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Abstract. Our main goal of this article is to give a characteri-

zation of an algebraic divisor on an algebraic torus whose comple-

ment is Kobayashi hyperbolically imbedded into a toric projective

variety. As an application of our main theorem, we prove the fol-

lowing: the complement of the union of n + 1 hyperplanes in the

n-dimensional projective space Pn(C) in general position and a gen-

eral hypersurface of degree n in Pn(C) is Kobayashi hyperbolically

imbedded into Pn(C).

1. Introduction and main result

We fix a free module N = Zr of rank r over the ring Z of rational

integers. Let M := HomZ(N,Z) = Zr be the dual Z-module of N . Let

⟨ , ⟩ :M ×N → Z

be the canonical Z-bilinear pairing. Let TN := HomZ(M,C∗) = (C∗)r

be the r-dimensional algebraic torus. Let S be a finite subset of M .

Let D be a divisor on TN which is defined by a Laurent polynomial∑
I=(i1,...,ir)∈S

aIz
i1
1 · · · zirr ,

where aI ∈ C∗.

By the main theorem of [6], every entire curve f : C → TN \ suppD
is algebraically degenerate, i.e., the image of f is contained in a proper

subvariety of TN . In this paper, we deal with Kobayashi hyperbolicity

of TN \suppD, where f : C → TN \suppD is most degenerate to a con-

stant. Moreover, we give a characterization ofD such that TN \ suppD

is Kobayashi hyperbolically imbedded into a toric variety.

Now, we recall some basic facts about Kobayashi hyperbolic imbed-

ding. The concept of Kobayashi hyperbolic imbedding was introduced
1
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in Kobayashi [3] to obtain a generalization of the big Picard theorem.

The classical big Picard theorem is stated as follows:

If a function f holomorphic on the punctured disk in C omits {0, 1} ⊂
C, then f can be extended to a meromorphic function on the full disk.

Recall that C \ {0, 1} is Kobayashi hyperbolically imbedded into

P1(C). The following generalization of the big Picard theorem obtained

in [2]:

Let X be an m-dimensional complex manifold and let A be a closed

complex subspace of X consisting of hypersurfaces with normal crossing

singularities. Let Z be a complex space and Y be a complex subspace

of Z. If Y is Kobayashi hyperbolically imbedded into Z, then every

holomorphic map h : X \ A → Y extends to a holomorphic map h̃ :

X → Z.

Kobayashi hyperbolic imbedding is also closely related to the struc-

ture of a family of holomorphic mappings (see, e.g., [4] Chap. 6, [5]).

It is a famous conjecture proposed by S. Kobayashi that Pn(C) \
Y is Kobayashi hyperbolically imbedded into Pn(C) if Y is a generic

hypersurface of degree d ≥ 2n + 1. H. Fujimoto proved in [1] that

Kobayashi conjecture is true if Y is a union of hyperplanes in Pn(C),
i.e., Pn(C) \

∪d
i=1Hi is Kobayashi hyperbolically imbedded into Pn(C)

if H1, . . . , Hd are hyperplanes in general position and d ≥ 2n+1. As a

special case of our main theorem, we obtain the following:

Corollary 1. Let H1, . . . , Hn+1 be hyperplanes of Pn(C) in general

position, and let Y be a general hypersurface of degree d in Pn(C). If

d ≥ n, then

Pn(C) \

(
n+1∪
i=1

Hi ∪ Y

)

is Kobayashi hyperbolically imbedded into Pn(C).

Before stating our main theorem, we give necessary definitions. Let

NR = N ⊗Z R, MR =M ⊗Z R. Let A be a finite subset of M . Define

LA := {a− b ∈MR | a, b ∈ A}.
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Let VA be an R-vector subspace ofMR generated by all elements in LA.

Define

HA := {H ⊂ VA | hyperplane of VA generated by elements in LA},

where a hyperplane of VA is an R-vector subspace of codimension one

in VA.

Let P be an integral convex polytope in MR such that dimP =

r. Here the dimenison of a convex polytope P is the dimension of a

subspace of MR which is generated by {a − b | a, b ∈ P}. Then there

exists the toric projective variety X associated to P (see [7] Chap. 2),

and there exists the imbedding i : TN → X.

Theorem 1 (Main Theorem). Let S be a finite subset of M such that

S ⊂ P . Assume the following conditions for all positive dimensional

faces τ of P :

(i) τ ∩ S ̸= ∅, and the dimension of the convex hull of τ ∩ S is

equal to the dimension of τ .

(ii) Let H ∈ Hτ∩S, and let ϕH : Vτ∩S → Vτ∩S/H be the canonical

morphism. Let x ∈ τ ∩ S. Then ♯(ϕH(τ ∩ S − x)) ≥ dim τ + 1

for all H ∈ Hτ∩S, where ♯(ϕH(τ ∩S− x)) is the number of the

elements in

{ϕH(y − x) ∈ Vτ∩S/H | y ∈ τ ∩ S}

(note that this condition is independent of a choice of x in

τ ∩ S).
Then TN \ suppD is Kobayashi hyperbolically imbedded into X for a

general divisor D of the linear system |{zi11 zi22 · · · zirr }(i1,i2,...,ir)∈S| in TN .

If an algebraic divisor D on TN is a union of translations of subtori

in TN , it is much more elementary to prove the existence of a toric

variety into which TN \ suppD is Kobayashi hyperbolically imbedded.

Let Di, i = 1, . . . , q be an algebraic divisor on TN which is defined by

z
ai,1
1 · · · zai,rr − ci = 0,

where (ai,1, . . . , ai,r) ∈ M = Zr and ci ∈ C∗ for i = 1, . . . , q. Put

ai = (ai1, . . . , air) ∈ M . Assume that MR is generated by a1, . . . , aq,
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i.e.,

MR = {k1a1 + · · ·+ kqaq ∈MR | (k1, . . . , kq) ∈ Rq}.
Then the following theorem holds.

Theorem 2. There exists a toric projective variety X such that TN \
supp (

∑q
i=1Di) is Kobayashi hyperbolically imbedded into X.

The plan of this paper is as follows. Section 2 is devoted to the

preparations, and we prove the Brody hyperbolicity of TN \ suppD,

i.e., we prove that there exists no entire curve in TN \ suppD. In

Section 3, we will prove the Main Theorem 1 and Corollary 1. We will

also show a proposition which is useful to construct examples for the

Main Theorem 1 (Proposition 1). In Section 4, we prove Theorem 2,

and prove a generalization of the big Picard theorem (Corollary 2).

Acknowledgement. The author would like to express his deep grat-

itudes to his advisor Professor Junjiro Noguchi for his heartful helps

and discussions. The author is also grateful to Mr. Makoto Miura for

giving him many useful comments.

2. Brody hyperbolicity of TN \ suppD

In this section, we prove the Brody hyperbolicity of TN \ suppD.

First, we show the following lemma.

Lemma 1. Let l ∈ N. Let S1, . . . , Sl+1 be subsets of Zl such that

♯(Sj) < ∞ for j = 1, . . . , l + 1. Let Q1(z1, . . . , zl), . . ., Ql+1(z1, . . . , zl)

be Laurent polynomials of C[z1, z−1
1 , . . . , zl, z

−1
l ] such that

Qj(z1, . . . , zl) =
∑

I=(i1,...,il)∈Sj

aj,Iz
i1
1 · · · zill ,

for j = 1, . . . , l + 1. Let dj = ♯(Sj), and let N =
∑l+1

j=1 dj. Then

Q1, . . . , Ql+1 have no common zero point in (C∗)l for general [. . . :

a1,I : . . . : a2,I : . . . : al+1,I : . . .] ∈ PN−1(C).

Proof. Let Z be the subvariety in (C∗)l × PN−1(C) defined by

{
(
(z1, . . . , zl), [. . . : aj,I : . . .]

)
∈ (C∗)l × PN−1(C) |∑
I=(i1,...,il)∈Sj

aj,Iz
i1
1 · · · zill = 0 for j = 1, . . . , l + 1}.
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For x ∈ (C∗)l, we denote the fiber of Z over x by Zx. Then

dimZx ≤
l+1∑
i=1

di − (l + 1)− 1 = N − l − 2.

It follows that dimZ ≤ (N − l − 2) + l = N − 2. Let p : (C∗)l ×
PN−1(C) → PN−1(C) be the projection. Then dim p(Z) ≤ N − 2, and

p(Z) is contained in a proper subvariety of PN−1(C). If [. . . : a1,I :

. . . : a2,I : . . . : al+1,I : . . .] ∈ PN−1(C) is not contained in p(Z), then

Q1, . . . , Ql+1 have no common zero point in (C∗)l. �

Lemma 2. Let S be a finite subset in M . Assume the following con-

dition.

Let H ∈ HS, and let ϕH : MR → MR/H be the canonical

morphism. Then ♯(ϕ(S)) ≥ r+1 for all H ∈ HS, where ♯(ϕ(S))

is the number of the elements in {ϕ(y) ∈MR/H | y ∈ S}.
Then TN \ suppD and suppD contain no translation of positive di-

mensional subtorus in TN for a general divisor D of the linear system

|{zi11 zi22 · · · zirr }(i1,i2,...,ir)∈S| on TN .

Proof. Let H ∈ HS, and let (h1, . . . , hr) ∈ M r be a Z-basis of M

such that h1, . . . , hr−1 generate an R-vector subspace H. We denote

hi = (hi,1, . . . , hi,r) ∈ M for i = 1, . . . , r. Let ui := z
hi,1

1 · · · zhi,r
r . It

follows that C[z1, z−1
1 , . . . , zr, z

−1
r ] = C[u1, u−1

1 , . . . , ur, u
−1
r ]. Let [. . . :

aI : . . .] ∈ P♯(S)−1(C), and let∑
I=(i1,...,ir)∈S

aIz
i1
1 · · · zirr ,

be a Laurent polynomial in C[z1, z−1
1 , . . . , zr, z

−1
r ]. Then there exist

non-zero Laurent polynomials Q1(u1, . . . , ur−1), . . . , Qt(u1, . . . , ur−1) in

C[u1, u−1
1 , . . . , ur−1, u

−1
r−1] and integers d1 < d2 < · · · < dt such that∑

I=(i1,...,ir)∈S

aIz
i1
1 · · · zirr =

t∑
i=1

Qi(u1, . . . , ur−1)u
di
r .

By the condition of the lemma, it follows that t ≥ r + 1. Because

of Lemma 1, there exists a proper subvariety YH in P♯(S)−1(C) which

satisfies the following:
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If [. . . : aI : . . .] ∈ P♯(S)−1(C) is not contained in YH , then Qj1 , Qj2 , . . . , Qjr

have no common zero point in (C∗)r−1 for any 1 ≤ j1 < j2 < . . . <

jr ≤ t.

Since the number of the elements in HS is finite,
∪

H∈HS
YH is a

subvariety of P♯(S)−1(C).
Fix [. . . : aI : . . .] ∈ P♯(S)−1(C) which is not contained in

∪
H∈HS

YH .

Let D be the divisor of TN defined by the Laurent polynomial∑
I=(i1,...,ir)∈S

aIz
i1
1 · · · zirr .

Let Y be a translation of subtorus in TN such that 1 ≤ dimY ≤ r− 1.

Let k be the codimension of Y . There exist primitive elements b1 =

(b1,1, . . . , b1,r), . . . , bk = (bk,1, . . . , bk,r) ∈ M and c1, . . . , ck ∈ C∗ such

that

S = {(z1, . . . , zr) ∈ (C∗)r | zbj,11 · · · zbj,rr = cj for j = 1, . . . , k}.

Let W be the subspace in MR which is generated by b1, . . . , bk. Let

W ′ be the largest subspace of W generated by elements in LS. Define

the canonical morphisms ϕW : MR → MR/W , ϕW ′ : MR → MR/W
′,

ψ : MR/W
′ → MR/W . By the definition of W ′, ψ is injective on

ϕW ′(S). Without loss of generality, we may assume that b1, . . . , bl is a

basis ofW ′ where l ≤ k. There exist bk+1 = (bk+1,1, . . . , bk+1,r), . . . , br =

(br,1, . . . , br,r) ∈ M such that b1, . . . , br be a basis of M . Put u1 =

z
b1,1
1 · · · zb1,rr , . . . , ur = z

br,1
1 · · · zbr,rr . There exist the canonical isomor-

phisms

M/(W ′ ∩M) ≃ Zbl+1 + · · ·+ Zbr ≃ Zr−l,

M/(W ∩M) ≃ Zbk+1 + · · ·+ Zbr ≃ Zr−k,

where Zbl+1 + · · ·+Zbr (resp. Zbk+1 + · · ·+Zbr) is the Z-module gen-

erated by bl+1, . . . , br (resp. bk+1, . . . , br). Therefore, we may assume

that

ϕW ′(S) ⊂ Zbl+1 + · · ·+ Zbr ≃ Zr−l,

and

ϕW (S) ⊂ Zbk+1 + · · ·Zbr ≃ Zr−k.
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Let QJ ′(u1, . . . , ul) (resp. RJ(u1, . . . , uk)) be a Laurent polynomial of

C[u1, u−1
1 , . . . , ul, u

−1
l ] (resp. C[u1, u−1

1 , . . . , uk, u
−1
k ]) such that∑

I=(i1,...,ir)∈S

aIz
i1
1 · · · zirr =

∑
J ′=(j′l+1,...,j

′
r)∈ϕW ′ (S)

QJ ′(u1, . . . , ul)u
j′l+1

l+1 · · ·uj′rr

=
∑

J=(jk+1,...,jr)∈ϕW (S)

RJ(u1, . . . , uk)u
jk+1

k+1 · · ·ujrr .

We take H ∈ HS such that W ′ ⊂ H. Because [. . . : aI : . . .] ∈
P♯(S)−1(C) is not contained in YH , there exist at least two elements

in {J ′}J ′∈ϕW ′ (S) such that QJ ′(c1, . . . , cl) ̸= 0. Since ψ is a one-to-one

correspondence between ϕW ′(S) and ϕW (S), there exist at least two

elements in {J}J∈ϕW (S) such that RJ(c1, . . . , ck) ̸= 0. It follows that

D|Y :
∑

J=(jk+1,...,jr)∈ϕW (S)

RJ(c1, . . . , ck)u
jk+1

k+1 · · ·ujrr = 0,

since Y = {(u1, . . . , ur) ∈ (C∗)r |u1 = c1, . . . , uk = ck}. Hence Y ∩
suppD ̸= ∅ and Y ̸⊂ suppD. This completes the proof. �

The following theorem is proved in [6].

Theorem 3 ([6, Main Theorem, Proposition 1.8]). Let D be an alge-

braic effective reduced divisor of a semi-Abelian variety A over the com-

plex number field C (D may be the zero-divisor). Let f : C → A\suppD
be an arbitrary holomorphic mapping. Then the Zariski closure B of

the image of f in A is a translate of a semi-Abelian subvariety of A,

and B ∩ suppD = ∅.

By Lemma 2 and Theorem 3, the following theorem holds.

Theorem 4. Let S be a finite subset in M . Assume the following

condition.

Let H ∈ HS, and let ϕH :MR →MR/H be the canonical mor-

phism. Then ♯(ϕH(S)) ≥ r+1 for all H ∈ HS, where ♯(ϕH(S))

is the number of the elements in {ϕH(y) ∈MR/H | y ∈ S}.
Then TN \ suppD and suppD have no non-constant holomorphic map

from C for a general divisor D of the linear system |{zi11 zi22 · · · zirr }(i1,i2,...,ir)∈S|
on TN .
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3. Proof of the Main Theorem 1

Let P be an integral convex polytope in MR such that dimP = r.

Let D be an algebraic effective reduced divisor on TN . There exists

the toric projective variety X which is associated to P . We denote the

closure of D in X by D. There exist TN -invariant irreducible (Weil)

divisors A1, . . . , Ak in TN such that X \
∪k

i=1Ai = TN .

Lemma 3. Assume that the following two conditions are satisfied.

(a) There exists neither non-constant holomorphic map

f : C → TN \ suppD,

nor non-constant map

f : C → suppD.

(b) For any partition of indices I ∪ J = {1, 2, . . . , k}, there exists

neither non-constant holomorphic map

f : C →
∩
i∈I

Ai \
(∪
j∈J

Aj ∪ suppD
)
,

nor non-constant holomorphic map

f : C →
(∩
i∈I

Ai ∩ suppD
)
\
∪
j∈J

Aj.

Then TN \ suppD is Kobayashi hyperbolically imbedded in X.

Proof. Assume TN \ suppD is not Kobayashi hyperbolically imbed-

ded in X. Then there exists a non-constant holomorphic map f :

C → X which satisfies the following condition (see Theorem (3.6.5) of

Kobayashi [4]):

For any R > 0, there exists a sequence of holomorphic maps fi :

DR → TN \ suppD for i = 1, 2, . . ., such that {fi}i=1,2,... converges

uniformly on any compact sets in DR to f . Here DR = {z ∈ C | |z| <
R}.

Let ∆ be the fan of the toric projective variety X. Assume that

f(z) ∈ Ai for some i and z ∈ C. There exists an r-dimensional convex

cone σ ∈ ∆ such that

f(z) ∈ Uσ := SpecC[σ∨ ∩M ],
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where σ = {m ∈MR | ⟨x,m⟩ ≥ 0 for all x ∈ σ}. There exist h1, . . . , hp ∈
C[σ∨ ∩M ] such that

Ai ∩ Uσ = {h1 = 0} ∩ · · · ∩ {hp = 0},

and {hj = 0}∩TN = ∅ for all j = 1, . . . , p. Let B be a sufficiently small

neighborhood of z. Because fj(B) is contained in Uσ ∩ TN for large j,

it follows that hl ◦ fj ̸= 0 on B for l = 1, . . . , p and large j. Then

hl ◦ f ≡ 0 on B for l = 1, . . . , p by Hurwitz theorem. It follows that

f(C) is contained in Ai. Hence, f(C) ∩ Aj = ∅ or f(C) ⊂ Aj for all

j = 1, . . . , k. By the same argument, it follows that f(C)∩ suppD = ∅
or f(C) ⊂ suppD. This contradicts the assumption of the lemma. �

Proof of the Main Theorem 1. Let [. . . : aI : . . .] ∈ P♯(S)−1(C), and let

D be the divisor on TN defined by the Laurent polynomial∑
I=(i1,...,lr)∈S

aIz
i1
1 · · · zirr = 0.

We show that X and D satisfy the conditions (a), (b) of Lemma 3

for general [. . . : aI : . . .] ∈ P♯(S)−1(C). By Theorem 4, the condi-

tion (a) of Lemma 3 holds for general [. . . : aI : . . .] ∈ P♯(S)−1(C).
Let I, J be a partition of {1, 2, . . . , k}. Let Z be an irreducible com-

ponent of
∩

i∈I Ai. Because there exists the one-to-one correspon-

dence between the faces of P and the TN -invariant irreducible subvari-

eties in X (see §2.3 of Oda [7]), there exists the face τ of P which

correspondes to Z. Let l be the dimension of Vτ∩P . Fix a basis

b1 = (b1,1, . . . , b1,r), . . . , bl = (bl,1, . . . , bl,r) ∈M of Z-module Vτ∩P ∩M .

Then there is the canonical isomorphism Vτ∩P ∩M ≃ Zl. Let u1 =

z
b1,1
1 · · · zb1,rr , . . . , ul = z

bl,1
1 · · · zbl,rr . Then Z \

∪
j∈J Aj is biholomor-

phic to SpecC[u1, u−1
1 , . . . , ul, u

−1
l ]. Let x ∈ τ ∩ S. It follows that

τ ∩ S − x ∈ Vτ∩S ∩M ≃ Zr. Hence (D \
∪

j∈J Aj)|Z is defined by the

Laurent polynomial ∑
I′=(i1,...,il)∈τ∩S−x

cI′u
i1
1 · · ·uill ,

where cI′ is equal to some element of {aI}I∈V . By the assumption of

the Main Theorem 1 and Theorem 4, there exists neither non-constant
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holomorphic map

f : C →
∩
i∈I

Ai \
(∪
j∈J

Aj ∪ suppD
)
,

nor non-constant holomorphic map

f : C →
(∩
i∈I

Ai ∩ suppD
)
\
∪
j∈J

Aj.

Hence the condition (b) of Lemma 3 holds. This completes the proof.

�

The following proposition gives examples of P and S which satisfy

the conditions of the Main Theorem 1.

Proposition 1. Let S be a finite subset of M , and let P be an integral

convex polytope in MR such that S ⊂ P . Let ϱ be any one-dimensional

face of P . If ♯(ϱ∩S) ≥ r+1, then P satisfies the conditions (i), (ii) of

the Main Theorem 1.

Proof. Let τ be a positive dimensional face of P . It is easy to see that

τ satisfies the condition (i) of the Main Theorem 1. Let H ∈ Hτ∩S.

There exists a one-dimensional face ϱ of τ such that ϱ − x ̸⊂ H for

x ∈ τ ∩ S. Then it follows that

♯(ϕH(τ ∩ S − x)) ≥ ♯(ϕH(ϱ ∩ S − x)) ≥ r + 1 ≥ dim τ + 1,

where ϕH : Eτ∩S → Eτ∩S/H is the canonical morphism. This com-

pletes the proof. �

Now we prove Corollary 1. Let d ≥ r. Let

P = {(x1, . . . , xr) ∈MR |
r∑

i=1

xi ≤ d, xi ≥ 0 for i = 1, . . . , r},

and let

S = {(x1, . . . , xr) ∈M |
r∑

i=1

xi ≤ d, xi ≥ 0 for i = 1, . . . , r}.

Then the toric variety X defined by P is r-dimensional complex projec-

tive space Pr(C), and elements in the linear system |{zi11 zi22 · · · zirr }(i1,i2,...,ir)∈S|
are d-dimensional hypersurfaces of Pr(C). It is easy to verify that S

and P satisfy the assumption of Proposition 1.
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Example 1. Let S = {(0, 0), (2, 0), (0, 2), (1, 2), (2, 1)}. Let D be a

divisor on C∗ × C∗ = SpecC[z1, z−1
1 , z2, z

−1
2 ] defined by the following

polynomial:

a00 + a20z
2
1 + a02z

2
2 + a12z1z

2
2 + a21z

2
1z2,

where [a00 : a20 : a02 : a12 : a21] is a generic point of P4(C). The

following cases satisfy the conditions of the Main Theorem 1.

(1) Take P = {(z1, z2) ∈ MR | z1 + z2 ≤ 3, z1 ≥ 0, z2 ≥ 0}. Then

X is the two-dimensional complex projective space P2(C).
(2) Take P = {(z1, z2) ∈ MR | z1 + z2 ≤ 3, z1 ≥ 0, z2 ≥ 0, z2 ≤ 2}.

Then X is the Hirzebruch surface F1.

(3) Take P = {(z1, z2) ∈ MR | z1 ≥ 0, z2 ≥ 0, z1 ≤ 2, z2 ≤ 2}.
Then X is the product space of the one-dimensional projective

spaces P1(C)× P1(C).
(4) Take P = {(z1, z2) ∈ MR | z1 + z2 ≤ 3, z1 ≥ 0, z2 ≥ 0, z1 ≤

2, z2 ≤ 2}. Then X is a one-point blowing-up of P1(C)×P1(C).

4. Proof of Theorem 2

In this section, we deal with an algebraic divisor on TN which is an

union of translations of subtori. Let Di, i = 1, . . . , q be the algebraic

divisor on TN which is defined by

z
ai,1
1 · · · zai,rr − ci = 0,

where (ai,1, . . . , ai,r) ∈ M = Zr and ci ∈ C∗ for i = 1, . . . , q. Put

ai = (ai,1, . . . , ai,r) ∈M . Assume that R-vector space MR is generated

by a1, . . . , aq, i.e.,

MR = {k1a1 + · · ·+ kqaq ∈MR | (k1, . . . , kq) ∈ Rq}.

Let I = (δ1, . . . , δq) ∈ {−1,+1}q where δj = −1 or (+1). Let

CI = R≥0(δ1a1) + · · ·+ R≥0(δqaq),

where

R≥0(δ1a1)+· · ·+R≥0(δqaq) = {r1δ1a1+· · ·+rqδqaq ∈MR | r1 ≥ 0, . . . , rq ≥ 0}.

Then CI is a convex rational polyhedral cone. We put

Π = {CI ⊂MR | I ∈ {−1,+1}q},
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and we put

Π ′ = {C ∈ Π |C is strongly convex }.

The strong convexity of cone means that it contains no nonzero sub-

space of MR. Let

∆(r) = {C∨ ⊂ NR |C ∈ Π ′},

where

C∨ = {v ∈ NR | ⟨v,m⟩ ≥ 0 for all m ∈ C}.

Then ∆(r) is a finite set of r-dimensional strongly convex rational poly-

hedral cones in NR. Here the dimension of a cone σ is the dimension

of the smallest R-subspace of NR containing σ. Let ∆ be the collection

of all faces of cones in ∆(r), i.e.,

∆ = {σ ⊂ NR | there exists τ ∈ ∆(r) such that σ is a face of τ }.

Because elements in∆(r) are strongly convex rational polyhedral cones,

∆ is a collection of strongly convex rational polyhedral cones.

Lemma 4. The collection ∆ is a finite and complete fan in N , i.e., ∆

satisfies the following conditions:

(i) Every face of any σ ∈ ∆ is contained in ∆.

(ii) For any σ, σ′ ∈ ∆, the intersection σ ∩ σ′ is a face of both σ

and σ′.

(iii) ∆ is a finite set and the support |∆| =
∪

σ∈∆ σ coincides with

the entire NR.

Proof. (i) is clear by the definition.

Let σ ∈ ∆(r), and let τ ∈ ∆. We show that σ ∩ τ is a face of

σ. By the definition, there exists σ′ ∈ ∆(r) and m ∈ σ′∨ such that

τ = σ′ ∩ {m}⊥, where {m}⊥ = {v ∈ NR | ⟨v,m⟩ = 0}. There exist

1 ≤ j1 < · · · < jl ≤ q such that

σ ∩ σ′ = σ ∩
l∩

k=1

{ajk}⊥.

It follows that σ ∩ σ′ is a face of σ. Because m ∈ (σ ∩ σ′)∨, it follows

that σ ∩ τ = (σ ∩ σ′) ∩ {m}⊥ is a face of σ ∩ σ′. Hence σ ∩ τ is a face

of σ.
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Now we show the condition (ii) of the lemma. Let τ, τ ′ ∈ ∆. There

exists σ ∈ ∆(r) such that τ is a face of σ. Then σ ∩ τ ′ is a face of σ by

the above argument. It follows that τ ∩ τ ′ = τ ∩ (σ ∩ τ ′) is a face of σ.

Hence τ ∩ τ ′ is a face of τ . In the same way, τ ∩ τ ′ is a face of τ ′.

We show the condition (iii) of the lemma. The finiteness of ∆ is

obvious. For any v ∈ NR, there exists (δ1, . . . , δq) ∈ {−1,+1}q such

that ⟨v, δiai⟩ ≥ 0 for i = 1, . . . , q, and C := {s1δ1a1 + · · · + sqδqaq ∈
MR | s1 ≥ 0, . . . , sq ≥ 0} is strongly convex. Then σ := C∨ ∈ ∆ and

v ∈ σ. �

Let X be a toric variety associated to the fan ∆. Then X is compact

(see Theorem 1.11. of [7]).

A real valued function h : |∆| → R is said to be a ∆-linear support

function if it is Z-valued on N ∩ |∆| and is linear on each σ ∈ ∆.

Namely, there exists lσ ∈ M for each σ ∈ ∆ such that h(n) = ⟨lσ, n⟩
for n ∈ σ and that ⟨lσ, n⟩ = ⟨lτ , n⟩ holds for n ∈ τ < σ. Here τ < σ

means that τ is a face of σ. Assume that, for any σ ∈ ∆(r) and any

n ∈ NR , we have ⟨lσ, n⟩ ≥ h(n) with the equality holding if and only

if n ∈ σ. In this case, h is said to be strictly upper convex with respect

to ∆.

Lemma 5. X is projective.

Proof. Define ∆-linear support function h by

h(n) = −
q∑

j=1

|⟨n, aj⟩|,

for n ∈ NR. Let C ∈ Π ′, and let (δ1, . . . , δq) ∈ {−1,+1}q such that

C = {R≥0δ1a1 + · · · + R≥0δqaq}. Then lσ = −(δ1a1 + · · · + δqaq) for

σ = C∨. Hence ⟨n, lσ⟩ ≥ h(n) for n ∈ NR and the equality holds if and

only if n ∈ σ. Therefore h is a strictly upper convex with respect to ∆.

Then X is a toric projective variety (see Corollary 2.14. of [7]). �

Let A1, . . . , Ak be TN -invariant irreducible (Weil) divisors of X such

that X\
∪k

i=1Ai = TN . Let Di be the closure of Di in X for i = 1, . . . , q.

In the same way of the proof of Lemma 3, the following lemma holds.

Lemma 6. Assume that the following two conditions are satisfied.
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(a’) There exists no non-constant holomorphic map

f : C → TN \
q∪

i=1

suppDi.

(b’) Let I ⊂ {1, . . . , k}, J ⊂ {1, . . . , q} such that I ̸= ∅ or J ̸= ∅.
Let I ′ = {1, . . . , k} \ I, J ′ = {1, . . . .q} \ J . Then there exists

no non-constant holomorphic map

f : C →
(∩

j∈I

suppAj ∩
∩
j∈J

suppDj

)
\
( ∪

j∈I′
suppAj ∪

∪
j∈J ′

suppDj

)
.

Then TN \
∪q

i=1 suppDi is Kobayashi hyperbolically imbedded in X.

Now we prove Theorem 2

Proof of Theorem 2. We show that X and D1, . . . , Dq satisfy the con-

dition (a’), (b’) of Lemma 6.

Let

f : C → TN \
q∪

j=1

suppDj,

be a holomorphic map. There exist holomorphic functions g1, . . . , gr
on C such that

f = (exp g1, . . . , exp gr) : C → TN \
q∪

i=1

suppDi.

It holds that

exp(aj,1g1 + · · ·+ aj,rgr)− cj ̸= 0,

for all j = 1, . . . , q on C. By the small Picard theorem, exp(aj,1g1 +

· · · + aj,rgr) − cj is a constant function. Hence aj,1g1 + · · · + aj,rgr is

constant. Since a1, . . . , aq generate R-vector space MR = Rr, it follows

that g1, . . . , gr are constant functions. Therefore X and D1, . . . , Dq

satisfy the condition (a’) of Lemma 6.

Let I ⊂ {1, . . . , k}, J ⊂ {1, . . . , q} such that I ̸= ∅ or J ̸= ∅. Let

I ′ = {1, . . . , k} \ I, J ′ = {1, . . . .q} \ J . Let

f : C →
(∩

j∈I

suppAj ∩
∩
j∈J

suppDj

)
\
( ∪

j∈I′
suppAj ∪

∪
j∈J ′

suppDj

)
,
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be a holomorphic map. It follows that f(C) ⊂ Ai (resp. f(C) ⊂ Di)

or f(C) ∩ Ai = ∅ (resp. f(C) ∩ Di = ∅) for i = 1, . . . , k (resp. for

i = 1, . . . , q). We show that f is a constant map. There exists an

element of σ ∈ ∆(r) such that f(C) ⊂ Uσ = SpecC[σ∨ ∩M ]. There

exist (δ1, . . . , δq) ∈ {−1,+1}q such that

σ∨ = R≥0δ1a1 + · · ·+ R≥0δqaq.

We take primitive elements b1 = (b1,1, . . . , b1,r), . . . , bq = (bq,1, . . . , bq,r)

ofM such that dibi = δiai where di is a positive integer, i.e., Rai∩M =

Zbi and R≥0δiai = R≥0bi. There exist bq+1 = (bq+1,1, . . . , bq+1,r), . . . , bl =

(bl,1, . . . , bl,q) ∈ M such that σ∨ ∩ M = Z≥0b1 + · · · + Z≥0bl where

l is a positive integer. Let ui = z
bi,1
1 · · · zbi,rr for i = 1, . . . , l. Then

C[σ∨ ∩ M ] = C[u1, . . . , ul]. Since f(C) ⊂ Ai or f(C) ∩ Ai = ∅ for

i = 1, . . . , k, it follows that ui ◦f ≡ 0 or ui ◦f ̸= 0 on C for i = 1, . . . , q.

Since f(C) ⊂ Di or f(C) ∩ Di = ∅ for i = 1, . . . , q, it follows that

udii ◦ f ≡ cδii or udii ◦ f ̸= cδii on C for i = 1, . . . , q. By the small

Picard theorem, ui ◦ f is a constant function for i = 1, . . . , q. Since

bj ∈ Q≥0b1 + · · ·+Q≥0bq for j > q, there exist relations such that

u
ρj
j = u

µj,1

1 · · ·uµj,q
q for j > q,

where ρj is a positive integer and µj,i is a non-negative integer. Hence

uj ◦f is constant function for j > q, and f is a constant map. Therefore

X,D1, . . . , Dq satisfy the condition (b’) of Lemma 6. TN \ suppD is

Kobayashi hyperbolically imbedded into X by Lemma 6. �

Corollary 2. Let D(1) := {x ∈ C | |x| < 1}, and let D(1)∗ := D(1) \
{0}. Let f, g be holomorphic functions on D(1)∗ such that f ̸= 0, g ̸=
0, f ̸= g and f ̸= g−1 on D(1)∗. Then f and g are extended to

meromorphic functions on ∆(1).

Proof. Let D and D′ be the divisors on (C∗)2 = SpecC[z1, z−1
1 , z2, z

−1
2 ]

defined by z1z2−1 = 0 and z1z
−1
2 −1 = 0. Then (f, g) is a holomorphic

map from D(1)∗ to (C∗)2 \ supp (D +D′). By Theorem 2, there exists

toric projective variety X such that (C∗)2 \ supp (D+D′) is Kobayashi

hyperbolically imbedded into X. By a generalization of the big Picard

theorem in [2], (f, g) are extended to a holomorphic map F : D(1) →
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X. Since X and P1(C)×P1(C) are birational, there exist meromorphic

functions f̃ , g̃ on D(1) such that the holomorphic map (f̃ , g̃) : D(1) →
P1(C)× P1(C) is a extension of (f, g). �

Corollary 2 is the classical big Picard theorem if g = 1.
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