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ABSTRACT. Strong solutions of the non-stationary Navier-Stokes equations un-
der non-linearized slip or leak boundary conditions are investigated. We show
that the problems are formulated by a variational inequality of parabolic type,
to which uniqueness is established. Using Galerkin’s method and deriving a
priori estimates, we prove global and local existence for 2D and 3D slip prob-
lems respectively. For leak problems, under no-leak assumption at ¢t = 0 we
prove local existence in 2D and 3D cases. Compatibility conditions for initial
states play a significant role in the estimates.

1. INTRODUCTION

Let © be a bounded smooth domain in R?(d = 2,3), and fix T > 0. We
suppose that the boundary I' = 9f) consists of two nonempty open subsets, that is,
I =ToUT, [yNT; = (. We are concerned with the non-stationary incompressible
Navier-Stokes equations in £2:

w4 (u-Vu—vAu+Vp=f in Qx(0,7), (1.1)
{ divu =0 in Qx(0,7), (1.2)
with the initial condition
u = U in Qx{0}. (1.3)
Here, v, u, p, and f denote a viscosity constant, velocity field, pressure, and external

force respectively; v’ means the time derivative 2%
As for the boundary condition, we impose the adhesive b.c. on I'y:

ot "
u=0 on Ty (1.4)
On the other hand, we consider one of the following nonlinear b.c. on I'y:
Uy = 0, lo-| < g, or-ur +glur | =0, on T4, (1.5)
which is called the slip boundary condition of friction type (SBCF), and
ur =0, lon| < g, Ontin + glun| =0, on Ty, (1.6)

which is called the leak boundary condition of friction type (LBCF). Here, n is an
outer unit normal vector defined on I', and we write u,, := v-n and u, := u — u,n.
The stress tensor T = (T5;)i j=1,...4 is given by T;; = —pd;; + V(g;;; %Z)v 0ij
being Kronecker delta. We define the stress vector ¢ = o(u,p) as 0 = Tn, and
write o, := o -n and o, := 0 — o,n. One can easily see that o, = o, (u,p) may
depend on p, whereas o, = o, (u) does not.

The function g, given on I'; and assumed to be strictly positive, is called a mod-
ulus of friction. Its physical meaning is the threshold of the tangential (resp. nor-
mal) stress. In fact, if |o;] < g (resp. |on| < g) then (1.5) (resp. (1.6)) implies
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ur = 0 (resp. u, = 0), namely, no slip (resp. leak) occurs; otherwise non-trivial
slip (resp. leak) can take place. We notice that if we make g = 0 formally, (1.5)
and (1.6) reduce to the usual slip and leak b.c. respectively. In summary, SBCF
and LBCF are non-linearized slip and leak b.c. obtained from introduction of some
friction law on the stress.

It should be also noted that the second and third conditions of (1.5) (resp. (1.6))
are equivalently rewritten, with the notation of subdifferential, as

or € —g0|ur| (resp. oy, € —g0|up)).

Though we will not pursue this matter further, one can refer to [3, 17] for the Navier-
Stokes equations with general subdifferential b.c. See also [4], which considers the
motion of a Bingham fluid under b.c. with nonlocal friction against slip.

SBCF and LBCF are first introduced in [6, 9] for the stationary Stokes and
Navier-Stokes equations, where existence and uniqueness of weak solutions are
established. Generalized SBCF is considered in [19, 20]. The H?-H' regular-
ity for the Stokes equations is proved in [27]. In terms of numerical analysis,
[2, 13, 14, 22, 23, 24, 25] deal with finite element methods for SBCF or LBCF.
Applications of SBCF and LBCF to realistic problems, together with numerical
simulations, are found in [15, 28].

For non-stationary cases, [7, 8] study the time-dependent Stokes equations with-
out external forces under SBCF and LBCF, using a nonlinear semigroup theory.
The solvability of nonlinear problems are discussed in [21] for SBCF, and in [1] for
a variant of LBCF. They use the Stokes operator associated with the linear slip or
leak b.c., and do not take into account a compatibility condition at ¢t = 0.

The purpose of this paper is to prove existence and uniqueness of a strong so-
lution for (1.1)—(1.4) with (1.5) or (1.6). We employ the class of solutions of La-
dyzhenskaya type (see [18]), searching (u,p) such that

we L0, T; HY(Q)D), o € L=(0,T; L2(Q)4) N L2(0,T; H (Q)),
p e L=(0,T; L2(9)).

There are several reasons we focus on this strong solution. First, from a view-
point of numerical analysis, we would like to construct solutions in a class where
uniqueness and regularity are assured also for 3D case. Second, we desire an L°°-
estimate with respect to time for p, which may not be obtained for weak solutions
of Leray-Hopf type (cf. [29, Proposition II1.1.1]). Third, in LBCF, it is not straight-
forward to deduce a weak solution because of (1.7) below. Similar difficulty already
comes up in the linear leak b.c. (see [26])

The rest of this paper is organized as follows. Basic symbols, notation, and
function spaces are given in Section 2.

In Section 3, we investigate the problem with SBCF. The weak formulation is
given by a variational inequality, to which we prove uniqueness of solutions. To
show existence, we consider a regularized problem, approximate it by Galerkin’s
method, and derive a priori estimates which allow us to pass on the limit to deduce
the desired strong solution. Using the compatibility condition that ug must satisfy
SBCF, we can adapt ug to the regularized problem, which makes an essential point
in the estimate.

Section 4 is devoted to a study of the problem with LBCF. There are two major
differences from SBCF. First, as was pointed out in the stationary case [6, Remark
3.2], we cannot obtain the uniqueness of an additive constant for p if no leak occurs,
namely, u, = 0 on I';. Second, under LBCF, the quantity

/Q{(U~V)v-v}da:= %Aun|v|2ds (if divue=0) (1.7)
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need not vanish because u,, can be non-zero. This fact affects our a priori estimates
badly, and we can extract a solution only when the initial leak ||uon||z2(r,) is small
enough. Incidentally, if we use the so-called Bernoulli pressure p + %|u\2 instead of
standard p, the mathematical difficulty arising from (1.7) are resolved; nevertheless
the leak b.c. involving the Bernoulli pressure is known to cause an unphysical
effect in numerical simulations (see [12, p.338]). Thereby we employ the usual
formulation.

Finally, in Section 5 we conclude this paper with some remarks on higher regu-
larity.

2. PRELIMINARIES

Throughout the present paper, the domain 2 is supposed to be as smooth as
required. For the precise regularity of €2 which is sufficient to deduce our main
theorems, see Remarks 3.5 and 4.4. We shall denote by C' various generic positive
constants depending only on €2, unless otherwise stated. When we need to specify
dependence on a particular parameter, we write as C = C(f, g, ug), and so on.

We use the Lebesgue space LP(€) (1 < p < o0), and the Sobolev space H"(Q) =
{0 L2(Q) | 191130y = 2 <r 10|72 () <00} for a nonnegative integer r, where
H°(Q) means L2(2). H*(Q) is also defined for a non-integer s > 0 (e.g. [10,
Definition 1.2]). We put L3(Q) = {q € L*(Q)| [, ¢dx = 0}. For spaces of vector-
valued functions, we write LP(2)¢, and so on.

The Lebesgue and Sobolev spaces on the boundary I', T'g, or I'1, are also used.
HO(I'y) means L?(I'y), and we put L3(I'1) = {n € L*(T'y) | Jr, nds = 0}, where ds
denotes the surface measure. For a positive function g on I'y, the weighted Lebesgue
spaces Lg(T'1) and chjg(Fl) are defined by the norms

l
Inllza ey = /Flglnlds wd g, ey = ess.sup O

respectively. The dual space of L(T'y) is L35,(T'1) (see [6, Lemma 2.1]).

The usual trace operator ¢ — ¢|p is defined from H'(Q) onto H'Y/?(T). The
restrictions ¢@|r,, ¢|r, of ¢|r, are also considered, and we simply write ¢ to indicate
them when there is no fear of confusion. In particular, n, and n, means (n-n)|r and
(n—(n-n)n)|r respectively, for n € H'/2(T')%. Note that ||, || gr1/2ry < ClInll gra/2(rya
and (|77 || g2/2(rye < ClInllgr/2(rya because n is smooth on T'.

The inner product of L?(2)¢ is simplified as (-,-), while other inner products
and norms are written with clear subscripts, e.g., (-,-)z2(r,) or || - | g1 (q)e. For a
Banach space X, we denote its dual space by X’ and the dual product between X’
and X by (-,-)y. Moreover, we employ the standard notation of Bochner spaces
such as L2(0,T; X), H*(0,T; X).

For function spaces corresponding to a velocity and pressure, we introduce closed
subspaces of H'(2)% or L?() as follows:

V ={ve H(Q)*|v=0onTy} V={veH Q) v=00nT},
Vn:{v€V|vn:OonF1}, VT:{v€V|vT:OonI‘1},
Q= L), Q = L§(9).

To indicate a divergence-free space, we set HL(Q)? = {v € H*(Q)?|divv = 0}. We
use the notation V, = V.0 H:(Q)4, V, = VN HYQ)?, V.o = V,, N HL(Q)?, and
Voo =V, N HLYQ)L



4 TAKAHITO KASHIWABARA

Let us define bilinear forms ag, b, and a trilinear form a; by

8uz 8UJ avi afvj ) .
Z / <8U’J 8“1') <3xj + 8xi> dx (u,v € H(Q)%),

ay (u,v,w) = /Q {(u-V)v} wdx (u,v,w € H'(Q)?),
b(v,q) = —/Qdivqux (ve HY ()Y, q € L*(Q)).

The bilinear forms ag, b are continuous, and from Korn’s inequality ([16, Lemma
6.2]) there exists a constant a > 0 such that

a0(v,0) > allolg (V). (2.1
Concerning the trilinear term a1, we obtain the following two lemmas.

Lemma 2.1. (i) When d = 2, for all u,v,w € H'(Q)? it holds that

1/2 1/2 1/2 1/2
a1 (v, )| < Cllull gyl 7iqyallvlla @ lwl ftgyallwll e gye— (2:2)

(ii) When d =2 or d =3, for all u,v,w € H(Q)? it holds that

1/4 3/4
Jar (u,0,w)| < Cllull Kigya Ul gyl @yellwl gy lwli g (2:3)

Remark 2.1. In particular, we see from (2.3) that
lai(u, v, w)| < C||U||H1(Q)d||U||H1(Q)d||w||H1(Q)d- (2.4)

Proof. By the Sobolev embedding H'Y/2(Q) c L*(Q) (resp. H¥4(Q) c L*(Q))
which is valid for d = 2 (resp. d = 2,3), combined with an interpolation inequality
between L2(Q) and H' (), we have

1/2 1/2
lllzsioye < Cllullzvzays < Clul Y2l 220s  (d=2)
(resp. ||u||L4(Q)d < C||u||H3/4(Q)d < CHUHLZ(Q dHu”Hl(Q (d = 2a3)')

Therefore, since |a; (u, v, w)| < Cllull aqya ||Vl g1 (@)l Lao)e by Holder’s inequal-
ity, we conclude (2.2) (resp. (2.3)). O

Lemma 2.2. (i) For allu eV, , and v € Hl(Q) al(u v,v) = 0.
(ii) For allu € V; 5 and v € H* ()%, a1(u,v,v) = } fr up|v|? ds, and

a1 (w, v, 0)| < M llunll L2 [Vl ) (2.5)
where vy is a constant depending only on €.

Proof. By integration by parts, we have

a1(u,v,w) + a1 (v, w,v) = — divuv-wdx+/unv-wds,
Q r
from which the conclusion of (i) and the first assertion of (ii) follow. Combining
the Holder inequality |a1(u,v,v)| < Cllun||z2(ry) Hv||2L4(1"1)d7 the Sobolev embedding

HY?(Ty) ¢ LYT';) (d = 2,3), and the continuity of the trace operator H'(2) —
H'Y?(Ty), we derive (2.5). O

Remark 2.2. Whether v, is small or not, especially when compared to « in (2.1), is
a very crucial point in our a priori estimates for LBCF (see Proposition 4.1). This
is why we distinguish ~; from other constants C' and do not combine ~y; with them.
As (i) above shows, this problem does not happen when we consider SBCF.
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Furthermore, we introduce nonlinear functionals j, and j, by

j(n) = / glnlds (ne I2T)%) and () = / glnlds (5 € L*(Ty)),

where g > 0 is a modulus of friction mentioned in Section 1. They are obviously
nonnegative and positively homogeneous. In addition, they are Lipschitz continuous
when ¢(t) € L?(T'y) for a.e. t € (0,7).

The followings, which are readily obtainable consequences of standard trace and
(solenoidal) extension theorems ([10, Theorems 1.1.5-6, Lemma 1.2.2], see also [16,
Section 5.3]), are frequently used in subsequent arguments.

Lemma 2.3. (1) For v € V,,, it holds that ||’U-,—||H1/2(Fl)d < CHUHHl(Q)d.
(ii) For n € H'/?(T';)¢ satisfying 7, = 0 on T'y, there exists v € V,,, such that
Vr =17 0N Fl and ||UHH1(Q)d S C||T]||H1/2(F1)d.

Lemma 2.4. (i) For v € V,, it holds that [[v, || g1/2(p,) < Clv[|g1(q)a-

(ii) For n € H'/2(T';) (vesp. n € HY?(T'1)NL3(T1)), there exists v € V; (resp. v €
Vo) such that v, =non I'y and |[v| g1 )e < Clnllgi/zr,)-

The definition of o(u,p) given in Section 1 becomes ambiguous when (u, p) has
only lower regularity, say v € H'(Q)%, p € L?(2). Thus we propose a redefinition
of it, based on the following Green formula:

(—vAu+ Vp,v) + / o(u,p) - vds = ag(u,v) + b(v, p) (it divue =0).
r
Definition 2.1. Let u(t) € V,, p(t) € Q, v'(t) € L2(Q)4, f(t) € L2(Q)4. If (1.1)
holds in the distribution sense for a.e. t € (0,T"), that is,

(') + ao(u,v) + a1 (u,u,0) + b(v,p) = (f,v) (Vv e V), (2.6)
then we define o = o (u,p) € (HY/2(I';)%)’ by
<U’ U>H1/2(F1)d = ao(u,v) + b(va) - <F7 U)V (VU € V)’ (2'7>

where F'(t) € V' is given by (F,v),, = (f,v) — (v, v) — a1(u, u, ).

The above o is well-defined by virtue of the trace and extension theorem. It
coincides with the previous definition when (u, p) is sufficiently smooth. In addition,
by Lemmas 2.3 and 2.4, 0, = o —(o-n)n € (H/*(T'1)%)" and 0, = o-n € H/?(T)’
are characterized by

{<an 1) g1/ 0 = 0 (vi € H'/(I')),
(0r;vr) gisa(ryye = ao(u,v) + (v, p) = (Fyv)y, (Vv eV,),
and

(O, vn) gsa(r,) = ao(u,v) +b(v,p) — (Fiv)y, (Vv e Vr),

respectively. By Lemma 2.3(ii), o, actually does not depend on p.

3. NAVIER-STOKES PROBLEM WITH SBCF

3.1. Weak formulations. Throughout this section, we assume f € L2(Qx (0,T))4,
ug € Vy.oy and g € L2(Ty x (0,T)). Further regularity assumptions on these data
will be given before Theorem 3.2. In addition, the barrier term j, is simply written
as j. A primal weak formulation of (1.1)—(1.4) with (1.5) is as follows:

Problem PDE-SBCF. For a.c. t € (0,T), find (u(t), p(t)) € V, x Q such that
u'(t) € L2(Q)?, u(0) = ug, o, is well-defined in the sense of Definition 2.1, |o.| < ¢
a.e. on I'y, and o - ur + glu,| =0 a.e. on I'y.
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Remark 3.1. More precisely, “|o,| < ¢” implies that o, € (H'/?(I'1)%)" actually
belongs to L‘f?q(Fl)d with ||0'7—||LT<; )2 < 1. In particular, o, € L*(I';)%.

Throughout this section, we refer to Problem PDE-SBCF just as Problem PDE.
Similar abbreviation will be made for other problems.

One can easily find that a classical solution of (1.1)—(1.4) with (1.5) solves Prob-
lem PDE, and that a sufficiently smooth solution of Problem PDE is a classical
solution. As the next theorem shows, Problem PDE is equivalent to the following
variational inequality problem.

Problem VI,-SBCF. For ae. ¢t € (0,7T), find u(t) € V,,, such that v/(t) €
L2(2)?, u(0) = ug, and

(', v —u) 4+ ap(u,v —u) + a1 (u,u, v —u) + j(v:) — j(ur) > (fro—u) (Vv € V,,).
(3.1)

Theorem 3.1. Problems PDE and VI, are equivalent.

Remark 3.2. The precise meaning of “equivalent” is that if (u,p) solves Problem
PDE, u solves Problem VI, ; if u solves Problem VI, there exists unique p such
that (u,p) solves Problem PDE. Hereafter we will frequently use the terminology
“equivalent” in a similar sense.

Proof. Let (u,p) be a solution of Problem PDE. Then it follows that
(', v) + ag(u,v) + a1 (u, u,v) + b(v, p) — (o, vr)r2yye = (f,v)  (Ywe V). (3.2)
Using this equation together with |o,| < g and o, - u, + glu,| = 0, we have
(u',v —u) + ao(u,v —u) + ar(u, u,v —u) + j(vr) — jur) = (f,v —u)
= —(07,vr —ur)r2(ry)a + j(vr) —j(us) = / (glvr| = orvr)ds = 0,
IS}

for all v € V,, . Hence u is a solution of Problem VI,.
Next, let u be a solution of Problem VI,. Taking u £ v as a test function in
(3.1), with arbitrary v € V,, we find that

(', v) + ag(u,v) + a1 (u,u,v) = (f,v) (Vv € Vg) (3.3)

By a standard theory (see [29, Propositions I.1.1 and 1.1.2]), there exists unique
p € Q such that (2.6) holds. Therefore, o, € (H'/?(T'1)%)" is well-defined, and thus

(u',v) + ag(u, v) + a1 (u, u,v) + b(v,p) = (Fr,07) g1/2(p,ya = (f,0) (Vv e V).

Combining this equation with (3.1), we obtain

(e 0y — ) s ya < / o(lor] — lusDds  (Fo€Vio),  (34)

1
and as a result of triangle inequality, | (07, v7) gra/2(p,ya | < Jr, glv-|ds for v €V, 5.
In view of Lemma 2.3(ii), this implies that for n € H'/?(I';)?

[{orsm) grireeyya | = [{orne) gz, ya | < el Ly = H’?HL;(Fl)d-

By a density argument, we can extend o, to an element of (Lé(f‘)d)’ such that
[orm oy | < lnlleyene (v € Lg(T)?).

Since (Ly(T'1)?)" = L39,(I'1)?, we conclude |o-| < g. Then o, - ur + glus| = 0
follows from (3.4) with v = 0. Hence (u,p) is a solution of Problem PDE. O
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3.2. Main theorem. Proof of uniqueness. We are now in a position to state
our main theorem. We assume:

(S1) f € HY0,T; L*(Q)9).
(S2) g € H'(0,T; L?(I'1)) with g(0) € HY(T';).
(S3) up € H2(2)2NV,, », and SBCF is satisfied at ¢t = 0, namely,

lor(ug)] < g(0) and o, (up)uor + g(0)|ug-| =0 a.e. on Iy.
Note that o, (ug) can be defined in a usual sense.

Theorem 3.2. Under (S1)—(S3), when d = 2 there exists a unique solution u of
Problem V1, such that

ue L®0,T;Vno), o €L®0,T; L)) N L*0,T; V).
When d = 3, the same conclusion holds on some smaller time interval (0,1").

We call the solution in the above theorem a strong solution of Problem VI,.
First we prove the uniqueness of a strong solution. The existence will be proved in
Section 3.4 after some additional preparations.

Proposition 3.1. If u; and us are strong solutions of Problem VI, then uy = us.

Proof. Taking v = uy and v = wy in (3.1) for uy and that for us respectively, and
adding the resulting two inequalities, for a.e. t € (0,7T) we obtain

(Ull - u’2,u1 —ug) + ap(uy — uz,uy — ug)
< ay(ur,ur,ug —ur) + ay(ug, uz, ug — ug)
= 7&1(’[1,1 — U2, U2,U1 — UQ) - al(u2,u1 — U2,U1 — UQ). (35)
We deduce from (2.3), together with Young’s inequality, that
1/2 3/2
a1 (w1 = w2, u, ur = ua)| < Cllur — wall st gy allun = w237 gy 2l a1 e
a
< §HU1 — |31 gy + Cllualfn gyallur — u2l|72(g);
7/4 1/4
la (ug, u1 — ug,up — uz)| < CHUQHHl(Q)d”ul - U2||H/1(Q)d||u1 - u2||L/2(Q)d
a
< §HU1 — |31 gy + Clluallfn gyallur — u2l|72(g)a-

Combining (2.1) and these estimates with (3.5), we have

d
§||“1 - u2||2L2(Q)d < C(HUQH%P(QW + |\U2H§{1(Q)d)||ul - U2H%?(Q)d-
By Gronwall’s inequality, we conclude
tO(JJuz? uzl® d
lun (£) = un ()13 gy < ¥ C Nt el )1 (0) — u (0)]12 0 = 0,
since u1(0) = u2(0) = ug. (Note that fJ(HuQHf{l(Q)d + HuQH?{l(Q)d) dt remains finite
because u € L>(0,T; H'(Q)%.) Thus uy(t) = ua(t). O

Remark 3.3. In the case of SBCF here, the last term of (3.5) vanishes, according to
Lemma 2.2(i). We did not use that fact because we would like to make our proof
of uniqueness remain unchanged when we deal with LBCF.

Concerning the associated pressure, we find:

Proposition 3.2. Under the assumptions of Theorem 3.2, let u be the strong so-
lution of Problem V., and p be the associated pressure obtained in the proof of
Theorem 3.1. Then p € L>(0,T;Q).
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Proof. For a.e. t € (0,T), the well-known inf-sup condition (see [10, I.(5.14)]),
together with (3.2), (2.4), and |o,| < g a.e. on T'y, yields

b(v, p)
[pllL2(0) < sup p—""—
vev ”UHHl(Q)d
< 'l 2 (ye + Cllull gy + CHUH?'{l(Q)d + Cllgllizzyy + 1l 2 (e
Since RHS is bounded uniformly in ¢, p is in L>(0, T} Q) O
3.3. Regularized problem. To prove the solvability of Problem VI, we consider
a regularized problem VI¢, which is shown to be equivalent to a variational equation

problem, denoted by Problem VE.
Before stating those problems in detail, for fixed € > 0 we introduce

jely) = /F ape(n) ds,

where p, is a regularization of | - | having the following properties:

(a) p. € C%(R?) is a nonnegative convex function.
(b) For all z € R?, it holds that

Ipe(z) — I2l] < e (36)
(c) If a, denotes Vp, for all z € R? it holds that
la(z)| <1 and «(z)-2z>0. (3.7

(d) Let B¢ denote the Hessian of p., namely, Sc;; = % for 4,7 = 1,...,d.
10Zj

Then S, is semi-positive definite, that is,
byBe(2)y >0 (Vy,z € RY), (3.8)
where ty means the transpose of y. This is a consequence of the convexity of

Pe-

Such p, does exist; for example, let p. be given by pe(z) = |2| — (1 — 2)e if |2| > ¢,
pe(z) = 2¢(1 — cos 2 |z|) if |2| < €. Then some elementary computation shows that

pe enjoys all of (a)—(d) above.

Remark 3.4. One could use the Moreau-Yoshida approximation of |- | as p., which
is considered in [27], but it is only in C*(R?), not in C?(R%).

Since p. is differentiable, the functional j. is Gateaux differentiable, with its
derivative Dj.(n) € (HY?(I';)?)" computed by

e
(i), &) eyye = Jim PO I [ o) gas (39)

for n,& € HY?(T')4.

We are ready to state the regularized problems mentioned above.
Problem VI(-SBCF. For ae. t € (0,7T), find u.(t) € V,,, such that u.(t) €
L2(2)%, uc(0) = u§ and

(uéa v — Ue) + ao(ue,v - ue) + al(umueav - ue) +je(v7') - je(ueT)
=(f,v — ue) (Vv € Vpo).  (3.10)
Problem VES{-SBCF. For a.e. t € (0,7), find uc(t) € V,, , such that u.(t) €
L2(2)?, uc(0) = u§ and

(’LLIE,U)+ao(u5,U)+al(u5,ue,’l})+/ g (ter)-vrds = (f,0) (Vv € V. 6). (3.11)
I
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Here, uf is a perturbation of the original initial velocity ug. The way one obtains
uf§ from wg is described later. By an elementary observation (e.g. [5, Section 3.3]
or [27, Lemma 3.3]), we see that:

Proposition 3.3. Problems VI, and VE: are equivalent.

Now we focus on the construction of a perturbed initial velocity u§. Since ug €
H?(Q)? satisfies SBCF by (S3), it follows from the Green formula ag(ug,v) =
(—vAug,v) + fl‘1 o-(up) - vr ds, for v € V, ,, that

ag(ug, v — up) —I—/ g(0)|v-|ds — / 9(0)|ug-|ds > (—vAug,v — ug)
o & (Vo € Vio).  (3.12)

Here we consider the regularized problem: find uf € V;, , such that

ool — )+ [ g0)p.or)ds — [ g(O)puluty)ds > (~vuo,o — uj)
" " (Vo € Vo), (3.13)

which is equivalent to (cf. Proposition 3.3)

ap(ug, v) —l—/F 9(0)ae(ug,) - vy ds = (—vAug, v) (Vv € Vo o). (3.14)

By a standard theory of elliptic variational inequalities [11], (3.13) admits a unique
solution wf, which is the perturbation of ug in question. With this setting, we find:

Lemma 3.1. (i) When e — 0, u§ — ug strongly in H*(Q)<.
(ii) u§ € H2(Q)? and

[ugll 2y < CllvAuoll + llg(O) 2 (ry))- (3.15)

Proof. (i) Taking v = ugp in (3.13) and v = u§ in (3.12), adding the resulting two
inequalities, applying Korn’s inequality, and using (3.6), we conclude

M%—w%mmé/g@M%F&WW@+/g@@ﬂm—ww®

Fl F1

§2e/ g(0)ds — 0 (e = 0).
Iy

(ii) Since g(0) € H(I';) by (S2), we can directly apply the regularity result [27,
Lemma 5.2] to the elliptic variational inequality (3.13), and obtain (3.15). Though
our p. and a. are different from those of [27], it makes no difference in the proof of
that lemma. O

Remark 3.5. (i) As a result of (i) above, for sufficiently small € > 0 we have
[ugllzzye < 2lluollr2)e and  lugllm(o)e < 2lluollm 0)a- (3.16)

(ii) Concerning the regularity of the domain, [27] assumes that Ty and T'y are
class of C? and C* respectively, which is sufficient for our theory as well.

Remark 3.6. In [27], dealing with the stationary problem, the author stated that
g € HY2(I'y) was enough to derive u € H?(Q)¢ and p € H'(Q). However, it
turned out that his proof presented there worked only for g € H(I';); see the
errata by the same author. This is why we have assumed g(0) € H*(T) in (S2),
not g(0) € HY?(T';).
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3.4. Proof of existence. Due to Proposition 3.3, we concentrate on solving Prob-
lem VE{. In doing so, we construct approximate solutions by Galerkin’s method.
Since V,,, C H(Q)? is separable, there exist members wy,ws,... € Vo, linear
independent to each other, such that |Jo°_, span{wy}7., C V,, , dense in H' ().
Here € is fixed, and thus we may assume w; = ug.

Problem VE{"-SBCF. Find ¢, € C?([0,T]) (k = 1,...,m) such that u, € V;, »
defined by wum, = >}~ cx(t)wy satisfies u,, (0) = u§ and

(Uimwk)+ao(um,wk)+a1(um,um7wk)+/ 9 (tmy) - wirds = (f, wy)
r
(k=1,..,m). (3.17)

Since a. € C1(R%)4, the system of ordinal differential equations (3.17) admits
unique solutions ¢, € C%([0,T])(k = 1,...,m) for some T < T. The a priori
estimate below shows T can be taken as T, so that we write T instead of T from
the beginning.

Proposition 3.4. Let (S1)—(S3) be valid and € be small enough so that (3.16) holds.
(i) Whend = 2, u,, € L=(0,T;Vy») and v, € L>(0,T; L2(Q)4)NL3(0,T; V, o)
are bounded independently of m and e.
(ii) When d = 3, the same conclusion holds for some smaller interval (0,T"),
which can be taken independently of m and e.

Proof. Due to space limitations, we simply write ||u||zz2, ||lgllz2, | fllzz2, - - - instead

of |lull 2aye, lgllz2(ry)s 1 fllL2(0)es - - - and so on.

(i) Multiplying (3.17) by c¢x(t), and adding the resulting equations for k =
1,...,m, we obtain

(U Um) + @0 (U, U ) +/ gae(Umzr) - Umrds = (f, um),
I

where we have used Lemma 2.2(i). It follows from (2.1) and (3.7) that

1d |

2.dt
which gives

« 1
lumll72 + allum[Fn < (fsum) < ]2 llumllm < §||um||?{1 + %Hfllizv

d
%Hum\\%z + allum|F < C|IfII72- (3.18)
Consequently, for 0 <t < T,

T T
lum(]22 + / lumllZsdt < |22 + C / Ifl2.de.  (3.19)

Since [|u§l|r2(qye < 2|luollp2()e by assumption, we find that [|u,||L~0,r;z2) and
ltm || 20,13V, ) are bounded by C(f,uo) independently of m and e.

Next, we differentiate (3.17) with respect to ¢, which is possible because ¢ (t)’s
are in C%([0, 7)), to deduce

(uf/r:wwk) + ao(uin»wk) + al(u/m,um,wk) + al(u’m; u;n?wk)
+/ G ac(Upmy) - Wirds +/ gl Bewprds = (f,wy) (k=1,...,m).
Fl 1—‘1

Multiplying this by ¢} (¢), and adding the resulting equations, we obtain

() + aig (1, ) + @ (1t ) + / 0 e (timr) - 1
IR

+ / 0y Bttty ds = (fo1l), (3.20)
101
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where we have again used Lemma 2.2(i). Here,

1 (U U Up) < Clftiy || 2|t |12 [l (by (2.2))

IA

«
Sl + Cllm s [l 172, (3.21)

IA

/F 00 (timr) - | < lg/ 2 lr iz (by (37))
< Cllg'leldpllss by Lemma 2.3(1))

a
< Gl + Clig'lIzz,
/ g "l Be(Upr )ul, - ds > 0, (by g > 0 and (3.8))
I

«
(s wm)l < I el < Sl + ClE Iz

Collecting these estimates, it follows from (3.20) that for 0 <t < T

d
Tilnllze + allwnllZn < CUFIZ: + 191172) + Cllum 7 lwrllze. (3:22)

If the second term of LHS is neglected, Gronwall’s inequality leads to

T
T 2
s (D172 < (IIU’m(O)II%z +C/O (711 + ||g’%z)dt> e Jo lem it (3.23)

Provided that ||u],(0)]|%. is bounded independently of m and e, estimate (3.23)

gives the boundedness of ||uy, || L (0,7;12) because we know that of ||um||z2(0,1;v, )

due to (3.19). Then, by (3.18) and (3.19) we have

allum®)IF < ClFIZ: = lum ez luml 2 < C(f, 9,u0),

which implies ||um ||z (0,7;v, ) is bounded. Finally, integrating (3.22), we see that
||U;n|\L2(0,T;v,L,(,) is also bounded.

To show the boundedness of ||u/,(0)||2., we multiply (3.17) by ¢} (), add the
resulting equations, and make ¢ = 0, arriving at

[y (0)[|72 + ao(u, up, (0)) + ax (u, uf, uy, (0)) +/ 9(0)ae(ufy,) - - (0)ds
Iy

= (f(0), 1, (0)). (3.24)

From the construction of u, especially (3.14), we have

= [(=vAug, u,,(0))]

a1 (00) + [ g(O)ar(uy) -l (01

Iy

< Clluollm2llug, (0)]| 2. (3.25)
Furthermore, by Schwarz’s inequality, Sobolev’s inequality and (3.15),
a1 (uf, uf, 1, (0))] < Clluglloe uf |l ur (0) [ 22 < Cllugllge [, (0)]] 2
< C(Jluollm= + llg(0) || 1) |17, ()| 2
Combining these estimates with (3.24), we obtain
[y, (0)[[ 2 < [[£(0)l|z2 + Clluollaz + C(lluollm= + [9(0) [ 1)?,

which proves the boundedness of [|u}, (0)|3-. This completes the proof of (i).
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(ii) The discussion before (3.21) and the observation for ||u/,(0)| .2 are the same
as (i). What changes from the case d = 2 is that when d = 3, instead of (3.21), we
only have (by (2.3) and Young’s inequality)

1/2 3/2
a1 (sl )| < Ol |13 1t | 2 12 |35

< At ez a2+ C e L [, 122,

for a constant v > 0 which can be arbitrarily small. We choose 7 satisfying
Yluollgr < 35, and from (3.16) we obtain v||uf||z1 < §5. Let T" > 0, which may
depend on m, € at this stage, be the maximum value of ¢ such that [|u,, ()| g < §.
If Y]t (E)||gr < § forall 0 <t < T, weset T = T. Since v||um,(0)||z1 < § and
U (t) is continuous with respect to ¢, such 7" does exist, and furthermore if 77 < T
then 7||um (t)|[ g1 = §.

Therefore, in place of (3.22) we obtain

d
iz + el < CUFNZ: +1lg'l172) + Cllumllmllupllz- - (0 < <T7),

which leads to the boundedness of ||uy, || z2(0,77;v, ) and [|uy, ||z (0,77;L2), together

Wlth ||um||Loo(07T/;ana).
Finally, let us prove that 7" is bounded from below independently of m and e.
In fact, if 77 < T then we see that
T/
/ ul, () dt
0

< e (T) 11 = [t (0) | 111 < e (T") = 1 (0) || 110 = ‘

12~ 0

T/
s/ e ()1t < VTl |20 .
0

Since we already know ||uy,[/z2(0,77,v, ) is bounded, we obtain the lower bound for
T’. This completes the proof of Proposition 3.4. O

Remark 3.7. (i) A naive computation gives, by (3.7),

/F 9(0)ae(ug,) -ty (0) ds| < [[g(O)l| 20yl (0) [ L2(ry)a,
1

but ||uy,,(0)||L2(r,)« cannot be bounded by [|u;,(0)| 12(q)« in general. Therefore,
the perturbation of ug, which is based on the compatibility condition in (S3), is
essential in deriving (3.25).

(ii) If d = 3 and f, g, ug are sufficiently small, we can prove 7||um (t)|| g1 (q)e
< § forall 0 <t <T, and consequently the existence of a global solution.

As a final step for our proof of the existence, we discuss passing to the limits
m — oo and € — 0. The proof below is valid for both d = 2, 3, except that when
d = 3 we have to replace T with T given in Proposition 3.4.

Proposition 3.5. (i) Under the assumptions of Proposition 3.4, there exists a
solution uc of Problem VI such that all of ||uc|lLe<(o,1v, )5 llvellz2(0,1:v,.,), and
lue |l Loe (0, 7;22(2)4) are bounded independently of .

(ii) There exists a strong solution of Problem V.

Proof. (1) As a consequence of Proposition 3.4, there exists some u,. and a subse-
quence of {u,,}5°_,, denoted again by {u,,}o0_;, such that u. € L>*(0,T;V,.0),
ul € L*(0,T;Vy.0) N L=(0,T; L2(2)9), and when m — oo

Uy, — Ue weakly-* in L*(0,T;V, »),

ul, — ul weakly in L(0,T;V;,.,) and weakly-* in L>(0,T; L*(Q)%).

€
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We also find that all of ||uc||ze0,;v, ,)» llucllz20.1v, ,)s and [lucl Lo o,7;02(0)4)
are bounded independently of e.

Let us prove u solves Problem VI(. By Proposition 3.3, it suffices to show that
u, is a solution of Problem VES. Multiplying (3.17) by an arbitrary ¢ € C§°(0,T)
and integrating over (0,7’), we obtain

T
/ <b(t){(u§n,wk) + a0 (U, Wi) + a1 (U, Urn s W) +/ 9oe(Umz) - wirds
0 Iy
—(f. wk)}dt =0 (k=1,..m). (3.26)
It follows from [29, Theorem III.2.1] that the embedding
{v|ve L0, T; H' (Q)%), v € L*(Q x (0,T))"} — L*(0,T; L*(2)%)

is compact, so that wu,, — u. strongly in L2(0,T; L*()%). Moreover, since the
trace operator H(Q x (0,7)) — L*(T'y x (0,T)) is compact, Uy, — Uc, strongly
in L2(T'; x (0,7))% In particular, um,, — U a.e. on I'y x (0,T), and thus the
continuity of a.(z) yields ac(umr) = ae(ter) a.e. on T'y x (0,7). Making m — oo
in (3.26), together with Lebesgue’s convergence theorem, we see that

T
/ d)(t){(u/evwk) + aO(ueawk) + al(ueaueawk) + / gae(ue‘r) : wdeS
0 Iy

—(fwg)dt =0 (k=1,2,..).

Since ,»_; span{wy }7, = V,, , the above equation is valid for all test functions
v € V;, . Hence (3.11) holds for a.e. t € (0,T), which implies that u. is a solution
of Problem VE{.

(ii) As a result of (i), there exists some u and a sequence ¢ — 0 (I — ©0),
to which we drop the subscript ! for simplicity, such that v € L*°(0,T;V,.),
u' € L*(0,T;Vy.0) N L=(0,T; L2(2)9), and when € — 0

Ue — U weakly-* in L*(0,T; Vs o),

u, — weakly in L?(0,T; V. ») and weakly-+ in L°(0,T; L*()%).
As before, one sees that u, — u strongly in L2(0, T; L*(Q)%) and ue, — u, strongly
in L2(Ty x (0,7)). In addition, ue — u weakly in L?(0,T;V,, ), and thus it follows
that fOT ao(u,u) dt <lim_,, IOT ao(te, ue) dt.

Following the technique of [5, p.56], we let ©(t) € L?(0,T}; V,, ) be arbitrary. For

a.e. t € (0,T), we take v = ¥(¢) in (3.10) and integrate the resulting equation over
(0,T) to deduce

/T {(U/C,ﬁ - ué) + aO(UE; Ok ue) + al(umuéaf} - ue)
0
+ Je(Br) = Geluer) = (£,5 = u) fdt = 0. (3.27)

In view of (3.6), together with triangle inequality and Lipschitz continuity of j,

we have fOTje(f)T)dt — fOTj(TJT)dt and fOT Je(ther) dt — fOTj(uT)dt when € — 0.
Therefore, taking the lower limit lim__,, in (3.27) gives

/OT {(u/,@—u) + ao(u, & — w) + ay (w, u, © — ) + () — j(ur) — (f,f;—u)}dt > 0.

A technique using the Lebesgue differentiation theorem allows us to conclude that
u satisfies (3.1) at a.e. t =ty (for more detail, see [5, p.57]).



14 TAKAHITO KASHIWABARA

Concerning the initial condition, since the trace operator H*(Q x (0,7T)) —
L?(Q2x{0}) is continuous, Lemma 3.1(i) leads to u(0) = lim_,o uc(0) = lim_o u§ =
ug. Hence u is a strong solution of Problem VI, . O

Propositions 3.1 and 3.5(ii) complete the proof of Theorem 3.2.

4. NAVIER-STOKES PROBLEM wWITH LBCF

4.1. Weak formulations. Throughout this section, we assume f € L2(2x (0,7)),
up € Vyo, and g € L?(I'y x (0,7T)). Further regularity assumptions on these data
will be given before Theorem 4.2. In addition, the barrier term j, is simply written
as j. A primal weak formulation of (1.1)—(1.4) with (1.6) is as follows:

Problem PDE-LBCF. For a.e. t € (0,T), find (u(t),p(t)) € V> x @ such that
u'(t) € L2(Q)?, u(0) = ug, 0, is well-defined in the sense of Definition 2.1, |o,,| < ¢
a.e. on I'y, and o, u, + glun| =0 ae. on I'y.

Remark 4.1. More precisely, “|o,| < ¢” implies that o, € (HY?(I'})) actually
belongs to L75, (I'1) with HCTnHLa; ;) < 1. In particular, o,, € L?(T'y).
1/g

Throughout this section, we refer to Problem PDE-LBCF just as Problem PDE.
Similar abbreviation will be made for other problems. Next, as in SBCF, we pro-
pose:

Problem VI-LBCF. For a.e. t € (0,7), find (u(t),p(t)) € V; x @, such that
u'(t) € L)%, u(0) = up and

(u',v —u) + ag(u,v —u) + ay(u, u,v — u) + b(v — u, p)
+J(Un) _](un) > (fﬂ)—’LL) (V'U € VT)? (41
b(u,q) =0 (Vg€ Q). (4.2
Problem VI,-LBCF. For ae. t € (0,T), find u(t) € V,, such that v/(t) €
L2(2)?, u(0) = uy and

)
)

(ulav —’LL) +CLO(U,U _u) +a1(u,u,v - U’) +j(Un) _j(un) > (f,’U - u) (VU € VT,U)'

(4.3)

Unlike the case of SBCF, Problem VI, is not exactly equivalent to Problem
PDE, as is shown in the following theorem.

Theorem 4.1. (i) If (u,p) solves Problem PDE, then u solves Problem VI,.

(ii) If u solves Problem V1, then there exists at least one p such that (u,p) solves
Problem PDE. If another p* satisfies the same condition, then for a.e. t € (0,T)
there exists a unique 6(t) € R such that

p(t) =p"(t) +6(t) and  on(u(t),p(t)) = on(u(t),p"(t)) — (). (4.4)

(iii) In (ii), if we assume furthermore uy(t) # 0, then §(t) = 0. Namely, the
associated pressure is uniquely determined.

Proof. (i) This can be proved by the same way as Theorem 3.1.
(ii) For a.e. t € (0,T) and v € V, it follows from (4.3) that (v/,v) + ao(u,v) +

o

a1 (u,u,v) = (f,v), and thus there exists unique p € @ such that
(',0) + o, 0) + a1 (w,w,0) + b(v, ) = (f,0) (Yo € V).
According to Definition 2.1, 6,, = o, (u, p) is well-defined, so that

(U, 0) + ao(u, v) + (v, p) + a1 (u, u,v) = (Gns Va) grszryy = (f,0) (Vv e V;).
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Substituting this equation into (4.3), we obtain —(0y, vy — Un) gi/2(ry) < J(Un) —
j(uy) for all v € V, ,. It follows from Lemma 2.4(ii) that

(G 17200y | < / glnlds  (¥n e HY2(Ty)n L3(Ty)).
1

The Hahn-Banach theorem allows us to extend &, to a linear functional o, :
L;(T1) — R satisfying the same inequality as above for all n € L;(T'1). There-
fore, o, € L‘l";g(Fl) and |o,| < ¢. In addition, o,u, + glu,| = 0 follows.

Since &,,—o,, vanishes on H/2(T'y)NLZ(T'1), there exists a constant §(t) such that
Gn — on = 0(t). Now, by setting p(t) = p(t) + 4(t), it follows that o,, given above
actually equals o, (u(t),p(t)) and that (u(t),p(t)) solves Problem PDE. Relation
(4.4) can be verified by a similar argument.

(iii) Since [. unds = [, divudr = 0, the assumption u,(t) # 0 implies that
there exist subsets A;, A_ of I'y with positive d — 1 dimensional Lebesgue measure
satisfying u,(t) > 0 on A4 and u,(t) < 0 on A_. Because |o,| < g and o,u, +
glunl = 0on Ty, o, = —g(t) on Ay and o, = g(t) on A_. Hence §(t) in (4.4)
cannot be other than zero. O

Remark 4.2. Since |o,| < g, §(t) is no more than 2¢(¢) nor less than —2g(t).

4.2. Main theorem. Let us state our main theorems for the case of LBCF. As in
SBCF, some compatibility condition is necessary; it is rather complicated because
normal stress at t = 0 involves a pressure at ¢t = 0, which is not given as a data.
The precise description is as follows: we say that LBCF is satisfied at ¢ = 0 if
ug € H2(Q) NV, , and there exists pg € H'(2)¢ such that

|on (o, po)] < g(0) and o, (ug, po)uon + g(0)|upn| =0 a.e. on T (4.5)

We remark that a similar compatibility condition appears in nonlinear semigroup
approaches (see [7, 8]).

Furthermore, in order to overcome a difficulty arising from (1.7), we need no-leak
condition at ¢ = 0, that is, up, = 0 on I';. In view of (4.5), this is automatically
satisfied if o, (uwo,po)| < ¢(0) on I';. Examining our proof of the a priori esti-
mates carefully, one finds that this assumption can be weaken to the condition that
l|uonllz2(r,) is sufficiently small.

Including what we have discussed above, we assume the followings:

(L1) fe HY0,T; L*(Q)%).

(L2) g € H*(0,T; L*(I'y)) with g(0) € HY(T'y).

(L3) up € H*(Q) NV, ,, and LBCF is satisfied at ¢ = 0.
(L4) won =0 a.e. on I'y.

Theorem 4.2. Under (L1)—(L4) above, there exists a unique solution u of Problem
VI, on some interval (0,T"), with T' < T, such that

u€ L¥0,T;V, ), u' € L°°(0,T; L*()%) N L*(0,T'; Vy. o).

The uniqueness can be proved by the same way as Proposition 3.1. We can
also obtain p € L>(0,7"; L?(2)) by a similar manner to Proposition 3.2, using the
rather infamous inf-sup condition (see [27, Lemma 2.2])

b(v,p
Cllplay < sup — P

vp € L2(0)).
S olhne  PEEE)

The rest of this section is devoted to the proof of the existence. To state regu-
larized problems, for fixed € > 0 we introduce

jel) = /F ape(n) ds,
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where p is a function such that

(a) p. € C?*(R) is a nonnegative convex function.
(b) For all z € R, |pc(2) — ||| <e.
(¢) If a. denotes dpc/dz, for all z € R it holds that

la(z)| <1 and a(z)z > 0. (4.6)
(d) Let B = d?p./dz%. Then B, > 0 (due to the convexity of p.).
Such p, does exist; for example, if we define p.(z) = |z| — (1 — 2)e if |2] > e,

pe(z) = 2(1 — cos £|z]) if |2 < ¢, then this p. enjoys all of (a)—(d) above.
Since p. is differentiable, the functional j. is Gateaux differentiable, with its
derivative Dj.(n) € HY/?(T'1)" computed by

i) €y = [ gocmeds (g € HUAT).

1

Now let us state the regularized problems.
Problem VIS-LBCF. For ae. t € (0,T), find u.(t) € V;, such that u.(t) €

L2(2)%, u.(0) = u§ and

(u/67/U - ue) + ao(ug,v - ue) + al(ue>u67v - ue) +]e(vn) - je(uen)
>(f,v — ue) (Vv € Vi g).

Problem VE{-LBCF. For ae. t € (0,T), find u.(t) € V-, such that u.(t) €
L2(2)?, uc(0) = u§ and

(ul,v) + ao(te, v) + a1 (e, ue,v) —|—/ 9 (Uen )vnds = (f,v) (Vv €V p).

Iy

As in Proposition 3.3, Problems VI, and VE{ are equivalent. The construction
of the perturbed initial velocity u§ is similar to that of SBCF. In fact, since LBCF
holds at ¢t = 0 by (L3), the Green formula leads to

ao(to,v — o) + | g(0)[on]ds — / 9(0) ion] ds
>(—vAug + Vpg, v I;1u0) = (Vv € V:p).

We consider the regularized problem: find u§ € V; , such that

ao(uf, v — u§) + / 9(0)pe(vn) ds — / 9(0)peluy,) ds
>(—vAug + Vpo, v — uf) ' (Vv € Vip), (4.7)

which is equivalent to (cf. Proposition 3.3)
ao (ug,v) —|—/ 9(0)ae(uf,,)vn ds = (—vAug + Vpg, v) (Vv € Vi p). (4.8)
Iy
The elliptic variational inequality (4.7) admits a unique solution u§, which is the

perturbation of ug in question. With this setting, we find:

Lemma 4.1. (i) When € — 0, u§ — ug strongly in H*(Q)?. In particular, it
follows that u§ — 0 in L?(T'y).
(ii) u§ € H2(Q)? and

1wl 2(ye < C(llvAuo + Vol p2(0ye + [|9(0) || 1 (ry))- (4.9)

Proof. (i) is proved by the same way as Lemma 3.1(i). Since g(0) € H(T;) by
(L3), (i) is a direct consequence of [27, Lemma 4.1]. O
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Remark 4.3. By (i) and (L4), for sufficiently small € > 0 we have
€ € € a
lluoll L2y < 2lluoll2yes  Nugllar @) < 2lluollar@ye,  uonll2 @, < &
(4.10)
where a and 7, are the constants in (2.1) and (2.5) respectively.

Remark 4.4. As in SBCF, if Iy is C? and I'; is C*, then we can apply Lemma 4.1
of [27]. On the other hand, g(0) € H'/?(T';), stated in [27], is actually insufficient
to deduce the H2-H' regularity (see the errata of [27]).

To solve Problem VE{, let us construct approximate solutions by Galerkin’s
method. Since V,, C H'(Q)? is separable, there exist wy,ws, ... € Vi, linear
independent to each other, such that (J-_, span{ws}{*, C V;, dense in H'(Q)<.
Here we may assume w; = ug.

Problem VE{"-LBCF. Find ¢; € C%([0,7]) (k =1, ...,m) such that u,, € V; ,
defined by wu, = >_}-; ek (t)wy satisfies u,, (0) = u§ and

(i ) + G0 2t ) + @1 (gt ) + / G0 (Wi = (f,03)
h (k=1,..,m). (4.11)

Since o, € C'(R), there exist unique solutions ¢, € C2([0,T]) (k = 1,...,m) for
some T, which may depend on m and € at this stage.

Proposition 4.1. Assume (L1)—(L4), and let € > 0 be sufficiently small so that
(4.10) holds. Then there exists some interval (0,T") such that u,, € L*(0,T";V; )
and ul, € L=(0,T"; L*(Q)*) N L(0,T'; V;.,,) are uniformly bounded with respect to
m and €. Here, T' is independent of m and .

Proof. Due to space limitations, we sometimes simply write ||ul|zz, gLz, ..., in-
stead of ||ul|z2(q)2, |9l L2(r,), ---, When there is no fear of confusion.
First we consider the case d = 2. Multiplying (4.11) by ¢ (¢) for k = 1,...,m,
adding them, using (2.1), (2.5) and (4.6), we obtain
1d
5%“”#&“%2 + (o — ’Vl”umnHLQ(I‘l))”um”%Il < (f7 um)- (4-12)
Since ||wnn (t)]|L2(r,) is continuous with respect to ¢ and (4.10) holds, there exists a
maximum value Ty € (0,77 of ¢ such that Y1l tbmn ()| 2(ryy < - If this inequality
holds for all 0 < t < T, we take Ty = T. Noting |(f, um)| < %|lum|?: + L[ £]2.,
we find from (4.12) that
d
Tlumllze +allunllfn <ClIfIZ (0<t<Ty).
Hence u,, € L>(0,Ty; L?) N L?(0,T1; V; ) is bounded independently of m, e.
Next, differentiating (4.11), multiplying the resulting equation by ¢} (¢), and
adding them, we obtain
(u;:m u%) + aO(“:n’ ulm) + al(u;m Um, u%) + a1<um’ u;n’ u;n)
+/ G e (Umn )y, d8+/ 9B (Umn )|y |? ds = (' ). (4.13)
I r

Here, we estimate each term in (4.13) as follows:
|01 (s i U )| < Cllttgy || 2 [t || 2 |10, || 2

«
< llwmllin + CllumllZa g, 2, (4.14)

(0%
o1ttt = | [ ity 25| < bl Il < il
1
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/ g Qe (U )by, ds
Iy

«
< Cllg' ez llwmallon < il +Cllg'l1Z2,

/ gﬁe(umn” mn‘QdS >0,
I

s t)| < Sl + CILF e

Collecting these estimates, we derive from (4.13) that for 0 <t < T}

d
Sl + allu 7 < CUFNZ: + Ml9'172) + CllumFn llwalzz- (4.15)

Combining the technique used in Proposition 3.4 with (4.8) and (4.9), we ob-
serve that |luy,||ze(,1:22), W llz20.1:v, ), and [[um| Lo (0,1,;v, ) are bounded
by C(f7 9, u07p0)'

It remains to show that 77 is bounded from below independently of m, e. If
Y1l tmn (T1) | 2(ry) < /4 and thus Ty = T, we can extend wu,, (t) beyond t = T and
repeat the above discussion until we reach either

Ogla<x Yillwmn (O)llz2ry) < /4 or yillwmn (T1) | L2(ry) = /4.

In the former case T; = T'. In the latter case, we have

o
8771 < Humn(Tl)HL?(I‘l) - Humn(o)||L2(F1) < ”umn(Tl) - umn(O)HLz(I‘l)

T1 Tl
</ wwamﬂmﬂSC/ el iz yadt < CVTr | 2osav, -
0 0

Hence T7 is bounded from below, and we complete the proof for d = 2.
Second let us consider the case d = 3. What changes from d = 2 is that (4.14)
is replaced with

1/2 3/2

a1 (s i, )| < Cllaig, [l o et || v 2, 1

< ol ez [ 3+ Cllma L g, 122,

where v, can be arbitrarily small. We choose 72 satisfying v |uo| g1 < g5, so that
Yellugll g < 55 by virtue (4.10). Let T5 be the maximum value of ¢ € (0, T) such
that o |/wm (t)|| 1 < . If this inequality holds for all ¢t € (0,T], we set Tp = T.
Such Ty does exist, and if Ty < T then o ||t (To) || 1 = =

Therefore, setting T = min(7}1,T3), instead of (4.15) we get

d
Zlwmlle + il < CUIF Nz +1l9'l1Z2) + Cllumllme [z (0 <t <T7).

As a consequence, we see that [[u, [|120.77v, ), [[tun,llLe0,77;22), ||um||Loo(0’T,;Vm)
are bounded by C(f, g, uo, po).
Now, if T} < T or Ty < T then T" are bounded from below as follows:

T/
«
o < ()20 = @2y < [ Nl
ga! 0

T/
<C [ Juulnde < VT o2y,
0

T/
s < ln )i = lin Ol < [ it < VT lzzovr, .
0

When T = T and T = T7 we can extend u,,(t) beyond ¢ = T and repeat the
above discussion. This completes the proof of Proposition 4.1. O
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The last step of the proof, namely, passing to the limits m — oo and € — 0 can
be carried out by the same way as Proposition 3.5, with n replaced by 7 and vice
versa. This proves that a solution of Problem VI, exists, which, combined with the
uniqueness result, completes the proof of Theorem 4.2.

Remark 4.5. At first glance one may think Theorem 4.2, where we get only a time-
local solution in spite of a smallness assumption on ug even if d = 2, is too poor.
However, in view of the fact that we obtain only time-local solutions in 2D case
under the linear leak b.c. (see [12, Theorem 6] or [26]), such limitations cannot be
avoided to some extent.

Remark 4.6. Under additional smallness assumptions on the data f, g, ug, pg, we
can derive global existence results for both d = 2 and d = 3.

5. CONCLUDING REMARKS

By the discussion presented above, we have established the existence and unique-
ness, while we did not get in touch with higher regularity such as

u € L0, T; H*(Q)?), p € L=(0,T; H' ().

This is because some regularity results for the elliptic cases are not available. For
instance, Problem VI,-SBCF is rewritten as

ap(u,v —u) + j(vy) —jlur) > (f,v —u) — (v, v —u) —ar(u,u,v —u)
= (F(t),v — u>‘/n,a (Vv € Voo )s

with F(t) € LP(Q)? for some p < 2. If we prove this elliptic variational inequality
has a unique solution in W2?(Q)? when p < 2, then a technique similar to [29,
Theorems 111.3.6 and I11.3.8] allows us to deduce u(t) € H?(Q)9. Thereby, we need
to extend the regularity theory of [27] to cases p # 2.
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