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ABSTRACT. Our main goal of this article is to give a characteri-
zation of an algebraic divisor on an algebraic torus whose comple-
ment is Kobayashi hyperbolically imbedded into a toric projective
variety. As an application of our main theorem, we prove the fol-
lowing: the complement of the union of n 4+ 1 hyperplanes in the
n-dimensional projective space P"(C) in general position and a gen-
eral hypersurface of degree n in P"*(C) is Kobayashi hyperbolically
imbedded into P (C).

1. INTRODUCTION AND MAIN RESULT

We fix a free module N = Z" of rank r over the ring Z of rational
integers. Let M := Homgy(N,Z) = Z" be the dual Z-module of N. Let

(,): MxN—=Z
be the canonical Z-bilinear pairing. Let Ty := Homy(M,C*) = (C*)"

be the r-dimensional algebraic torus. Let S be a finite subset of M.
Let D be a divisor on T which is defined by a Laurent polynomial
S ateal
I=(i1,...,ir)ES
where a; € C*.

By the main theorem of [6], every entire curve f: C — Ty \ supp D
is algebraically degenerate, i.e., the image of f is contained in a proper
subvariety of Ty. In this paper, we deal with Kobayashi hyperbolicity
of Ty \supp D, where f : C — Ty \supp D is most degenerate to a con-
stant. Moreover, we give a characterization of D such that T \ supp D
is Kobayashi hyperbolically imbedded into a toric variety.

Now, we recall some basic facts about Kobayashi hyperbolic imbed-

ding. The concept of Kobayashi hyperbolic imbedding was introduced
1
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in Kobayashi [3] to obtain a generalization of the big Picard theorem.
The classical big Picard theorem is stated as follows:

If a function f holomorphic on the punctured disk in C omits {0,1} C
C, then f can be extended to a meromorphic function on the full disk.

Recall that C \ {0,1} is Kobayashi hyperbolically imbedded into
P}(C). The following generalization of the big Picard theorem obtained
in [2]:

Let X be an m-dimensional complex manifold and let A be a closed
complex subspace of X consisting of hypersurfaces with normal crossing
singularities. Let Z be a complex space and Y be a complex subspace
of Z. IfY is Kobayashi hyperbolically imbedded into Z, then every
holomorphic map h : X \ A — Y extends to a holomorphic map h
X = Z.

Kobayashi hyperbolic imbedding is also closely related to the struc-
ture of a family of holomorphic mappings (see, e.g., [4] Chap. 6, [5]).

It is a famous conjecture proposed by S. Kobayashi that P*(C) \
Y is Kobayashi hyperbolically imbedded into P"(C) if Y is a generic
hypersurface of degree d > 2n + 1. H. Fujimoto proved in [1] that
Kobayashi conjecture is true if Y is a union of hyperplanes in P"(C),
ie., P*(C)\ U?:l H; is Kobayashi hyperbolically imbedded into P"*(C)
if Hy,..., Hy are hyperplanes in general position and d > 2n+1. As a
special case of our main theorem, we obtain the following:

Corollary 1. Let Hy,...,H,1 be hyperplanes of P"(C) in general
position, and let Y be a general hypersurface of degree d in P™(C). If
d > n, then

n+1
P"(C) \ (U H; U Y)
i=1
is Kobayashi hyperbolically imbedded into P"(C).

Before stating our main theorem, we give necessary definitions. Let

Nr =N ®z R, Mr = M ®zR. Let A be a finite subset of M. Define

La={a—be Mg|a,be A}.
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Let V4 be an R-vector subspace of Mg generated by all elements in £ 4.
Define

Ha :={H C V4| hyperplane of V, generated by elements in L4},

where a hyperplane of V), is an R-vector subspace of codimension one
in Vy.

Let P be an integral convex polytope in Mg such that dim P =
r. Here the dimenison of a convex polytope P is the dimension of a
subspace of Mg which is generated by {a — b|a,b € P}. Then there
exists the toric projective variety X associated to P (see [7] Chap. 2),
and there exists the imbedding i : Ty — X.

Theorem 1 (Main Theorem). Let S be a finite subset of M such that
S C P. Assume the following conditions for all positive dimensional
faces T of P:

(i) 7N S # 0, and the dimension of the convex hull of TN S is
equal to the dimension of T.

(i) Let H € Hrng, and let ¢g : Ving — Ving/H be the canonical
morphism. Let x € TN S. Then §(¢pp(tNS —x)) > dim7+ 1
for all H € H,ns, where §(¢pg (T NS —x)) is the number of the
elements in

{6y —x) € Vons/H |y € TN S}

(note that this condition is independent of a choice of x in
TNS).
Then Tx \ supp D is Kobayashi hyperbolically imbedded into X for a

. . i1 _io i .
general divisor D of the linear system |{z1' 25> - - - 21" } (i1 io,..imyes| i T

If an algebraic divisor D on T} is a union of translations of subtori
in Ty, it is much more elementary to prove the existence of a toric
variety into which T \ supp D is Kobayashi hyperbolically imbedded.
Let D;, @ =1,...,q be an algebraic divisor on T which is defined by

a; .
le,l .. Zgz,r _ C’L — 0’

where (a;1,...,a;,) € M = Z" and ¢; € C* for i = 1,...,q. Put
a; = (@,...,a;) € M. Assume that Mg is generated by ay,...,a,,
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ie.,
MR:{kzlal—i—---—f—kqaq GMR|(I€1,...,qu) GRq}.
Then the following theorem holds.

Theorem 2. There exists a toric projective variety X such that T \
supp (D_7, D;) is Kobayashi hyperbolically imbedded into X .

The plan of this paper is as follows. Section 2 is devoted to the
preparations, and we prove the Brody hyperbolicity of T \ supp D,
i.e., we prove that there exists no entire curve in Ty \ supp D. In
Section 3, we will prove the Main Theorem 1 and Corollary 1. We will
also show a proposition which is useful to construct examples for the
Main Theorem 1 (Proposition 1). In Section 4, we prove Theorem 2,
and prove a generalization of the big Picard theorem (Corollary 2).

Acknowledgement. The author would like to express his deep grat-
itudes to his advisor Professor Junjiro Noguchi for his heartful helps
and discussions. The author is also grateful to Mr. Makoto Miura for

giving him many useful comments.

2. BRODY HYPERBOLICITY OF Ty \ supp D

In this section, we prove the Brody hyperbolicity of Ty \ supp D.
First, we show the following lemma.

Lemma 1. Let | € N. Let Si,...,Si41 be subsets of Z' such that
8(S;) < oo forj=1,...,0+ 1. Let Q1(z1,-.-,21), -, Qur1(z1,-..,21)

be Laurent polynomials of Clz1, 27", ..., 21,2 "] such that
Qi(z1,...,2) = Z a2 -2,
I=(i1,...,1;)€S;
forj =1,...,01+ 1. Let d; = 4(5;), and let N = 22111 d;. Then
Q1,...,Qiy1 have no common zero point in (C*)! for general |[... :
ayri...ilogi...iaqg: ... € PYHC).

Proof. Let Z be the subvariety in (C*)! x PNY~1(C) defined by
{((Zl, . ,Zl), [ TS S D S (C*)l X ]P)N_l(C) |
Z a2tz =0 for j=1,...,01+1}.

I=(i1,...,1;)E€S;
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For x € (C*)!, we denote the fiber of Z over x by Z,. Then
I+1
dimZ, <Y di—(1+1)-1=N-1-2.
i=1
It follows that dimZ < (N —1—2)+1 = N —2. Let p : (C*)! x
P¥=1(C) — P¥71(C) be the projection. Then dimp(Z) < N — 2, and

p(Z) is contained in a proper subvariety of PY71(C). If [... : ayr :
tagg ...t aqag: ... € PNTYHC) is not contained in p(Z), then
Q1,...,Qi41 have no common zero point in (C*)L. O

Lemma 2. Let S be a finite subset in M. Assume the following con-
dition.
Let H € Hg, and let ¢y : Mg — Mg/H be the canonical
morphism. Then §(p(S)) > r+1 for all H € Hg, where §(¢(S))
is the number of the elements in {¢(y) € Mg/H |y € S}.

Then Tx \ supp D and supp D contain no translation of positive di-
mensional subtorus in Ty for a general divisor D of the linear system

{2125 -+ 2 Y iysinyinyes| on Ty

Proof. Let H € Hg, and let (hy,...,h,) € M" be a Z-basis of M

such that hq,...,h,_; generate an R-vector subspace H. We denote
hi = (hixs. .. hiy) € M for i = 1,...,r. Let u; := 2/ -2/ Tt
follows that Clzy, 21, ..., 20, 27 = Clug,uit, ... up, ust]. Let [
ar:...] € PHO7YC), and let
Z afz? . -zf,’“,
I=(i1,...,ir)ES
be a Laurent polynomial in C[zy,2;",..., 2,2 ']. Then there exist
non-zero Laurent polynomials Q1 (w1, ..., 1), ..., Q¢(u1, ..., upr—1) in
Clut,uit, ..., up_1,u "] and integers d; < dy < --- < d; such that
t
Z apzt R = ZQi(ul,...,ur_l)ufi.
I=(i1,....ir)E€S i=1

By the condition of the lemma, it follows that ¢ > r + 1. Because
of Lemma 1, there exists a proper subvariety Yz in P#5)~1(C) which
satisfies the following:
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If[...:ap:...] € PAO7YC) is not contained in Yir, then Q;,, Qs - - -
have no common zero point in (C*)"™! for any 1 < j; < jo < ... <
Jr <t

Since the number of the elements in Hs is finite, Uycy, Yo is a
subvariety of PH5)=1(C).

Fix [...:as:...] € P97H(C) which is not contained in Jpeq, Y-
Let D be the divisor of Ty defined by the Laurent polynomial

Let Y be a translation of subtorus in T such that 1 < dimY <r—1.
Let k be the codimension of Y. There exist primitive elements b; =
(br1y.sbis)seeoybp = (bga,...,bry) € M and ¢q,...,cp € C* such
that

S:{(zl,...,zr)G(C*)T|z117j’1---zbf’T:cj forj=1,... k}.

T

Let W be the subspace in My which is generated by bq,...,b,. Let
W' be the largest subspace of W generated by elements in Lg. Define
the canonical morphisms ¢y : Mg — Mg/W, ¢y : Mg — Mg/W/,
W o Mg/W' — Mg/W. By the definition of W’ ¢ is injective on
ow(S). Without loss of generality, we may assume that by,..., b is a
basis of W’ where | < k. There exist b1 = (bg+1.1,- - Okt1,4), - -+, bp =
(br1y...,brr) € M such that by,...,b, be a basis of M. Put u; =

b b b b . .
e ue = 27 - 27", There exist the canonical isomor-
phisms

M/(W' A M)~ Zbygy + -+ Zb, ~ 777,
M/(W N M)~ Zbyiq + -+ Zb, ~ 77",
where Zbyy1 + - -+ + Zb, (resp. Zbyy1 + -+ - + Zb,) is the Z-module gen-

erated by bjy1,...,b, (resp. bgy1,...,b,). Therefore, we may assume
that

dw(S) C Zbyyy + -+ Zb, ~ 77,
and

¢W(S) C Zbk—f—l + - Zb, ~ /s

Y Q]r
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Let Qy(uy,...,u) (resp. Ry(uy,...,ux)) be a Laurent polynomial of

Cluy,uyt, ... up, up '] (resp. Clug,uyt,. .., ug, u; ")) such that
. . 3! .
Z arzyt ez = Z Qur(uy, ..., w)u s - uir
]:(ilunwir)es Jl:(jl/_,.l?"'v.j;‘)E(bW/(S)
= Z Ry(ur, ... wp)upgy - -ulr.
J=0k+15--50r) Edw (S)
We take H € Hg such that W C H. Because [... : a; : ...] €

PHS)=1(C) is not contained in Yy, there exist at least two elements
in {J'} yreg,,. (s) such that Qy(ci,...,c) # 0. Since 9 is a one-to-one
correspondence between ¢y (S) and ¢ (S), there exist at least two
elements in {J} g, (s) such that Ry(ci,...,c;) # 0. It follows that

Dly : > Ry(cry .., cp)uitl - ud = 0,
J=(Jrt1e:0r)ESW (S)
since Y = {(u1,...,u,) € (C)"|ug = ¢1,...,ux = ¢}. Hence Y N
supp D # () and Y ¢ supp D. This completes the proof. O

The following theorem is proved in [6].

Theorem 3 ([6, Main Theorem, Proposition 1.8]). Let D be an alge-
braic effective reduced divisor of a semi-Abelian variety A over the com-
plex number field C (D may be the zero-divisor). Let f : C — A\supp D
be an arbitrary holomorphic mapping. Then the Zariski closure B of
the image of f in A is a translate of a semi-Abelian subvariety of A,
and BNsupp D = (.

By Lemma 2 and Theorem 3, the following theorem holds.

Theorem 4. Let S be a finite subset in M. Assume the following
condition.

Let H € Hg, and let ¢ : Mg — Mg/H be the canonical mor-
phism. Then §(¢y(S)) > r+1 for all H € Hg, where §(¢g(S))
is the number of the elements in {¢n(y) € Mr/H |y € S}.
Then T \ supp D and supp D have no non-constant holomorphic map
from C for a general divisor D of the linear system |{z{'25 - -+ 27 Yy i...i)es]|

on Ty.
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3. PROOF OF THE MAIN THEOREM 1

Let P be an integral convex polytope in Mg such that dim P = r.
Let D be an algebraic effective reduced divisor on Ty. There exists
the toric projective variety X which is associated to P. We denote the
closure of D in X by D. There exist Ty-invariant irreducible (Weil)
divisors Ay, ..., Ay in Ty such that X \ Ule A; =Ty

Lemma 3. Assume that the following two conditions are satisfied.

(a) There exists neither non-constant holomorphic map
f:C— Ty \suppD,
nor non-constant map
f:C —suppD.

(b) For any partition of indices I U J = {1,2,... k}, there exists
neither non-constant holomorphic map
f:(C—>ﬂAi\ (UAjUsuppE),
iel jeJ
nor non-constant holomorphic map
f:C— (ﬂAiﬂsuppE) \ UAj'
iel jet

Then T \ supp D is Kobayashi hyperbolically imbedded in X .

Proof. Assume Ty \ supp D is not Kobayashi hyperbolically imbed-
ded in X. Then there exists a non-constant holomorphic map f :
C — X which satisfies the following condition (see Theorem (3.6.5) of
Kobayashi [4]):

For any R > 0, there exists a sequence of holomorphic maps f; :
Dr — Ty \suppD for i = 1,2,..., such that {fi}iz12. . converges
uniformly on any compact sets in Dg to f. Here Dr = {z € C||z| <
R}.

Let A be the fan of the toric projective variety X. Assume that
f(2) € A; for some i and z € C. There exists an r-dimensional convex
cone 0 € A such that

f(z) € U, := SpecClo” N M],
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where 0 = {m € Mg | (x,m) >0 for all x € o}. There exist hy,...,h, €
Clo¥ N M] such that

ANnU, ={hy =0}N---Nn{h, =0},

and {h; =0}NTxy =0 forallj=1,...,p. Let B be a sufficiently small
neighborhood of z. Because f;(B) is contained in U, N Ty for large j,
it follows that h;o f; # 0 on B for [ = 1,...,p and large j. Then
hjof=0on B forl =1,...,p by Hurwitz theorem. It follows that
f(C) is contained in A;. Hence, f(C)N A; = 0 or f(C) C A; for all
j=1,...,k By the same argument, it follows that f(C)Nsupp D = ()
or f(C) C supp D. This contradicts the assumption of the lemma. [J

Proof of the Main Theorem 1. Let [... : a7 : ...] € PES7YC), and let
D be the divisor on Ty defined by the Laurent polynomial

We show that X and D satisfy the conditions (a), (b) of Lemma 3
for general [... : a; : ...] € P*S)~1(C). By Theorem 4, the condi-
tion (a) of Lemma 3 holds for general [... : a; : ...] € PAS=YC).
Let I,J be a partition of {1,2,...,k}. Let Z be an irreducible com-
ponent of (),.; A;. Because there exists the one-to-one correspon-
dence between the faces of P and the T-invariant irreducible subvari-
eties in X (see §2.3 of Oda [7]), there exists the face 7 of P which
correspondes to Z. Let [ be the dimension of V,~p. Fix a basis
by =(bi1,...,b1s), ... b= (bia,...,by,) € M of Z-module V.qp N M.
Then there is the canonical isomorphism Vinp N M ~ Z!. Let u, =
Aty = 222 Then Z\ U,ecs A4; is biholomor-
phic to SpecCluy,u;!,...,u,u;]. Let # € 7N S. Tt follows that
TNS —2 € V;ns N M ~Z". Hence (D\ .., A;)|z is defined by the

Laurent polynomial

jeJ

E cruy -y,

I'=(i1,...,41)ETNS—2

where ¢y is equal to some element of {as}rey. By the assumption of

the Main Theorem 1 and Theorem 4, there exists neither non-constant
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holomorphic map

f:(C—>ﬂAi\ (UAjUsuppE),

iel jed

nor non-constant holomorphic map

f:C— (ﬂAiﬂsuppﬁ) \ UA]-.

i€l j€J
Hence the condition (b) of Lemma 3 holds. This completes the proof.
O

The following proposition gives examples of P and S which satisfy
the conditions of the Main Theorem 1.

Proposition 1. Let S be a finite subset of M, and let P be an integral
convex polytope in Mg such that S C P. Let o be any one-dimensional
face of P. Ift(oNS) > r+1, then P satisfies the conditions (i), (ii) of
the Main Theorem 1.

Proof. Let T be a positive dimensional face of P. It is easy to see that
T satisfies the condition (i) of the Main Theorem 1. Let H € H.ng.
There exists a one-dimensional face ¢ of 7 such that o — z ¢ H for
x € 7N .S. Then it follows that

tou(tNS —x)) > topg(eNS —x)) >r+1>dim7 +1,

where ¢y : F.ns — E;ns/H is the canonical morphism. This com-
pletes the proof. O

Now we prove Corollary 1. Let d > r. Let

P:{(xl,...,x,,)eMR\Zwigd, x; >0 for i=1,...,1},
i=1

and let

S={(z1,...,2,) € M| ZJEZ <d, ;>0 for i=1,...,r}.
i=1
Then the toric variety X defined by P is r-dimensional complex projec-
tive space P"(C), and elements in the linear system |[{2]' 22 - - 2 } i, i in)es|
are d-dimensional hypersurfaces of P"(C). It is easy to verify that S

and P satisfy the assumption of Proposition 1.
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Example 1. Let S = {(0,0),(2,0),(0,2),(1,2),(2,1)}. Let D be a
divisor on C* x C* = Spec C[z1, 2, !, 29, 2, '] defined by the following
polynomial:

2 2 2 2
apo -+ CLQ()ZI -+ CL0222 —+ (1122122 —+ CL2121 29,

where [agy : @ @ @o2 : a1z : ag] is a generic point of P4(C). The
following cases satisfy the conditions of the Main Theorem 1.
(1) Take P = {(21,22) € Mg |21 + 29 < 3,21 > 0,29 > 0}. Then
X is the two-dimensional complex projective space P?(C).
(2) Take P = {(z1,22) € Mg |21+ 22 < 3,21 > 0,20 > 0,29 < 2}.
Then X is the Hirzebruch surface Fj.
(3) Take P = {(21,22) € Mr|z1 > 0,20 > 0,21 < 2,29 < 2},
Then X is the product space of the one-dimensional projective
spaces P'(C) x P!(C).
(4) Take P = {(21,22) € Mg|z1 + 20 < 3,21 > 0,20 > 0,21 <
2,29 < 2}. Then X is a one-point blowing-up of P*(C) x P1(C).

4. PROOF OF THEOREM 2

In this section, we deal with an algebraic divisor on T which is an
union of translations of subtori. Let D;, 1 = 1,...,q be the algebraic
divisor on Ty which is defined by

a1 Qg r

2zt — ¢ =0,

where (a;1,...,a;,) € M = Z" and ¢; € C* for i = 1,...,q. Put
a; = (a;1,...,a;,) € M. Assume that R-vector space My is generated

by ai,...,aq, ie.,
Mg ={kiay + -+ kqa, € Mg | (k1,...,k;) € R}
Let I = (61,...,04) € {—1,4+1}9 where 6; = —1 or (+1). Let
Cr=Rxg(d1a1) + - - - + Rx(d4a4),

where

R20(51a1)+- . -+R20(5qaq) = {r151a1+- . -—|—rq5qaq € MR | T Z 0, e ,Tq Z 0}

Then C7 is a convex rational polyhedral cone. We put

I = {C[ C Mg | I e {—1,+1}q},
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and we put
II'={C € II | C is strongly convex }.
The strong convexity of cone means that it contains no nonzero sub-

space of Mg. Let
Alr)y={CY Cc N |C € II'},

where
CY ={ve Ng|{v,m) >0 for all m € C}.

Then A(r) is a finite set of r-dimensional strongly convex rational poly-
hedral cones in Ng. Here the dimension of a cone o is the dimension
of the smallest R-subspace of Ni containing o. Let A be the collection
of all faces of cones in A(r), i.e.,

A = {0 C Ng| there exists 7 € A(r) such that o is a face of 7 }.

Because elements in A(r) are strongly convex rational polyhedral cones,
A is a collection of strongly convex rational polyhedral cones.

Lemma 4. The collection A is a finite and complete fan in N, i.e., A
satisfies the following conditions:

(i) Every face of any o € A is contained in A.
(ii) For any 0,0’ € A, the intersection o N o’ is a face of both o
and o'.
(iii) A is a finite set and the support |A| = \J, ., 0 coincides with
the entire Ng.

Proof. (i) is clear by the definition.

Let 0 € A(r), and let 7 € A. We show that ¢ N 7 is a face of
o. By the definition, there exists ¢’ € A(r) and m € ¢’ such that
r =o' N {m}t, where {m}* = {v € Ng|{v,m) = 0}. There exist
1 <7 <--- <7 <qsuch that

!
oNd =onN ﬂ{ajk}L.
k=1

It follows that o N o’ is a face of 0. Because m € (o No’)Y, it follows
that c N7 = (o No’) N {m}* is a face of 0 No’. Hence o0 N7 is a face

of o.
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Now we show the condition (ii) of the lemma. Let 7,77 € A. There
exists o € A(r) such that 7 is a face of o. Then o N7’ is a face of o by
the above argument. It follows that 7N 7' = 7N (o0 N7’') is a face of o.
Hence 7N 7’ is a face of 7. In the same way, 7 N7’ is a face of 7.

We show the condition (iii) of the lemma. The finiteness of A is
obvious. For any v € N, there exists (d1,...,0,) € {—1,+1}? such
that (v,d;a;) > 0 fori =1,...,¢q, and C = {s;01a1 + - -+ + s,040,4 €
Mg|s1 > 0,...,s, > 0} is strongly convex. Then o := C¥ € A and
vEoOo. U

Let X be a toric variety associated to the fan A. Then X is compact
(see Theorem 1.11. of [7]).

A real valued function h : |[A| — R is said to be a A-linear support
function if it is Z-valued on N N |A| and is linear on each o € A.
Namely, there exists [, € M for each o € A such that h(n) = (l,,n)
for n € o and that (l,,n) = (l;,n) holds for n € 7 < 0. Here 7 < o
means that 7 is a face of 0. Assume that, for any ¢ € A(r) and any
n € Ng , we have (l,,n) > h(n) with the equality holding if and only
if n € 0. In this case, h is said to be strictly upper convex with respect

to A.
Lemma 5. X is projective.

Proof. Define A-linear support function A by

W) = = l(n ;)1

for n € Ng. Let C € II', and let (64,...,9,) € {—1,+1}? such that
C = {Rspd1a1 + - -+ + Rxpdqa,}. Then I, = —(d1a1 + - -+ + 04a,) for
o = CV. Hence (n,l,) > h(n) for n € Ng and the equality holds if and
only if n € o. Therefore h is a strictly upper convex with respect to A.
Then X is a toric projective variety (see Corollary 2.14. of [7]). U

Let Ay, ..., Ay be Ty-invariant irreducible (Weil) divisors of X such
that X\Uf:1 A; = Ty. Let D; be the closure of D; in X fori = 1,...,q.
In the same way of the proof of Lemma 3, the following lemma holds.

Lemma 6. Assume that the following two conditions are satisfied.
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(a’) There exists no non-constant holomorphic map

q
f:C—)TN\UsuppDi.

i=1
(b)) Let I C {1,...,k}, J C{l,...,q} such that I # (0 or J # 0.
Let I' ={1,...;k}\ I, JJ={1,....q} \ J. Then there exists

no non-constant holomorphic map
f:C— (ﬂsupp AN ﬂ suppbj) \ ( U suppA; U U suppﬁj)
jer jeJ jer jeJ’

Then Ty \ Ui, supp D; is Kobayashi hyperbolically imbedded in X .

Now we prove Theorem 2

Proof of Theorem 2. We show that X and Dy, ..., D, satisfy the con-
dition (a’), (b’) of Lemma 6.

Let
q
f:C—)TN\Usupij,
j=1
be a holomorphic map. There exist holomorphic functions ¢y, ..., g,

on C such that

q
f=(expgi,...,expg,): C— Ty \ | Jsupp Di.
i=1

It holds that

exp(ajig1 + - +ajr9.) —c; #0,
for all j = 1,...,q on C. By the small Picard theorem, exp(a;191 +
-+ a;,g-) — ¢j is a constant function. Hence a;jig1 + -+ + a;,¢, is
constant. Since ay, ..., a, generate R-vector space Mg = R", it follows

that g1,...,g, are constant functions. Therefore X and Dy,..., D,

satisfy the condition (a’) of Lemma 6.
Let I C {1,...,k}, J C {1,...,q} such that T # () or J # ). Let
I'={1,...;k}\I,J ={1,....¢} \ J. Let

f:C— (ﬂsupij N ﬂ Suppﬁj) \ ( U suppA; U U SuppE]),

Jjel jed Jer jeJ’
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be a holomorphic map. It follows that f(C) C A; (resp. f(C) C D;)
or f(C)NA; =0 (vesp. f(C)ND; =0) fori =1,...,k (resp. for
i =1,...,q9). We show that f is a constant map. There exists an
element of o € A(r) such that f(C) C U, = SpecClo¥ N M]. There
exist (d1,...,0,) € {—1,+1}9 such that

O'V = Rzo(slal + -+ Rzofsqaq.

We take primitive elements by = (b1 1,...,b1,),...,bq = (bg1,- -, bgr)
of M such that d;b; = d;a; where d; is a positive integer, i.e., Ra;N M =
Zb; and R>00;a; = Rspb;. There exist byr1 = (bgr1,15- - -5 bgr10)s -+ by =
(bia,...,big) € M such that 0¥ N M = Zsoby + -+ + Z>ob, where
[ is a positive integer. Let u; = zfl 2P for i = 1,...,1. Then
CloY N M] = Cluy,...,w]. Since f(C) C A; or f(C)Nn A; = 0 for
i=1,...,k, it follows that u;o f =0oru;o f Z0on Cfori=1,...,q.
Since f(C) € D; or f(C)ND; = @ for i = 1,...,q, it follows that
ubof = orufof # ¢ onCfori=1,...,4q By the small

Picard theorem, u; o f is a constant function for ¢ = 1,...,q. Since
bj € Qsoby + -+ - + Qx0b, for j > g, there exist relations such that

pj K1 1, .
w;’ =uy” ugtt for g >,

where p; is a positive integer and p;; is a non-negative integer. Hence
ujo f is constant function for j > ¢, and f is a constant map. Therefore
X, Dy,...,D, satisfy the condition (b’) of Lemma 6. Ty \ supp D is
Kobayashi hyperbolically imbedded into X by Lemma 6. U

Corollary 2. Let D(1) := {x € C||z| < 1}, and let D(1)* := D(1) \
{0}. Let f,g be holomorphic functions on D(1)* such that f # 0,9 #
0, f # gand f # g~' on D(1)*. Then f and g are extended to
meromorphic functions on A(1).

Proof. Let D and D’ be the divisors on (C*)? = Spec Clz1, 2, %, 20, 25 ']
defined by 212 —1 =0 and 2,2, ' —1 = 0. Then (f, g) is a holomorphic
map from D(1)* to (C*)?\ supp (D + D’). By Theorem 2, there exists
toric projective variety X such that (C*)?\ supp (D + D') is Kobayashi
hyperbolically imbedded into X. By a generalization of the big Picard
theorem in [2], (f, g) are extended to a holomorphic map F : D(1) —
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X. Since X and P!(C) x P}(C) are birational, there exist meromorphic
functions f, § on D(1) such that the holomorphic map (f, §) : D(1) —
PY(C) x PL(C) is a extension of (f,g). O

Corollary 2 is the classical big Picard theorem if g = 1.

1
2]
3]

[4]

[7]
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