this is contract to
(1).

(3) (5) The monotonicity of V yields that p = 0. We then notice that a(p) must
be positive and that X must be negative since 0 > V(§) — &p = a(p)X. We show
that p > 0 after the proof of (4).

(4) We suppose that V((1=X)&1+AE) < (1-N)V (&) +AV (&) for some A € (0,1)
and &1, &, € [0, 00) with & < &. We now take the parabola ¢ € C?(R) which passes
through three points (€1, V(£1)),((1=A)&1+ A2, V((1=A)&1+AE2)) and (€2, V (§2))-
Then ¢ is a nonnegative constant ¢ and ming, ¢,)(V — ¢) = (V — ¢)(n) for some
n € (&,&). Thus (¢'(n),c) € J>~V(n), which contradicts (3) since ¢ = 0.
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(3) Let &,& > 0 with & < & < &. Since V is concave and increasing, we
observe that

V(&) ~ V&) | V(&) ~ V&)
o—-& & -&
We next take ¢ € C?(0,00) such that ming «)(V —¢) = (V — ¢)(&) and (p, X) =
(¢'(€0), 9" (%)) Then

> 0.

P(&0) — ¢(61) > V(&) — V(&)
So—& o—&

Combining the two inequalities above and letting & 1 &y, we obtain p > 0. (I

Remark 4.4. Since V is concave on [0,00), we see by Aleksandrov’s theorem ([16,
Theorem A.2]) that V is twice differentiable almost everywhere on [0, 00). Namely,
JETV(E) N J?7V(€) is nonempty a.e. £ € [0,00). Accordingly, V solves (4.9)
almost everywhere in the classical sense.

Remark 4.5. Although the viscosity solution V' in Proposition 4.3 may not be differ-
entiable, we are able to deduce several properties of its one-side derivatives mainly
from the strict concavity of V. We define the right derivative V! of V' and the left
derivative V} of V as follows:

V(&) := %lfg[l) w for &y € [0, 00),
mmg{@_gwﬂMwmm)

Under the same hypotheses of Proposition 4.3 these limits indeed exist and enjoy
the following properties.
(a) (One-side continuity) V;/ (&) = limg ¢, V;/(€) for all & € [0, 00) and V/ (&) =
limngo ‘/7"/(5) for all & € (0, OO)
(b) (Monotonicity) 8 = V/!(&1) > V/(&2) = V(&) > V/(&) > 0if 0 = & <

§2 < &3 N
(c) (Limit as & — 00) lime_oo V//(§) = lime_,o0 V/(§) = 0. (If the limit were
positive, V(§) would not converge to zero as £ — 00.)

If V is a classical solution, it is obvious that the range of V' on [0, 00) is (0, 8]. In
Corollary 4.12 we will determine the range of V;/ and V}/ when V is not necessarily
a classical solution.

We discuss the angle V'(0) at the origin for a viscosity solution V' of (ODE).

Proposition 4.6 (Angle at the origin). Assume (Al). Let V be the unique viscosity
solution of (ODE).

(1) We have
/ o B if a(B) >0,
Vi) =¢ = {inf{q € (0,8] |a=0on[qp]} ifa(B)=0.

(2) Let p1 > B and Vi be the unique viscosity solution of (ODE;a, 81). Ifa =0
on [8, P1], then V. =V; on [0, 00).
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Proof. (1) 1. We first prove that V'(0) exists and 0 < V'(0) £ 8. Since V is
strictly concave, we see that (V(£) — V(0))/€ is increasing as £ | 0. Thus V'(0)
exists and V’'(0) € (0,00] by the monotonicity of V. Suppose V’/(0) > 8. Then
(p,0) € J>~V(0) for every p € (8,V’(0)); however, V(0) —0-p < a(p) - 0 and
B8 — p < 0. This is a contradiction.

2. We next show that V'(0) = ¢~. Suppose 0 < V'(0) < ¢~. Then, by
the definition of ¢~ there exists some p € (V/(0), 3) such that a(p) > 0. We let
(&) = —c€% + p& + V(0) for ¢ > 0. Since ¢(0) = V(0) and ¢'(0) = p, it follows
that (p, —2c) € J>TV(0). We thus have V(0) — 0-p < a(p) - (—2¢), which is a
contradiction for large ¢ > 0.

3. If ¢ = B, the proof has already been completed. Let ¢~ < 8 and suppose
that ¢ < V'(0) £ 8. Since V/(§) — V'(0) as £ | 0, we see that ¢- < V! <
on [0,¢] for some small € > 0. We now take (p, X) € J>TV (&) N J%~V (&) with
& € (0,¢); see Remark 4.4 for the existence of such &. Then p = V,/(§). However,
we reach a contradiction that 0 > V(&) — & -p = a(p)X = 0 since ¢~ < p £ 3.

(2) If we prove that V is a viscosity solution of (ODE;a, 1), the conclusion
follows. We only need to consider the boundary condition. Evidently, V is a
supersolution of (ODE; a, 31) since 8 —p = 3—p = 0 whenever (p, X) € J>~V(0);
see Remark 4.7. We next take (p, X) € J>TV(0) and let p < 31; otherwise 8; —p <
0 holds. In (1) we have shown V'(0) = inf{q € (0,8] | @ = 0 on [g,(]}. Since
V'(0) £ p < B1, we now have a(p) = 0 and therefore V(0) —0-p < 0=a(p)X. O

Remark 4.7. Since 0 < V'(0) £ 8 by (1) above, we always have 8 —p = 0 if
(p, X) € J2~V(0) for a viscosity solution V. Indeed, if V — ¢ has its minimum at
the origin, then ¢'(0) < V'(0) < 6.

Remark 4.8. Let F': R x R — R satisfy (F0), (F1) and F(0,—1) < 0. It is not
difficult to see that, if we replace a(p) by —2F(p, —1), the assertions in Proposition
4.3 and 4.6 still hold for a viscosity solution of the general problem (FODE). We
thus find that (FODE) and (ODE) are equivalent in the following sense.

(i) If V is a viscosity solution of (FODE) with F' satisfying (F0), (F1) and
F(0,—1) < 0, then V is also a viscosity solution of (ODE) with a(p) =
—2F(p,—1).

(ii) If V is a viscosity solution of (ODE) with a satisfying (A1), then V is also
a viscosity solution of (FODE) with F(p,X) = a(p)X/2 if X £ 0, and
F(p,X) = b(p)X for some nonnegative b € C(R) if X = 0.

Indeed, when V is concave, we have 2F (p, X) = a(p)X for (p, X) € J>~V(£) with
€ > 0. Wenext let (p, X) € J2TV(€) with & > 0. If X <0, then 2F(p, X) = a(p)X.
If X > 0, we see (p,0) € J>TV(£) by concavity. Since a(p) -0 < a(p)X and
2F(p,0) £ 2F(p,X), we finally conclude (i) and (ii). (It is easy to check the
boundary condition by virtue of Remark 4.7.) Also, similar assertions to (i) and
(ii) hold for classical solutions.

We next establish a unique existence result of classical solutions to (ODE). Re-
calling the property (5) in Proposition 4.3, we see that there is no classical solution
of (ODE) if a(By) = 0 for some 5y € (0, 8). We thus need the positivity of a for the
existence. Conversely, it turns out that a viscosity solution of (ODE), for which we
have already known the unique existence, is actually a classical solution of (ODE)
if a is positive.
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Proposition 4.9 (C?-regularity of viscosity solutions). Assume (A1). Let V be
the unique viscosity solution of (ODE). If a > 0 on [0,5], then V is a classical
solution of (ODE).

Proof. 1. By virtue of Proposition 4.6 (1) the boundary condition (4.4) is now
fulfilled. Since V;. is right continuous, the condition V € C*[0, 00) is satisfied if we
prove V € C*(0,00). In the rest of the proof we show V € C?(0,1) for every [ > 0.
2. Let
V(0) ifr <V(0),
P(r)=<r it V() <r<8,

B ifg<r
and

b(p) := max{a(p), mg} with mg = min a(q).
q€[0,5]

Then we observe that V' also satisfies
PW(E)) — ELW'(E)) = bW ()W (§) in (0,1) (4.10)

in the viscosity sense because V(0) <V < 0and 0 < p < 3 for every p € JZ TV (£)U
J>7V (&) with € € (0,1); recall Proposition 4.3 (1), (2) and Remark 4.5 (b). We
now solve the ordinary differential equation (4.10) with the boundary condition

W(0)=V(0) and W()= V(). (4.11)

According to [25, Theorem XI1.4.2] there exists U € C?(0,1)NC0,1] which satisfies
(4.10) and (4.11) in the classical sense. The reason why we introduced (4.10) is to
guarantee that

f(&r,p) = wmb?pgw(p :

is continuous and bounded on [0, ] X (=00, 00) X (—00, 00), which is assumed in [25,
Theorem XI1.4.2].

3. We assert that V(0) < U < 0 on [0,!]. If U(n) > 0 at a maximum point
n € (0,1) of U, noting that U'(n) = 0 and U”(n) < 0, we would reach a contradiction
that

(U m) = (U’ (n) > 02 (U (n)U" ().

Thus U £ 0. A similar argument yields V(0) < U.
4. By Step 3 we find that U satisfies

W(&) = &v(W'(§)) = b(W'(§))W"(£) in (0,00) (4.12)

in the classical sense, and therefore in the viscosity sense. We now apply the
comparison principle for a viscosity subsolution and a viscosity supersolution of
(4.12). Such a comparison is ensured by [16, Theorem 3.3]; indeed, if we set
G(f,?",p,X) == 51/)(]9) - b(p)Xa we have G(évrvan) - G(gvsvan) 27 =5
for r = s and G(n,r,(é —n),Y) — G(&,r,a(é —n), X) < a|¢ —n|? for X Y. We
thus obtain V = U on [0, ], which implies V' € C?(0,1). O

Approximating a viscosity solution by classical solutions, we prove that its de-
rivative takes the value p if a(p) > 0 and that the value of the derivative jumps
over p if a(p) = 0. In other words, the solution has a corner when the equation is
degenerate.



26 NAO HAMAMUKI

Theorem 4.10 (Corner of profile functions). Assume (Al). Let V be the unique
viscosity solution of (ODE). Let p € (0, 3).
(1) Assume that a(p) > 0. Then there exists a unique &, € (0,00) such that
V € C%*(I) and V'(&,) = p for some open interval I with &, € I C (0,00).
(2) Assume that a(p) = 0. Let

gt :==sup{gep,B] | a=0 on [p,q]},

q =inf{q € (0,p] | a =0 on [q,p]}.

If ¢t < B, then there exists a unique &, € (0,00) such that V/(&§,) = q*
and V/(&p) = q~. If ¢t = B, then we have V'(0) = q~.

Remark 4.11. If ¢~ = ¢* = p in (2), then V is differentiable at &, but not twice
differentiable at &, since a(p) = 0. See Proposition 4.3 (5).

Proof. The uniqueness assertions in (1) and (2) follow from the monotonicities of
V! and V}/, which are ensured by Remark 4.5 (b). If a > 0 on [0, 5], the assertion
in (1) is obvious since V' is bijection from [0, 00) to (0, B]; recall Remark 4.5 (b),
(c) and Proposition 4.6 (1). Also, when ¢© = 8 in (2), we have already proved
V'(0) = ¢~ in Proposition 4.6 (1).

(1) 1. Set as(q) = max{a(q), 6} for § € (0,a(0)]. Owing to the positivity of as
the unique solution Vj of (ODE; ags, 8) is smooth. Since as converges to a uniformly,
we see that Vs converges to V as 6 — 0 locally uniformly on [0,00) by stability
(Proposition 2.9 (2)).

2. Take & > 0 small so that [p—e,p+¢] C (0,8) and a > 0 on [p—¢, p+¢]. Since
Vs is a classical solution of (ODE; a5, 3) with a positive as, there exist &5, s, ggf €
(0, 00) such that & < s < & and (VJ(€;), VI(1s), V(&) = (p + &, p — &) for
each § > 0. Then we observe

&
(h=2) = | Vi(©)ds = Vi(&) ~ Vs(0) < V5 (0).
Since Vg (0)(0) < V5(0) by the comparison principle, we obtain & < —V,0)(0)/(p—
g). Therefore we may assume that (&5 ,75,&) — (67,7,£7) as § — 0 by taking a
subsequence if necessary.

3. We show that —M < V{’ <0 on [55_,53'} for some M > 0 independent of J.

Take ¢ > 0 such that ¢ < a on [p —e,p +¢]. Then, for £ € &5, &) ] we have

Vs(6) —€V§(©)  Va(0) — & (p+2)
a(Vi(€) c

Since {¢5 }s is bounded by Step 2, we conclude that V;’ = —M for some M > 0.
4. We next claim that £~ < 77 < €7, In fact, we compute

Vi'(§) =

ns

e = Vi)~ ViEs) = [ Vi@t 2 MO ),
)
which implies that £~ < 7. The same argument yields that 7 < £7.

5. Choose 6 > 0 small so that J := [ — 0,7+ 6] C (£7,£F). We then have
-M < Vé” < 0 on J for sufficiently small 6. Thus the Ascoli-Arzela theorem
ensures that Vy converges to some U € C(J) as § — 0 uniformly on J by taking a
subsequence. In particular, we have U () = lims_,o V/(75) = p. Since V? converges
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to V pointwise, we learn that V € C1(fj — 0,77+ 6) and V' = U. Consequently
Vi(7) = p.

6. We are able to show the C%-regularity of V in the same way as in the proof
of Proposition 4.9. Let I = (a,b) := (77— 0/2,7+60/2). Since V € C*(7 — 6,7+ 0),
for every £ € I and (p, X) € J2TV(§) UJ>~V(£) we have V'(a) = p = V'(b) and
a(p) 2 m for some m > 0. Thus V solves

DOV () = €0 (W' (€) = bW (€)W (€) in T (4.13)
in the viscosity sense. Here ¥(r) and b(p) are suitable modification of functions
r and a(p) respectively; see the proof of Proposition 4.9. Then V must agree
with a classical solution of (4.13) with the boundary condition W (a) = V(a) and
W (b) = V(b). Hence V € C*(I).

(2) 1. Let ¢* < 8. By the definitions of ¢~ and ¢* there exist sequences {q;, }n
and {g;} }, such that 0 < ¢, < ¢~ <q¢" <qf <8, alg,) >0, alg) >0,q, Tq~
as n — oo and ¢} | ¢* as n — oo. Then we see by (1) that (V'(&,),V'(&)) =
(gn - q,}) for some &, &5 € (0,00) such that 0 < &F < &V <&, <&, . By this
monotonicity we let lim,, o (£,,&5) = (€7,€T), and then we have

V/(€7) = lim V/(§) = lim V/(&F) = ¢7,
et n—00
V(€)= lim V/(§) = lim V(&) =q".
cie- n—o0
2. It remains to prove that &+ = £~. Suppose that {7 < £~. We take (po, X) €

J?>=V (no) with ny € (£€7,€7); recall Remark 4.4. We then have
po < Vi) V(&) =ay and po = V/(no) 2 V/(&,) = a5 -

Sending n — oo yields that ¢ < pg < ¢, and hence a(pg) = 0. This is contrary
to Proposition 4.3 (5). O

We are now in a position to determine the range of V;! and V. Define R(V}) :=
{(VI(&) 1 €20}, R(V/) == {V/(€) | £ > 0} and

T there exists {¢,}n2; C (0, p] such that
{a>0} .—{pG(O,,@] a(gy) >0 and g, — p asn — 0o ’

there exists {g,}22, C [p, ) such that
a(g,) >0 and ¢, — p as n — oo )

{a>m5={pemﬁ>

Corollary 4.12 (Range of derivatives). Assume (Al). Let V be the unique viscosity
solution of (ODE). Then we have R(V]!) = {a >0} and R(V/) = {a > O}l.

Proof. The inclusion R(V)) D {a > O}T follows immediately from Theorem 4.10 (1)
and (2). Let p € R(V}), that is p = V(&) for some & = 0. Evidently, we have
pe{a>0} ifalp) >0. Welet a(p) =0. When 8 = ¢+ :=sup{q € [p, 8] | a =
0 on [p,q]}, Proposition 4.6 implies V'(0) = ¢~ := inf{q € (0,p] | a = 0 on [g, p|}.
By definition ¢~ < p. Since we also have ¢ = V! on [0,00) by monotonicity, it
follows that p = ¢~ € {a > O}T. In the case where 8 > ¢*, by Theorem 4.10 (2) we
have V/(§,) = ¢ and V}/(§,) = ¢~ for some &, > 0. Since V/(§,) =q~ < p=V/(9),
we see §, = & If §, > &, we would reach a contradiction that V,/(§) > V/(&,) =
gt 2 p="V/(). Thus £ =&, and then p = ¢~. This means p € {a > O}T. We have

thus proved R(V/) = {a > 0} . A similar argument yields R(V/) ={a> O}l. O
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5. DEPTH OF THE THERMAL GROOVE

We investigate the depth of the thermal groove. For a viscosity solution V' of
(ODE) we define

d(B) := —-V(0). (5.1)
This is the depth of the corresponding self-similar solution v in (4.2) at the origin
when ¢ = 1. Similarly, for the classical solution W of the linearized equation

(LODE) with B = a(0) > 0 we define

L(B) = —w(0) = gy 22, (5.2)

™

where the second equality is due to (4.7) since W = Hg 4(0)-

Theorem 5.1 (Depth of the groove). Assume (Al). Assume furthermore that
a(p) £ a(0) for all p > 0. Let V and W be, respectively, the unique viscosity
solution of (ODE) and that of (LODE) with B = a(0). Define d and L as in (5.1)
and (5.2). Then
) 0<d< Lin (0,00).
d is nondecreasmg in (0,00)

(1
(2)
E?); e1 = 3/(2miny g a) /ﬂ'éd ) for all 8 > 0.
4
L(B) — d(p) .
0< — 5 <C (a(O) - %1151]1a)
with C' = /2/(ma(0)) for all > 0. In particular, limg o(L(B) —d(B))/5 =

0.

(5) If a is nonincreasing on [0,00), then Ad(5) < d(A\B) for all A € [0,1] and
B> 0.

(6) e2(8) ==/ [ a(p)pdp < d(B) for all B > 0.

(7) Ifa(p) = ¢/(1+p?) on [M,00) for some c, M > 0, then limg_,o d(8) = .

Depth L(B)
2) (1)
(1? S 4oo
, a(8)
" (5) star shaped
. (4) o(B)

FIGURE 3. The assertions in Theorem 5.1 on the depth d(f5).

The estimate in (4) yields (1.14), which asserts that the depth of the linearized
problem is the third order approximation in Mullins’ case, i.e, a(p) = 2/(1 + p?).
The main tool for the proof of (1)—(5) is the comparison principle while we calculate
integrals to show (6) and (7).
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Proof. (1) Fix 8 > 0. By Proposition 4.3 (1) the depth d(f) is positive. We next
observe that W —&W’' = a(0)W" < a(W)W" on (0, 00) since W’ = 0 and W < 0.
This inequality means that W is a subsolution of (ODE). We thus find by the
comparison principle that W <V on [0, 00), and hence d(8) < L(B).

(2) Take fB1,82 > 0 with 81 < B2. Let V; and Vi be, respectively, the unique
viscosity solution of (ODE; a, 81) and that of (ODE; a, 82). It is then easily seen that
V1 is a supersolution of (ODE;a, 82), and so Vo < V4 on [0,00) by the comparison
principle. As a result we see that d(51) < d(f52).

(3) Fix 8 > 0 and take 3y > 0 such that minjy g a = a(Bp). Clearly the claim
holds if a(fy) = 0. In the case where a(8y) > 0 we consider the linearized equation
(LODE) with B = a(fp). Then the unique classical solution is

U) = Hﬁ a 50) = —ﬁ\/m ierfe {
2a(Bo)

Since 0 £ U’ £ 8 and U” £ 0, we observe that U — £U’ = a(Bp)U” = a(U’)U" on
(0,00). Thus U is a supersolution of (ODE;a, ). We now apply the comparison
principle to obtain V' < U on [0, 00). In particular, we have

a(p) 2 () = 1/ 20 _ e, 5)
(4) Tt follows from (3) that
0< L(B) )< 5\/% 5\/2 MmN @ g (a(O) — min a) .
T [0,8]

The second assertion in (4) is now obvious.

(5) Fix § > 0 and A € (0,1). Let V) be the unique viscosity solution of
(ODE; a, AB3). Set V = AV. We now claim that V is a supersolution of (ODE; a, A3).
Let (p, X) € J>~V(€), i.e., (p/\, X/\) € J>~V(€). If € = 0, we derive §— (p/\) =
0 from Remark 4.7. This means A\ —p = 0. If £ > 0, noting that p =2 0, X <0
and V(€) — € (p/A) = a(p/N) X /A, we have V(€) — &p = a(p/N)X = a(p)X since a
is monotone. We thus conclude that V is a supersolution of (ODE; a, A\3). Hence
Va £V on [0,00), and so d(AB) = Ad(B).

(6) 1. We first let @ > 0 on [0,00). Then V is a classical solution of (ODE) by
Proposition 4.9. We multiply the both sides of (4.9) by V’(£) and integrate over
[0,7n]. We then have

n= [ - arowied = [veo - aowe] + [ aroviod
— VWP -V Ve - VO + [ ev@vied

from the left hand side while the right hand side becomes

7 V'(n) B
L= [ aVOVIOVI©de = [ oo = [ i,
0 B V(n)
where we have used the change of variables that p = V/(£). Since V<0, V/ 20
and V" <0, we see that I; = —{V(0)}? = —{d(8)}?. Thus
B

{dp)Y z—I =—I, = / a(p)pdp.

V'(n)
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Letting 7 — oo and recalling Remark 4.5 (c), we obtain the estimate in (6).
2. If a is not necessarily positive, we set as(p) := max{a(p), 0} for § > 0. Then

Step 1 yields foﬁ as(p)pdp < {V5(0)}?, where Vs is the unique classical solution of
(ODE;as, 8). Letting § — 0 gives the desired conclusion since V5(0) — V(0) by
the stability; recall the argument in Stepl in the proof of Theorem 4.10 (1).

(7) For 8 = M we observe that

B B 1 +B2
= dp = / L _dp= =<1 :
(@@ = [ awwrz [ Lodp=Sros
Thus (6) yields the claim. O

Remark 5.2. (1) We have actually derived several estimates not only at the
origin but also on the whole [0, 00). In particular, by the proof of (1) and
(3) we notice

0= V(&) —-W(E)

<p { 2a(0) - ierfc ( § > —V/2a(po) - ierfe <€> }

2a(0) 2a(fo)
for all £ € [0, 00), where By > 0 is chosen so that a(fy) = min g a.
(2) By virtue of Proposition 4.6 (2) we see that limg_,o d(8) # oo if a = 0
on [M, c0) for some M > 0. Namely, the depth does not necessarily go to
infinity.

Remark 5.3. In [5] the authors gives upper and lower bounds on the solution V' of
(ODE) with a(p) = 1/2(1+p?). There two auxiliary (ODE) with a;(p) = 1/(1+p)?
and az(p) = 1/2(1 + p)? are considered, and the exact solution V; of (ODE; a1, )
and Vs of (ODE; as, 8) are given in the implicit forms. Since a; = a = as, employing
the comparison theorem, the authors conclude V3 £V < V5, and in particular they
derive the estimate at the origin of the form

Jé] B 1 1
21 — | =d >4 /1 —— - —==: .
or (J2) za0) 2 flog (22) + - 5 = 168)
The both sides of the above inequality are of order O(+/logf) as § — oo. Our
result (6) also gives a lower bound on d(8), which is

B
100 2| [ gty =\ a1+ 57) = 1a(3).

The right hand side l2(8) is of order O(+/log ), the same order as in [5]; however,
by a direct calculation we see limg_,o (I1(8) — l2(8)) = co. Thus our estimate (6)
in Theorem 5.1 is rough in this sense, but it is shown more simply and directly by
integration and is enough to prove d(8) — oo as 8 — oo in the Mullins’ example.

ACKNOWLEDGMENTS

The author is grateful to Professor Etsuro Yokoyama for letting him know the
evaporation-condensation model by Mullins and introducing him several related
references. He thanks Professor Yoshikazu Giga for many helpful discussions. He
is also grateful to Professor Yoshihito Kohsaka for informative remarks. The work



ASYMPTOTICALLY SELF-SIMILAR SOLUTIONS TO CURVATURE FLOW EQUATIONS 31

of the author is supported by Grant-in-aid for Scientific Research of JSPS Fellows

No

(1]
2]
(3]

[4]

(5]

(6]
(7]

9
[10]
(11]

(12]

(13]
[14]
[15]
[16]

(17)

(18]

(19]
20]
21]
(22]

23]

. 23-4365.

REFERENCES

H. -D. Alber, P. Zhu, Global solutions to an initial boundary value problem for the Mullins
equation, J. Partial Differential Equations 20 (2007), no. 1, 30-44.

S. J. Altschuler, L. F. Wu, Convergence to translating solutions for a class of quasilinear
parabolic boundary problems, Math. Ann. 295 (1993), no. 4, 761-765.

S. J. Altschuler, L. F. Wu, Translating surfaces of the non-parametric mean curvature flow
with prescribed contact angle, Calc. Var. Partial Differential Equations 2 (1994), no. 1, 101—
111.

M. Arisawa, Long time averaged reflection force and homogenization of oscillating Neumann
boundary conditions, Ann. Inst. H. Poincaré Anal. Non Linéaire 20 (2003), no. 2, 293-332.
D. J. Arrigo, P. Broadbridge, P. Tritscher, Y. Karciga, The depth of a steep evaporating grain
boundary groove: application of comparison theorems, Math. Comput. Modelling 25 (1997),
no. 10, 1-8.

G. Barles, Fully nonlinear Neumann type boundary conditions for second-order elliptic and
parabolic equations, J. Differential Equations 106 (1993), no. 1, 90-106.

G. Barles, Nonlinear Neumann boundary conditions for quasilinear degenerate elliptic equa-
tions and applications, J. Differential Equations 154 (1999), no. 1, 191-224.

G. Barles, F. Da Lio, P. -L. Lions, P. E. Souganidis, Ergodic problems and periodic homog-
enization for fully nonlinear equations in half-space type domains with Neumann boundary
conditions, Indiana Univ. Math. J. 57 (2008), no. 5, 2355-2375.

G. Barles, P. -L. Lions, Fully nonlinear Neumann type boundary conditions for first-order
Hamilton-Jacobi equations, Nonlinear Anal. 16 (1991), no. 2, 143-153.

P. Broadbridge, Exact solvability of the Mullins nonlinear diffusion model of groove develop-
ment, J. Math. Phys. 30 (1989), no. 7, 1648-1651.

P. Broadbridge, P. Tritscher, An integrable fourth-order nonlinear evolution equation applied
to thermal grooving of metal surfaces, IMA J. Appl. Math. 53 (1994), no. 3, 249-265.

P. Broadbridge, P. Vassiliou, The role of symmetry and separation in surface evolution and
curve shortening, SIGMA Symmetry Integrability Geom. Methods Appl. 7 (2011), Paper 052,
19 pp.

Y. -L. Chang, J. -S. Guo, Y. Kohsaka, On a two-point free boundary problem for a quasilinear
parabolic equation, Asymptot. Anal. 34 (2003), no. 3-4, 333-358.

X. Chen, J. -S. Guo, Self-similar solutions of a 2-D multiple-phase curvature flow, Phys. D
229 (2007), no. 1, 22-34.

H. -H. Chern, J. -S. Guo, C. -P. Lo, The self-similar expanding curve for the curvature flow
equation, Proc. Amer. Math. Soc. 131 (2003), no. 10, 3191-3201.

M. G. Crandall, H. Ishii, P. L. Lions, User’s guide to viscosity solutions of second order partial
differential equations, Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 1, 1-67.

K. Deckelnick, C. M. Elliott, G. Richardson, Long time asymptotics for forced curvature flow
with applications to the motion of a superconducting vortex, Nonlinearity 10 (1997), no. 3,
655-678.

P. Dupuis, H. Ishii, On oblique derivative problems for fully nonlinear second-order elliptic
partial differential equations on nonsmooth domains, Nonlinear Anal. 15 (1990), no. 12, 1123—
1138.

P. Dupuis, H. Ishii, On oblique derivative problems for fully nonlinear second-order elliptic
PDEs on domains with corners, Hokkaido Math. J. 20 (1991), no. 1, 135-164.

K. Ecker, G. Huisken, Mean curvature evolution of entire graphs, Ann. of Math. (2) 130
(1989), no. 3, 453-471.

M. -H. Giga, Y. Giga, H. Hontani, Self-similar expanding solutions in a sector for a crystalline
flow, STAM J. Math. Anal. 37 (2005), no. 4, 1207-1226.

Y. Giga, Surface evolution equations: A level set approach, Monographs in Mathematics, 99,
Birkhauser Verlag, Basel, 2006, xii+264 pp.

Y. Giga, M. -H. Sato, Neumann problem for singular degenerate parabolic equations, Differ-
ential Integral Equations 6 (1993), no. 6, 1217-1230.



32

[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
32
33
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]

[43]
[44]

[45]
[46]

(47)

(48]
[49]
[50]
[51]

[52]

NAO HAMAMUKI

J. -S. Guo, B. Hu, On a two-point free boundary problem, Quart. Appl. Math. 64 (2006), no.
3, 413-431.

P. Hartman, Ordinary Differential Equations (the second edition), Classics in Applied Math-
ematics 38, Society for Industrial and Applied Mathematics, Philadelphia, 1982.

G. Huisken, Nonparametric mean curvature evolution with boundary conditions, J. Differen-
tial Equations 77 (1989), no. 2, 369-378.

H. Ishii, Fully nonlinear oblique derivative problems for nonlinear second-order elliptic PDEs,
Duke Math. J. 62 (1991), no. 3, 633-661.

H. Ishii, P. -L. Lions, Viscosity solutions of fully nonlinear second-order elliptic partial differ-
ential equations, J. Differential Equations 83 (1990), no. 1, 26-78.

H. Ishii, G. E. Pires, P. E. Souganidis, Threshold dynamics type approximation schemes for
propagating fronts, J. Math. Soc. Japan 51 (1999), no. 2, 267-308.

H. Ishii, M. -H. Sato, Nonlinear oblique derivative problems for singular degenerate parabolic
equations on a general domain, Nonlinear Anal. 57 (2004), no. 7-8, 1077-1098.

N. Ishimura, Curvature evolution of plane curves with prescribed opening angle, Bull. Austral.
Math. Soc. 52 (1995), no. 2, 287-296.

J. Kanel, A. Novick-Cohen, A. Vilenkin, Coupled surface and grain boundary motion: a
travelling wave solution, Nonlinear Anal. 59 (2004), no. 8, 1267-1292.

A. Kitada, On a property of a classical solution of the nonlinear mass transport equation
up = gz /(1 +u2), J. Math. Phys. 27 (1986), no. 5, 1391-1392.

A. Kitada, Comment on: “On a property of a classical solution of the nonlinear mass transport
equation u; = ugze /(1 + u2). II”, J. Math. Phys. 28 (1987), no. 3, 536-537.

A. Kitada, S. Nakamura, An exact form of the Mullins model and a property of its classical
solution, J. Phys. Soc. Jpn. 67 (1998), 693-694.

A. Kitada, S. Nakamura, K. Ito, Addendum to “An exact form of the Mullins model and a
property of its classical solution”, J. Phys. Soc. Jpn. 67 (1998), 2149-2149.

A. Kitada, H. Umehara, On a property of a classical solution of the nonlinear mass transport
equation us = ugz /(1 +u2). II, J. Math. Phys. 28 (1987), no. 3, 536-537.

A. Kitada, H. Umehara, A rapid proof for a flattening property of a classical solution of the
Mullins equation, J. Math. Phys. 32 (1991), no. 6, 1478-1479.

Y. Kohsaka, Free boundary problem for quasilinear parabolic equation with fixed angle of
contact to a boundary, Nonlinear Anal. 45 (2001), no. 7, Ser. A: Theory Methods, 865-894.
M. Lavrentiev Jr., P. Broadbridge, V. Belov, Boundary value problems for strongly degenerate
parabolic equations, Comm. Partial Differential Equations 22 (1997), no. 1-2, 17-38.

P. -L. Lions, Neumann type boundary conditions for Hamilton-Jacobi equations, Duke Math.
J. 52 (1985), no. 4, 793-820.

P. A. Martin, Thermal grooving by surface diffusion: Mullins revisited and extended to
multiple grooves, Quart. Appl. Math. 67 (2009), no. 1, 125-136.

W. W. Mullins, Theory of thermal grooving, J. Appl. Phys. 28 (1957), no. 3, 333-339.

M. Nara, M. Taniguchi, Stability of a traveling wave in curvature flows for spatially non-
decaying initial perturbations, Discrete Contin. Dyn. Syst. 14 (2006), no. 1, 203—220.

M. Nara, M. Taniguchi, Convergence to V-shaped fronts in curvature flows for spatially non-
decaying initial perturbations, Discrete Contin. Dyn. Syst. 16 (2006), no. 1, 137-156.

M. Nara, M. Taniguchi, The condition on the stability of stationary lines in a curvature flow
in the whole plane, J. Differential Equations 237 (2007), no. 1, 61-76.

H. Ninomiya, M. Taniguchi, Traveling curved fronts of a mean curvature flow with constant
driving force, Free boundary problems: theory and applications, I (Chiba, 1999), 206-221,
GAKUTO Internat. Ser. Math. Sci. Appl., 13, Gakkdtosho, Tokyo, 2000.

H. Ninomiya, M. Taniguchi, Stability of traveling curved fronts in a curvature flow with
driving force, Methods Appl. Anal. 8 (2001), no. 3, 429-449.

Y. Ogasawara, On the existence of stationary solutions of a generalized Mullins equation, J.
Phys. Soc. Jpn. 72 (2003), 1871-1873.

Y. Ogasawara, Flattening properties of the mechanism of evaporation-condensation under a
temperature gradient, J. Phys. Soc. Jpn. 72 (2004), 1703-1705.

B. Perthame, R. Sanders, The Neumann problem for nonlinear second order singular pertur-
bation problems, SIAM J. Math. Anal. 19 (1988), no. 2, 295-311.

C. Qu, Exact solutions to nonlinear diffusion equations obtained by a generalized conditional
symmetry method, IMA J. Appl. Math. 62 (1999), no. 3, 283-302.



ASYMPTOTICALLY SELF-SIMILAR SOLUTIONS TO CURVATURE FLOW EQUATIONS 33

[63] C. Qu, S. Zhang, R. Liu, Separation of variables and exact solutions to quasilinear diffusion
equations with nonlinear source, Phys. D 144 (2000), no. 1-2, 97-123.

[64] M. -H. Sato, Interface evolution with Neumann boundary condition, Adv. Math. Sci. Appl.
4 (1994), no. 1, 249-264.

[65] M. -H. Sato, Capillary problem for singular degenerate parabolic equations on a half space,
Differential Integral Equations 9 (1996), no. 6, 1213-1224.

[66] D. J. Srolovitz, On the stability of surfaces of stressed solids, Acta metall. 37 (1989), no. 2,
621-625.

[57] O. C. Schniirer, F. Schulze, Self-similarly expanding networks to curve shortening flow, Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5) 6 (2007), no. 4, 511-528.

(58] P. Zhu, Asymptotic stability of the stationary solution to an initial boundary value problem
for the Mullins equation of fourth order, J. Math. Phys. 50 (2009), no. 10, 102707, 12 pp.

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, 3-8-1 KOMABA,
MEGURO, TOKYO, 153-8914 JAPAN.
E-mail address: hnao@ms.u-tokyo.ac. jp



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
20126 Inwon C. Kim and Norbert Pozar: Nonlinear elliptic-parabolic problems.

2012-7 Kazuki Okamura: Some regularity results for a certain class of de Rham’s
functional equations and stationary measures.

2012-8 K. Aihara, K. Ito, J. Nakagawa and T. Takeuchi: Optimal control laws for
traffic control.

2012-9 Guanyu Zhou: Analysis of the fictitious domain method with H'-penalty for
parabolic problem.

2012-10 Kiyoomi Kataoka and Nobuko Takeuchi: A system of fifth-order partial differ-
ential equations describing a surface which contains many circles.

2012-11 Ken’ichi Yoshida: The minimal volume orientable hyperbolic 3-manifold with
4 cusps.

2012-12 Hajime Fujita, Mikio Furuta and Takahiko Yoshida: Geodesic flows on spheres
and the local Riemann-Roch numbers.

2012-13 H. Kawakami, A. Nakamura, and H. Sakai : Degeneration scheme of 4-
dimensional Painlevé-type equations.

2012-14 Yusaku Tiba: The second main theorem for entire curves into Hilbert modular
surfaces.

2012-15 O. Yu. Imanuvilov and M. Yamamoto: Inverse boundary value problem for
Schrodinger equation in cylindrical domain by partial boundary data.

2012-16 Nao Hamamuki: A discrete isoperimetric inequality on lattices.

2012-17 Nao Hamamuki: Asymptotically self-similar solutions to curvature flow equa-
tions with prescribed contact angle.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX +81-3-5465-7012



