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Abstract

In this paper we prove a Carleman estimate with second large parameter for a second order hyper-
bolic operator in a Riemannian manifoldM. Our Carleman estimate holds in the whole cylindrical
domainM× (0, T ) independently of the level set generated by a weight function if functions under
consideration vanish on boundary∂(M× (0, T )). The proof is direct by using calculus of tensor
fields in a Riemannian manifold.

1 Introduction

Since [6] where the unique continuation for an elliptic equation with non-analytical coefficients is proved,
the theory of Carleman estimates have been comprehensively developed and we refer for example to
Hörmander [10], Isakov [14], Lavtent’ev, Romanov and Shishat·skĭı[21], Tataru [22] and the references
therein. In particular, for Carleman estimates for hyperbolic operators, see [10], [21], Bellassoued and
Yamamoto [4], Imanuvilov [11]. A Carleman estimate is anL2-weight estimate with weight function
e2sϕ which is valid uniformly for all large parameters > 0.

Carleman estimates are important tools not only for the unique continuation but also for the observ-
ability inequality (see e.g., [20]) and inverse problems (see e.g., Bukhgeim and Klibanov [5], Bellassoued
and Yamamoto [3], Imanuvilov and Yamamoto [13], Isakov [14], Klibanov [19], Klibanov and Timonov
[20], Yamamoto [23]). In usual Carleman estimates, only one large parameters is involved. However,
in establishing the unique continuation and the observability inequality, and solving inverse problems
for some systems in the mathematical physics such as the thermoelasticity system, we need a Carleman
estimate wth second large parameterγ, where we setϕ = eγψ. Such Carleman estimates are proved in
Isakov and Kim [15], [16] and also see Eller [7], Eller and Isakov [8] where functions under consideration
are assumed to have compact supports.

In this paper, considering a second order hyperbolic operator in a Riemannian manifold, we prove
a Carleman estimate with second large parameterγ for functions not having compact supports and van-
ishing on the boundary. The proof is direct mainly by means of integration by parts and the concept is
similar to the proof of a Carleman estimate for a parabolic equation (e.g., [23]).
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We formulate our Carleman estimate. Let(M, g) be a compact Riemannian manifold with boundary
∂M. All manifolds will be assumed smooth (which meansC∞) and oriented. We denote by∆g the
Laplace-Beltrami operator associated to the metricg. In local coordinates,g(x) = (gjk), ∆g is given by

∆g =
1√

det g

n∑

j,k=1

∂

∂xj

(√
det g gjk ∂

∂xk

)
. (1.1)

Here(gjk) is the inverse of the metricg anddet g = det(gjk).

Let us consider the following second order hyperbolic operator of second order

P = ∂2
t −∆g + P1 (1.2)

whereP1 is a first order partial operator with coefficients inL∞(R×M).
Throughout this paper we use the following notations:

a(x, ξ) =
n∑

j,k=1

gjk(x)ξjξk. (1.3)

Given two symbolsp andq we define their Poisson bracket as

{p, q} (x, ξ) =
∂p

∂ξ
· ∂q

∂x
− ∂p

∂x
· ∂q

∂ξ
=

n∑

j=1

(
∂p

∂ξj

∂q

∂xj
− ∂p

∂xj

∂q

∂ξj

)
. (1.4)

The theory about differential calculus of tensor fields on Riemannian manifold can be found in [17]. Let
(M, g) be ann-dimensional,n ≥ 2, compact Riemannian manifold, with smooth boundary and smooth

metric g. Fix a coordinate systemx = [x1, . . . , xn] and let
[

∂
∂x1

, . . . , ∂
∂xn

]
be the coordinate vector

fields. For eachx ∈M, define the inner product and the norm on the tangent spaceTxM by

g(X, Y ) = 〈X, Y 〉g =
n∑

j,k=1

gjkαjβk,

|X|g = 〈X,X〉1/2
g , ∀X =

n∑

i=1

αi
∂

∂xi
, Y =

n∑

i=1

βi
∂

∂xi
.

Here and henceforth we identifyX =
∑n

i=1 αi
∂

∂xi
with (α1, ..., αn) ∈ Rn. Moreover(X)j denotes the

j-th coordinate ofX. ForC1-functionf onM, we define the gradient off is the vector field∇gf such
that

X(f) = 〈∇gf, X〉g
for all vector fieldsX onM. Then, with the above notation, we have

∇gf =
n∑

i,j=1

gij ∂f

∂xi

∂

∂xj
. (1.5)

We note that with the above identification, we see(∇gf)j =
n∑

i=1

gij ∂f

∂xi
.
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The metric tensorg induce the Riemannian volumedvg = (det g)1/2 dx1 ∧ · · · ∧ dxn. We denote by
L2(M) the completion ofC∞(M) with the usual inner product

〈f1, f2〉 =
∫

M
f1(x)f2(x)dvg, ∀f1, f2 ∈ C∞(M).

The Sobolev spaceH1(M) is the completion ofC∞(M) with respect to the norm‖ · ‖H1(M),

‖f‖2
H1(M) = ‖f‖2

L2(M) + ‖∇f‖2
L2(M) .

Recalling the co-normal derivative defined below, we have

∂νu := ∇gu · ν =
n∑

j,k=1

gjkνj
∂u

∂xk
(1.6)

whereν is the outward vector field to∂M.
Moreover, using covariant derivatives (see [9]), it is possible to define coordinate invariant norm in
Hk(M), k ≥ 0, and let

H1
0 (M) =

{
v ∈ H1(M), v = 0 on ∂M}

. (1.7)

In order to state our Carleman estimate we need to introduce the following assumptions.
Assumption (A.1): We assume that there exists a positive functionϑ : M−→ R of classC2 such that

{a, {a, ϑ}} (x, ξ) > 0, x ∈M, ξ ∈ TxM\{0} . (1.8)

SinceM is compact anda(x, ξ) is a homogenous function with respectξ, it follows from (1.8) that there
exists a positive constant% > 0 such that

1
4
{a, {a, ϑ}} (x, ξ) ≥ 2%| ξ̃ |2g, x ∈M, ξ ∈ TxM\{0} . (1.9)

Hereξ̃j =
n∑

i=1

gijξi.

Assumption (A.2): Moreover we assume thatϑ(x) has no critical points onM:

min
x∈M

|∇gϑ(x)|2g > 0. (1.10)

Assumption (A.3): Under assumption (A.1)-(A.2), let a subboundaryΓ0 satisfy

{x ∈ Γ; ∇gϑ · ν(x) ≥ 0} ⊂ Γ0.

Let us define
Q = M× (0, T ), Σ0 = Γ0 × (0, T )

and
ψ(x, t) = ϑ(x)− β (t− t0)

2 , 0 < β < %, 0 < t0 < T (1.11)

where the constant% is given in (1.9). We define the weight functionϕ : M× R −→ R by ϕ(x, t) =
eγψ(x,t), whereγ > 0 is a large parameter and let

σ = sγϕ,
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wheres is real numbers. Let us introduce the following notation

H1
0(Q) =

{
u ∈ H1(0, T ; L2(M)) ∩ L2(0, T ; H1

0 (M)), ∂j
t u(τ, ·) = 0, τ ∈ {0, T} , j ∈ {0, 1}

}
.

(1.12)
The following Carleman estimate is our main result:

Theorem 1 Assume that (A.1), (A.2) and (A.3) hold. Then there exist constantsC > 0 andγ∗ > 0 such
that for anyγ > γ∗ there exists∗ = s∗(γ) such that for alls ≥ s∗ the following Carleman estimate holds

C

∫

Q
e2sϕσ

(
|∇gv|2g + |∂tv|2 + σ2 |v|2

)
dvgdt ≤

∫

Q
e2sϕ |Pv|2 dvgdt +

∫

Σ0

σe2sϕ |∂νv|2 dωgdt (1.13)

wheneverv ∈ H1
0(Q), and the right hand side is finite. Heredωg is the volum form of∂M.

Remark 1 We show a simple example of metricg andϑ satisfying (A.1) and (A.2). LetM ⊂ Rn be a
bounded domain with smooth boundary.
We take

gjk(x) = µ(x)δjk, µ(x) ≥ µ0 > 0, ∀x ∈M.

Then
P = ∂2

t − µ(x)∆ + P1.

Let us considerx0 ∈ Rn\M. Putϑ(x) = |x− x0|2. In this case an elementary calculation shows that

1
4
{a, {a, ϑ}} (x, ξ) = 2µ(x)

(
1− ∇µ · (x− x0)

2µ

)
| ξ̃ |2g + 2µ(∇µ · ξ)(ξ · (x− x0)). (1.14)

We assume that there exists% ∈ (0, µ0) such that

3
2
|∇ (log µ)| |x− x0| ≤ 1− %

µ0
, x ∈M, (1.15)

then we obtain
1
4
{a, {a, ϑ}} (x, ξ) ≥ 2%| ξ̃ |2g. (1.16)

Then (A.1) is satisfied. Since∇gϑ(x) 6= 0 for all x ∈M then (A.2) is also satisfied.
Moreover forµ(x) satisfying (1.15), alsogjk(x) = µ(x)δjk + εbjk(x) satisfies (A.1) and (A.2) ifε > 0
is sufficiently small andbjk ∈ C∞(Q) (e.g., [4]).

As for other conditions admitting Carleman estimates, see also Amirov and Yamamoto [1] and
Imanuvilov, Isakov and Yamamoto [12].

Theorem 1 is a Carleman estimate which holds over the whole domainQ, not only in level sets of
a weight function, for functions which vanish on∂Q. We need not assume that the functions under
consideration have compact supports and so ours is different from the Carleman estimates presented in
[15], [16] and [7], [8].
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2 Preliminaries

In this section we collect some formulas to be involved in the sequel. Our interset is focused on Rieman-
nian manifolds which are manifolds equipped with metric structure. Precisely a Riemannian manifold
(M, g) is a manifoldM with a positive definite2-covariant tensor fieldg called the metric tensor. In
local coordonates,g is given by a smooth, positive definite, symetric matrix functiong = (gjk).
We denote by div(X) the divergence of a vector fieldX ∈ H1(M) onM, that is, in local coordinates,

div(X) =
1√

det g

n∑

i=1

∂i

(√
det g αi

)
, X =

n∑

i=1

αi
∂

∂xi
. (2.1)

ForX ∈ H1(M) we have the following divergence formula
∫

M
div(X)dvg =

∫

∂M
〈X, ν〉 dωg (2.2)

wheredωg is the volume form of∂M, and forf ∈ H1(M) we have following Green formula
∫

M
div(X) fdvg = −

∫

M
〈X,∇gf〉g dvg +

∫

∂M
X · νfdωg. (2.3)

Then iff ∈ H1(M) andw ∈ H2(M), the following identity holds
∫

M
∆gwfdvg = −

∫

M
〈∇gw,∇gf〉g dvg +

∫

∂M
∂νwfdωg. (2.4)

Forϑ ∈ C2(M), the Hessian ofϑ with respect to the metricg is defined by

D2ϑ(X, X)(x) =
n∑

i,j=1

αi




n∑

l=1

∂ϑl

∂xi
glj +

n∑

k,l=1

ϑkgljΓl
ik


αj , ∀X =

n∑

i=1

αi
∂

∂xi
, (2.5)

where we recall thatϑl(x) = (∇gϑ(x))l is thel−th coordinate of∇gϑ(x) and

(∇gϑ(x))l = ϑl(x) =
n∑

j=1

gjl(x)
∂ϑ

∂xj
(x), l = 1, ..., n (2.6)

andΓl
ik is the connection coefficient (Cristoffel symbol) of the Levi-Civita connectionD to the metricg,

that is,

Γl
ik(x) =

1
2

n∑

p=1

glp(x)
(

∂gkp

∂xi
+

∂gip

∂xk
− ∂gik

∂xp

)
. (2.7)

Let X andY be vector fields with componentsαp andβq. Then thel-th component of the covariant
derivative ofY with respect toX is given by

(DXY )l =
n∑

p,q=1

αp

(
∂βl

∂xp
+ Γl

pqβq

)
. (2.8)
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We list a few formulad that will be used for the proof (see [17], p. 140 and [18], p.41). For any functions
f1, f2 ∈ C2(M) and any vectors fieldsX, Y andZ, we have

Z(〈X, Y 〉g) = 〈DZX, Y 〉g + 〈X,DZY 〉g ,
〈∇gf1, Z〉 = Z(f1),

〈DX(∇gf1), Y 〉g = D2f1(X, Y ),
∇g(f1f2) = f2∇gf1 + f1∇gf2,
div(f1X) = f1div(X) + 〈X,∇gf1〉g . (2.9)

The following technical lemma holds true, which is proved in Appendix A of [2].

Lemma 2.1 Letϑ be aC2 function. Then we have the following identity:

{a, {a, ϑ}} (x, ξ) = 4D2ϑ( ξ̃, ξ̃ ), ∀x ∈M, ξ ∈ TxM\{0} . (2.10)

Here ξ̃j =
n∑

i=1

gij(x)ξi.

By assumption (A.1) we derive

D2ϑ(X,X) ≥ 2% |X|2g , ∀X =
n∑

i=1

αi
∂

∂xi
. (2.11)

3 Proof of Theorem 1

In this section we complete the proof of Theorem 1. We will divide the proof in three steps. Henceforth

we recall thatQ = M× (0, T ) andΣ0 = Γ0 × (0, T ), and we set(f, g) =
∫

Q
fgdvgdt andΣ =

∂M× (0, T ).

3.1 Change of variables

In this step, we set the differential equation satisfied by a new functionz, which will beu up to weight
function. That is, let us introduce the new functionsz = esϕu andG = esϕf , wheref = (∂2

t −∆g)u.
We easily obtain that

M1z + M2z = Gs,γ (3.1)

where

M1z = ∂2
t z −∆gz + σ2

(
|∂tψ|2 − |∇gψ|2g

)
z ,

M2z = −2σ
(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
− γσ

(
|∂tψ|2 − |∇gψ|2g

)
z (3.2)

and
Gs,γ = G + σ

(
∂2

t ψ −∆gψ
)
z. (3.3)

With the previous notations, we have

‖M1z‖2 + ‖M2z‖2 + 2 (M1z,M2z) = ‖Gs,γ‖2 . (3.4)
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Now, we will make the computation of2 (M1z, M2z). For this, we will develop the six terms appearing
in (M1z, M2z) and integrate by parts several times with respect to the space and time variables.

We have

(M1z,M2z) = −2
∫

Q
σ∂2

t z
(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
dvgdt

−γ

∫

Q
σ∂2

t z
(
|∂tψ|2 − |∇gψ|2g

)
zdvgdt

+2
∫

Q
σ∆gz

(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
dvgdt

+γ

∫

Q
σ∆gz

(
|∂tψ|2 − |∇gψ|2g

)
zdvgdt

−2
∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)
z

(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
dvgdt

−γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt

=
6∑

j=1

Ij . (3.5)

First we have

I1 = −
∫

Q
σ∂tψ

∂

∂t

(
|∂tz|2

)
dvgdt−

∫

Q
σ

〈
∇g

(
|∂tz|2

)
,∇gψ

〉
g
dvgdt

−2γ

∫

Q
σ (∂tψ∂tz) 〈∇gψ,∇gz〉g dvgdt

= γ

∫

Q
σ |∂tψ|2 |∂tz|2 dvgdt +

∫

Q
σ∂2

t ψ |∂tz|2 dvgdt

+γ

∫

Q
σ |∂tz|2 |∇gψ|2g dvgdt +

∫

Q
σ |∂tz|2 ∆gψdvgdt

−2γ

∫

Q
σ (∂tψ∂tz) 〈∇gψ,∇gz〉g dvgdt. (3.6)

We also have

I2 = −γ

∫

Q
σ∂2

t z
(
|∂tψ|2 − |∇gψ|2g

)
z dvgdt

= γ

∫

Q
σ |∂tz|2

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

+γ2

∫

Q
σ (∂tψ∂tz)

(
|∂tψ|2 − |∇gψ|2g

)
z dvgdt + 2γ

∫

Q
σ (∂tzz)

(
∂tψ∂2

t ψ
)
dvgdt

= γ

∫

Q
σ |∂tz|2

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt− γ3

2

∫

Q
σ |∂tψ|2

(
|∂tψ|2 − |∇gψ|2g

)
|z|2 dvgdt

−5
2
γ2

∫

Q
σ |z|2 |∂tψ|2 ∂2

t ψdvgdt +
γ2

2

∫

Q
σ |z|2 ∂2

t ψ |∇gψ|2g dvgdt

−γ

∫

Q
σ |z|2 ∣∣∂2

t ψ
∣∣2 dvgdt. (3.7)
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Furthermore,

I3 = 2
∫

Q
σ∆gz

(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
dvgdt

= −2γ

∫

Q
σ 〈∇gψ,∇gz〉g

(
∂tz∂tψ − 〈∇gz,∇gψ〉g

)
dvgdt

−2
∫

Q
σ 〈∇gz, (∂t∇gz∂tψ)〉g dvgdt + 2

∫

Q
σ

〈
∇gz,∇g

(
〈∇gz,∇gψ〉g

)〉
g
dvgdt

−2
[∫

Σ
σ |∇gz · ν|2∇gψ · νdωgdt

]

= −2γ

∫

Q
σ 〈∇gz,∇gψ〉g (∂tψ∂tz) dvgdt + 2γ

∫

Q
σ

∣∣∣〈∇gψ,∇gz〉g
∣∣∣
2
dvgdt

−
∫

Q
σ

∂

∂t

(
|∇gz|2g

)
∂tψdvgdt + 2

∫

Q
σ

〈
∇gz,∇g

(
〈∇gz,∇gψ〉g

)〉
g
dvgdt

−2
[∫

Σ
σ |∇gz · ν|2∇gψ · νdωgdt

]
. (3.8)

Applying (2.9) withZ = ∇gz, we obtain
〈
∇gz,∇g

(
〈∇gz,∇gψ〉g

)〉
g

= ∇gz
(
〈∇gz,∇gψ〉g

)

=
〈
D∇gz∇gz,∇gψ

〉
g

+
〈∇gz,D∇gz∇gψ

〉
g

= D2ψ (∇gz,∇gz) + D2z (∇gz,∇gψ) (3.9)

and
〈
∇gψ,∇g

(
|∇gz|2g

)〉
g

= ∇gψ
(
〈∇gz,∇gz〉g

)

=
〈
D∇gψ∇gz,∇gz

〉
g

+
〈∇gz,D∇gψ∇gz

〉
g

= 2D2z (∇gz,∇gψ) (3.10)

we deduce that

I3 = −2γ

∫

Q
σ 〈∇gψ,∇gz〉g (∂tψ∂tz) dvgdt + 2γ

∫

Q
σ

∣∣∣〈∇gψ,∇gz〉g
∣∣∣
2
dvgdt

+γ

∫

Q
σ |∇gz|2g |∂tψ|2 dvgdt +

∫

Q
σ |∇gz|2g ∂2

t ψ dvgdt

+2
∫

Q
σD2ψ(∇gz,∇gz)dvgdt− γ

∫

Q
σ |∇gz|2g |∇gψ|2g dvgdt

−
∫

Q
σ |∇gz|2g ∆gψdvgdt

−
[∫

Σ
σ |∂νz|2∇gψ · νdωgdt

]
. (3.11)

On the other hand, we have

I4 = γ

∫

Q
σ∆gz

(
|∂tψ|2 − |∇gψ|2g

)
zdvgdt

= −γ2

∫

Q
σ 〈∇gψ,∇gz〉g

(
|∂tψ|2 − |∇gψ|2g

)
zdvgdt
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+γ

∫

Q
σ

〈
∇gz,∇g

(
|∇gψ|2g

)〉
g
zdvgdt− γ

∫

Q
σ |∇gz|2

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

= −γ2

2

∫

Q
σ

〈
∇gψ,∇g

(
|z|2

)〉
g

(
|∂tψ|2 − |∇gz|2g

)
dvgdt

+
γ

2

∫

Q
σ

〈
∇g

(
|z|2

)
,∇g

(
|∇gψ|2g

)〉
g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

−γ

∫

Q
σ |∇gz|2g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

=
γ2

2

∫

Q
σ |z|2

(
∆gψ + γ |∇gψ|2

)
g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

−γ2

∫

Q
σ |z|2

〈
∇gψ,∇g

(
|∇gψ|2g

)〉
g
dvgdt− γ

2

∫

Q
σ |z|2 ∆g

(
|∇gψ|2g

)
dvgdt

−γ

∫

Q
σ |∇gz|2g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt. (3.12)

We also have

I5 = −2
∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)
z

(
∂tψ∂tz − 〈∇gψ,∇gz〉g

)
dvgdt

= −
∫

Q
σ3 ∂

∂t

(
|z|2

)
∂tψ

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

+
∫

Q
σ3

〈
∇

(
|z|2

)
,∇gψ

〉
g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

= 3γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt

+
∫

Q
σ3 |z|2 (

∂2
t ψ −∆gψ

) (
|∂tψ|2 − |∇gψ|2g

)
dvgdt

+2
∫

Q
σ3 |z|2 |∂tψ|2 ∂2

t ψ dvgdt +
∫

Q
σ3 |z|2

〈
∇gψ,∇g

(
|∇gψ|2g

)〉
g
dvgdt. (3.13)

Furthermore

I6 = −γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt. (3.14)

Since 〈
∇gψ,∇g

(
|∇gψ|2g

)〉
g

= D∇gψ

(
〈∇gψ,∇gψ〉g

)
= 2D2ψ (∇gψ,∇gψ) , (3.15)

we obtain

(M1z,M2z) =

(
γ

∫

Q
σ |∂tz|2 |∂tψ|2 dvgdt +

∫

Q
σ |∂tz|2 ∂2

t ψdvgdt + γ

∫

Q
σ |∂tz|2 |∇gψ|2g dvgdt

+
∫

Q
σ |∂tz|2 ∆gψ dvgdt− 4γ

∫

Q
σ (∂tψ∂tz) 〈∇gz,∇gψ〉g dvgdt

+γ

∫

Q
σ |∂tz|2

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt + 2γ

∫

Q
σ

∣∣∣〈∇gψ,∇gz〉g
∣∣∣
2
dvgdt

)

+

(
γ

∫

Q
σ |∇gz|2g |∂tψ|2 dvgdt +

∫

Q
σ |∇gz|2g ∂2

t ψdvgdt

9



+2
∫

Q
σD2ψ(∇gz,∇gz)dvgdt− γ

∫

Q
σ |∇gz|2g |∇gψ|2g dvgdt

−
∫

Q
σ |∇gz|2g ∆gψdvgdt− γ

∫

Q
σ |∇gz|2g

(
|∂tψ|2 − |∇gψ|2g

)
dvgdt

)

+

(
2γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2

)2

g
|z|2 dvgdt

+
∫

Q
σ3 |z|2 (

∂2
t ψ −∆gψ

) (
|∂tψ|2 − |∇gψ|2g

)
dvgdt

+2
∫

Q
σ3 |z|2 |∂tψ|2 ∂2

t ψ dvgdt

+2
∫

Q
σ3 |z|2D2ψ(∇gψ,∇gψ)dvgdt

)
−

[∫

Σ
σ |∂νz|2∇gψ · νdωgdt

]
+R1

≡ J1 + J2 + J3 + B0 +R1 (3.16)

where the termsB0 andR1 satisfy

|R1| ≤ Cγ

∫

Q
σ2 |z|2 dvgdt (3.17)

and

B0 = −
[∫

Σ
σ |∂νz|2∇gψ · νdωgdt

]
(3.18)

3.2 Interior estimate

The termsJ1,J2 andJ3 are given by:

J1 = 2γ

∫

Q
σ

(
∂tψ∂tz − 〈∇gψ,∇gz〉g

)2
dvgdt +

∫

Q
σ |∂tz|2

(
∂2

t ψ + ∆gψ
)
dvgdt

≥
∫

Q
σ |∂tz|2

(
∂2

t ψ + ∆gψ
)
dvgdt. (3.19)

J2 = 2
∫

Q
σD2ψ (∇gz,∇gz) dvgdt +

∫

Q
σ |∇gz|2

(
∂2

t ψ −∆gψ
)
dvgdt. (3.20)

J3 = 2γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt

+
∫

Q
σ3 |z|2 (

∂2
t ψ −∆gψ

) (
|∂tψ|2 − |∇gψ|2g

)
dvgdt + 2

∫

Q
σ3 |z|2 |∂tψ|2 ∂2

t ψ dvgdt

+2
∫

Q
σ3 |z|2D2ψ(∇gψ,∇gψ)dvgdt. (3.21)

On the other hand, we have
∫

Q
M1z(σz∆gψ)dvgdt =

∫

Q
∂2

t z(σz∆gψ)dvgdt−
∫

Q
∆gz(zσ∆gψ)dvgdt

+
∫

Q
σ3

(
|∂tψ|2 − |∇g|2g

)
∆gψ |z|2 dvgdt
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= −
∫

Q
σ |∂tz|2 ∆gψdvgdt− γ

∫

Q
σ(∂tψ)(∂tz)z∆gψdvgdt

+
∫

Q
σ |∇gz|2g ∆gψdvgdt + γ

∫

Q
σ 〈∇gψ,∇gz〉g ∆gψzdvgdt

+
∫

Q
σ 〈∇gz,∇g(∆gψ)z〉g dvgdt

+
∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)
∆gψ |z|2 dvgdt. (3.22)

Then forε > 0, we choose a constantC > 0 such that
∣∣∣∣
∫

Q
σ

(
|∇gz|2g − |∂tz|2

)
∆gψdvgdt

∣∣∣∣ ≤ C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt

+ε ‖M1z‖2 + |R2| (3.23)

where the termR2 satisfies

|R2| ≤ Cε

(
γ

∫

Q
|∇gz|2g dvgdt + γ

∫

Q
σ2 |z|2 dvgdt

)
. (3.24)

Therefore, we find that

J1 + J2 ≥ 2
∫

Q
σD2ψ(∇gz,∇gz)dvgdt− 2β

∫

Q
σ(|∇gz|2g + |∂tz|2)dvgdt

+
∫

Q
σ

(
|∇gz|2g − |∂tz|2

)
∆gψdvgdt

≥ 2
∫

Q
σD2ψ(∇gz,∇gz)− 2β

∫

Q
σ(|∇gz|2g + |∂tz|2)dvgdt

−C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt− ε ‖M1z‖2 − |R2| . (3.25)

Similarly, we have
∫

Q
M1z(σz)dvgdt = −

∫

Q
σ |∂tz|2 dvgdt− γ

∫

Q
σ∂tψ∂tzzdvgdt

+
∫

Q
σ |∇gz|2g dvgdt + γ

∫

Q
σ 〈∇gψ,∇gz〉g zdvgdt

+
∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)
|z|2 dvgdt. (3.26)

We deduce that
∫

Q
σ |∂tz|2 dvgdt ≤ C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt

+ε ‖M1z‖2 + |R3|+
∫

Q
σ |∇gz|2g dvgdt (3.27)

where

|R3| ≤ Cε

(
γ

∫

Q

(
|∇gz|2g + |∂tz|2

)
dvgdt + γ

∫

Q
σ2 |z|2 dvgdt

)
. (3.28)
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Combining (3.28), (3.25) and using (2.11), we obtain

J1 + J2 ≥ 2
∫

Q
σD2ψ(∇gz,∇gz)dvgdt− 4β

∫

Q
σ |∇gz|2g dvgdt

−C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt− ε ‖M1z‖2 − |R2| − |R3|

≥ 4(%− β)
∫

Q
σ |∇gz|2g dvgdt− C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt

−ε ‖M1z‖2 − |R2| − |R3|
≥ (%− β)

∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt− C

(∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt

+ε ‖M1z‖2 + |R2|+ |R3|
)

. (3.29)

We also see that

J3 = 2γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt

+
∫

Q
σ3 |z|2 (

∂2
t ψ −∆gψ

) (
|∂tψ|2 − |∇gψ|2g

)
dvgdt− 4β

∫

Q
σ3 |z|2 |∂tψ|2 dvgdt

+2
∫

Q
σ3 |z|2D2ψ(∇gψ,∇gψ)dvgdt

≥ 2γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt− C

∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt

+4
∫

Q
σ3

(
% |∇gψ|2g − β |∂tψ|2

)
|z|2 dvgdt. (3.30)

Additionally, we find that

J1 + J2 + J3 ≥ 2(%− β)
∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt + 2γ

∫

Q
σ3

(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt

+4
∫

Q
σ3

(
% |∇gψ|2g − β |∂tψ|2

)
|z|2 dvgdt

−C
(∫

Q
σ3 |z|2

∣∣∣|∂tψ|2 − |∇gψ|2g
∣∣∣ dvgdt + ε ‖M1z‖2 + |R2|+ |R3|

)
. (3.31)

3.3 Conclusion

Let η > 0 be small such thatβ(1 + η) < %. Let us consider

Qη =
{

(x, t) ∈ Q,
∣∣∣|∂tψ|2 − |∇gψ|2g

∣∣∣ ≤ η |∇gψ|2g
}

.

Then

J1 + J2 + J3 ≥ 2(%− β)
∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt

+2γ
∫

Q\Qη

σ3
(
|∂tψ|2 − |∇gψ|2g

)2
|z|2 dvgdt
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−Cη

∫

Qη

σ3 |z|2 dvgdt− C

∫

Q\Qη

σ3 |z|2 dvgdt

+4(%− β(1 + η))
∫

Qη

σ3 |z|2 |∇gψ|2g dvgdt

−C
(
ε ‖M1z‖2 + |R2|+ |R3|

)

≥ δ

∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt + 2γη2C1

∫

Q\Qη

σ3 |z|2 dvgdt

−C2η

∫

Qη

σ3 |z|2 dvgdt− C3

∫

Q\Qη

σ3 |z|2 dvgdt

+C4(%− β(1 + η))
∫

Qη

σ3 |z|2 dvgdt− C
(
ε ‖M1z‖2 + |R2|+ |R3|

)

≥ δ

∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt + (2γη2C1 − C3)

∫

Q\Qη

σ3 |z|2 dvgdt

+(C4 − ηC2)
∫

Qη

σ3 |z|2 dvgdt− C
(
ε ‖M1z‖2 + |R2|+ |R3|

)
. (3.32)

Then forη small andγ large, we obtain

J1 + J2 + J3 ≥ δ

∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
dvgdt + C

∫

Q
σ3 |z|2 dvgdt

−C
(
ε ‖M1z‖2 + |R2|+ |R3|

)
. (3.33)

By (3.16) we find

2 (M1z, M2z)− B0 ≥ C

∫

Q
σ

(
|∇gz|2g + |∂tz|2

)
+ σ3 |z|2 dvgdt

−C
(
ε ‖M1z‖2 + |R1|+ |R2|+ |R3|

)
. (3.34)

Then there existss∗(γ) such that for anys ≥ s∗ andε small, we have

‖G‖2 − B0 ≥ C

∫

Q
σ

((
|∇gz|2g + |∂tz|2

)
+ σ2 |z|2

)
dvgdt. (3.35)

The proof is completed.
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