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Abstract

We consider the problem of deriving Brownian motions from classical me-
chanical systems in this paper. Precisely, we consider a system with one
massive particle coupling to an ideal random wave field, evolved according
to classical mechanical principles. We prove the almost sure existence and
uniqueness of the solution of the considered dynamics, prove the convergence
of the solution under a certain scaling limit, and give the precise expression
of the limiting process, a diffusion process.
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1 Introduction

We consider a system with massive particle(s) interacting with an ideal environment.
The dynamics is fully deterministic, Newtonian, as long as the initial condition is
given, which means that the only source of randomness is from the initial condition
of the environment. We are interested in the behavior of the massive particle(s)
in an appropriate limit such that the environment becomes more and more “fast”
(see below for the precise meaning of this description) in such a manner that the
variance of momentum transfer stays of order 1.

In this paper, we consider the mentioned problem in the framework of wave field
environment, we discuss the limit behavior of the massive particle when the speed of
propagation of the wave is very fast (see (1.3) below for the precise expression). We
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study here the simplest model which consists of only one massive particle interacting
with a scalar wave field, and the whole system is in dimension 1.

This paper is along the same line as [11]: we derive Brownian motion as a
Brownian limit of a classical mechanical system consists of massive particle(s) and
ideal environment. This type of model, called a mechanical model of Brownian
motion, was first introduced and studied by Holley [8], and extended by, e.g., Diirr-
Goldstein-Lebowitz [5], [6], [7], Calderoni-Diirr-Kusuoka [3], Kusuoka-Liang [11] and
others. In all these papers, the environment is given by an ideal gas, i.e., a system
consists of infinite “light” particles with its initial distribution given by Poisson point
process.

In the present paper, we consider the similar problem with ideal “wave” environ-
ment (see (1.1) or equivalently (1.2)). The same dynamics is also discussed, from
different aspect, by Komech-Kunze-Spohn [10]. This model, by [10], is also related
to hydrodynamics [12], homogenization in periodic and random environments [1] [4],
interface and vortex dynamics in GinGbureg-Landau theories [9], etc. See [10] and
the references therein for more related topics.

Let us now give the precise description of our model. Write the mass of the mas-
sive particle as M. We use ¢(t) and p(t) to denote the position and the momentum
of the massive particle at time ¢, respectively, and use (¢(z,t),u(z,t)) to describe
the state of the wave at position x and time . We consider a Hamiltonian system
with its Hamiltonian functional given by

H(¢,u,q,p) = ai(1+

)5 @) Pl Vo)) detas [ dao(o)p—o)

a
(1.1)
where ay,---,as are positive numbers. So our system is given by the following
standard differential equations:

d _ 1 p(t)
w1(t) = M /14a2M—1p(t)?

jtp(t) = ap /Raﬁ(x,t)vﬂ(ff —q(t))dx
Zgb(x,t) = aju(z,t) 42

jtu(:v,t) = a3A¢(x,t) — azp(x — q(t))

(¢(0),p(0)) = (0, o)

Here” V7 and” A7 denote the first and the second partial derivatives with respect
to = (or derivatives if only one variable). The initial conditions ¢(z,0) and u(z,0)
will be given later (see (1.3) below).

Notice that a4 stands for the velocity of light, and ,/a;as is the propagation
of the wave. Also, the integral [ dxo(z)p(z — ¢) is a smoothen of ¢(q), which is
introduced by [10], to keep energey bounded. The smoothing function p is called




“charge distribution” in [10], as an anology to Maxwell-Lorentz equations. For the
sake of simplicity, we assume that p € C§°(R).

We next make some simple observation in order to give the initial conditions
¢(x,0) and u(z,0).

Notice that the corresponding Gibbs measure is given by e #H(®wap) — Take
B8 = 1. The part e~30 [ @Pdr iy Gibbs measure suggests the following initial
condition with respect to u(z): u(z,0) is a Gaussian white noise with mean 0 and
variance ay .

For the initial condition ¢(z,0) with respect to ¢, first notice that

| dwo(@)p(e —q)
= [ dz(o(@) = 9ol — @) + 6(0) [ pla— q)da
= /Ooo dy(/yoo plx — Q)da:) Vo(y) — /_OOO dy(/_yoo plx — q)dm) Vo(y) + ¢(0) /Rp(u)du_

Define ( )
_ ) el —qo)dr,  y >0,
m(y) = { — Y p(x — qo)dz, y < 0.

If we assume that ¢(0)(= ¢(z,0)) is a constant, the calculation above gives us that

/R dxo(z)p(r — qo0) = /O:o Vo(y)m(y)dy + constant.

agf\Vd)(x)PdmfaQ fR dxp(z)p(r—qo

Therefore, the part e 2 ) in Gibbs measure is equal to

2
_1 -1
a constant multiple of e 700 (v¢(y)+a3 azm(y)) “  When we take normalization,

the constant term disappears. Therefore, this calculation suggests that the initial
condition with respect to ¢ is: Vé(x) + a3z aym(z) is a Gaussian white noise with
mean 0 and variance a3 .

In conclusion, we get the following initial condition with respect to the wave:

{ u(z,0) = afl/zBl(x),

(1.3)
o(x,0) + a3 as f§ m(y)dy = ¢ + a5 > By (w),

where ¢ is a constant, {Bi(z);z € R} and {By(x);z € R} are two independent
standard Brownian motions, and {B;(z)} means the white noise corresponding to
{Bi(x)}.

We are interested in the following limit: assume that a; = a;(\) € [1,00), i =
1,--+,4, are parameters with same index A € [1,00). Our assumption that the
propagation of the wave goes to infinity implies that a;a3 — oo and as A — co. See
Theorem 1.1 and the explanation following it for the other conditions. For a4, the
velocity of light, it can either be fixed or — oo. In the present paper, we consider
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the solution of (1.2) + (1.3), with the rigorous meaning of it given in Section 2. In
particular, we are interested in its limit behavior when A\ — oc.
The main result of the present paper is the following.

THEOREM 1.1 1. For any fixed X, (1.2) + (1.3) has a unique solution for
P-almost every initial condition.

2. Assume that ay, ay and as satisfy the following:

(A1) as = a;"'a3",
(AQ) hm,\ﬂoo ajaz = o0,

(A3) limy_ o a; = 0.

Then when A — oo, the distribution of {(q(t),p(t))}+>0, the solution of (1.2)
+ (1.3), converges to the distribution of the diffusion process with generator

2
L= ;(/R,o(u)du)Q;p2 — ;(Ap(u)du)zﬁ; + ]\14]588(], (1.4)

where p = ﬁ if ay is a constant and p = p if limy_. ays = 0o. Here
4

the convergence means the weak convergence of the distributions on D([0,00), R)
equipped with the Skorohod metric.

Let us explain a little bit about the condition of Theorem 1.1 (2). As claimed,
V/aias is the propagation of the wave, so (A2) corresponds to our setting that “the
propagation of the wave is very fast”. The other two conditions are chosen such that
our limit as A\ — oo is meanful, i.e., the limit process exists and has its coefficients
of both g—; and 8% not 0. Indeed, we have by Section 6 that the drift term has order

al_l/ 2a%a§ 3/ ?_ this suggests our condition (A1). Also, the coefficient of the diffusion

term caused by By has order al_l/4a2a§3/4, which is equal to 1 by (Al); and the
coefficient of the diffusion term caused by B; has order a;' - al_l/ 4a2a§ 3/ *. which is
the same as that of a;'. The condition (A3) is to ensure that this does not diverge,
and in this case, the effect of B; disappears in the limit. We could have also assumed
that a; is a constant instead of a; — oo, and in this case, we will get a limit resulted
by both By and B, by exactly the same method of the present paper. We focus on
the case a; — oo for the sake of simplicity of the expressions.

There are certainly infinitely many concrete examples of (a1, as, az) that satisfy
our conditions (Al) ~ (A3), for example, (a1,as,a3) = (A, A A) or (ay,aqz,a3) =
(A3, 1, A71), etc.. Especially the latter case corresponds to the model that the inter-
action keeps order 1.

One of the main ideas of this paper is the induction of the two approxima-
tions (3.1) and (4.3). Both of them are essentially necessary in our proof: (3.1), a
translation of s, is used as a “measurable approximation”, such that many of our
calculations including the formula of integration by parts (e.g., (3.4)) are valid; (4.3)
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is an approximation that does not include s explicitly, this is essentially used, e.g.,
in (4.4).

The rest of this paper is orginazed as follows. In Section 2, we first give the
rigorous definition of the solution of (1.2) + (1.3), which is suggested natually by
the case with smooth initial conditions (Subsection 2.1), and then give the proof of
the first assertion of Theorem 1.1, the unique existence of the solution. In particular,
this gives us our basic decomposition for our proof (see (2.16)). The term [;(¢) in
(2.16) gives us approximately the diffusion term of L (see Lemma 5.4), and the proof
of this fact is given in Sections 3 ~ 5. In Section 6, we show that the term I5(t)
in (2.16) gives us approximately the drift term of L (see Lemma 6.1). The proof of
the second half of Theorem 1.1 is given in Section 7, with the help of “martingale
theory”.

2 Definition and unique existence of the solution

In this section, we give the rigorous definition of the solution of (1.2) + (1.3), and
prove the unique existence of it.

2.1 Observation for the case with smooth initial condition

This subsection is dedicated to the observation for the case with smooth initial
condition. This suggests our rigorous definition of the solution of (1.2) + (1.3),
which will be given in the next subsection.

Let hy,hy € CY(R), and we consider the standard differential equation (1.2)
combined with initial condition

(2.1)

Lemma 2.1 The solution of (1.2) + (2.1) satisfies

jtp(t) — QQ/Ra(:p,t)Vp(w—Q(t))m
[

I
+§a3 1a§/Rdxp(a: —q(t)) ; dr
1 1
r)) —plz—r—q(t—
) =l

(pla+7—qlt -

with ¢(x,t) given by

1 1
h v/ t)————hi(x—+/ t).
2 1(z++/arast) SN 1(x—y/ajast)
(2.3)

Br1) = Lo+ y/arast- 4+ hala—arazt) +



We prove Lemma 2.1 in the rest of this subsection. Let ¢(x,t) be the solution
of the following heat equation:

%5(% t) = a1azAg(x,t)

¢(z,0) = ha(z) (2.4)
%7(‘%’7 0) - hi(l’),

and let

Then by the definition of ¢(z,t), we get that y(z,t) satisfies

%y(m,t) = ayazAy(z,t) — arazp(x — q(t))
y(2.0) = 0 (2.5)
%y(w,O) =0.

We first have the following result with respect to ¢(z,1).
Lemma 2.2 The solution ¢(x,t) of (2.4) is given by (2.3).

Proof. By general result of heat equation, there exist functions f and g such
that

B, 1) = [z — Jaragt) + g(z + varast). (2.6)

This combined with our initial conditions gives us our assertion. 1
We next deal with y(z,t). We first prepare the following general result.

Lemma 2.3 For any function f(x,t), if y(z,t) satisfies

d2

Ey(:r,t) = aya3Ay(z,t) + aray f (1), (2.7)

and the initial condition y(z,0) = y,(x,0) = 0, then

t T
y(x,t) = alag/ dr/ dsf(x — \/arast + 2y/ajasr — \J/ajass, s). (2.8)
0 0
Proof. We have by (2.7) and a simple calculation that

5; (y(:p + V/aiast, t))

= 0103Y22(T + Varast, t) + 2\/a1a3y.e (2 + Jarast, t) + yu (v + Jarast, t)
= a103Yea (T + arast, t) + 2/a1a3yL (@ + \/arast, t)
+a1a3Y.( + Jarast, t) + aras f(x + \/ajast, t)

_ 2@;‘;(2@@ b Vanast 1)) + maaf (o + st ).
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Therefore, with z(z,t) = %(y(w+ Varast, t)) we have 42(z,t) = 2\/a1az L z(x, t) +
ajas f(x + /ajast, t), hence

d

dt( z(x — 2y/a1ast, t)) = arasf(x — /aragt, t).

So
t
z(x — 2y/ajast, t) = z(x,0) + alag/ f(z — /ajazs, s)ds.
0

This is true for any z € R and ¢ > 0. Therefore,

jt( (x + arast, t)) = 2(x,t)

t
= z(x +2y/a1a3t,0) + alag/ f(x + 2\/a1ast — \/arazs, s)ds.
0

So
t r
y(z+y/arast,t) = y(x,0)+/0 dr(z(:v+2\/a1a3r, 0)+a1a2/0 f(:v+2\/a1a3r—\/a1ags,s)ds)

for any x € R and ¢ > 0. Substituting x by z — \/ajast in the equation above, with
the help of the initial condition, we get our assertion. 1

Lemma 2.4 If y(z,t) satisfies (2.5), then

a [ y(e,)Vele - q(t))d

/\/mt

= fag az/d:cp:c—q dr

(pla+ 7 alt = ——1)) = pl — 7 — glt — ——1))).

vaias vaias

Proof. Since p € C§°, we have

J OV ple —a(t)de = — [ Tyl )plx — a(t))de. (29)

By Lemma 2.3 applied to f(z,t) = —p(x — ¢q(t)), we get

t T
y(x,t) = —a1a2/0 dr/0 dsp(x — \/arast + 2v/arasr — \/arazs — q(s)).
So

Vy(z,1)
t r
= —alaQ/ dr/ dsVp(x — y/arast + 2\/a1a3r — \J/ayazs — q(s))
0 0



= —a3'ay ds

drVp(z — Jarast +2r — s — q(v/aaz 's))
= —garte [ ds (ol + Vst — s — aly/aass)
—pz — Varast + s — g(Varas 's)))
Litar [ ar{pta 7 — aft — aw ) — oo~ —a(t — e '),

——=Uq A2
23 0

/\/m»t /mt

0 s

where in the last equality, we used change of variable r = /ajast — s.
Combining this with (2.9), we get our assertion. 1
Lemma 2.1 is an easy result of (1.2) and Lemmas 2.2, 2.4. 1

2.2 Case with non-smooth initial condition

Lemma 2.1 suggests the following.

DEFINITION 2.5 We say that (p(t),q(t)) is a (weak) solution of (1.2) + (1.3),
if it satisfies

jtp(t) — aQ/RgZ(:p,t)Vp(w—Q(t))dw

+ a3 a2/ dxp(x —q(t))
1

(p(x + 7 —qlt -

Jaiast
/ dr

r) = ple —r—qlt -

1
\/a103 \/a10a3 ))
with ¢(z,t) given by

1 _ 1 _
oz, t) = 593 1/2B2(x + ajast) + 5% 1/232(1’ — y/ajast)
1 _
—|—2a1 Yag 1/2 By (z + ajast) — fal La, 1/231(:1: — Vajast)

1 r++/arazt 1 B x—,/arazt
——az'ay / m(y)dy — ~az as /0 m(y)dy + 42.11)

2 2

Before going further, we first notice that in order to prove Theorem 1.1, it
suffices to prove the unique existence and the convergence of the distribution of
{(q(t),p(t)) }rcpo,m for any given T' > 0. Choose an arbitrary 7" > 0 and fix it
throughout this paper. Notice that in this section, we are considering the existence

for every fixed A, so a4 is also fixed and finite. Since ‘ Ty pz(zt\; — < \/M’ it is

clear that |q(t)| < |qo| + (AT for any ¢ € [0,T]. Also, by assumption, there exists
a constant r, such that p(z) =0 for any |z > r,. Let Ry =17, + |qo| + 7T

In the rest of this section, we show the unique existence of the solution as defined
by Definition 2.5, for any fixed aq, as, a3, ay > 0 and P-almost every w € €.




The proof is based on the routine Picard iteration approximating method, so we
give only the sketch. We prove the existence here. The uniqueness of the solution
can be gotten in exactly the same way, and we omit it here.

Let qo(t) = qo,po(t) = pp, and for any n > 0, let

pn-i—l

t
Qn-‘rl( = qo + 0 ) pn-‘rl(t) = Do +/0 pn+1(8)d87
M1+ pnglMS

with p,11(s) given by
Bra(s) = as /R $(w,8)Vp(a — gu(s))da
[

byer'dd [ deple —au(s)) |

dr

(@47 = guls — ——1)) = plz =7 — guls — ——))),

\/ a1as v/ a1as
where ¢(z, s) is as given by (2.11).
Let A} = a]|V?ploo and Ay = 8a3'a2R2||Vp|lso|lpllsc. Then by definition and a
simple calculation,
Pnt1(u) — Pr(u)|
@ [ 16 )Vl (1) — s ()

IN

L _
tp03ad [ dr(9plclan(u) — doos (0)]20lpl2R0

2
(Varazu)A(2Ro)
2l | IVpllchin( = ) = sl = )
< o @) = s OI(41 [ 10w wlde + 43).
So
P (5) - pn< )

< [ () = jolw)ldu

< sup [0 > ~a O < s(Ai2R0 sy [0 w)] + Ao),
hence

‘QnJrl(t) - Qn<t)|
2(14

[ Gglensa(s) = o)l A 2 )ds

t 1 _
— sup |qn(0) — gn—1(0)|ds x t(A12R0 sup |p(x,u)| + Ag)(2.12)
0 M geo,s) || < Ro,u€0,1]

IA



Let

bn(t) = sup |gn1(n) — gu(n)]-
0<n<t

Then by(t) = supo<,< [a1(n) — qo(n)| < Ft < #T. By induction, this combined
with (2.12) gives us that

by(t) < 7T2n+1(A 2R, sup |o(z,u)| + Ag)n

M3 |2|<Ro,|u|<T

for any n > 1 and t € [0,7]. By the definition of ¢ and property of Brownian
motion, we have that supj,<g, ju<r |gg(m,u)| is P-almost surely finite. Therefore,
>0 o bn(T) < 00, P-almost surely, hence ¢, (t) converges P-almost surely as n — oo,
uniformly with respect to ¢ € [0, 7.

Write the limit as ¢(t), t € [0, 7], and let p(t) = po + [y p(s)ds with 2Lp(s) given
by (2.10).

By a calculation similar to the one we just used in the construction of ¢(t)

and p(t), we have that the defined ¢(t) and p(t) satisfy ¢(t) = v 11(2\4 s OF
ay —1p

equivalently,

R p(s) )
q(t) — qo /OM\/1+a4—2M—1p(s)2d' (2.13)

This completes the proof of the existence. 1

In the following sections, we will take A — oo, so ay might not be fixed, which
means that the velocity of the massive particle might be very fast. To solve this

problem, we define 7, = 192(13 = > n} for any n € N. (This

is essential in the case that ay — oco. In the case that as does not depend on A,
we have 7, = oo for any n > a,M~/?). Notice that in order to prove Theorem 1.1
(2), it suffices to prove the assertion for ¢ € [0, A 7,] for any n € N. Choose any
n € N and fix it from now on. We have that |¢(t)| < |qo| + nt for any ¢ € [0,T A 7,].
Let Ry = |qo| +nT +r,, where r, is the constant chosen such that p(z) = 0 for any
x| =7

Let ft = o{B1(u), Ba(u); |u| <t} for any ¢ > 0. Then the following is an easy
consequence of (2.10) and (2.11).

Lemma 2.6 (q(t A7), p(t A7) is Farasesr, -measurable for any t € [0,T7.

Let I;(t) and I(t) denote the integrals of the first and the second term on the
right hand side of (2.10), respectively, i.e., we let

L(t) = a /t ds/ Vo(z — q(s))p(x, s)dz, (2.14)
L(t) = faglag/ ds/ dxp(x — q(s )/msdr
(pla 7= als = ) = pla =7 = als = —ur))) 215
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Notice that the constant ¢ in (2.11) disappears after taking integral, since [g Vp(z—
q(s))dz = 0.
Then we have the following basic decomposition of p(t):

p(t) = po+ Li(t) + Lo(t). (2.16)

In Sections 3 ~ 7, we will show that, after taking limit A\ — oo, I;(t) gives us
the diffusion term of L (Lemma 5.4), and I5(t) gives us the drift term (Lemma 6.1).

3 First approximation of the term [;(¢)

In this and the following two sections, we show that the term [;(¢) in (2.14) gives
us approximately the diffusion term of our generator L in (1.4) (see Lemma 5.4 for
the precise statement).

We define

5= ((1s] - \/Qf_;) VO)AT A7,  seR. (3.1)
143

This is one of the two important approximations of s we induce in the present paper.
(The other one is s,, which will be given in (4.3)). We have the following as a result
of Lemma 2.6.

Lemma 3.1 For any s € [=T,T], we have that (¢(3),p(5)) is F,-measurable for
any y € R satisfying |y — \/arazs| < Ry.

Proof. Ifs < 2 then § = 0, hence ¢(8) and p(3) are constant. If |s| > 20

by Lemma 2.6, we have that ¢(8) is F/aras|s|-r,-measurable. Our assertion is now

trivial since |y — \/ajazs| < Ry implies |y| > \/ajaz|s| — R;. 1
The following decomposition is easy:

Li(t A1y) = T (t) + La(t) + - - + Lis(2),

where
1 71/2 tATh
Ii(t) = =asas / 1[ 2R, ds/ Vp(z — q(3))Ba(x + y/ajazs)dx
2 0 Jataz ™
1 _ tATh
In(t) = =agaz"? / 1 an,  (5)ds / Vp(z — q(3))Bs( — Jarass)da,
2 0 [ares R
1 _ tATh N
Li3(t) = 50203 1/2/ ds/ (Vp(x —q(s)) — Vp(x — q(s)) X
0 R
(Bz(x + +v/ajazs) + Bay(x — \/a1a33)>da:,
tATh
Iu(t) = —a2a11a§1/2/ ds/ Vo(x —q(s)) — Vp(x—q(g)) X

x (Bi(x + awazs) — Bi(z — v/aiass) ) da,

11



1 “1/2 tATn _
Li5(t) = 50203 / 1y 2m) (s)ds/ Vo(x —q(5)) x

(Bz(:z: + \/alags) + By(z — \J/arags )d:c,

I B 1 1 —1/2 tATn
16(t) = g2ty a3 0 1[0 omy | (8)ds fof—Q(S))

’W
(Bl(a: + Vaazs) — Bi(xz — \Jarazs )dx,
tATh x+,/arazs x—,/arazs
Lir(t) = *aga:?l/ dS/ / m(y) dy+/ m(y)dy)Vp(x — q(s))dz,
]_ - tATh
Iis(t) = —aza;'ag 1/2/ 1 2r, (s ds/ Vp(x —q(5)) x
2 0 \/a1a3’oo) R

x (Bi(x + y/arass) — By(x — \/ayazs)) dx.

In the rest of this section, we show that I13 ~ I;g are negligible when A\ — oo
(see Lemma 3.6).

Lemma 3.2 We have lim)_, E{supogtST |Ili(t)|] =0 fori=3,4.

Proof. We prove the assertion for ¢ = 3 here. The one for ¢ = 4 can be gotten
in exactly the same way with the help of (A3).
First make the decomposition

Li3(t) = Liai(t) + L132(t)

with
Ian(t) = g [ ds [ [Vl — as)) - Voo — a(8) + Pple — a(8))(als)  a(3))
x (Ba(x + /arazs) + Ba(x — \/ms))dx, (3.2)
Nio(t) = —gmas® [ ds [ (o~ a(3))(a(s) ~ a(5)
x (Ba(x + \/arass) + Ba(x — v/arazs) ) dx. (3.3)
For any s € [0, A 7,], we have |g(s) — q(3)] < nls — 3 < 282 g0

Vo(z — a(s)) = Volz — 4(3)) + Vp(x — 4(3))(a(s) — ¢(3))]
V2 pllocla(s) — a(3) "

2Rin
1V loo Wng) :

Also, the integrand in (3.2) is equal to 0 if || > Ry, so the integral domain {z € R}
n (3.2) can be converted to {|z| < R;}, and in this domain, we have for any
s € 10,17,
E[|By(x £ ajass)|] < E[|Ba(z £ arazs)*]Y? < (R, + aasT)"?
< R () VTV < (1 () ) (RY? + TY2),

IN

IA
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Therefore, with Cy := 8n2T R}||V3p||o (R}/? + TY/2), we have

E| sup |Ii(t)]]

0<t<T

1 2Rin
< 0203 1/2/ ds/|<R HVS,OHOO(\/—) E[|Bg(x+,/a1a33)] + |Ba(z — \/alags)”da:
< Loar?T2R, V20|l (231”) 2(1 + (aras)Y)(RY? + TY?)
=~ 2 3 [e'e) \/— 1
_ 1
= Clasa; 1/2a - (1+ (ara3)*),
103

which converges to 0 as A — 0o by (Al) and (A2).
For the term I35(t), we have by Lemma 3.1 that

[ V0l — @) Bale + aras)de = [ Voly — varazs — a(8) Baly)dy
= — | Voly = Varass — q(3))dBa(y}3.4)
Similarly,
[ Vepla = 4(3)Balw — vargs)dz = = | Vply + varazs - 4(3))dBaly).
So
Tin(t) = aaas [ dsta(s) ~ a(5)
<( [ Voly = Varass — q()dBaly) + [ Voly+ vVarass — q(5)dBa(y).

We have |q(s) — q(3)] < 2212 Also,

Jaias
B[] [ Vely = varass — 4()dBa(y)]
1/2
< B[ Vel v~ a@)iB)]
1/2
< /y_ms|§m V]2 dy)

= IVolleoy/2R,

and similarly,

B[] [ Voly+ varass - 4(3)dBa(y)]] < [Vply/25.

13



So with Cy := 2nT R;||Vpllecv2R1, we have
E[ sup [Tt )]

2Rn
< 71/2/ g / v . . dB
= @2003 Jaias “y, aras <Ry p(y — Varass — q(5))dBa(y )H
E / Vply + /arazs — q(3))dB
i ‘y+ms|§R1 Ply+ Vs —4(5)) 2(y)H)
1 —1/2 2R1n
< = T—2 o/ 2
= 2a2a3 it Vol Ry
_ 1
= Cga2a31/2

which converges to 0 as A\ — oo by (A1) and (A2).
Combining the above, we get our assertion for I;3. 1

Lemma 3.3 We have lim)_ E{SUPogtST |Iu(t)\] =0 fori=>5,6.

Proof. For any x € R with |z| < Ry and any s € [0, \/2%) we have

E[|By(z & \/arazs)|] < E[|Ba(z + Jarazs)[?]Y? < (|z] + /arazs)? < /3R;.
Therefore, with C3 := 4R?||Vp||soV/3R1, we have
E[ sup |115(t)|]

< a2a§1/2/ 1[ 231) ds
Vetay
x /| o ||Vp||oo( [|Ba(2 + /arass)[] + E[| Ba(x — \Jarass)|] ) da
1 _ 2R
< §a2a31/2 2R IV pl|os24/3R:
_ 1
= Cga2a31/2

. w/Cll(Ig7
which converges to 0 as A\ — oo by (A1) and (A2).
The assertion for I14(¢) can be gotten in exactly the same way by (A3). 1

Lemma 3.4 sup,cq eo7) [17(t)] — 0 as A — oo.

Proof. By using change of variables and the formula of integration by parts,
we have

ne = —gadart [ ds [ ([ mi)dy) x
X (Vp(x —Vajazs —q(s)) + Vp(x + y/arazs — q(s)))dm

I /OW" ds/R( (2 — arags — q(s)) + pla + V/arazs — g(s)) )m(z)da.

14



So we can rewrite
Li7(t) = Ly (t) + Liza(t) + Li7s(2)

with
1 9 _1 tATh
Lin(t) = 0203 /0 ds/R (p(:c —Vajazs —q(s)) — p(z — Jayazs — qo))m(x)dx
1 tATn
+§a§a§1/0 ds /R (p(:c + aiazs — q(s)) — p(z + \/ajazs — qo))m(:z:)da:
1 tATn
Lino(t) = iagag_l/ ds/ p(x — \/ajazs — qo)m(x)dx
t/\TTL
Lizs(t) = a%agl/ / Vajazs — qo)m(x)dx.

Notice that by definition and assumption, m(x) = 0 if || > R;. So in all of the
integrals above, the integral domains {x € R} can be rewritten as {|z| < Ry}, hence
the integral domain {s € [0,¢A7,]} can be rewritten as {s € [0, tA7,]}N{|s] < 22},

Vaias
Therefore, with Cy := 2nR3||Vpllao [{jzj<ryy m(2)|dz, we have

1
Lin(t)] < 72_1/ m(x da:/ Vpllsosnds x 2
@) < g’ [ @l [ 1]

= Cyasaz’ (\/;1_%)2.

The last expression does not depend on w € Q or ¢t € [0,7], and converges to 0 as
A — 00 by (Al) and (A2).
For I175(t) + I173(t), notice that in general,

/Rf'(:x—co)f(as)da::—/ﬁf(:v—co /f (x + co)dx

for any f € C§ and ¢y € R. Therefore, since m/(x) = —p(x — qo) by definition, we
have

tATn
Lis(t) = —faQ(zgl/O ds/Rm’(x—\/alags)m(x)dx
tATh
= —ag 3_1/ ds/ "(x + arazs)m(z)dx
tATh
= —fag gl/ ds/ (x + y/arazs — qo)m(x)dx
hence

Li7a(t) 4 Lizs(t) = 0.

This completes our proof. 1

Lemma 3.5 E{supOStST |118(t)|} — 0 as A — oo.

15



Proof. By exactly the same method as in Lemma 4.2 below, we get that
SUD \e[1,00) E[SUPogth a1|118(t)|} < 00. Since a; — oo by (A3), this implies our
assertion. I

By Lemmas 3.2 ~ 3.5, we have that [13(t) ~ [15(t) are negligible, hence I (t) is
approximately equal to I11(t) 4+ [15(t). Precisely, we have the following.

Lemma 3.6 lim) .. E[supy<,<r |[11(t) — N11(t) — T12(t)[] = 0.

The discussion with respect to I11(t) and I15(¢) will be given in the next two
sections.

4 Tightness of [1;(t) and I}5(t)

We deal with the terms I;(t) and [12(¢) in this and the next section. The discussion
is divided into two steps. First in this section, we give their decompositions and
show that {the distribution of {/;(¢) }o<i<r; A > 1} is tight for i = 1,2; and in the
next section, with the help of the result of this section, we find the expressions of
their limits as A — oo.

As in Kusuoka-Liang [11], we are considering the problem in space D given by

D = D[0,T]
— {w 0,7 = R;  w(t) =w(t+) = 151taw(s),te [0,7),

and w(t—) := limw(s) exists,t € (O,T]},

sTt
with Skorohod metric which is given as follows. Let
A= {)\ .10, 7] — [0, T]; continuous, non-decreasing, A(0) = 0, \(T') = T}.
For any A € A, we define

A(t) — A
P

0<s<t<T t—s

Also, for any w,w € D, we define
0 ~\ 0 o
d(w, @) = inf {IA°V flw =@ 0 Al }.

where ||w]|ee = supg<;<r |w(t)|. Finally, let P(D) denote the set of probability
measures on D. (See Billingsley [2] for more details about the space D and the
tightness of the probability measures on it).

The main result of this section is the following.

Lemma 4.1 {The distribution of {I1;(t) }iejo,r; A > 1} is tight in P(D) fori = 1,2.
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We prove Lemma 4.1 in the rest of this section. Since the proofs are exactly the
same, we give here the proof for i = 1 only.

First, by Lemma 3.1, we can rewrite I1;(t) as I;1(t) = I;1(t A7,) with I;;(+) given
by

E(t):—fagay) 1/2 /dBQ 1[ sy (8)ply — varazs — q(3))ds. (4.1

JVaias

It suffices to prove the tightness for ;;(¢). By [11, Theorem 5.1.7], this is a result
of Lemmas 4.2, 4.3 and 4.4.

Lemma 4.2 sup,, E[supg<,<r|111(t)|*] < 0o. In particular, supys, E[supg<,<r |11 (t)]] <
0.

Lemma 4.3 There exists a contant C > 0 such that
E(|Tn(tz) = Tu(t) - [T (ts) — Tu(t2)’] < Cts — ta)?
forany 0 <t; <ty <t3 <T.
Lemma 4.4 There exists a contant C' > 0 such that
E[[Tiy(t2) — T (k)] < Clt2 — t)"?
forany 0 <t; <ty <T.

We give a decomposition of I;; before proving Lemma 4.2. This decomposition
is also used in Section 5.

Notice that by definition, I,(t) = 0 if t < 2;2 . Also, for any t > \/2(1%3, if

y < 0, then [J 1, 2r, OO)(s)p(y —arazs —q(35))ds = 0; and if 0 < y < \/ajast — Ry,
Jatag’
then p(y — y/araszs — q(5)) = 0 for any s € (—oo, —\/(11%3] U [t, o0), hence

Ly ($)ply — Vs — a(@)ds — [ ply — Vs — q(5)ds

0 [Jares
2Ry

2Ry
— s \/a1as

S /““;;3 ply — Jarazs — q(3))ds,  te]
Now, we induce a new approximation of |s|, given as follows: Let

:

7. (4.2)

‘Z|—R1
= (2 A A Vo, R. 43
s ( — 7') z € (4.3)

We say that this is an approximation of |s| because of the following: For any |s| <

T AT, whenever p(y—./arazs—q(sy)) # 0 or p(y—/a1azs—q(5)) # 0, we have that
|s,—]s|| < 2EL. Indeed, we get by assumption |y—/arazs| < Ry. Smce| | < TAT,,

2.
this implies that s, = 2= v0. If [y| < Ry, then |sy—| | =ls] < 2t |yl > Ry,
then |s, — |s|| = \'\y)Tf‘l —Is]| < ]\/(% |s|| + \/alT < \/2(1%3. This completes the
proof.

Also, similarly to the case for s, we have the following.
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Lemma 4.5 For any y € R, we have that (q(sy),p(sy)) is Fjy-measurable.

Notice that

| oty = Vs — alsy s = —— [ plu)du (1.4)

—00 a1as

for any y € R. This combined with (4.2) and the paragraph prior to it gives us the

following decomposition of I;(t) for ¢t > \/2;%3.

2R,
\/a10a3 ’

L1(t) = Ki(t) + Ka(t) + - - + Ks(t), te] T,

Ki(t) = —;a2a§1/2\/%< /_";p(u)du)BQ(mt), (4.5)

Ko(t) = —;a2a31/2\/;1_%</_O:op(u)du)<32(\/m — Ry) — By(yamagt)),
1 aBa(y) [

Kg(t) = —7a2a:;1/2/
2 0<y<y/arast—Ri —00

[e.9]

{ply = Varass — q(3)) — p(y — Varass — q(s,)) }ds,

L i Jorss <
Ky(t) = =asa / dB / —y/ayazs — q(s))ds,
() = gaeay | AB() [ n ply — Varazs — q(3))
L ap ¢ .
Ks(t) = —- / dB /12 — Jarass — q(3))ds.
5(t) 54203 e 2(y) ) aﬁg,oo)(s)P(y arazs — q(s))ds

By (A1), the term K;(t) is nothing but a constant multiple of Brownian motion,
so we have the following.

Lemma 4.6 sup,., E[sup _2r,__,_..|K1(t)[*] < co.
= Vatag S
The fact that K3(t) and K4(t) are negligible is easy:
Lemma 4.7 We have limy_.oc Efsup 2z, _, . |K;(t)]*] =0 fori=3,4.
Varag S
Proof. For i = 3, notice that

lp(y — Varass — q(3)) — p(y — Varass — q(sy))| < (|Vplleold — 8yl1{jy—/atassi<ri}
4R1n
HVPHooﬁlﬂyf\/amsslﬁlh}’

IN
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so by Lemma 3.1 and Lemma 4.5, with Cq := (8nR}||Vp||o0)?T, we have
E[ sup |Ks(t)]]

2R,
Vatas <t<T
I _12\2
< (—fa2a3/)4 dy
2 0<y<+/arazT—Ri

<E[( [~ {oly ~ Vg — () ~ ply ~ v - als,)) Jds) |
L 2R,y AR1n \2
< ( 50203 /) 4(\/ajazT — Rl)( = - vanoom)

< (SnR2|Vp|.)’T <a2ag1/2) (\/%)3206(@@;1/2) (\/%)3,

which converges to 0 as A — 0o by (Al) and (A2).
The proof for ¢ = 4 is similar. Since

2Ry

wTL 3Ry
/ a1@35 - q dS < — HPHool{yS3R1}>
‘ ala ‘ \/a1as

with C7 := (3R;)3||p||%,, we have
B[ sup  |Ky(t)"] < AE[|Ky(T)I]

= (1a a_l/z) 4 dyEK/ s ply — \/ajazs — q(§))ds)2}
9 2 0<y<+arazT—R; —\/(’1*"1173 e
1 —1/2 3R 2 —1/2 1

< (2a2a3 / ) 4-3R, - (\/FH ||oo> = Cr(azag / )2a1a3’

which converges to 0 as A\ — oo by (A1) and (A2).

The discussion with respect to K»(t) and Kj;(t) is more complicated. We show
in the present section that they are L? bounded (see Lemma 4.8), which is enough
for the proof of Lemma 4.2. The fact that they are also negligible will be proved in

the next section.

Lemma 4.8 We have supys, E[sup 2, _, . |K;i(t)|?] < oo fori=2,5.
= Vatag ==

Proof.  The assertion for i = 2 is a result of (Al), (A2) and the following

calculation.
E{ sup |BQ( alagt—R1>—Bz( alagt)ﬂ
< 2B sup |By(Vasast— Ry)[’| +2E[ sup | Ba(yaast)|’]
\/%QKT \/?%QKT
< 16\/a1a3T.
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For ¢ = 5, first notice that by the formula of integration by parts,

Ks5(t) = ——a2a§1/2/ 1 omy (s)ds

Varaz ™
- Voly — v/ajaszs — q(s))d
( /\/mt—R1<y<\/Mt+R1 Ba(y)Voly 193 q(5))dy

—By(y/arazt — Ry)p(\/arast — Ry — v/anazs — q(5))).

Since
— B \Y — ajaszs —q(3))d
‘ /\/mt—R1<y<Mt+R1 2(y) p(y e q( >> Y
—BQ(\/CL1G375 — R1>p(\/a1a3t - R1 — 4/ Q1038 — q(§>)’
< sup | B2 ()| (2R [[Vplloo + lIplloc) 1 sy 2m1 4,
u€[y/arast—Ri,\/atast+Ri] vaias
we get
1 i 2Ry
K5(t)| < =asa 2R ||Vp|ls + oo sup Bs(u)|.
Ks(0)] < goas o R Vol + lple) s (B
We have

E[  sup B’ < AE[|By(VawasT + Ry)P?]
0<u<y/arazT+R,
(\/(llagT + Rl) < 4(\/a1a3 + 1)(T + Rl)
Therefore, with Cs := R}(2R1[|Vplloo + l|pllec)?4(T + R1), we have
E[ sup |Ks5(t)]]

L <t<T
1 -1/2 2R, 2
< (g @RIVl + loll)) B[ sup  1B2(wF]

1 _ 2R
< (G ﬁ@mnwnw ) “4(/aias + (T + F)

= 08<a2a;1/2 \/m) (,/alag + 1),

which is bounded for A > 1 by (A1) and (A2). 1
Proof of Lemma 4.2. It is just a combination of Lemmas 4.6, 4.7 and 4.8. y
Proof of Lemma 4.3. For any 0 < t; <ty <t3 <T, we have by (4.1) that

T (ts) — L (th)
= —fagagl/z/ dBs( 1 2R, Oo)(s)p(y—\/alags—q(Z§))cls

v“1a3
! 71/2/ ( ) ’ 1 ( ) ( ( ))
asa dB 2R S)p Vv ajass S ds,
2 203 ( ajaszt1—R1, a1a3t2+R1) 2 t1 [ alzg’oo) Y 173 q
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In the same way, the similar re-expression for I1;(t3) — I1;1(¢2) holds, too.

Rewrite the integral domains of y as (\/ajast; — Ry, \Jajasts — Ry) U (y/arasty —
Rl, A /ala,gtg + Rl) and (\ /&1&3t2 — Rl, A /CL1(L3t2 + Rl) U (w /&1&3'[52 + Rl, A /&1&3t3 + Rl)
Since

(a+b)*(c+d)* < 2a*(c+ d)? + 4b*c* + 4b*d?, for all a,b,c,d € R,

in order to show Lemma 4.3, it sufficient to show the estimates for the four corre-
sponding terms.
First, taking conditional expectation with respect to F /araze,—r,, We get

1 _
(2a2a3 1/2)
E B * sl Jaazs — ¢(3))°
1 - — X
{(/(\/mm—Rh\/mtz—Rl) 2(y1) t1 ° [v2ﬂlja3’oo)(8)p(y1 d1dss Q(S)))
t3 2
X dB dsl, 2gr, s — y/ajass — q(s
</(\/a1a to—R1,\/atazts+R1) 2(y2) 12 [\/2;?&3,00)( )p(y2 1 Q( ))> }
1 —1/2
N2
E[(/(\/a1a3t1—le/alastz—Rl) dB2(y1) t1 d81[,F2aI?1T m)(8>p(y1 T vaiass = Q(s))) %
2
xE / dB: / dsl, sn, _ Jaazs — 43
[( (varasta—R1,\/a1astz+R1) ? y2 ° [\/Qfﬁa )( )P(y2 1433 (](3))>
f\/a1a3t27R1:|:|' <46)

For the conditional expectation above, notice that {Bs(ys);y2 € (yaiasts —
Ry, \/atasts + Ry)} is independent to F araze,— R, » SO

E[(/ dB>(y2)
(th Ri,y/aiasts+R1)

dsl 9R, 700)(s)p(y2 — Varazs —q(3 ) ‘fmtz R1:|

t2 \/73
t3
dygE[( . dsl 1123700)( s)p(y2 — Varazs — q(5 ) ‘ﬁ/athz R

2R 0o 2
2BullPlle 1 (1, — t) 1ol

\/aias

where when passing to the last line, we used the obvious fact

a1a3

/(\/a1a3t2R1,\/0«1a3t3+R1)

S (y/al(lg(tg — tg) + 2R1)(

\/ dsl en,__ (s)p(ye — Varazs — q(3))| < A((ts = t)lplloe)-  (47)

yvaias

In the same way, we have

de(yl) to dsl[ 2R, Oo)(s)p(yl — /1035 — q(§))>2]

1] A y_
(va1asti—Ri,\/a1asta—R1) t1 ajag’

21



2
= dy B d 1 —/ —q(s
/(\/mtl—Rl,\/mtz—Rl) Y1 [( " S [ﬁ%w)(s)ﬂ(yl aiass Q(5>)) ]

S \/&1&3(t2 —tﬂ(%)% (48)

So with Cy := 2R{||p||4,, we have
(4.6)

(1a2agl/ ) Vajas(t

2R ()
. el )’

( a1a3
)(leupuoo A((ts — t)loll))’

< (que?) - v - m(ﬂ%'f" )

(Vs — ) (A 4 2 (L), — ).

4 1
= Cy(aza;""?) ot t)(t—t)

= Cg(tg - tg)(tz - t1>

IN

X(«/alag 3 —tQ +2R

by (Al).
Similarly, by (A1), there exists a constant Cp > 0 such that
L 1
(Loni )’
E dBy(yy) [ ds Varass — ¢(3)))°
1 - — X
{(‘/(\/mtz—Rl,mtz-i-Rl) 2(61) . v oo ()P = Vardss Q(S)))
2
X dB d 1 2R, —\/ —q(s
</(\/mt2+R1n/a1a3t3+R1) 2(y2) § [v2ﬂ1ja3 Oo)(S)p(y2 155 Q(S))) }

< Cho(ts —ta)(ta — ty).

Finally, let us deal with the ”crossing term”. We fisrt confirm the following
general fact, which is not difficult to be gotten by a careful calculation with respect
to Gaussion distribution:

Claim. For any non-random bounded functions f; and fs, we have

([ amwhw) ([ dBu)kw)]
= ([, hwra) ([ perd) (] H@RGd). (49)

uy,u2

Proof of the Claim. For any «, (3 > 0, we have that
Elexp (o [ 10)ABy) + 5 [ hW)aBo(w) — 5 [(@hity) + 5h()Vdy)] = 1
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SO
E[eaffl(y)de(y)eﬂffz(y)de(y)} = exp (; /(afl (y) + 5f2(y>>2dy)-

This is true for any «,3 > 0, so the coefficients of the term «o?3% on the both
sides are equal to each other. The coefficient of a?3? of the left hand side is

E[%(ffl (y)dBy (y))g(fo(y)dBl (y))z} The coefficient of o?3? of the right hand
side is that of %(oﬂ [ (y)2dy+ 32 [ f2(y)?dy +2a8 [ fl(y)fg(y)dy)2, which is equal
to i(ffl(y)zdy) (f fz(y)zdy) + %(ffl(y)fz(y)dyf. This gives us (4.9).

Now, since q(5) is F,/arast,—r,-measurable for any s € [t1,12], and {Bs(y);y €

(Vaiasty — Ry, \/ajasts + Ry1)} is independent to F jaraze,—r,, by taking conditional
expectation with respect to F jaraze,—r,, we get the first equality of the following
formula by (4.9). So with Cy; := 3R{|p||%,, we have

(™)’

to N 2
dBs(y1) . dsl[ o ’w)(s)p(yl — Jajass — q(s))) X

EI0 o
{( (Vaiastz—R1,\/arasta+R1)

t3 2
X dB dsl s — v/ajass — q(s
(/(\/mtz—Rm/alagtz—i—Rﬂ 2<y2) ta [\/2;:}13’00)( )p(y2 1 Q( ))) }
o 1 —1/2 4
~ (o™

Cdst n (5)o(n — Vs — a(3) ) x

E[{ / dy ( [
(y/a1asta—R1,\/arazta+R1) t1 varag’

dyg( ° dsl am <>O)(s)p(yg — Jajazs — q(§)))2}

x{ /
(yatiasta—Ry,\/arasta+R1) to Vaiaz’

t2
+2 / d dsl s — y/ajass — q(s
{ (VETTSts— Ri/aiT5t+ R) y( " [ﬁ%m)( )P(y 103 Q( )))

X( t3d81[\/2%’00)(5)p(y—\/alags—Q(g)))}ﬂ

to
2R [|pl|

2R, - (t5—t 00
L) (2R (ta — )]

$2(28: - (12— )l - (13— 1) ollo) (28 - (2 Exy )]

143

IA

2RalHoo}

(5o02%) [{2R - (12 = 0o o

2

_ 4 1
— Cll(a2a3 1/2> 4103 <t2 — tl)(t5 — tg)

= Cu(ta —t1)(ts — ta)

by (Al). Here when passing the first inequality, we used (4.7) and the similar one
with ¢ and ¢3 substituted by t; and t,, respectively.
Combinging the above, we get our assertion. 1
Proof of Lemma 4.4. The calculation is similar to the one in (4.8).
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Let Cio := 2R?||p||%,, then we have

E(|T1(t2) — T (1))

I yy\2 / Nk
= (Zasa dB dslz 5 —y/aiass — q(s
<2 27 ) ‘ (Vaiasti—Ri,\/atasta+R1) Q(y) t1 J%’OO)< )p(y s q< >>‘ }
1 —1/2 2/ t2 )2
— — d E d ]. 1 Y -
(2a2a3 ) (varast1—Ri,\/a1azta+Ry) Y [( t1 s [7\/2‘1}fa3’oo)(8)p(y fidss Q(S))) }
< (basag ™)’ (varastta — 1) + 28) (2 1 (11, — 1) o))’
= o\ Va1a3 =
L2 2R pllso 2R pllso
S (§a2a3 ) (\/(llag(tg - tl) T + 2R ( tl)”p”oo) X (\/m>
2 1
= 012 (a2a3 ) \/m(tg - tl)
= Cip(ta —t1)
by (A1). 1

This completes the proof of Lemma 4.1.

5 The limits for I1;(t) and I5(¢)

We showed in Section 4 that {the distribution of {Iy;(¢);t € [0,T]}; A > 1} is tight
in P(D) for i = 1,2 (Lemma 4.1). In this section, we find their limits when A — oo.
This combined with Lemma 3.6 gives us the limit distribution of I;(¢) as A — oo
(see Lemma 5.4).

Again, since the methods are exactly the same, we give here the proof for I, (t)
only. Use the same notations as in Section 4. It suffices to consider I;;. We first
notice the following.

Lemma 5.1 For anyt € [\/ZC%S,T], we have that limy_. E[|K;(t)[*] = 0 for i =

2,5.

Proof.

E|Fx(t)P]

_ (_;az 12 = )’ E[| Ba(/arast — Bi) — Ba(varast)||

L i
= — = R
( 2&2@3 ,—alag 1,

which converges to 0 as A\ — oo by (A1) and (A2).
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For i = 5, since ‘ I 1, 2r, Oo)(s)p(y — Jajazs — q($ ds’ < ||p||oo\/2£7;3, we have

Vatas’
B K5(6)]
_ Lt ' o
B (_ §a2a3 ) /,/fla t— Ry <y<y/a1azt+Ri dyE[( 0 1[1/72;:4113’00)(8)p(y_ aas = q(3 ))ds) }

1 2R1 2
< (- 5005 ") 281 (ol m) ,
which converges to 0 as A — oo by (Al) and (A2). 1

Lemma 5.2 There exists a process Ko(t) such that
Ti(t) = K\(t) + Ky(t),  te[0,T], (5.1)
with K1 (t) as defined in (4.5), and Ky(t) satisfies
T FIRA(OF) =0 for any ¢ >0,

sup E[ sup |Ky(t)]%] < oo.
A>1 0<t<T

Proof. Just define

Ko(t) = =1, 108 VG + 1 £ }ZK

Now our assertion is a result of Lemmas 4.6, 4.7, 4.8 and 5.1 combined with the
following calculation.

E[ sup [Ki(t)[]

0<t< 2R
ajag
1 —1/2 1 oo 2 9
= - = du) F B t
(= g e [t Bl s, By

ajaz

1 _ 1 oo
4( — —asay 12 p(u)du)QZRl,

which converges to 0 as A — oo by (Al) and (A2). 1
We are now ready to show that K»(t) is negligible.

Lemma 5.3 limy .o E[supeio 1 |K5(t)]] = 0.

[0,7]} does not depend on A > 1,
€ [0,T]} is tight for A > 1, we get
t € [0, 7]} is also tight for A> 1.

Proof. Since the distribution of {K;(t);t €
and by Lemma 4.1, the distribution of {]11( )it
that the distribution of {Ky(t) = Iy (t) — Ky (t);
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Let @ be any cluster point of it as A — oo, and let {w(t)}:cjo,r] be the canonical
process under it. For any ¢ € [0,T] and any r > 0, we have by Lemma 5.2 that

P{IEa(t)] > 7)) < GE[ROF] =0, asA— oo
On the other hand, the left hand side above converges to Q({ lw(t)| > 7’}) as A — 00.

* Q{lw®)|>r}) =0

Q({lwl=0}) = 1.

Since Ky(t) = I11(t) — Ki(t) is continuous with respect to ¢ (for any fixed \), we
have that the canonical process of () is also continuous with respect to t. Therefore,

for any r > 0. Hence

Q({lw(®)| =0, forallt € 0,7]}) = 1. (5.2)
Now we are ready to prove our lemma. We have for any £ > 0 that
E[ sup |Ks(1)]]
t€[0,T]
< Blsup [Ka(t)], sup [R(t)] > e] +¢
t€[0,T] t€[0,T]
< E[sup |[Ky(t)]V2P(sup |Ko(t)| > €)Y +e.
te[0,T] te[0,7T

Elsup; oy | K5(t)[2]"/? is bounded for A > 1 by Lemma 5.2. Therefore, in order to
show that E[sup;cjo 7 |IG5(t)]] — 0 as A — oo, it suffices to show that for any & > 0,
P(supepo |K5(t)] > ) — 0 as A — oo. We show it in the following.
For any a > 0, let
A= {sup |w(t)| > 2a}, B ={sup |w(t)| > a}.
t€[0,T] t€[0,7]
Then it is easy to see that for any wy € A and w with d°(w,wp) < a, we have w € B.
So A C A C B° C B. Therefore, since A is closed, we have
)(4) < Q(A) < Q(B),

limsup(P o Eil)(A) < limsup(P o Eil

A—00 A—00

which is equal to 0 by (5.2). Therefore,
lim P( sup |Ky(t)] >e)=0.
A=00 (0,7
1
Repeating the argument from Section 4 up to now with {I;,(¢);0 < ¢t < T}
substituted by {l12(t);0 <t < T}, we get that under (A1) and (A2), [15(¢) can also

be decomposed as %aﬂgl/?% [ p(u)duBy(—+/ataz(t A 7,)) plus a remainder,

ajaz J—

which satisfies limy_. E[supg<;cr| - (¢)|] = 0. Combining it with (5.1), Lemma
5.3 and Lemma 3.6, we get the following.

26



Lemma 5.4 Let

1

_ 1
M(t) = —§a2a3 1/2

\/a10a3
Then {M(t)}; has the same distribution as {%(ffooo p(u)du)?(t)}t, where {B(t)}

18 a standard Brownian motion, and we have

( L o:o p(u)du) (Ba(v/arast) — By(—v/awazt)).  (5.3)

L({tAT,) = M(EAT)+m(t),

with my (t) satisfying
lim B[ sup. (1)) = .

A—00 0<t<T

6 The term Iy(1)

We deal with the term I5(¢) in this section, and show that it gives us the drift term
in L after taking A — oo. This is done in two steps: We first show that it is tight for
A > 1, which is, after combined with Lemma 5.4, expressed as Lemma 6.4. We then
use it to find the limit as A\ — co. Our main result of this section is the following,
which is also our key lemma to prove Theorem 1.1.

Lemma 6.1 There exists a process n(t) such that

pEAT,) =po+M(ENT,) — ;(/Rp(u)alu)2 /OMT” M\/l n 5_(2\/[1P<8)2d8 +n(t),

where M(t) is as defined in (5.3), and
lim E] sup |n(t)|] — 0.

A—0oo  9<t<T

We show Lemma 6.1 in the rest of this section. We first have

Ig<t VAN Tn)
= ; az'a; /Mm ds/f{dxp(x—q(s))/oms dr
1
(Mw+r—ﬂ&—¢a@ﬂ)—Mx—r—ﬂ&—¢a%)D

1 tATn Jarass 1
— iaglag/ ds/ o dr/ dep(x —q(s))p(z + 1 —q(s — NG r))

t/\'rn arazs 1
fag a2/ / dr/dxpx—q ple —r —q(s— 7))

\/aias
1 1 2 tATn (vVar1azs)A(2R1)
= —az aQ/ ds/ dr/ dz x
2 0 0 x| <Ry

ot = a(s))ole 7= s = ) = plo -+ 7 = a(s))olr — als — =)
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where in the last equality, we used the change of variable x — r — z for the second
integral. Also, we were able to rewrite the integral domains for r and = because
p(x — q(s)) and p(z — q(s — ﬁr}) are not 0 only if |z| < R, and in this case,

ple+r—q(s— \/aller)) and p(z + 7 — ¢q(s)) are not 0 only if |r| < 2R;.

We can decompose the integrand in the last expression as

L)) = plat - qls)ple — qls — —

v ai1as v aias

p(z —q(s))plz +r—qls —

with
B= ol =)ol +r = als — ) <l 7~ g(s)
#9079 als — =) —a(s)),
B = e =g {ole —als = =) ~ ol — 0(5)
#9pr —a)als — —2=r) —a(s))}
Jy = —Mx—qwnvmx+r—qwﬂ@@—\ﬁ%Ew—q@D)
Ji = ot ale) Vol — a(s) (als ~ =) a(s))
Let
1 4 tATn (va1azs)A(2R1) )
I(t) = 2% a2/0 ds/o dr /:vISRl ded;, i=1,---,4.
Then
Ig(t/\Tn) = Igl(t) +[22(t) +123(t) —|—[24(t) (61)

Lemma 6.2 Fori=1,2, we have limy_, SUp ecq SUP;epo 7 [12i(t)| = 0.

Proof. Since the proofs for ¢ = 1,2 are similar, we give the one for i = 1 only.
For any r € [0, (y/arazs) A (2Ry)], we have

< |V?*plloo(q(s — r
SN O

< 19%l( =r)

n

\/ai1as

2
< Vllo(—==2R:)", s€0.TAT].
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So with Cy3 := 8n*T R}||p| || V20|l s, We have for any ¢ € [0, T},

tATh Vatazs)A(2Ry)
) < qo'ad [ s [l dr [ delp(z — a(s))] x
|z|<R1
1
——r)) — plo+ 7~ a(s))

XM@+T—Q@—

+Vp(z 47— q(s)) (q(s —

1 2
< 503 a3T2R: - 2R - ol V7l (J=2R)
1 2
= C -1 _2
1343 a2<\/m> )
which converges to 0 as A\ — oo by (A1) and (A2). 1

2
Lemma 6.3 For i = 3,4, we have that sup/\21E[sup0§t§T‘%Igi(t)‘ } < 00, in
particular, {the distribution of {I(t)}icpmaz1 is tight in P(D).

Proof. As in Kusuoka-Liang [11], the second half of the lemma is a simple
result of the first half.

We proof the first half for ¢ = 3 in the following. The assertion for ¢ = 4 is done
in the same way, and we omit it here. By definition,

o (Varazs)A(2R,)
I3(t) fag a2 / / dr

x /| ol — a() V(e + 7~ a(s))(als ~ —

\/a1as

Notice that for any 0 < r < (\/ajast) A (2Ry) and t € [0,T A 7,,], we have ’q(t -

r)— q(s)) dx.

1

n 2Rin
MT)_Q@)’ S Vam| S Var

Taas- So with Chy 1= (4nR3HpHOOHVpHOO> we have

E[OiltlET‘dt]% ﬁ
(;aglang[ sup

0<t<T ATy,

(\/alagt)/\(QRl)
J, ar |
0 |z| <Ry

r)— q(t))d:z:ﬁ

pla — () Vp(z +r —q(t)(q(t -

a1as3
1 19 2l%1n
< (jo'ed) (2R2Rilplel Vol Z2E) = Oy
by (Al). :

Combining (2.16), Lemma 5.4, (6.1), Lemma 6.2 and Lemma 6.3, we get the
following.
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Lemma 6.4 Let M(t) be as given in Lemma 5.4, and let u(t) = Ix3(t) + Io(t).
Then there ezists a process ny(t) such that

p(t A1n) =po+ M(tAT,) + u(t) + na(t),

and u(t) is differentible with respect to t, with

As —supE[ sup ‘ ﬁ < 00,
A>1 Lo<i<T
Ag(N) := E[ sup |ma(t)|] — 0, as A — .

0<t<T

Proof. Just let
n(t) = m(t) + I (t) + I(t),
where 7,(t) is as given by Lemma 5.4, and we get our assertion. 1
In order to get Lemma 6.1, we need to study u(t) in more detail.

Notice that in the expressions of I3 and o4, the integral domain {|z] < Ry} can
be converted to {z € R}, so by using change of variable  — ¢(s) — z, we get that

t/\Tn (varazs)A(2R1)
u(t) = —faglag/ / 13 Cdr
X \Y - d
[ p@) Vol + ) (als = —==r) — a(s)) e
t/\Tn Varazs)A(2Ry)
+ a3—1ag/ / 1 3 1 /r
1

Decompose it as
with

1.9 t/\Tn alags 2R1

p(s) 1

xp(a)Vp(a +r>(q< F) —qls) +

1 1 9 tATh (Var1azs)A(2R1)
us(t) = =az a ds dr | dx
2 3 2 0 0 R

1 p(s) 1

M1+ a7 M-1p(s)? V@143

xpx +1)Vp(@)(q(s — ——=r) —q(s) +

Vai1az M /1 + a2 M-1p(s)? V@143

dr

p(s) 1
M\/l + a;?M=1p(s)2 V0103

1 tATh (va1azs)A(2R1)
ug(t) = 2a31a§/ ds/o

< [ pla)Vp(a +1)

rdx
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t/\‘rn Vaiazs)A(2Ry)

x /R p<x T r)Vp(x) S !

M\/l + ag?M-1p(s)? V103

Lemma 6.5 Fori= 1,2, we have E[SUPogth \uz(t)” — 0 as A — oo.

rdz.

Proof. Use the same notations as in Lemma 6.4. Let A5 := % 20, plu)du.
Then for any 0 < t; <ty < T, we have

E[|M(t2)—M(t1)|] = AsE[[B(t2)-B(t1)|] < AsE[|B(t2)-B(t1)?]
By Lemma 6.4,
Pt AT) = (i ATa) = (Mt ATe) = Mt ATo)) + (ultz) = u(t)) + (ma(t2) = ma(t1)),

SO

1/2
= A5(t2—t1)1/2.

E||p(ts A7) = p(ty A7)
< B[M(ta Ar) = Mt Al + Eflu(te) — u(t)]] + E[lna(t2) — na(ty)]]

< As(ts — )2+ AV (t — 1) + 244(N). (6.3)
For any s,u € [0,T A 7,,] with |s — u| < \/Qf%, we have by (6.3) that
EH p<5/\Tn) N p(U/\Tn) H

M\/l +a;?M=1p(s A 7,)2 M\/l +ay*M~"p(u A 7,)?
< Al/[EHp(s A7) —plu A Tn)H

< L{a(ZEL)P A (2EL) aa,),

M U7\ Jaras Vaias
Notice that
1.9 a1a35 /\(2R1)
w(tANT,) = fa3 a2/ ds/ dr/l | dxp(z)Vp(z + 1)
z|<R;
" /8 ( p(s A1) B p(uAT,) )du.
s~ et M\/l—l—a2M Ip(s A 1,)2 M\/1+GZQM_1p<u/\Tn)2
So
E[ sup |u1(t)|}
0<t<T
1 T/\Tn Vaiazs)A(2Ry1)
< —agz aQE{/ ‘ / dr/ dxp(x)Vp(x + 1)
2 |z| <Ry

( p(s A Ty) _ p(uATy) )duH
Taras” M\/1+a_2M—1 (s AN Tp)? M\/l +a; M -1p(u A 7,)2

S
“J.
.

1 R 1 2R1 1/2 1/2 2R1
< g0 T2 20 ol Vol 1 (As( ) T A () - 24400),
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which converges to 0 as A\ — oo by (Al) and (A2), since A4(\) — 0

The assertion for ¢+ = 2 is proved in exactly the same way, and we omit it here. g
Finally, for the term u3(-), we have the following

p(s)

. 2 inm
Lemma 6.6 lim)y . Sup,cq o<i<r ‘U3 () 4537 ( Jr p(u) ) 3 1ta, M 1p(s)?
4

0
0.

ds| =

Proof. The first term of us(t) is, by changing of variable x 4+ r — z, equal to

1 tATh (v/a1azs)A(2R1) 1
iaglag/ ds/ e 1 dr/ p(x —r)Vp(x) p(s)
0 0 R

rdz
M\/l + aZQJ\/[—lp(s)? 4/ 103
L 12 /W" p(s) /0 /
—50 rdr x+1r)Vp(x)de.
3 ,/alag M\/1+a 2V 1p(s)2 /- ((vVarazs)n@Ri)) Rp( JVpla)
So
1 tm—n (varazs)A(2R1)
uz(t) = —~az ‘a3 / p(s) / v 1 rdr/ p(z+r)Vp(x)d.
\/alag M\/l—i—a 2M1p(s)2 /- ((vVarass)n@Ri)) R

Notice that if s > \/2:;71 then the integral [ (a\l/‘%zgﬂzzl)) above is equal to
E};}g , which is in turn equal to [

. Therefore,
U3(t) = U31 (t) + U32(t),
with
1 _ t/\’Tn p(
us(t) = —fagl > / / TdT’/ (x +r)Vp(z)dz,
*Vaia; M\/l—l—a 2M—1p(s)
us(t) = 5a3'a3 / oy (5)ds
*Vaia; o Vi) M\/l +ay*M-1p(s)?
></ rdr/ p(x+1r)Vp(z)de.
[-2R1,2R1)\[—+/a1a3s,\/a1a3s] R
. < . . p(s) <
Notice that s < 7, implies ‘M\/l—i-aZQM*lp(s)z < n, so for any t € [0,7T] and
w € 2, we have that
1 _ 1 2R,
|uz2(t)] < 3@ ta

“n(2R,)?

a -2R ool VPl oo,

which converges to 0 as A — oo by (A1) and (A2)
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For the term wug;(t), notice that

/ rdr/ r)\Vp(x da:—/ rdr/ x)Vp(x —r)de

- /R,O(I)dx/Rer(:B—r)dr = /R,o(:v)dx/Rp(x—r)dr

— (/Rp(u)du)Q.

So by (A1),

1 2 [tATR p(S)
uz (t) = —5(/Rﬂ(u)du) /0 M\/l n aZ2M1p<3)2d8.

1
Proof of Lemma 6.1 This is just a combination of Lemma 6.4, (6.2), Lemma

6.5 and Lemma 6.6. 1

7 Proof of the main result

Now, we are ready to prove Theorem 1.1.
Use the same notations as in Section 6. Let

V(1) = pltnm)-n(t) = prM(tnn) 5 [ o)’ [ M1+ f(jjw—lp@)?ds'

Then for any g € Cg°(R?), since

9(q(t A7), p(t A7) = 9(q(E A7), Y ()] < llgplloln(B)],

we have by Lemma 6.1 that when A — oo, {g(q(t A 7,),p(t A 7,));t € [0,T]} and
{9(q¢(t A 7,),Y(t));t € [0, T]} have the same limit.
Also, as in Theorem 1.1 (2), we define p(-) as follows:

- if a4 is a constant .

B p(t), if limy_o ag = 00,
p(t) = p(t)

V1ta 2 M=1p(t)?’
This is the limit of p(t) when A — oo.

\/1+a22M_1p(t)2
By definition, we have for any f € C5°(R?),

Fla(t Ama), V(1)) = flq0, Y (0))

o p(s t/\Tn
- /0 fala(s), Y (s)) - TN d5+/ Y (s))dM(s)
[ ). Y6 - 2( [ ot du)2 )

M\/l + a;2M-1p(s)?

o [ dlat), Y ()M, M.,
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Since [;"™ f,(q(s),Y (s))dM(s) is a martingale, and

d[M, M|, = ;(/Rp(u)du)zds,

this gives us that

Flalt A7) Y () = flao YO) = [ filals). Y (5) it 5(?M—1p<s>2ds

i . . 1 i 2 p(s) s
[ ha): Y6 - ([ plu)du) MLt a8 o
1

([ o)’ [T fylats), Y ()ds

is a martingale for any f € C{°(R?). When A — oo, since f(q(t A 7,),Y(t)),
fala(s A7), Y (5)), fola(s ATn), Y (s)) and f,p(q(s A T), Y (s)) have the same limits
as f(q(EATn), P(EATA)), fo(a(s ATa),p(s ATn)), fola(s ATa), p(s ATn)) and fpp(g(s A

' p(s) 1~ . .
7o), P(8 A\ 7)), respectively, and YN v converges to 5;p(s), this implies

that the limit of the distributions of {(q(t A7), p(t A7,));t € [0,T]} is a solution of
the martingale problem L stopped at 7,. 1
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