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ANALYSIS OF THE FICTITIOUS DOMAIN METHOD WITH
PENALTY FOR ELLIPTIC PROBLEMS

GUANYU ZHOU AND NORIKAZU SAITO

ABSTRACT. The fictitious domain method with H!-penalty for elliptic
problems is considered. We propose a new way to derive the sharp error
estimates between the solutions of original elliptic problems and their
H'-penalty problems. We find our method of analysis is applicable to
parabolic problems while retaining the sharpness of the error estimates.
We also prove some regularity theorems for H!-penalty problems. The
P1 finite element approximation to H!-penalty problems is investigated.
We study error estimates between the solutions of H!-penalty problems
and discrete problems in H! norm, as well as in L2 norm, which is not
currently found in the literature. Thanks to regularity theorems, we
can simplify the analysis of error estimates. Due to the integration on
a curved domain, the discrete problem is not suitable for computation
directly. Hence an approximation of the discrete problem is necessary.
We provide an approximation scheme for the discrete problem and derive
its error estimates. The validity of theoretical results is confirmed by
numerical examples.

1. INTRODUCTION

The principle of the fictitious domain method is to solve the problem in a
larger domain (the fictitious domain) containing the domain of interest with
a very simple shape. Then, the fictitious domain is discretized by a uniform
mesh, independent of the original boundary. The advantage of this approach
is that we can avoid the time-consuming construction of a boundary-fitted
mesh. One of these approaches is the penalty fictitious domain method which
is based on a reformulation of the original problem in the fictitious domain
by using a penalty parameter( see [2] for an introduction of other kinds of
fictitious domain methods). In this article, we consider only the fictitious
domain method with penalty. Obviously, the fictitious domain method is
of use for time-dependent moving-boundary problems. Although there ex-
ist some ways to derive the sharp error estimates for elliptic problems( cf.
[10, 15, 16]), it seems none of them has been applied to parabolic problem
such that the sharpness of the error estimates are maintained. Our motivation
lies in the study of the penalty fictitious domain method which can be ap-
plied to these time-dependent moving-boundary problems. This is of obvious
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importance, and it seems that little is known in this direction. The fictitious
domain method with penalty for parabolic problem firstly appeared in [8] to
prove the existence of the solution for parabolic problem in time-dependent
domain. Then, in [9], the convergence and finite difference approximation is
given, but without error estimates. The H'-penalty parabolic problem equals
to a special interface problem, and in [1] the error estimate for elliptic and
parabolic interface problem is studied. However, it is not so suitable to the
H'-penalty problem, and still, is only for time-independent domain when con-
sidering parabolic interface paroblem. As a primary step towards this final
end, herein we examine some new methods of error analysis for elliptic prob-
lems that can be easily applied to parabolic problems while maintaining the
sharpness of the error estimates. This is the purpose of this paper.

In order to illustrate our results, we consider the Dirichlet boundary value
problem for the Poisson equation. The weak form (Q) reads as

{ Find u € HJ () such that

(1.1) )
(Vu,Vv)g = (f,v)a, Yv e Hy(),

where  C R? denotes a smooth bounded domain, (-,-)q is the inner product
of L2(Q2) and f € L?(2). We can find a rectangular domain D D Q, Oy =
D\Q, and turn to solve the H!-penalty problem (Q.) with penalty coefficient
I<exk 1,

Find u. € H} (D) such that
(1.2)

1
(VUG,V’U)Q + E(vueavv)ih = (f,U)D, Vo € H&(D)v

where f is the zero extension of f into D.
Another example of applying the fictitious domain method with penalty to
(1.1) is,

1 ~
(Vu€7vv)ﬂ + E(uevv)ih = (fav)a Yv € H&(D)’

which we call the L2-penalty problem. This is of interest; however, the L2-
penalty problem is beyond the scope of this paper, in which we shall concen-
trate our attention to the H'-penalty problem.

The error ||ue — ulli,0( || - 1,0 =1 - oo + |- |1,0) has been analyzed by
many authors, where | - |1, is the H'(Q) norm. In [9], it is bounded by
C+/e (C is some constant, so as in the following), and in [10, 15, 16] the sharp
estimate Ce is achieved. In this paper, we give a new way to derive the sharp
estimate. Moreover, we present some regularity analysis of u., which is useful
for studying the H' and L? error between the solutions of H! problem (Q.)
and its discrete problem, which is denoted as (Qe.n).

A Cartesian mesh can be introduced to the rectangular domain D to get a
uniformed triangulation 7y, h is the maximum diameter of the triangles of 7.
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Vi (D) is the subspace of all piecewise linear continuous functions subordinate
to Th. Then (Qe,x) reads as:

Find u, j, € V(D) such that

(1.3) 1 -
(Vuen, Vur)a + E(vue,h; Von)a, = (f,vn)p, Yon € Vi(D).

In the literature, there are several works devoted to the study of the H' error
between uc j, and u in Q. For example, in [16], it is proved that the H L error
is bounded by C/(e+ ev/h+ hy/e ++/h). In our work, we prove a similar result
with the analysis with a much simpler method of the analysis. The analysis
of [16] is to consider the estimate of u. , —u® — eu! to derive the final estimate
of ue — ucp, where u is the zero extension of u, and ! is the solution of
problem:
1 0
—Aut =0in O, Ju = %, and u! = 0 on OD.

on~ on
Here, n is the unit outward normal to I' viewed as a boundary of 2, and n~
is opposite to n. We found the analysis in [16] to be complicated and not
directly. Our method for estimating of u. — uc 5 is simpler, which is to find
some interpolation of u., denoted as vy, and then estimate u, — vy by using a
regularity theorem of (Q.).

Moreover, we show the L? error is bounded by C(e 4+ h + v/eh). A similar
result of H! error for the elliptic problem in a specific domain is given in [10].

In discrete problem (Q ), we notice that we have to calculate the inner-
product in a curved domain, for example, (Vucp, Vop)a. So the discrete
problem cannot be directly computed. We find that few prior works have
provided a sufficient discussion on this issue; however, it is necessary to give
an approximation scheme for solving (Q. ) and the associated error estimates
when applying the finite element method to computation.

Herein, we present an approximation scheme, that is, instead of solving
(Qe.n) we solve some problem (Q. ) approximating to (Qc.r). (Qc.n) reads
as:

Find 4 € Vi (D) such that

(1.4) . 1
(Vue,h, Vvh)Q + E

(Vﬁ€7h,vvh)gl = (fh,'Uh)D, Vvh S Vh(D),
where Q is a polygon approximating to €2, with QOc Q, fr is some interpolation
of f. With assumptions that ||f, — fllo.p < Ch, Q is convex and (Q\Q) U
(Q\Q) C T, 6 = O(h?), where T's = {z € R? | dist(z,T = 9Q) < 8}, we find
that the error 4.5 — e p is bounded by Ch in H' norm.

In above, we have restricted our attention to Dirichlet boundary problem.
For Neumann and mixed boundary problems we also consider the approxima-
tion of H'-penalty problems. Further, for Neumann boundary problem, the
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discrete problem is investigated. Although some results we obtain are similar
to those of [16], as we mentioned in the beginning, our work is focus on solving
parabolic problems with time-dependent domain, and all methods of analysis
are applicable to this class of problems.

The rest of this paper is organized as follows. The H'-penalty problems for
original problems with Dirichlet, Neumann, and mixed boundaries are given
in Section 2, as well as the analysis of error estimates between the solutions
of original problems and H!'-penalty problems, in a different way from that
in [10, 15].

In Section 3, we present some regularity theorems for H'-penalty problems.
The H'-penalty problem is in a sense equivalent to a kind of interface problem.
The regularity theorem for the interface problem has been studied in [12].
However, we make several improvements in priori estimates and identify some
higher-order regularity for our problems. The theorems will be used in Section
4 to make the error estimate more simple than that of [16].

The Section 4 is devoted to discrete problems. Finite element approxima-
tions are investigated. Using the same separation method of the triangulated
domain as in [16], regularity theorems in Section 3 and some lemmas from
[3, 13], we obtain the error estimates in H! norm with the same order as in
[10, 16]. Moreover, we give the higher-order L? norm error estimates.

We consider a scheme approximating to the discrete problem in Section 5.
We introduce a new discrete problem (erh) to approximate to the discrete
problem (Q.,p). Of necessity, due to insufficient prior reported works on this
issue in the literature, we derive some error estimates of the scheme to make
the numerical analysis of the fictitious domain method with H!-penalty more
complete.

Finally, we give some numerical experiments to verify our theoretical results
in Section 6.

2. H'-PENALTY PROBLEMS OF FICTITIOUS DOMAIN METHOD FOR ELLIPTIC
PROBLEMS

Following the notation given in the previous section, we state the H1l-
penalty problem for the original elliptic problem with homogeneous Dirichlet,
Neumann and mixed boundary conditions. In addition, we write I' = 02.

2.1. Dirichlet boundary value problem. First, we consider the Dirichlet
boundary value problem (1.1) and its H!'-penalty problem (1.2).

Theorem 2.1. There exist unique solutions u and u. for (1.1) and (1.2),
respectively, and we have the following estimates:

(21) Hue - UHI,Q < 067

(2.2) [uell 0, < Ce.
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Those error estimates themselves are not new: they have been stated in
[10] and [15]. The main process to prove those estimates in [10] and [15]
are different( see Remark 3 below). We shall give a somewhat new proof
which will be used for parabolic problems. Before stating that, we recall the
well-known extension and trace theorems that we frequently use.

Lemma 2.2. (Theorem 8.1 of Chapter 1 in [7]) Let w C R? be a bounded
domain with the smooth boundary Ow. Then, for any integer k > 0, there
exists an operator Ey(w): HF(w) — H*(R2) with the properties

Er(w)u=u ae. onw (u € Hy(w)),

1Ek(@)ullmr@2) < Crllull ) (v € Hy(w)),

with a domain constant Cy > 0.

The following lemma is a readily obtainable consequence of Theorem 8.3
of Chapter 1 in [7].

Lemma 2.3. Letw C R? be a bounded domain. Assume that the boundary Ow
consists of two disjoint and smooth components dwy and Ows; Ow = OwyUdws.
Then, the mapping u — u|aw, of C*° (@) — C°°(dw) is extended by continuity
to a continuous linear mapping, which is called the trace operator and denoted
by v(w,dwr), of H (w) — H2(dwy). This mapping is surjective and there
exists a continuous linear right inverse, which is called the lifting operator,
g = y(w,0w)"tg of H2(Bw) — H'(w) such that y(w, dw )y(w, dwy) tg =
g.

Remark 1. In view of Lemma 2.2, there exists an operator Fy o(Q) : H*(Q) —
H} (D) with properties:

E10(Qu=wua.e. in Q (ue H(Q)),

1210l (py < Cllullmio) (uwe H ().
In fact, taking ¢ € C§°(D) with0 < ¢ < land ¢ = 1in Q', where Q2 C ' C D,
then the desired operator is defined as E1 o(Q)u = ¢ - E1(Q)u for u € H(Q).

Now, we can state the following proof.

Proof of Theorem 2.1. Firstly, by the Lax-Milgram Theorem, the unique ex-
istence of u and u. is obvious. And we can obtain the estimate for the solution
of the H!'-penalty problem (1.2),

[|ue

. 1
1.0 < C| flloinf(1, g)

Without loss of generality, we assume 0 < € < 1 in what follows. Substituting
v = FE10(Q1)uc € H}(D) into (1.2), we obtain

e(Vue,v)a + IVuellf o, = €(f,v)p,
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which leads to an estimate of u¢|q,, in particular,

Chlluel

fa, < IVucld o, < Cell fllollvlls + eluelio

v

1,Q-

Therein, the first inequality is deduced by Friedrichs’ inequality, and the
second term of the right-hand side is bounded by Cae¢|| fo]|te||1,0,.- Thus we
have

[uell 0 < Ce.
Next, we consider the trace operators
YQT) s HYQ) = HE(D): (@, T) : H' () = HE (D),
Since u, € H*(D), we have v(Q, T)u, = v(Q,T)u, € Hz(T'). Hence,
Y, T)(u = ue) = Y(Q,T)u = y(Q, D)ue = 0 = (1, T)ue.
Setting w = u — u¢|q, we have
(@ D)l = (@0, Dy < Cluellno, < Ce.

We define an operator A : H*(Q) — H~1(Q) by (Au,v) = (Vu, Vv)q, Yo €
H}(Q). We observe that for any v € H}(Q),

(Aw,v) = (Vu, Vv)a — (Vue, Vu)a = (Vu, Vu)g — (Vue, Vi)a
= (£.0)a = (F.0)p + 1 (Ve Vo,

= (f.0)a ~ (f,v)a + <(Vug,0)0, =0,

where © means the zero extension of v into D. This implies Aw = 0 in H~(Q).
Since w — {Aw, (2, T)w} is an isomorphic map of H' () — H~1(Q) x
Hz(T), we obtain that

[u—uellr.o = llwllie < C[Aw| g1 @) + V(2. Tw|[1 r) < C(0+ Ce) < Ce,

which completes the proof. O

Remark 2. The conclusion of Theorem 2.1 remains valid even for f € H ().

Remark 3. The saddle-point method in [10] requires a symmetric variational
form, and the operator method in [15] is not so easy to deal with the op-
erator of time-derivative when one considers parabolic problems. However,
our method of analysis is applicable to parabolic problems; this is a recent
achievement, and will be presented in our future work.
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2.2. Neumann boundary value problem. The original problem (Q) with
homogeneous Neumann boundary condition reads as:

Find v € H'(Q) such that
(,v)1.0 = (f,v)a, Yve H'(Q),

where (u,v)1,0 = (Vu, Vo)g + (u,v)q.
The H!-penalty problem (Q.) reads as:

{ Find u, € H}(D) such that

(2.3)

(2.4) ~
(e, v)1,0 + €(Vue, Vo)o, = (f,v)p, Vv € Hy(D).

Theorem 2.4. There exist unique solutions u and u. for (2.3) and (2.4),
respectively, and we have the following estimates:

(2.5) [lue — ull1.0 < Ce,

(2.6) [uell.00 < C.
Proof. Firstly, substituting v = u, into (2.4), we obtain

uellf o + €l Vuelé, = (f, ue)o.
This gives
[tellr.o < C[|fllo-
Since v € H} (D) implies v|q € H(Q2), subtracting (2.3) from (2.4), we have
(2.7) (ue — u,v)1.0 + e(Vue, Vo), =0, Yo € Hy (D).
Setting v = ue — E1,0(Q)ue in (2.7), and noticing that v|q = 0, we have
(ue — u,0)1,0 + €(Vue, V(ue — E1 o(Q)ue)).
And we see that
IVuclf, = (Vue, VELo(Q)ue))e,

<[IVuello, [IVELo(Q)ue)lo, < [[Vuella, [[E1,0(Q)uc) 1,0

<C|[Vuello, [ucl1.o < Cl[Vuclla, [| fllo-
Together with Friedrichs’ inequality, we have

1., < O Vucla, <C|lflla-

[[we
Thus, we proved (2.6).
In order to derive (2.5), we substitute v = Fj o(Q)(uc|q —u) € H}(D) in
(2.7). Then, together with (2.6), we have

flue — u”iQ = —€e(Vue, Vur)g, < C€|U1|1,Q1 < Crelluclo —u 1,9

which implies (2.5). We complete the proof. O

Remark 4. Recall Remark 3 again. It should be noticed that our analysis
method is much simpler than that in [10, 15].
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2.3. Mixed boundary value problem. Let I' = 'y UTy, 'y N Ty = 0.
The domian D\ is assumed to be split into two part €; and €, which
respectively share the boundaries I'1 and I's with Q. In addition both share
non-empty measure boundary with D( see Figure 3). Set

V={uec H(Q)|y(Q,T)u =0}
The original problem (Q) with homogeneous mixed boundary is stated as:

{ Find v € V such that

28) (Y, Vol = (f,0), Yo € V.

The H!-penalty problem (Q.) reads as:
Find u. € H} (D) such that

1
(2.9) (Vue, Vo)g + E(Vue, Vv)a,
+€e(Vue, Vo)a, = (f,v), Yo € HY(D).

Theorem 2.5. There exist unique solutions u and u. for (2.8) and (2.9),
respectively, and we have the following estimates:

(2.10) lue —ull1,0 < Cé,
(2.11) uell1,0, < Ce,
(2.12) l|uell1,0, < C.
Proof. The following results have already been achieved( Theorem I-8 in [9]):
(2.13) Uelo — uin Hl(Q);
(2.14) veltn g i mri();
\/g )
(2.15) Veuelg, = 0in H'(Q2),

as € — 0. Noting Q* = QU Q; UTy, we set v = u, — Fy o(Q*)ue € Hi(D).
From (2.13) and (2.14), we have

(2.16) 1E1,0(2)uell1,p < Clluelr,o < C.
We find that v

o+ = 0 and substitute this v into (2.9) to obtain
e(Vue, Vu)q, = 0.
This gives
luel? 0, = (Vue, VE1L0(Q")ue)a, < el Bro(Q)uellp.
Combining with ||ue||1,0, < Clue|1,0, and (2.16), it shows (2.12).
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Substitueting v = E1 o(1)u, into (2.9), we have

1 -
(Vu, VEl,o(Ql)Ue)QJrE [Vue||g, +€(Vue, VE o () ue)a, = (f, E1,0(1)uc),

from which we obtain that

||U€H%,Ql S C|u5|%,ﬂl
=C (e(Vue, VELQ(Ql)uE)Q + 62(VU€.VE170(91)UE)QQ + E(f, ELO(Ql)uE))
<Ce(|[flle + lueclr,a + €luel,o) | E10(Q1)uell1,p0 < Cellucl1,a.,
which implies (2.11).

Setting w = u.|q — u, we have v(Q2,T'1)w = v(Q, T )ue — 0 = v(Q1,T'1 ) ue,

which shows

(€ T w1 p, < Clluell1,0, < Ce.
Applying Lemma 2.3, there exists wy; = v(Q,T'1) " 1v(Q,T'1)w € H' (), satis-
fying

[willie < Cly(Q,THw|s p, < Ce.

Next, we define a continuous operator A : V — V’( V' is the dual space of
V) by (Ag,v) = (V$,Vv)q, ¢ €V, Yv € V. Applying Friedrichs’ inequality,
we have

(Vo, Vo) = [vfi g = Cllv[lf o = 0[5
Hence, the bilinear form a(¢,v) on V x V defined by a(¢,v) = (Ag,v) is
V-elliptic. It follows from the Lax-Milgram theorem that
lw —willv < CllA(w —wi)llv: < C([[Awllv: + [[Aws]|v).

As Juc — ulia = Nolly < o — willy + Jwily < Jw - willv + Ce, to
prove (2.10) we need to show that ||w — w1|ly < Ce, where we already know
[ Aw:||v: < Cllwi]j1,0 < Ce by the continuity of A. To estimate ||Aw||y, we
observe that Vv € V, v = E1 o(Q)v € H} (D) with E; ¢(Q)v|a, =0,

(Aw,v) = (Vue, Vo) — (Vu, Vv)g = (Vue, Vo)g — (Vu, Vo)g
— (f.5)p — %(vue,w)gl — (Vue, Vo)a, — (f,0)0

= (£0)a = +(Vue,)a, — (Vue, Voo, — (f.0)a

< 6|u6|1792|’5|1,92

< Celol 0,
that is || Aw||y» < Ce. Thus, we have ||w — w1 ||y < O(||Aw||v: + || Aw;[|v/) <
Ce, and the proof is completed. O

Remark 5. Basically, the proof for the mixed boundary case is a combination
of those for the Dirichlet and Neumann boundary cases.
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Remark 6. All of the above in this section, which involve homogeneous bound-
ary conditions are also suitable for the non-homogeneous boundary value prob-
lems.

3. THE REGULARITY OF THE SOLUTIONS OF H!'-PENALTY PROBLEMS

This section is devoted to the regularity theorems for (Q.) with homoge-
neous Dirichlet, Neumann, and mixed boundary conditions respectively. As
it is shown in [9], these (Q.) are equal to certain interface elliptic problems,
denoted as (P.). There are some regularity theorems for the interface elliptic
problems in the literature( see [1, 12] for example), however, these are not
specific to our problems. Our particular objective is to deduce explicit de-
pendence of various norms of u. on the penalty parameter e. We show some
estimates which are only suitable for our problems, as well as some higher-
order regularity which will be used in the study of the H!-penalty parabolic
problem.

3.1. Dirichlet boundary value problem. As a first step, let us assume D
is sufficiently smooth. Then, we have the following theorem.

Theorem 3.1. Let u. € H}(D) be the solution of the H'-penalty problem
(1.2) for f € L2(Q). Then, we have

UE|Q c H'2(Q)7 ’u,€|Q1 c H2(Ql),
(3.1) uell2,0 < Cll fllo.e,

(3.2) [uellz0, < Cell fllo.a-
First, we recall the following basic regularity result:

Lemma 3.2. Letw C R? be a bounded domain. Assume that the boundary Ow
is divided into two disjoint smooth components Owy and Ows; Ow = dw Udws.
Let v € HY(w) be the unique weak solution of

0
Av=finw, v=g; on dw, a—vng on Jws,
n

where f € L2(w), g1 € H2(8wy) and gy € L*(Ows).
Then, if g1 € H?(Owy) and go € H? (Ows), we have v € H%(w) and

ol < CU o + 19113 g + 192013 )
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Before the proof, we see that, by applying Green’s formula, (1.2) is equiv-
alent to (P.), which reads as:

Find u. € Hy(D) such that

— Aue = f in Q,
(3.3) Aue = 0in €y,
Ou, B 1 ou,
on |p g ) ra,
where, for example,
ou
< = (v(Q,T)Vue) - n.
o, = (O@DIVu)

From (P,), we see that, if we have u.|q € H?(Q) with ||uc|]2.o < C, then
we have

Oue

an

Oue
=¢c
r.o, on

e Hz(I').
r,Q

Moreover, according to the trace theorem, we have

|5

< Cllucll2,0 < C.

on iy,

Then, applying Lemma 3.2, we obtain

Oue
<C|]o 0| = —
||u€H2191 = || |‘Q+‘| ||Hg(3D)+ on ro )

Aalllr
155
=C|le Ue < Ce.
on rell: o
29

Now, we can state the following proof.

Proof of Theorem 3.1. From the discussion above, we only need to show that
uelo € H*(Q) and |lucll2,0 < C. This is a well-known result; however, we
want to present a brief proof here, because we will show that, by a slight
change of this process, we can obtain a higher-order regularity, with smoother
assumptions on f.

There]\?xist {U;3L,, U; € R?, ®; € C*(R%;R?), with ¥; = &', j =
1,2,...,N.

Qc Uévzl‘l)j(Uj) c D. Ujo = \I/j(q)j(Uj) ﬂQ) = Ri N Uj,

U;, = q’j(@j(Uj)ﬁQl):R%ﬂUja J=12...,N.

J1
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And also, there exists ; € C§°(Q) with supp 0; € ®;(U;), j = 1,2,...,N,
with

N
Zej =1, on Q.
j=1

Hence, (8;uc)o®; € H}(U;), j =1,2,..., N.Now we write U, Uy, Up, ®, ¥,
instead of U;, Uj,, Uj,, ®;, ¥, 6. Setting us := (6uc) o ®;, we investigate
ug in the H? space for two cases.

(1)The case Uy = 0. We find u; := fu, satisfies

(Vuy, Vo)g = (0f — Vu V0 — V(u.V0),v), Yo € Hy(Q).
Since (0f — Vu. V0 — V(u.V0))|q € L?(Q2), obviously, we have
utlp € H*(Q), [lui2 < C.

So, ug € H2(U) and ||uz|le,y < C.
(2)The case Uy # 0, and Uy # 0. Writing D; = 8%71’ (i = 1,2), we have
ug € H}(U) satisfies

2 2
1
E / aijDiUJngvdx + - E / aijDiungvdx
Uy € Uy

i,j=1 i,5=1

1
- / (1 V8) 0 DYV Dddz — — / (1.V0) 0 BVuVT|DO|dx
Uy Uy

€
=(f1 0 ®|D®|,v), Vv € Hy(U),
where
2
ai; = () DxtiDyiy) 0 B|D®Y, i, = 1,2, ¥ = (¢, 1)s).
k=1
Let iz be the zero extension of us onto R%. Substituting ing
Th — 1 T—h — 1 -
= U

o h
into the above equation, where 7, is the translation operator with 7,¢(x) =
¢(x1+h,x2), ¢(z) € L?(R?). Using some lemmas of =1 in Chapter 2 of [3],
we can obtain

> [0 ()|
<y (o (25|

2

2
2 1 Th—l
12 i ) |
UO+€7,—ZIH ( h u2) U,

-1
+ HDz <Th ﬂz) ’ )
Uo h U,
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Thus, we get

2

—1

> [ (528, <c

‘ h Uo

i=1
For i = 1,2, we consider any sequence h; — 0, as j — oo. We see that

Th, — 1 _ .

D; hs fi converges weakly to some function ¢ € L?(R?), and also

J

Th; — 1 - .
W gy — D;Ditig, as j — oo,
J

D;

in the sense of distribution. Consequently, D;Dits = ¢ € L2(R3_). This
shows that all second derivatives, except D3ug, are in L?(R?). We find that
the equation of us is also equivelent to

1
(Vuq, Vo) + E(Vue, Vv)a,

:(Gf,v) — (Vue,vV0)q — %(Vue, vVO0)q, — (V(uV0))a — %(V(uGVH))Ql

1
+/ (ucVOV)|r.q - ndo — E/ (ueVOv)|r q, - ndo
r r
=(f3,v)p + (g,v)r Vo € Hy (D).

As [ fsllo,p < € and [[g]ls p < C( since [Juc[1,0, < Ce), there exists w €

N 0
H?(Q) satisfying that a—w = g. Thus, (u; — w) o ® = uy — wo P, and from
n
the equation of u; above, w satisfies

2
3" Dj(aij(Di(uz —wo ®))) = (f3 + Aw) o ® in Uy,

4,j=1

which comes from Green’s formula.
Thus we have D3uy € L?(Up), so that |luzll2,u, < C. And because for

every j =1,2,..., N, [luz|l2,u;,, <C. We have |uc2,0 < C. O
Remark 7. With the assumption that f € H'(Q). In the above proof, we find
that by taki Th— 17 — 17 —1_ Th —17_p —17_p —1_
a aking v = Uy Or Uiy on
y ke n h k" h h no 2
Th—].T,h—].

case(2) instead of fig, we can obtain D3us, D? Dous, D3Dyus €

h
L2(Up). Noticing that in this time fzo® € H'(Uy), g € H3 (T'), we have||ul|s o <
C. And applying the (P.), we have |Ju|z o, < Ce. Hence, we can obtain
higher-order regularity of (Q.).

By an analogue of the proof of Theorem 3.1 and the Remark 7, we have
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Theorem 3.3. Under the assumption that f € H* (), for all non-negative
integers k, we have

’U;e‘Q S HkJrQ(Q), U€|Q1 S Hk+2(Ql).
(3.4) lluelollk+2.0 < Cll fllk0,

(3.5) [uelo lk+2.0, < Cellfllk.a-

Remark 8. In the above two theorems, we both assume that D is sufficiently
smooth; however, in our case, D is a rectangle( a convex polygon). From the
discussion in [3, 4] on elliptic problems in non-smooth domains, we can keep
Theorem 3.1 remains true for any convex polygon D.

3.2. Neumann boundary value problem. As a first step, let us assume
D is sufficiently smooth. Then, we have the following theorem.

Theorem 3.4. (Q) is the original problem with homogeneous Neumann bound-
ary. f € L3(2), then the corresponding H*-penalty problem (Q.) has a unique
solution u. € H3 (D). Moreover,

uE|Q € H2(9)7 u€|91 € HQ(Ql)ﬂ
(3.6) [uelall2,0 < Clf]

(3.7) [ucla, 2.0, < CIIf
Before the proof, we show that, by applying the Green’s formula, (Q.) is

equivalent to (P.), which reads as:
Find u. € Hy(D) such that
— Aue +ue = fin Q,

0,92

lo,0-

(38) Aue =0in le
Oue Oue
-— = — .
on ro on o

From (P.) we know that, if we have u|o € H?(Q) with |luc|l2,.0 < C, then
we have
3
Uelr,0, = Ucr,n € H2(Q).

Since the right-hand-side function is 0, and with the homogeneous Dirichlet
boundary of D, it concludes that u.|q, € H?(€;) and

[uellz00 < Clluclls r < C.
This means we have left to prove only uc|q € H?(£2).

Proof. The process of the proof is very similar to that of Theorem 3.1. In

1
fact, we only need to replace the — in the proof of Theorem 3.1 by e. 0
€
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Remark 9. The same comments as those in the Dirichlet case apply here,
specifically, we can obtain higher-order regularity for f € H*(Q), and, if D is
a convex polygon, Theorem 3.4 remains true.

3.3. Mixed boundary value problem. The (Q.) for original problem with
homogeneous mixed boundary is equivalent to the problem (P.):

Find u. € H} (D) such that
— Au, = fin Q,

AUE =0in 917

Au, = 0in Qo,

Oue 1 Ou.

(3.9) e ,
on ra ¢ on r,Q,
Ou, . Oue
on |, o on |, o, ’
lﬁue . Oue
€0n|p, g on Fs,Qz,

where I's is the common boundary of 2; and 5. By an analogue of the
previous proof, we can obtain that u.|q € H?(Q).

Since the domain ©; and €5 have corners at the intersection points of
their boundaries( see Fig. 3), u.|q, and u.|o, would not be in H? space but
HY o e (0,1)( see [12, 4]).

4. FINITE ELEMENT APPROXIMATION AND DISCRETE PROBLEMS

Recall that the Cartesian mesh is introduced to the rectangular domain
D to get a uniform triangulation 7j, and h is the maximum diameter of the
triangles of 7;,. Each K € T, is assumed to be a closed set. Vi, (D) C H}(D)
is the subspace of all piecewise linear continuous functions subordinate to 7p.

4.1. Dirichlet boundary value problem. We consider the discrete prob-
lem (1.3).

Lemma 4.1. There ezists a unique solution u. p € Vi (D) for (1.3). ue is the
solution of (1.2), and we have

1
[we = uenllio + —=llue — uenllia,
€
(4.1) Ve

1
|1,Q + 7”“’6 — Up

Ve
Proof. Subtracting (1.2) from (1.3), we have

<C inf (||ue — vy,
’UhEVh(D)

o)

1
(V(ue — ue,pn), Von)a + E(V(uE —Uep), Vop)a, =0, Yo, € V(D).
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Then we find
1
lue — ue,hﬁ,a + E\Ue — Ue,h %,Ql
. 1
< inf {(V(u6 —Ue,n)s V(e —vp))a + = (V(Uue — Ue,n), V(ue — vh))gl}
’Uh,EVh,(D) €

. 1
< inf {ue — Uenl1,0lUe — Unl1.0 + E|ue — Ue p 1,0, [Ue — Uh|1,91}

- Vh EVh(D)
1,91} X

1
inf . — e — :
vhel‘l}h(D){Hue vpll1,0 + ﬁHUe Uh||1,91}

Applying the Poincaré inequality to the left-hand-side, we have

1
< {Hue — Uepll1,0 + ﬁﬂue — Uep|

1
Jue — e nlf o + ~lue — uenl o,
1
o= venlt o+ (1) o= vl

1
>0 (e = ven o + Jellue = ueali, )
Thus, we have proved the result. O

To estimate
inf H - || *1 || - ||
in U v + U v,
on€Vin(D) € hl11,Q2 \ﬁ € hl11,Q21 | »

we need some lemmas, which can be found in [16], and several other sim-
ilar results in [13, 17]. For a curve v in C?(R?) and 6§ > 0, we define a
d-neighborhood s = {x € R? | dist(z,v) < §}.

Lemma 4.2. Suppose vs CC R, R is a domain in R?, and v € H*(R). Then
we have

(4.2) [vll0,7s < CV5][v]l1,r-
If we assume v € H?(R), then we have
(4.3) [oll1s < CV6l0]l2,-

Lemma 4.3. Suppose w € H?(D), and we define Ixw as the linear interpo-
lation of w on the vertices of a triangle K € Ty. Then, we have

3

L2 Y, ww) —w(y)l,

i,j=1,i#]

(4.4) Tgw
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where v;, i = 1,2,3, are vertices of K. (A = B means that there exist
constants depending on the regularity of the triangulation Cy,Cs such that
C3B<A<CyB.)

Theorem 4.4. The following error estimate for (1.2) and (1.3) holds:

(4.5) [lue — ue,nl 10, € C(Vh+VE (lucllz0 + [luc]

1,0+

1
%Hue*ue,h 2,91)~

Before the proof, we define some notations:

Ay = the set of all vertices of T,
AK) = {vf, vl v} = the set of all vertices of K € Tp,
To={KeTy|KCQ, KNI =0},
To, ={K €T, |KCQ, KNI =0},
Tr = (K € Ty |KNT #0),
To = {K S TQ|KﬂTF # @},
Ty ={K € Tq,|[KNTr # 0},
wWo = Uker, K,
wo = Ukero\1, K,
wr = Uger K.

We may assume that To\Ty # 0 and T, \T1 # 0 without loss of generality.

Proof of Theorem 4.4. We define vy, by setting,

uc(v) forve A(K), K € To\To,
on(v) = 0 for all others vertices v,

and substitute this vy, into the right-hand-side of (4.1). We find that |u. —
vpllie, = lJuellio, < Ce. To estimate ||ue — vy||1,0, we use the scheme pro-
posed in [16] by using Lemma 4.2 and Lemma 4.3. However, there are several
differences between our analysis and that of [16], because we apply our regu-
larity theorem presented in the previous section, which simplifies the analysis.

We find that |lue —va[[? g = llue = vnllf o + e — vallf o, + llue = vnl% oy -

For the first term |[ue — Up||1,wq = [|te — Tk Ue|l1,0w0 < Ch| |20

For the third term [[uc — vp|1,wr = [lue = Oll1,7,. < CVh|uc|2.0, following
from Lemma 4.2.

Then, for the second term ||ue —vp||1,wo < ||Uell1,w0 + ||Vn]
ltellt.wo < CVR|uc|l2.0, again, following from Lemma 4.2. What remains is
to estimate ||vp]1,w,-

1,00, and we have
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For every K € Tj, we have

lonlls e < llon = Tcuelly,x + [xuell1,x
<lop, — Ixuel,x + ||vn — Ixtello,x + [ Trxtel1,x
<lvn — Ixte|1, i + lvnllox + [xuelloc + [ Trctiellr,x-
We want to show that ||vpllo,x < C||Ixue|1,x. There are two possibilities:
(1) if for all v; = v € A(K), i = 1,2,3, u.(v;) have the same sign, then
obviously, |vp,(2)|* < [Ixue(@)]?, (z € K) and |vpllo,x < Cllxuellox; (2) if
we consider the case where for v;, i =1,2,3, u; = u.(v;) do not all have the
same signs, then, without loss of generality, we assume that |ui| = ||u||eo,x
and ujug > 0 and uz < 0. We have V(Ixu) - v301 = u; — uz on K. Hence,
lur| < |Jug —ug| < |V(Igw)| - |vsvi| < |V(Igu)|hik on K| since u; and uz have
the different signs. Therefore,
1
lonllo,x < [K|2[Jvnlloo,x
1
< K2 [|uell oo,
1
< |[(|2 ‘IK’U,VT,K = hKlv(IKU)|O,K-
Thus, we have ||vp|lo,x < (1 + hk)||Ixul|1,x, which gives

lonlli,x < |vn — Ixteli,x + C||Ixuel|1,x

4.6
(46) <|op — Ixuch,x + CllIgue — ue|l1,x + Clluel1,x

By the standard interpolation error estimates, we have
(4.7) Z [{rcue — UEHiK < ChQHUEH%,Q'
KeT,
We notice that there exists €/ > 0 such that wr C ~y¢s,. By Lemma 4.3,

setting 0y, = vy, — [k u., we obtain

(4.8) on — Ixuch .k <C > |on(vs) — on ().
v, v EA(K)
i#j
Next, we set

Ao(K) = {v € A(K) | 3K’ € To\Tp, s.t. v in A(K")},

Ar(K) ={v e A(K) | 3K’ € Ty, s.t. vin A(K")}.
By definition, we see that A(K) = Aq(K)UAr(K), Aq(K) #0, Ar(K) # 0.
There are two possibilities: for {v; = vX}3_| = A(K),
() Aa(K) = {v1,va}, Ar(K) = {vs};
(i) An(K) = {m}, Ar(K) = {vs, v3}.
(See Figure 1 and Figure 2.)
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V1

VA1
V2
v Q Q
V3 V3
A <
r r
K" N

Q1 Q1

FIGURE 1. (i) FIGURE 2. (ii)

For (i), we have
on(vi) = vn(vi) — (Ukue)(vi) =0, i =1,2,
0n(vs) = vn(vs) — (Ixue)(vs) = —uc(vs).

Hence, |0n]1,x < Cluc(vs)|. Taking arbitrary point vp € I' N K", we have

[Onl1,x < C(lue(vs) — ue(vr)| + |ue(vr)]).
At this stage, we apply the Sobolev and Morrey’s inequalities. Let w be a
Lipschitz domain in R2. They are given as

[ull oo () < Cllullz(w), (Yu € H?(w))
ullwiaw) < Cllullpz(w), (1<q< o0, Vue H*(w))
lu(z) — u(y)| < Cllullwraw)lz -yl
(z,y€w, 2<q, a=1-— %, u € Whi(w))

We choose ¢ = 4, and define K¢, = K" NQ, K3 = K" NQy, and we have
1 1
ue(vs) — ue(vr)| < Clluellwraylvs —vr|? < Ch2[Jucll2,ky,
Q Q

ue(vr)| < Cflucl

2,K4 -

Hence, we obtain |0p]1,x < C’Hue||27K61 + C’h%\|u5||27K6.
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Then, applying the same trick to (ii), we can show that
on(v1) = vn(v1) — (Ixue)(v1) = 0,
On(vi) = vn(i) — (Ugue) (V) = —ue(vi), 1 =2,3,
Onl1x < Cllue(ve) — ue(vs)| + [ue(ve)| + |ue(vs)])

<O |ue(vi) = ue(vr)| + Clue(vr)|

1=2,3
1
< Clluellz,xy, + Ch2llucllz, k-
Combining (i) and (i), we have
> fonl k<O Y (el g, + Chllucl ay)
(4.9) KeT, KeT,
< Ollucll3 o, + Chllucll3 -
From (4.6), (4.7) (4.8), (4.9), we can easily derive that
Z ||Uh||1 K
KeT,
< (”uellg,ﬂl + hH“s”%,QhQHUEH;Q + hH“E”%,Q)
< ENfIa+ Ch* +WIfIEa
where the last inequality is from Theorem 3.1. Hence, we get
[onlliwo < Cle+h+h2)l|fllo.0

Recalling that ||ue — vn|l1,0, = ||tell1,0, < Ce and other estimates from the
beginning of the proof, we have

ue = vnllie + \[Ilue — w10, < C(Ve+ Vh).
Hence, the theorem follows from Lemma 4.1. O

Remark 10. Since we have ||uc||2,0, < Ce¢, other choices for vy, than that above
can be taken, such as

uc(v) forve A(K), K € To\To,
T av)  for ve A(K), K € To, UTY,

where @, is the extension of u.|q, onto D with ||tc||2,p < C||uell2,0,, and the
estimate result still holds.

To estimate |[ue — ue pllo,p, We need the adjoint boundary value problem,
which reads as:
For any given f € L*(Q), find u.; € Hg (D) such that

(4.10) .
(Vu,Vuer)o + = (Vv Vuer)a, = (f,v), Yv € Hy(D).
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(f is the zero extension of f.) We see that there exists a unique solution
ey € HY(D), with

uerllzo < Cllfllogs llucrllz.on < Cell fllog,
which follows from Theorem 3.1.
Theorem 4.5. We have the error estimate in L*> norm for (1.2) and (1.3),
(4.11) lue — uenllo.p < Cle+ h+ Vhe).

Proof. Let f = (ue — e p)|q and substitute v = ue — u. ;, into the equation of
the adjoint problem, we get

flue — Ue,h ‘(2),9 = (fyue — Ue,n )0,
:(fa Ue — Ue,h)O,D

1
:(V(ue — u67h), V’uef)g + E(V(UE — u67h), Vuef)gl
1
<(V(te = ten), V(tes —vn))a + E(V(Ue — Ue,n), V(ter —vn))a,, Yon € Vi(D)

1
L.olluer —vnllia + gllue — Ue nll1,0, [Vuer —vnll10,

SO+ VRYWE+ VR flloq + CovEe + VRIWEWE + VA fllos

The last inequality follows from Theorem 3.1 and Theorem 4.4. Noticing that
f = (ue - Ue,h)'ﬂa we get

[ue = tenllon < C(Ve+ Vh)?
With [Jue]|1,0, < Ce and ||uepll1,0, < Ce, we have proved the result. O

SHU€ — Ue,h

4.2. Neumann boundary value problem. The discrete problem (Q. n)
reads as:

( ) Find wu,j, € V(D) such that
4.12 N
(te,n,vn)1,0 + €(Vuen, Vop)o, = (f,vn)p, Yon € Vi (D).

Lemma 4.6. There exists a unique solution ucpn € Vi(D) for (4.12). u is
the solution of (2.4), and we have

flue — UE,h”LQ + \ﬁHue - UE,hHth

4.1 .
(4.13) <C inf  (Jlue —vnllr,o + Vellue — vnll1a,) -
UhEVh(D)
Proof. The proof of this lemma is an analogue of that of Lemma 4.1. O

Then, we have the error estimate theorem:
Theorem 4.7. We have the error estimate for (2.4) and (4.12)
(4.14) Jlue—uenllio+Velue—uenlio, < Clh+etVhe)([uel20+ucll2.0,)-
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Proof. By taking
uc(v) forve A(K), K € ToUTr,
vh = te(v) forveAK), K € To,\T1,

the proof is an analogue of that of Theorem 4.4. O

With the analogue of the proof of the Dirichlet case, we have the error
estimate in L? norm for Neumann case.

Theorem 4.8. For u. and u.,j are the solutions of (2.4) and (4.12), respec-
tively, we have

(4.15) tte = wenllo.p < C(e+ h+ Vhe).

4.3. Mixed boundary value problem. Since the regularity theorem of
(Qe¢) for mixed boundary case is weak, we will not put a discussion on the
error estimates of the discrete problem for this case. Also, we could not find
any discussion on this issue in [16, 10] etc.

5. AN APPROXIMATION FOR DISCRETE PROBLEMS

In the discrete problem, we find the inner-product (Ve n, Vor)a or 0, and
(f,vn)p (since f is the zero extension of f from € onto D) are not applicable
to computation, because we assumed that €2 has a curved boundary I". The
integral of the elements crossing I" becomes a problem when doing compu-
tation. Thus, we need a proper approximation. One way is to replace the
integral in the open triangle K, K NT # 0, of

1
(Vue, vn)kna + E(Vuev Vn) Ko,
by the integral of
1
(Viteron) e + ¢ (Vs o) g,

where Q is a polygon with vertices which are t}}e points of intersection between
I' and the triangles’ edges. (2 satisfies (Q\Q) U (\Q) C T'5, 6 = O(h?).
Qy = D\Q. The approximation problem of (Qe,1) is denoted as (Qe,h).

5.1. Dirichlet boundary value problem. The problem (1.4) is considered.
We assume that fj, is some interpolation of f, such that (fn,vn)p is applicable
to computation and has || fj, — f||0 < Ch holds. For example, suppose f €
C1(2); then we can choose f}, is the linear interpolation of f on the vertices
v of triangles for every v € ) and zero on other vertices. Before giving the
estimate of ||Qc, ;, —ue p |1, 0, We quote a lemma from [17]. For any open triangle
K, we denote

=M\ NK =(Q\Q)NK
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and
T = (Q\Q)NK =(Q\Q)NK.
mi=UgTk.
T:=UgTk.

Lemma 5.1. As we have (Q\Q) U (Q\Q) C Ts, § = O(h?), the following
estimates hold for any v, € Vy,

1 1
(5.1) [vnl1,x < hZ|on|i0, (or hZ|upl; o),

1 1
(5.2) lnliz < hZ|only g, (or h2|ualia).
Then we have the following theorem.

Theorem 5.2. There exists a unique solution Gy for (1.4). uep is the
solution of (1.3), and we have

(5.3) [tie,n = Gie,nllr,0 < Ch.
Proof. Subtracting the equation in (1.4) from that in (1.3), we have

. 1 .
(V(ue,n = tie,n), Von)gng + E(V(Ue,h —le,n), V) gna, T (Vien, Vor)g o

1 R 1 .
+;(vue,h7 V’Uh)gl\ﬁl - (vue,iu V'Uh)Q\Q - g(vug’h, vvh)@l\ﬂl
=(f — fu,vn)D, Yon € V.
Since Ql\Ql = Q\Q and Ql\Ql = Q\Q, the above equation can be written as

. 1 .
(V(ue,n = tie,n), VUn)gua + E(V(Ue,h —en), Von)gna,

1 1 -
= ( - 1) (Vie,n, Von)g\q, + (1 - 6) (Vuen, Von)g g, + (f = fryvn)p-

€

We apply Lemma 5.1 to obtain
ey 0,00, € CVRlenl, 6, < CVhe,
only. a0, < CVhlvnl, g, (or Vhlupli o),
[uenly o0, < CVhue 1,0, < CVhe,
only a0, < CVAlvRl10, (or Vhlua|, g)-
Since we have ||f — fullo.p < Ch, for vy, = ucp, — fep, We get

. 1 S
|te.n — uEvhﬁ,QuQ + g|u€’h - u67h|1,nm§21

SCh(|ue,h - ae,h

Laua T luen — denllo,n)-

This, together with the Poincaré inequality, implies the desired result. O
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5.2. Neumann boundary value problem. (Qgh) reads as:
(5.4) Find de p € V(D) such that
. (ﬁg’h,ﬂh)lyﬁ + E(V’LALQ}“ V’Uh)Ql = (fh,'Uh)Da Yy, € Vh(D)

Lemma 5.3. (Q\Q) U (Q\Q) C T'5, § = O(h?) implies that:
(5.5) [onllg.va < Chllvnllre (or hllvnll; o,)-

(5.6) [onllg.ave < Chllvnlly g ( or hllvallie,)-
(This lemma is quoted form [13].)
Theorer{l 5.4. There exists a unique solution G, for (5.4). If f —fhn=0
on Q1 NQy, and uey, s the solution of (4.12), then we have,
(5~7) Hue,h - ﬂe,hHLQuQ < Ch.

The proof is an analogue of that of Theorem 5.2, with using Lemma 5.1
and Lemma 5.3.

6. NUMERICAL EXPERIMENTS

Let 4 € H(D) be the zero extension of the solution u € H}(Q) of the
Dirichlet boundary value problem (1.1). Then, from the results of previous
sections, we find that

e, — @ll1,p < |[the,n — te,nll1,p + [[te,n — Uell1,p + ||ue — Ull1,p
=[[te,n — venlli,p + |[tie,n — ucl
<Ch+ C(Vh+\/e) + Ce + Ce
<C(Vh +Ve).

In addition, for the error in L? norm, we also have
[tien, — @llo,p < Cle+h+ Vhe).

So in our computation, to calculate L? and H! errors of i, 5, — @ on D is suffi-
cient to verify the theoretical results, which is more practical than computing
the norm of 4, plo — u in Q, because of the curved boundary of €. Now, let
Q= {(z,y) € R? | 22 + y* < 4}. The original problem reads as:

{—Au:llinﬂ,

1,0 + lluelo — ullio + [Juell1.0,

u=0onT.

The exact solution is u = 4 — 22 — % Let D = {(z,y) | -3 <z <3, -3 <
y < 3}, Q C D, and introduce a Cartesian mesh to D( see Fig. 4).

The error estimates are showed in Fig. 5 and Fig. 6, from which we see
that for fixed e, L? error behaves as Ch and H' error behaves as Cvh. But
at the same time, they also have lower bounds even if we allow h to become
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I / O1

//ﬂ

D

Q2

FIGURE 3. On mixed

FIiGURE 4. Q, D
boundary case

and the mesh

arbitrarily small. The lower bounds are controlled by €. And we can observe
that L? error has the lower bound that behaves as Ce, and H' error behaves
as C'y/e. This confirms our theoretical results.
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