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ABSTRACT. For the isotropic Lamé system we prove that if the Lamé coefficient p is a
positive constant both Lamé coefficients can be recovered from the partial Cauchy data.

In a bounded domain  C R? with smooth boundary we consider the isotropic Lamé

system:
2
(0.1) ai (Cijkl%) —0 N0 1<i<?2
i1 9% L1
(0.2) ulr, =0, ulp = f,

where I is an arbitrary fixed subdomain of 92, I'y = 092 \ T,
Cijrr = M) 8i5081 + pu(2) (00 + dadjn), 1<14,5,k1<2

with the Kronecker delta ¢;;. The smooth functions A and p are called the Lamé coefficients,
u(z) = (uy(z), ug(x)) is the displacement. Assume that

(0.3) wr) >0 onQ, (A+p)(z)>0 on Q.
We set

2 2
8uk. 8uk
Mulf) = <Z Vjcljkla_xla Z VjC2jk18—xl 7
],k,l:l ],k,lil
where v = (14, 112) is the outward unit normal vector to Q2. Denote

2 2
0 Ouy, 0 Ouy,
Ly u= ( Z £ (Cljkla_xl) , Z 7. (C2jkla_xl)> )

gikd=1""7 Goel=1 "7
The partial Cauchy data C, , is defined by

Cop = {(u, My, (f)]5; Layu =0 in Q ulpsg = f, supp f C f}

In this paper, we consider the following inverse problem:Suppose that the partial Cauchy
data Cy, are given. Can we determine the Lamé coefficients X and p?

This inverse problem has been studied since early 90’s. In two dimensions Akamatsu,
Nakamura and Steinberg [1] proved that for the case of full Cauchy data (I = ) one
can recover the Lamé coefficients and its normal derivatives of an arbitrary order on the
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boundary provided that Lamé coefficients are C* functions. Later in [12] Nakamura and
Uhlmann for the case of full Cauchy data established that the Lamé coefficients are uniquely
determined, assuming that they are sufficiently close to a pair of positive constants. For the
three dimensional case in [13], [14] these authors and independently in [6] Eskin and Ralston
proved the uniqueness for both Lamé coefficients provided that p is close to a positive
constant. The proofs in the above papers rely on construction of complex geometric optics
solutions. On the other hand, unlike the case of Schrodinger operator, for partial Cauchy
data, the construction of such solutions for the isotropic Lamé system seems to be possible
only for the dense set of Lamé coefficients. To our best knowledge there are no results on
the unique recovery of the Lamé coefficients from the partial Cauchy data. Also we mention
that a linearized version of this inverse problem was studied in [7].

Finally we mention that this inverse problem is closely related to the method known as
Electrical Impedance Tomography (EIT). EIT method is widely used for detecting oil field
and minerals beneath earth’s surface, diagnosis of the breast cancer. For the mathematical
treatment of this problem we refer to [2], [4], [5], [9], [10], [11], [15].

We state our main result as follows.

Theorem 0.1. Let Q be a simply connected domain with smooth boundary, (0.3) hold true,
p1, pa be some positive constants and A\, Ay € C3(Q). If Cr,py = Coypn then (i, 1) =

(/\27,M2)~

Throughout the paper we use following notations: ¢ = v/—1, x1,29 € R, 2 = 21 + 129,
¢ = & + &, Z denotes the complex conjugate of 2 € C. We identify x = (z1,1,) € R? with

2z =x1 +ixe € C. We set aZ:%:l(a%—zaig) %z%z%(%—ki%).\]\fesaythata

function a(z) is antiholomorphic in Q if d,a(z)|q = 0. By 9, we denote the operator
(0.4 oty = [ 2% g g,
™Jo g

It is known (see e.g [17]) that the operator 97! is continuous from the space C™%(Q) into
Cm+1+e(Q) for any integer non-negative m and positive o from interval (0, 1).
For the proof, we need the following proposition:

Proposition 0.1. IfCy, ,, = Cy, ., then
(0.5) (11 = p2)lp = (A = A2)|p = 0.

Proof of Proposition 0.1. The proof of the proposition follows from [1]. The only difference
is that we are using the calculus of pseudodifferential operators with symbols of limiting
smoothness. Since the Lamé system is translationally invariant, it suffices to prove the
statement of the proposition at point x = 0. Taking into account that the isotropic Lamé
system is rotationally invariant, without loss of generality we may assume that v(0) = (0, 1).
Therefore locally near zero we may assume that the boundary of €2 is given by equation
xo — L(z1) = 0 and x € § implies 29 — £(z1) > 0. Moreover ¢'(0) = 0. After change of
variables y; = x; and yo = x5 — ¢(z1) the domain 2 near 0 is transformed into some open
set G in R x (0,1). Consider the Lamé system in the new coordinates. Let e be a function



with compact support concentrated in a ball of a small radius centered at zero and e = 1 in
a small neighborhood of zero. We set U = (Uy, Us) where

o) = [ 1+ 6P} En)(6 s = AD)ew

and Us(y) = Dy,(eu), D, = %6%2. Here we used the notation

W&, y2) = / u(y)e V< dy.
Rl
In the new notations problem (0.1), (0.2) can be written in the form
DyQU:M(vayl)U+F7 U1|y2:0:A(D)<€f)'
The function F satisfies the estimate

(0.6) 1Pl < CUT L3 ony

Here M(y, D,,) is a 2 x 2 pseudodifferential operator with the principal symbol M;(y, &)
given by

0 ME
M1(3/7§1) = (A—1M21A11 A—11M22) )

where

Moy (y,&1) = —p€2E — (A + p)ETE,  Mao(y, &) = —(A+ ) (E7G + GTE) — 2u(E, G)E,

Ay, &) = A+ p)GTG + p|GPE, A =&, €= (6,0), G=(-1)

and E is the unit matrix. It is well known that all the eigenvalues a(y, &) of the matrix
M (y, &) satisfy the equation (£ + Ga, & + Ga) = 0. Hence we have two eigenvalues which
depend smoothly on y and &;

ax(y, &) = (£,G) + ( §_f + (£ G>2> .

Cer T\ e Gl

The corresponding eigenvectors are

wit(yagl) = 6:—!— al ,a—i €:+ xG .
1€+ asG| &1l € + arG]

The Jordan form of the matrix M; has two Jordan blocks of the size 2 x 2:
(My — ax)n® = |&|w,
where 7% (y, &1) = (07 (,&1), 15 (y, &),

A3 &)
)‘+M ‘f—i‘OéiG’

1

A+3
G, nf(y,&):—(—a R

FAH L E 1 asC

n(y,&) = G+ &

191

g‘f‘ OéiG
£ + oL

) |
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Observe that . (0, &) = £ilé&], wy (0,6) = s (&1, —il&1], —i&1, €0), 07 = (0, — g,
& i u(0)

Je] 73 30) +u(0))‘ From (0.6) and the standard a priori estimates for the systems of elliptic

equations see (e.g., [8]) one can show that

||B (/\ s ylvDyl)UAuHLQ(Rl < CHf” Vj € {1’2}7

H2 (00)’

where Bi(\, i, y1, Dy, ), Ba(A, 1, y1, Dy, ) are pseudodifferential operators of the class C®S5°
(for definition see e.g. [16]) and the principal symbols of these operators satisfy

Bl(/\7 My 07 51) =w (07 51)7 BZ()‘7 2 07 gl) = 77_ (07 gl)

Consider a matrix pseudodifferential operator

Bl,3<)\7 Y1, Dy1) Bl,4()\’ Y1, Dyl))
32,3()‘7,u7y17Dy1) B2,4()‘a:uayl>Dy1) .

The corresponding principal symbol of this operator is invertible matrix at point (0,&;), & #
0

B()\7u7y1aDy1) - (

—i€1 &1
Bo(A, 11,0,61) = (ﬁglfll N ﬁ,lf(lt)') ) :
V2[éi] V2 A0)41(0)
Then there exists a parametrix to the operator B (see e.g. [16]) which is a pseudodifferential
operator with symbol C*S°. We denote this pseudodifferential operator as B~Y(\, i, y1, Dy, )
with the principal symbol satisfying

1 SO AL
B ()\ ,u,O 51) 2 - K %fl )
det Bo(A 1. 0.6) | 73—z
Then
(0.7)

Bl,l(Aauathyl) 812()\ s ylaD )
BQ,l(Aauathyl) 322()\ s ylaD )

The operator Ay ,(f) in the new coordinates can be written as

M pu(f) = An (W) Uspop + P (yr, Dy, ) f

||U2,)\,M+B_1()‘7ﬂ'7ya Dy1) ( H2 CON

)UuuHm e < Il

where

(0 2 _ (100 + o) 0
0= (o) ") P02 = (PR 0 )

Since the partial Cauchy data are the same we have

A)\17H1 (yl)UZ)\lle - A)\z,uz (yl)UQ,M,m (,PM U (ylv ) PAQ 12 (yb D ))f =0.
Using (0.7) we obtain

(0.8) 1K (y1, Dy) fll 2wy < CHfHH%(aQ)‘



where

— B )\’ 7y7 B, )\7 ’y7
K, Dyy) = —Assn ()8~ (v i1 1, Dy >(B;i§£ e ; B;;gg e ;) A(D)(e)
b b) 7 1 5 b b 7 1
1) ( )

— A a:u27y17 Bl? )‘27/L2ay17
+A B~ (g, pi2, y1, Dy, < 11(As e
a8 2090 Du) \ B (0g o, 1. Dy) - B iz, D) ) )
(()9) (P)\l,ul(yla ) PAzMQ(ylaD ))

By (0.9) the operator K (y;, D,,) belong to the class C2S*. On the other hand, by (0.8) the
principal symbol K7 (y, ;) of the operator K (y;, D,,) should be zero.(Otherwise we have the
contradiction to the Gardings inequality.) The simple computations provide

A1 (0)(A1+p1)(0) _ iX2(0)(A2+12)(0) _
K(0,1) = ETON RO . A1 (0) A?(O) .
—111(0) + p12(0) —i(A1(0) + p1(0)) 4 i(A2(0) + 112(0))
The proof of the proposition is completed. O

Now we proceed to the proof of theorem 0.1.

Proof. Since p; and ps are assumed to be some constants, Proposition 0.1 implies immedi-
ately that p; = po.

Instead of the vector function w, it is more convenient for us to work with the complex
valued function D = u; 4 tuy. The isotropic Lamé system for unknown function D, for the
case u = const, can be written as

(0.10) 9=(2(\ + 1)(8.D + 3,D)) + 4pd-0.D = 0 in Q.

This equation can be solved explicitly. Indeed using the fact that p is a constant and
domain €2 is simply connected we have

(0.11) 2(A + 1)(9.D + 9.D) + 4ud.D = O(2),
where © is a holomorphic function in 2. Then Red.D = i +8uw and Imo,D =
1 93)-09G)  gince
ap= 2 -
(0.12) g.p— AT o Ot g
8u(A+2u) — Bu(A+2p)

we have

_ _ A3 — A
0.13 D=9(Z)+0;'{ ————06 —@01{—},
013) B)+o. {8M()\+2M) } © o 8u(A+ 2p)

where W(Z) is an arbitrary antiholomorphic function.
Using the fact that Lamé system is rotationally invariant from Proposition 0.1 one can
immediately obtain that the following Cauchy data are the same

(014) C/\l,ul = C)\Q,/JQ?

where

0 ) ~
C’AM:{( au) lg: Lapu=0 1in Q,ulpg = f, supprF}.
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Let a function Dy be a solution to the Lamé system in €2:

_ _ A1+ 3 — A1+
015) D= +azl{—@}—@azl{—}.
(0-15) 1=z (M +2m) ' 81 (A1 + 2p1)

Let us fix some functions ©,(z) € C%(Q) and ¥,(z) € C*(Q) such that D;|r, = 0. Since
by (0.14) the partial Cauchy data C), , are the same, there exist functions ©,(z) € C* Q)
and Wy(%) € C?() such that for the function Dy given by formula

_ _ A2 + 31 e A2 +
0.16) D= z+8zl{—@}+@8zl{— ,
(0.16) ? 2(%) 8us(Aa +2u1) ? 8pa (N2 + 2u1)
we have
0Dy 0Dy on T
ov  Ov '

By (0.11), (0.14), (0.13) and Proposition 0.1, we have ©; = ©, on I'. Since ©, are holo-
morphic we have

(018) @1 = @2 on §).

(017) Dl = D2 on 89,

Now let us fix some smooth holomorphic function ©; € C3(Q2). Then for any positive e
one can choose ¥ (Z) € C*(Q) such that

_ _ A1+ 3 — AL+
5:\11*62 +az1{ ®}+@azl{ }’
v 1(2) (M +2m) ' 8pu1 (A1 + 241)
(0.19) Ve — 0 in C*(Ty) ase— 0.

Now let us construct the function R, as the solution to the boundary value problem
LymBRe=0 nQ, Rcog=—"T1,

where T is some extension operator continuous from C3(T'y) to C3(992). By (0.19)

(0.20) | Bellc2@) — 0 as € — +0.

Thus we have the sequence D; . = 1. + R, such that

)\1 + 3,[11 /\1 + 1

Di. =, (3 +a;1{—@ } +@_Ea;1{—
b 1e(?) 81 (A1 + 241) b b 81 (A1 + 241)

} iIlQ, D1,5|F0 =0.

We claim that

(0.21) 1 — O inC*Q) ase— 0.

Indeed
2(A\1 + 11)(0.Re + O.R.) + 410, R, = O, — ©.
Hence by (0.20) we obtain (0.21). Since the partial Cauchy data are the same, by (0.18)
there exists a sequence Dj . such that

)\2 + 3,[1/1 /\2 + 1

Dy, = Uy (7 +8Z1{—@ } +@_€azl{—
> 2(2) 8o (A2 + 2411) b b 8z (Ag + 2411)

} iDQ, D2,5|F0 = 0



We set
_ AL+ 3 Ao+ 3
D.=Dyo— Dy =Wy — Wy + 0" { ( 8M1(1A1 +l;1m) -~ % (QAQ +’;1m)> @1,6}
— (A AL+ _ Ao + fig
0.22 e a{—}_a{—})
022) " < 81 (A1 + 2p41) 8pia (A2 + 2411)
0D,
Del@QZOa D€|f: Eh::()

Passing to the limit in (0.22) and using the standard a priori estimates for the Lamé system

we have
_ )\1 + 3#1 )\2 + 3[/4 }
D:w+@1{ - S
(8M1(/\1 +21m)  Bu(he + 2M1)) '
— (A A+ _ Ao+ fiy .
0.23 e a{—}_a{—}) n Q.
(0-23) ' ( 81 (A1 + 241) 81i2( A2 + 2411)
oD
D[ag =0, 5'5 =0.

Next we make a choice of the holomorphic function ©;. We set ©; = ™ ®(2) = (2 — 2)?
where 7 is a positive parameter, Z = Ty + iTy and T = (71, Z3) is an arbitrary point from €.
Differentiating equation (0.23) by z we have
(0.24)
8D—( A1+ 3 A2 + 31 > b Tq;( A1+ A2 + 11
8p1(M +2m1)  8pa(As + 2p) 8pa (M +2p1)  8Bpa(As + 2p)

>7D|QQ:0-

Multiplying (0.24) by e ™ and integrating by parts we obtain

)\1 + 3,LL1 )\2 + 3/11 orilmae )\1 + [ )\2 + 1 .
— e + — dx = 0.
o L\ (A +2p1)  8ua(As +2u) 8pa (A1 +2p1)  8pa(Ae + 24)

Using the stationary phase argument (see e.g. [3]), we write the above formula as

A1+3 A2+3 ~ 27l T
2m <8u1(1>\1+u21#1) o 8#1(2>\2+u21u1)) (l‘)62 e
7|det Im &"(7)|2
A1+ A + 1y ) 1
+ — dx +o(—)=0as 7™ — +o0.
/Q (8M1(>\1 +2u1)  8ua( A+ 2u) (T)
Hence
( A1+ 3 _ A2 + 31 >(~:0
8pa (A1 +2p1)  Bua(Ae + 2) '

Hence, A\ () = A2(Z). The proof of theorem is completed. O
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