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ABSTRACT. We consider initial value/boundary value problems for fractional
diffusion-wave equation: dfu(x,t) = Lu(x,t), where 0 < o < 2, where L is a
symmetric uniformly elliptic operator with ¢-independent smooth coefficients.
First we establish the unique existence of ths weak solutions and the asymptotic
behaviour as the time t goes to oo and the proofs are based on the eigenfunction
expansions. Second for a € (0,1), we apply the eigenfunction expansions and
prove (i) stability in the backward problem in time, (ii) the uniqueness in
determing an initial value and (iii) the uniqueness of solution by the decay
rate as t — oo, (iv) stability in an inverse source problem of determining
t-varying factor in the source by observation at one point over (0,7).
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1. INTRODUCTION

Let © be a bounded domain in R? with sufficiently smooth boundary 9Q. We

consider a partial differential equation with the fractional derivative in time ¢:

Ku(x,t) = (Lu)(x,t) + F(z,t), 2€Q, te(0,T), 0<a<2. (1.1)
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Here 07 denotes the Caputo fractional derivative with respect to ¢ and is defined

by

1 ar

m/(t—T)n_O‘_l—g(T)dT, n—1<a<n, nelN,
- 0

4 (t), a=neN

dtn ) - )

o g(t) =

I' is the Gamma function and the the operator L is a symmetric uniformly elliptic
operator and F'is a given function in 2 x (0,7") and T > 0 is a fixed value. Note
that if « = 1 and o = 2, then equation (1.1) represents a parabolic equation and a
hyperbolic equation respectively. Since we are interested mainly in the fractional
cases, we restrict the order a to the two cases 0 < a<land 1 < a < 2.

We will solve equation (1.1) satisfying the following initial-boundary value

conditions:
w(z,t) =0, z€0Q, te(0,7), (1.2)
u(z,0) =a(z), xe€Q, (1.3)
and
Owu(z,0) =b(z), z€, ifl<a<?2. (1.4)

In the case of 0 < a < 1, equation (1.1) is called a fractional diffusion equation,
while the equation is called a fractional diffusion-wave equation or a fractional
wave equation in the case 1 < a < 2. The fractional diffusion equation has
been introduced in physics by Nigmatullin [34] to describe diffusions in media
with fractal geometry. Adams and Gelhar [1] pointed out that field data show
anomalous diffusion in a highly heterogeneous aquifer. Hatano and Hatano [15]
applied the continuous-time random walk for better simulations for the anoma-

lous diffusion in an underground environmental problem. One can regard (1.1)
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as a macroscopic model derived from the continuous-time random walk. Met-
zler and Klafter [30] demonstrated that a fractional diffusion equation describes
a non-Markovian diffusion process with a memory. Roman and Alemany [41]
investigated continuous-time random walks on fractals and showed that the av-
erage probability density of random walks on fractals obeys a diffusion equation
with a fractional time derivative asymptotically. Ginoa, Cerbelli and Roman [13]
presented a fractional diffusion equation describing relaxation phenomena in com-
plex viscoelastic materials. Mainardi [27] pointed out that the fractional wave
equation governs the propagation of mechanical diffusive waves in viscoelastic
media.

Here we refer to several works on the mathematical treatments for equation
(1.1). Kochubei [19], [20] applied the semigroup theory in Banach spaces, and
Eidelman and Kochubei [9] constructed the fundamental solution in R¢ and
proved the maximum principle for the Cauchy problem. Schneider and Wyss
[46] used the Mellin transform and Fox H-functions for an integrodifferential
equation which is equivalent to the fractional diffusion equation (1.1). However,
these mathematical treatments are made in unbounded domain. Mainardi [26],
28] solved a fractional diffusion-wave equation using the Laplace transform in a
one-dimensional bounded domain. See also Mainardi [25]. Gejji and Jafari [11]
solved a nonhomogeneous fractional diffusin-wave equation in a one-dimensional
bounded domain. Fujita [10] discussed an integrodifferential equation which in-
terpolates the heat equation and the wave equation in an unbounded domain.
Agarwal [3] solved a fractional diffusion equation using a finite sine transform
technique and presented numerical results in a one-dimensional bounded do-

main. As for an inverse problem of determining a coefficient and the order «
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in the case where the spatial dimension is one, see Cheng, Nakagawa, Yamamoto
and Yamazaki [6].

As source books related with fractional derivatives, see Samko, Kilbas and
Marichev [44] which is an encyclopedic treatment of the fractional calculus and
also Gorenflo and Mainardi [14], Kilbas, Srivastava and Trujillo [18], Mainardi
[29], Miller and Ross [31], Oldham and Spanier [35], Podlubny [37].

In spite of the importance, to the authors’ best knowledge, there are not many
works published concerning the unique existence of the solution to (1.1) - (1.4)
and the properties which are remarkably different from the standard diffusion and
wave equations. In Priiss [40] (especially in Chapter 1.3), one can refer to the
methods for (1.1). In particular, Theorem 2.4 (pp.62) in [40] gives the regularity
of solution for Holder continuous F' in ¢ and see also Theorem 3.3 (pp.77-78) in
[40]. Also see [7].

In Luchko [22], the maximum principle for an initial value/ boundary value
problem is established. In Luchko [23] and [24], the author constructed solutions
by the eigenfunction expansion in the case of F' =0 and 0 < a < 1 and discussed
the unique existence of the generalized solution to (1.1)-(1.3).

For discussions on inverse problems and qualitative properties of solutions to
(1.1) - (1.4), representation formulae of solutions by the eigenfunctions, are very
convenient, and we need the regularity property of solutions given by the eigen-
functions. See [6] for example as a paper where the eigenfunction expansions of
solurtions to (1.1) - (1.3) are used for the study of an inverse problem. To the
authors’ best knowledge, except for [23] and [24], there are no works published
concerning the regularity properties of the eigenfunction expansions of the solu-

tions and the regularity should correspond to the results in Chapter 3 of Lions



FRACTIONAL DIFFUSION EQUATION 5
and Magenes [21] and Pazy [36] for example. The first purpose of this paper is
to prove the well-posedness and the regularity of the solution given by the eigen-
function expansions. Second we establish several uniqueness results for related
inverse problems.

The remainder of this paper is composed of three sections. In Section 2, we
state the main results on the eigenfunction expansions of solutions to (1.1) - (1.4)
and properties such as a priori estimates, asymptotic behaviour, which mean the
well-posedness of (1.1) - (1.4). In Section 3, we prove them by means of the
eigenfunction expansion, and in Section 4, we apply the results in Section 2 to

inverse problems.

2. WELL-POSEDNESS OF THE INITIAL VALUE/ BOUDARY VALUE PROBLEMS

Let L%(Q) be a usual L%space with the scalar product (-, ), and H*(Q), H*(9)
denote Sobolev spaces (e.g., Adams [2], Gilbarg and Trudinger [12]). In what

follow, let L be given by

d
— Ou; (Z Ay 833

j=1 7

Lu(z)

M&

>)+0< Jule), @ e,

where A;; = Aﬂ, 1 < 4,5 < d. Moreover, we assume that the operator £
is uniformly elliptic on  and that its coefficients are smooth: there exists a
constant v > 0 such that

VZ§ <ZAZJ 1)&&, 1 €Q, £ ERY,

4,j=1
and the coefficients satisfy

Aij S Cl(ﬁ), Ce C(ﬁ) C(Q?) < O, WS ﬁ
We define an operator L in L?(Q) by

(Lu)(z) = (Lu)(z), z€Q, D(-L)= H*(Q) N HyQ).
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Then the fractional power (—L) is defined for v € R (e.g.,[36]) and D((—L)2) =
Hi(Q) for example. Henceforth we set ||ul|p(—r)v) = [[(—=L) u||r2(q). We note
that the norm ||u|/p(—r)r is stronger than |lu||p2(q) for v > 0.

Since —L is a symmetric uniformly elliptic operator, the spectrum of -L is
entirely composed of eigenvalues and counting according to the multiplicities, we
can set: 0 < A\ < Xy < ---. By ¢, € H*(Q) N H () we denote the orthonormal
eigenfunction corresponding to —\,: Ly, = —A\,¢,. Then the sequence {¢;, }nen
is orthonormal basis in L?(©2). Then we see that

D((=L)") = {w € LA(Q); Y (W, on) < OO}

n=1

and that D((—L)") is a Banach space with the norm:

[¥llp(-ym = {Z A, %)IQ} :
n=1

We have D((—L)Y) ¢ H*(R) for v > 0. In particular, D((—L)z) = H}(Q). Since
D((—L)") C L*(Q), identifying the dual (L?(Q2))" with itself, we have D((—L)7) C
L*(Q2) C (D((—L)")). Henceforth we set D((—L)™) = (D((—L)7))’, which
consists of bounded linear functionals on D((—L)7). For f € D((—L)™") and
Y € D((=L)"), by -, < f,¢ >,, we denote the value which is obtained by

operating f to ©. We note that D((—L)~") is a Banach space with the norm:

[e.o]

1
2
[¥llp-1)-) = {Z ANy < foon >y !2} :

n=1

We further note that

< o >=(f0) if f € L¥(Q) and ¥ € D((—L)7)

(e.g., Chapter V in Brezis [4]).
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Henceforth C; denote positive constants which are independent of F in (1.1),
a,b in (1.3) and (1.4), but may depend on « and the coefficients of the operator
L. The numbering in C; can be independent in the succeeding different sections.

Moreover we define the Mittag-Leffler function by

k
z
Ea7/3(2) = g m, z € C,

where @ > 0 and § € R are arbitrary constants. It is known (e.g., Kilbas,
Srivastava and Trujillo [18], Podlubny [37]) that E, 3(z) is an entire function of
z e C.

Definition 2.1.
We call u a weak solution to (1.1) - (1.3) if (1.1) holds in L*(Q) and u(-, ) € H}(Q)
for almost all ¢ € (0,7) and uw € C([0,T]; D((—L)~7)),

im [[u(-, ) = allp(-r)=) =0

with some v > 0. Moreover we call v a weak solution to (1.1) - (1.4) if (1.1)
holds in L*(Q) and u(-,t) € Hi(Q) for almost all ¢ € (0,7) and u,du €
(0, T D(=L)™)),

fin [Ju(:, £) = allog-ry-) =l |9u,t) = bllo-2)=) =0

with some v > 0. Here v > 0 may depend on a, b.
We are ready to state our main theorems on the unique existence of solution

to (1.1) - (1.4).

Theorem 2.1. Let 0 < a <1 and let FF = 0.
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(i) Let a € L*(Y). Then there exists a unique weak solution v € C([0,T]; L*(2))N
C((0,T); H*(Q)NHL(Q)) to (1.1) - (1.3) such that 0%u € C((0,T]; L*(2)). More-
over there exists a constant C7 > 0 such that

ulleqo.rize@) < Cillallzz@),

(2.1)
Ju(s Ol 2@ + 107 u( Dl L2 < Cit™|all L2,
and we have
u(@,t) =Y (a,%n)Eai(—Ant)on(z) (2.2)
n=1

in C([0,T]; L*(Q)) N C((0,T]; H*(2) N HY(QY)). Moreover u : (0,T] — L*(2) is
analytically extended to a sector {z €C;z2#0, |argz| < %7?}

(ii) We assume that a € HY(QY). Then the unique weak solution u further
belongs to L*(0,T; H*(Q2) N HY(Q)), 02u € L*(Q x (0,T)) and there exists a

constant Cy > 0 satisfying the following inequality:

1l 20,75 12(2)) + 1107wl L2 (x(0,)) < Callall a1 (q) (2.3)

and we have (2.2) in the corresponding space on the right-hand side of (2.3).
(iii) We assume that a € H*(Q) N H}(Q). Then the unique weak solution u
belongs to C([0,T]; H*(Q) N Hy(Q)), 0fu € C([0,T]; L*()) N C((0,T; Hy($2))

and the following inequality holds:

ullc o,z + 1107 ullc o2 (0)) < Csllallmz (2.4)

and we have (2.2) in the corresponding space on the right-hand side of (2.4).

Theorem 2.2. (i) Let 0 < a < 1 and let a = 0. Let F € L>(0,T; L*(Q)). Then
there exists a unique weak solution u € L*(0,T; H*(Q) N Hy(Q)) to (1.1) - (1.3)

such that Ofu € L*(Q x (0,T)). In particular, for any v satisfying v > % —1, we
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have v € C([0, T); D((—=L)77)),
lim [Ju(-,t) = allp-r)-) = 0,
and if d =1,2,3, then
tim Ju(-,1) — af| 2@ = 0.
Moreover there exists a constant Cy > 0 such that
Nl 20,712 (0)) + 1056l 22@x (0,1)) < Cal|F|| 22(0x (0,1)) (2.5)

and we have

uz,t) = (/O (F(7),00)(t = 7) Ega(=An(t — T)a)d7> en(z),  (2.6)

in the corresponding space on the right-hand side of (2.5).

1

(ii) Let 1 < a < 2 and let a = b = 0. Let F € L*(0,T;D((—L)~)) N
L>(0,T; L*(Y). Let v > 4+ 1. Then there exists a unique weak solution
uw e C([0,T); H*(Q) N H{(Q)) to (1.1) - (1.4) such that Ofu € C([0,T); L*(2)).
In particular,

i (Ju(, )| 2 = lm [|0pu(-, 1) [ p-r)-) = 0.
Moreover there exists a constant Cy > 0 such that
[ulloqoryaz@) + 107 wlleqorizz@) < CallFll b ropi oyt ynneorizz )

and the series (2.6) holds in the corresponding space.

Remark. We do not exploit the maximum regularity of u for ' € L>(0,T; L*(2))
or F e L2(0,T; D((—L)=)) N L®(0,T; L2(2)). As for other maximum regularity,

see Theorem 2.4 and Corollary 2.5.

Theorem 2.3. Letl <a <2 and F' = 0.
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(i) Let a € L%(Q) and b € D((—=L)"a). Then there ezists a unique weak
solution w € C([0,T]; L*(Q)) N C((0,T7]; H*(2) N HY(Q)) to (1.1) - (1.4) with

0w € C((0,T]; L*(Y)). Moreover there exist constants Cs > 0 and Cs > 0

satisfying
llloqoizze) + 10l g mymq -2y < Colllallzs@ + Bllpy_pos)s  27)
tim [fu(-1) — a2y = lim (-, 1) ~ bl 3 =0
and .
[0cu(-, )22 < Co(t™ llall 2y + 10llz2@)), 25)
2.8

105 u(-, )|l 12 < Cs(t™[lall 2y + £ (16l 22(@))-

Moreover u : (0,T] — L*(Q) is analytically extended to a sector
{z€C;2#£0, largz| < 47}

(ii) Let a € H*(Q) N HY(Q) and b € HY(Y). Then there exists a unique weak
solution w € C([0,T]; H*(Q) N Hy () N CY([0,T]; L*(R2)) to (1.1) - (1.4) and
0tu € C([0,T]; LA(R)). Moreover there exists a constant Cy > 0 satisfying

lullerqoryzzy + lulloqorym@y + 107 ulloqo iz

<Cr(l|all 2@y + 1Bl 21 (0))- (2.9)

Then we have
Z{ Pn) Eai(=Anl®) + (0, on)tEas(=Ant®)} on(x),  (2.10)
Opu(w, t) Z{ At (@, 0n) Baa(=Aat®) + (b, @) Bat (—Aat®) } ¢u(x)
in the correspondmg spaces in (i) and (ii).

In Theorem 2.2, if F' is smoother, then the regularity of 0f*u is improved. We

set

C?([0,T]; L*(Q)) = {F € O([0,T]; L*(Q)); sup 1F'Ct) = (s s)llzae < oo}

0<t<s<T it — s’
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and

|F(- ) = F(-,8)[l2(0)
F . = |F |
1E o oz = |l Hc([o,T},L?m»ﬂLo S, It — s|?

For F € C%([0,T]; L*(2)), we can state the same maximal regularity for the

solution to (1.1) - (1.4) for any « € (0, 2).

Theorem 2.4. Let 0 < a < 2 and let a € H*(Q) N H(Q), b=0141< a < 2,
F € C%[0,T); L*(2)). Then for the solution u given by

e}

u(z,t) = Z{(a, 0n) Bt (—Ant®)

—i—/o (F(-,7),0n)(t — T)*  Ega(=An(t — T)O‘)dT}tpn(x), (2.11)
we have

(1) For every § > 0, we have

Cs
| Ll oo, 11:22(02)) + 1105wl o 5,77 0200)) < T(”F“C"([(S,T];L?(Q)) + llallz2(0))-

(2) We have
[ Lulleqorie2 @) + 107 ulleqoryrz@) < Colllallmz@) + 1 Fllcoqoryr2@))-
(3) If a=0 and F(-,0) =0, then
| Lul| oo, 200)) + 197Ul co o, 02(0)) < Croll Fllcoo.11:22(02))-
Corollary 2.5. Let 1 <a <2, a=b=0 and F € L*(Q x (0,T)). Then for u
given by (2.6), we have
ue C([0,T);D((-L)' ")) (2.12)

and

HUHC([O,T];D((_L)P%)) < Cul[Fllz2@@x(0.1))- (2.13)
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Corollary 2.6. Let 0 < a < 1, a € L*(Q) and F = 0. Then for the unique weak
solution u € C([0,00); L*(Q)) N C((0,00); H2(2) N HF () to (1.1) - (1.3), there
exists a constant Cio > 0 such that

<G
_l—i-)\ta

[ul- )]l 2y lall2@), ¢ =0. (2.14)

Moreover there exists a constant Cio > 0 such that

Cis
u € C%((0,00): LX), 0" ul- t)llz2@ < T llallzze), t>0,mEN.

(2.15)

Corollary 2.7. Let 1 < a < 2,a € H*(Q)NH}(Q), b€ Hy(Q) and F = 0. Then
for the unique weak solution u € C([0,00); H*(Q) N H(2)) N C*([0,00)] : L*(Q2))

to (1.1) - (1.4), there exists a constant Ci4 > 0 salisfying

lul Ol < 7 +)\ ta{HaHm o tilol@)t, =0 (2.16)
and
Cu o
[0cu(-, )| 22() < m(t lallzz) + [1bllz2(), ¢ = 0. (2.17)

Moreover, for some Ci5 > 0, we have

1Oru(- )2y < Cis(t™llall 2 + ™ bl r2@), ¢ >0, meN. (2.18)

The eigenfunction expansions (2.2), (2.6) and (2.11) of the solutions to (1.1)
- (1.4) can be derived by the Fourier method. That is, we multiply both sides
of (1.1) by ¢,(z) and integrate the equation with respect to x. Using the Green

formula and ¢, |sq = 0, we obtain
O un () = —Apun(t) + Fiu(t), t>0, (2.19)

and

un(0) = (a,,) in the case 0 < a < 1,
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du,

E(O) = (b,pn) 1in the case 1 < a < 2,

un(0) = (@, ¢n),

where wu,(t) = (u(-,t),¢,) and F,(t) = (F(-,1), pn). The formulae of solutions to

the initial value problem for (2.19) are given in [14], [18], [37] for example, and

we can formally obtain the expansions.

Comparison of our results with standard results for the case of o = 1, 2.

(1)

(5)

In the case of 0 < a < 1, we have no smoothing property like the classical
diffusion equation (i.e., &« = 1). For F = 0, there is the smoothing
property in space with order 2 which means that u(-,t) € H?*(Q) for any
t > 0 and any u(-,0) € L*(Q), while (2.15) means that the regularity in
time immediately becomes stronger in ¢, and is of infinity order (i.e., u
is of C* for ¢ > 0). In Section 4, we show that the smoothing in H?(Q)
is the best possible and the solution can not be smoother than H?() at
t>0if u(-,0) € L*(Q).

In Theorem 2.3 (i), estimate (2.7) generalizes the result in the case of
a = 2 which is proved e.g., in [21].

In the case of 0 < @ < 1 and a = 0, estimate (2.5) in Theorem 2.2 is the
corresponding regularity of solution to the case of & = 1 (e.g., Theorem
1.1 (p.5) of Chapter 4 in [21]).

Theorem 2.4 means that for 0 < o < 2, the same regularity properties
hold for the nonhomogeneous equation in the case of @ = 1 (i.e., Theorem
3.5 (p.114) in [36]). Theorem 2.4 (3) is proved in Theorem 2.4 (p.62) and
Theorem 3.3 (pp.77-78) in [40] by a different method.

Corollary 2.5 gives a well-known result for o = 2 (e.g., [21]).
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(6) Corollaries 2.6 and 2.7 show the decay of solution with order t=* as t — oo,
which is slower than the exponential decay in the case of a = 1. In Section

4, we state other property on the decay.

3. PROOF OF THEOREMS 2.1-2.4 AND COROLLARIES 2.5-2.6

First we show two lemmata.
Lemma 3.1. Let 0 < a < 2 and B € R be arbitrary. We suppose that i is such

that ma/2 < p < min{m, 7ra}. Then there exists a constant Cy = Cy(«, 5, 1) > 0

such that

o p<Jarg(z)] < (3.1)

The proof can be found on p.35 in Podlubny [37].

Lemma 3.2. For A > 0, a > 0 and positive integer m € N, we have

dm
dt_mEo“l(_)\ta) = —)\taimana,m+1(—)\ta), t>0 (32)
and
d
C(Bas(N) = Bua (M), 120 (3.3)

Proof. Since E, s(z) is an entire function of z, the function E, g(x) is real ana-

lytic and the series >, F(#Zﬁ) = E, s(z) is termwise differentiable in R. Since

t* is also real analytic in t > 0, so is E, g(—At*) in ¢ > 0. Therefore the equations

above obtained by termwise differentiation are valid.

We proceed to the proof of the theorems and the corollaries stated in Section
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Proof of Theorem 2.1 (i). We will show that (2.2) certainly gives the weak

solution to (1.1) - (1.3). We first have

[Ju(, ||L2 Z|a90n a1 (—Ant®) |2<ZC"2agpn)
n=1

n=1

<CollalZ 0y (3.4)
Moreover by Lemma 3.1, we have
[ Lu(-, )72y < Csllal|Za@t ™, ¢ >0. (3.5)

In (3.4), since 7 (a, ¢n) a1 (—Ant®) ey is convergent in L?(2) uniformly in ¢ €

[0, T, we see that u € C([0,T]; L*(£2)). Moreover in (3.5), since > >~ \u(a, ¢n)Ean

is convergent in L?(Q) uniformly in ¢ € [§, T| with any given § > 0, we see that
Lu € C((0,T]; L*(Q)), that is, u € C((0,T); H*(2) N H}(2)). Therefore we
obtain that u € C([0,T]; L*(Q)) N C((0,T]; H*(2) N HJ(2)).

By (1.1) we see that 0%u € C((0,T]; L*(Q)) and estimate (2.1).

We have to prove

Pi% |u(-,t) — a2y = 0. (3.6)
In fact,
[Ju(-,t) a”L? Q) = Z| aa(—=Ant®) — 1)?

and lim;_o(Eqo(—At*) — 1) = 0 for each n € N and

o0 2
Z| @, 00) 2| Bao (= Ant®) — 1)? < 22{(1+>\ ta> —1—1} (@, o) |* < 00
for 0 < ¢ < T. The Lebesgue theorem yields (3.6).

Next we prove the uniqueness of the weak solution to (1.1) - (1.3) within the
class given in Definition 2.1. Under the conditions @ = 0 and F' = 0, we have

to prove that system (1.1) - (1.3) has only a trivial solution. Since ¢, (x) is the

(_)‘nta)@n
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eigenfunctions to the following eigenvalue problem:

(Lpn) () = =Appn(z), x€Q, on(x) =0, x €0,

in terms of the regularity of u, taking the duality pairing _, < -,- >, of (1.1)

with ¢, and setting wu,(t) = _, < u(-,t), p, >, we obtain

O un(t) = —Aun(t), almost all t € (0,7).

Since u(-,t) € L*(Q) for almost all ¢ € (0,7) and u,(t) = _, < u(-,t), pn >,=
(u(-,t),pn) where _, < -, - >, denotes the duality pairing between D((—L)7)
and D((—L)7), it follows from lim; o ||u(-,t)||p((~1)-+) = 0 that u,(0) = 0. Due
to the existence and uniqueness of the ordinary fractional differential equation
(e.g., Chapter 3 in [18], [37]), we obtain that w,(t) = 0, n = 1,2,3---. Since
{n}nen is a complete orthonormal system in L?(Q), we have v = 0 in Q x (0, 7).
Finally we prove the analyticity of u(-, ¢) in the sector S, = {z € C; 2z # 0, |arg 2| < $7}.
It follows that E, 1(—A,t*) is analytic in S, because E, 1(—\,2) is an entire func-

tion (e.g., section 1.8 in [18], [37]). Therefore uy(-,t) = S°N_ (a, on)Ea1(—Anl®)on

n=1
is analytic in S,. Furthermore
lun (-, 2) = uls 2)Fa@y = D 1@ @n)Ban(=Anz®)?
n=N+1
< Gy ) el zeS.
n=N+1

Hence lim,, o ||un — ul|zoo(s.:22(0)) = 0, so that also u is analytic in S,. Thus

the proof of Theorem 2.1 (i) is completed.
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Proof of Theorem 2.1 (ii). By (3.1), we have

(- Ol < CillLul- )72 <C’ZA2 n) B (=Ant®)[*

:Q'lz

n=1

A2 (@ 00) Ant®)} B 1 (—Anl®) *j-a

2
- 1 Cl<)‘nta)% —a
<CY_|((=L)za, %)m t7* < Cullallm oyt
n=1 n

By 0 < a < 1, we see |[ul|z2¢0m:m2()) < Calla||mi(q). Therefore we have u €

L0, T; H*(Q) N HY(Q)).

We have
T
/0 102U )2yt = / 0 ) A2 Eoy (Aot [t
C3T' ™ & )
<
<=— ;(a,son) An

< Csllall g

By (1.1) we have 9w = Lu, which yields 0%u € L*(Q x (0,T)) and the proof of

Theorem 2.1 (ii) is completed.

Proof of Theorem 2.1 (iii). Let a € H*(Q) N H}(Q). Then we have

lul, Ol @) < CellLu-, )l

o0

< Z(aawnfEa,l(_)‘nta)Q)‘i < 06||a||§{2(ﬂ)7 t=>0.

n=1
By (1.1) we have

107 u( )2 < Crllallfzg), t>0.

Similarly to the proof of Theorem 2.1 (i), we can prove (2.4), and the proof of

Theorem 2.1 (iii) is completed.
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Proof of Theorem 2.2 (i). First we show

Lemma 3.3. For 0 < a < 1, we have

Ea,a(_n) >0, n=0.

As for the proof, see Miller and Samko [32], Schneider [47], and also see Pollard
38].

By Lemmata 3.2 and 3.3, we have

n n
/ |t°‘_1Ea7a(—/\nta)|dt:/ t N By o (= At®)dt
0 (3.7)

1
= __/ Eo1(—\pt%)dt = \ — (1 = Eoi(=Aun™)), n>0.

n

In [14], pp.140-141 in [18], p.140 in [37], by means of the Laplace transform, we

can see that

o / (F( 1), n) (t = )% B (< A(t — 7)7)dr

_ /0 (F(, ), 00)(t — 7)* B (=Mt — 1)) dr + (F( 1), 00). (3.8)

By (3.7), (3.8) and Young inequality for the convolution, we have
2

o / (F(o7)s )t — 1) B (= Aalt — 7)°)dr

12(0,7)

<o f PG 0. ) e+ C (/ ) elar) ([ ' |Anta-1Ea,a<—Anta>|dt)2

< Cy / (F (1), )Pt

Hence

00 T t 2
ol mom = 3 / o0 ([ (Ferhonltt = 1 B2t = 1) |
< 092/ ), o) |Pdt = CQHFH%?(QX(O,T))'

By (11), we see also HLUHLQ(QX(O,T)) < CQHFHL2(Q><(0,T))7 which implies (25)
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Finally we have to prove

lim [[u(-,)|[p((~1)-+) = 0.

t—0
In fact, by (3.7) we have
, 0 1 t ) 2
) By = ZW | FCD =7 Bt = 7))ar
n=1
t 2
- Z sup |(F(7), )] / (= 1) B (= Aa(t — 7)%)dr
o M) o<r<T 0
< Gsl|Fllp=or;r2@) Z )\27” a1 (—Ant?)).
n=1
Since

A > Clni, neN

(e.g., Courant and Hilbert [8]), we have
1 Cy

A2 = G
n n- 4

By v > 4 — 1, we have @ > 1, and Zzozl/\le(l — Eo1(=Mit?)) < oc.
Since lim;o(1 — Ey 1(—A,t*)) = 0 for each n € N, the Lebesgue theorem implies
limy g [|u(-,t)||p((~r)-v) = 0. The uniqueness of weak solution is already proved

in the proof of Theorem 2.1. Thus the proof of Theorem 2.2 (i) is completed.

Proof of Theorem 2.2 (ii). First by F € L%(0,T;D((—L)=) we have

I Zu( )l 220 ZAZ

2

/ ), 0n)(t —7)*LE, (At —71)%)dr

t
< ZV [ 16 s / (t = 7V e~ Ault = 7)) Pilr
0
g\ —2 1 2 t (/\ 7'0‘)(1771 ’ 2a-2
< Gy N —L)aF(-,7), pn)|?d | drA, °
< Z /O|<< O e

< Cot[| P}

L20.T;D((—L) &) (3.9)
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By (3.9) we can estimate also || 07 u||c(jo,11,02(0)) and we have limy g ||u(-, 1) || 2 =
0. Next applying 4 (t* ' Eqo(—At%)) = t*2E, o-1(—At*) (e.g., formula (1.83)
on p.22 of [37]) and A2 > CYn™ with v, > 1 by v > %+ 1 and A, > Cén%, we
have

10 (- VD)

00 2

1 t
D 3 R e A N e B L
n=1 \n 0
00 t 2
< ZOEUET (FCm), )l | | 707 Eaamt (= Am)dT| 55 < Coll Fllzooo,riz2i@pt™ >
n=1057= n

Therefore lim; o ||8tu(-,t)||2D((7L),7) = 0. Thus the proof of Theorem 2.2 (ii) is

completed.

Proof of Theorem 2.3 (i). The uniqueness of weak solution is verified similarly

to Theorems 2.1 and 2.2. As for the initial condition, we first consider

[e.9]

lu(-,t) — all72(o Z| —Ant®) = 1) + (b, 0n) Bap(—Aut®)|*

IN

14+ A\t

22 ’(a’ 90")‘2|E0471(_)‘"ta) B 1‘2 + QZ ’((_L)_ébv Spn)|2()‘nta)% (L)
Sy (£) + Sa(t) )

where we used Lemma 3.1. Therefore similarly to Theorem 2.1, we can see that

lim; o S1(t) = 0. Since

1
su =—(a—1)a, 3.10
ap = (o 1) (3.10)

we see that Sy(t) < QH(—L)_in%z(Q). Therefore

[ulleqorzz@y < Cs(llallzz@) + 110l _p)-2))-
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Since lim;_, ({\ﬁf\iif =0, by (3.10), the Lebesgue theorem yields lim; .o Ss(t) = 0,

that is, limy_q ||u(-,t) — a|| 2@ = 0. Next we have

10eu(-, t) = BII?

D((~L)" &)
= Y At @ ) A Eaa(=Aat®) + An * (Ban (= Aat®) — 1)(b, 0,)[?
n=1

IA

I\ 2
> Cr(Mpt®) 5
2 2 ———
;ua,wr ( W
+ 23 J((=L) 7%, 0n) PlEaa(—Aat®) — 1]

By the Lebesgue theorem, we see that lim; g ||Oyu(-,t) — bHD((—L)’é) =0 and

9wl Co(llallzay + [Pllpy_p-2)

1. <
co,1;D((—L)"«)) —

By Lemma 3.1, we have

Hu HL2 Q) — Z| ﬂ )‘ t ) (ba (pn>tEa,2(_)\nta>’2

it \?
SZE (a,¢n)? (—1 a) +2§ , Pn) ( a) < CullallZz + 11bl1720))-
v 1+ At 14+ M\t

By Lemma 3.2, we have

|0 (-, £)]| 720y = Z| T B o (= Ant®) + (b, o) Boy (—Ant®)?
[ O > C, 2
< 2 it 2 e )
QZ{ )%t <1+Anta> +;(b,wn) (HMQ) }
(3.11)

Since O (Ep1(—Ant®Y)) = = A Eai(—Ant®) and 0f (tEq 2(—Ant®)) = —AptEq 2(—Ant®)
(e.g.,[14], [18]), we have

Z{ Ay 00) Ea1 (= Ant®) — (b, o)t Eq (=A™} (3.12)
and similarly we can prove

J0ru Dz < Croltllallzz@) + 18]l z2(@)).
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The analyticity of u(-,t) is proved similarly to Theorem 2.1. Thus the proof of

Theorem 2.3 (i) is completed.

Proof of Theorem 2.3 (ii). By Lemmma 3.1, we have

(Lu(-,t), Lu(-,t)) = Z M@, 00) Ea 1 (= Ant®) + An(b, 00t Ego(—=Ant®)|?

- Ant®
<9 2 2 2 2 n 2—a
— Cl ; {/\n(av ‘;On) + )‘n<b> @n) (1 + )\nto‘)2t }

< Cll(HaH}Q’{?(Q) + TQ_Q||b||%11(Q))-

Similarly to (3.11) and (3.12), we can argue to complete the proof.

Proof of Theorem 2.4. It is sufficient to prove the theorem in the case of
0 < a < 1, because the case of a = 1 is similar to Section 3 of Chapter 4 in [36]

for example. We first prove

Lemma 3.4. Let F' € C°([0,T); L*(Q)). We set
v(z,t) = Z An </0 (F(-,7) — F(-,1),00)(t — 7)* ' By a(= At — T)a)dT) ©On(x).
Then v € C°([0,T]; L3(Q)) and

HU”C"([O,T];LQ(Q)) < C12HFHC9([0,T];L2(Q))-
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Proof of Lemma 3.4. We take 0 <t <t+ h <T. Then

v(z,t+h)—ov(z,t) =

o

Z)\n{/ohr (F(-,7) = F(,t+R),00)(t +h—7)° By o(=Au(t + h — 7)%)dr

n=1

- [F6n) = Pl = 1 Bl - r>a>d7}son<x>

= Z /\n{/o (F(-,7) — F(-,1),0n) ((t +h =1 B, (=M (t+h — 1))

—(t—7) B a(=a(t — T)“))dT}gpn(a:)

+ Z )\n{/o (F(,t) = F(,t+h), )t +h —7)* ' Eya(=M(t +h — T)a>d7}g0n(l‘)
o

+ Z )\n{/t (F(,7) = F(,t+h), o)t +h—7) " Eya(=A(t +h — T)O‘)dT}gon(a:)

= L (z,t) + Iy(z,t) + I3(x, t).

We estimate each of the three terms separately.

ForO<t—7<t—7+4+h <T, by Lemma 3.1 we have

M{(t+h =7 By 0= At +h = 7)) = (t = 7)  Epa(=Au(t — 7))}

t—71+h ) t—71+h Crlsa—2
=\, By a—1(—ApsM)ds|< A, —d
/tT s a—1( s%)ds /tT e s
t—7+h
< C’l/ s 2ds = Cih )
- (t—7+h)(t—T)

At first equality, we used formula (1.83) on p.22 in [37]: L(t*7'E, ,(—At*)) =
t* 2 Eg 0 1(—Ant®).
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We set Ci3 = || F[|coo,r:z2())- Then by the Cauchy-Schwarz inequality, we

have

112( )17 0 ZAQ{/ F(nt),son)((wh—r)“‘lEa,a(—An(Hh—r)a)

— (t = 7)* Baa(=Aalt — T)a)>d7}2

N|=

JHUECD =Pt el b= =) B W e+ h =) H e —n)'F Yar

<CHRPY N2
n=1
o0 t
< Cfl2h2 Z/ (F(a 7—) - F('at)v Qon)2(t +h— 7_)_1<t - T)_e_ldT
n=1 0
t
« / (t+h—r) (=) dr
0

¢ 2
< CLCPR? </ t+h—71)"1t— 7')1+9d7'> :
0

On the other hand, by 0 < # < 1, we have

/oo n@—l 7.‘.hn9—1
dn = -
o n+h sin(f)

(e.g., Prudnikov, Brychkov and Marichev [39], vol.I, formula 2.2.4-25 in Chapter

2). Hence

2

/Ot(t +h—7)"Nt - T)_H_edT)

tne—l 2 00779_1 2 v
< d < d < Cyuh™™%.
_(/ n+h 77) (/0 n+hn)_ H

Hence

110 )z < CisCih*.
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By Lemma 3.2, we have

(-, 1220

hE

3
Il
—_

M8

i
I

<

Q

2 2 120
16013h ’

and

1Z5(-, 11720

= ;)\i </tt+ (F(,7) = F(,t+h),on)(t+h— T)ailEa,a(_)\an—i— B T>a>dT>

< i /tHh(F(-, T) = F( t+h),0,)°t+h—71)"dr

n=1

t+h Ci\ 2
L4 h — 7)20t0-1 1n d
X/t (t+h=7) (1+>\n(t+h—7)a T

o0 t+h
<> </ Cly(t+h—7)(t+h— T)—e—ldf)
n=1 t
rh Cida(t+h—71) \?
61 1\n
><</t (t+h—7) (HM(Hh_T)a) dr

t+h 2
S 0120123 </ (t + h — T)01d7'> = 017C123h20.
t

Thus the proof of Lemma 3.4 is completed.

Now we complete the proof of Theorem 2.4 (i). By (3.8) and Lemma 3.2, we

have

(F(-,t) — F(-,t +h), ¢n)? </Ot Mt +h—T) By 0=t +h — T)a)dT)

(F(t) = F(ot+ 1), 00)*(Bag (= Aah®) = Eap(=Aa(t + h)*))?

2

2
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+/O(F( 7)sn)(t = 7)* " Eg (=X (t—T)a)dT} (@) + > (F (1), 0n)pn()
:_Z)‘(ﬂpn)Ea +Z )> Pn)@Pn()

=30 ([ B = 0 Bl = 7 ) a0
= =Y M0, 00) Ban (= Aat®) oz +Z t),0n)@n ()

LS EC m(l—E (At >) (2)
= {_Z)‘n(avSpn)Ea,l(_)‘nta)SOn(z)} + {Z(F('vt)aﬁpn)Ea (= Ant®)on( )}

+ {— S0 ([ (6 = P00 = 1 B (-t = 1) mx)}

n=1

=wvy(x,t) + vo(z, t) — v(x,t). (3.13)

From Lemma 34, 1t fOHOWS that HU3HCe([O,T];L2(Q)) S ClSHFHCG([O,T];LQ(Q))' We

have
Vo, b+ h) —va(,8) = (F(,t+h) = F(-,1),00) B (=Aa(t + h)*)n()

- Z )s e {Eai(=Anl®) = Ear(=An(t + h)*) yon(w) = La(2,t) + I5(x, 1),
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and by Lemma 3.1 we obtain

s )72y = D _(F(t+h) = F (1), 0n) B (=An(t + h)%)?
n=1
< C20%LRY.

In order to estimate I5, by Lemmata 3.1 and 3.2, we have

t

|Eai(—Ant®) — Eqq(=Ap(t + h)Y)| = AT B o (= A7) dT

t+h
t+h C t+h
S/ AT —dr < C’l/ - ldr. (3.14)
. 14\, 7¢ .
Then for 6 <t < T, we have
15 120y = D (F (1), n)?| Bat (= Ant®) = Eai(=An(t + h)*)[?
n=1

t+h 2 h 2
< CI2HFH20([O,T];L2(Q)) (/ TldT) = CiC}y <log (1 + ?) )
t

_ CRCI? _ CroCRh®
=T ST

Here we use also log(1 4+ n) < n for n > 0.

Finally we will estimate v;(x,t). By Lemmata 3.1 and 3.2, we have

1 (-t + ) — v1(, )72 Z A2(a ot (= Ant®) = Eq1 (=Mt + h)®))?

oo t+h 2
< Z 22 (a, on)? (/ )\nTa_lEma(—)\nTa)dT)

n=1 t

00 t+h \ La-1 2
< 2 2 2 n
< 3 ; A2 (a, ¢n) ( /t T dT)
) o ) t+h ) 1 2

<2 (~L)a, ) ( /t o dT)

n=1

02||a||H2(Q)
< —52
Thus the proof of (i) is completed. The proof of Theorem 2.4 (ii) follows from
(3.13) and Lemma 3.4.
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Finally we will complete the proof of Theorem 2.4 (iii). From (3.13) and Lemma
3.4, it is sufficient to prove that I5 € C?([0,T]; L*(Q)). Since F(-,0) = 0 implies
| F |20 < Cist?, by (3.14) we have

o0

¢ 2@y = D (F (1), 00)*| Ban (= Aat®) = Eaa (=2t +h))?

n=1

t+h 2
< GO ( / T—ldT) < 0120123< 9 ‘1d7)
t
<

t+h 2 212 2002, 20
scfcfg(/ 14y ) A5 {1+ ny -7y < B
t
Thus the proof of (iii) is completed.
Proof of Corollary 2.5. We first have
a-l - ! a— « a1
(_L) * u(at) = Z (/0 (F(77)790n)(t - 7—) 1Eo¢7a(_>‘n(t - 7—) )dT) (_L) * ©n
n=1

= Z (/ (o) At = 7)) T Bya(=Aa(t — T)a)df) O

On the other hand, by 1 < a <2, we see from Lemma 3.1 and (3.9) that

n's _ Cila—1)"
My (t = 7)) By An(t — <C B 1 S
|(An(t — 7)) (=t = 1)) LSup TS -

Therefore, in terms of the Cauchy-Schwarz inequality, we obtain

I(=L)"= u(, O)[I720
n=1
2 . 2(0{071) 00
S Cl (Oé ].) Z

a2

2

a—1

/0 (Fo7), o) Ot — 7)) 5 B (At — 7))dr

2 2(Ot 1

02T a — 1
< / ), en)ldr.

Therefore estimate (2.13) is seen, and the proof of Corollary 2.5 is completed.

[ e

n=1
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Proof of Corollary 2.6. By Lemma 3.1, we have

[e.9]

||’LL(, t) ||%2(Q) = Z(aa 9071)2E]o¢,1(_)‘nta)2

n=1

<i(a )2L2< LH | 2 : t>0
= P\ T e ) S e 1@ ) e
By Lemma 3.2, we have
- Z )\nta—m(a’ Qpn)Ea,a—m—&-l(_)\ntO&)Qpn
n=1
for m € N, so that
m Co
197" (- D)lIZ2(0) < 2o oz
Proof of Corollary 2.7. By Lemma 3.2, for m > 2, we have
Z{ /\ SOn ta mEaa m+1( )\nta>

_)\n(b, Spn)ta (m )Eaa (m— 1+1( Ant® )

Henceforth, in terms of Lemma 3.1, we can argue to complete the proof.

4. APPLICATIONS OF THE EIGENFUNCTION EXPANSION

We apply the eigenfunction expansion of the solution only in the case of 0 <
a < 1. The arguments in the case of 1 < a < 2 are similar. Let L be the same

ellitpic operator defined in Section 2.

4.1. Backward problem in time.

Theorem 4.1. Let T > 0 be arbitrarily fied. For any given a; € H*(Q)NH;(Q),
there exists a unique weak solution u € C([0,T]; L*(Q))NC((0,T]; H*(Q)NHL(Q))
such that u(-,T) = ay to (1.1) and (1.2) with F = 0. Moreover there exist

constants C1,Cy > 0 such that

Cillu(-, 0) [ 2y < llu, T a2@) < Collu(:, 0)[ 2. (4.1)
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The backward problem of the classical diffusion equation (e.g., a = 1) is se-
verely ill-posed (e.g., Isakov [17]), and any estimate of Lipschitz type by Sobolev

norm is impossible.

Proof. By (2.2), we have

o0

w(@, T) = 3 (0, 00) Baa (“A )0 ().

n=1

Hence we note that u(-,T) € H*(Q) if and only if

o0

Z(a, SDn)Q)\ianl(—)\nTaY < 00.

n=1
By Lemma 3.2, we have

d

EEa,l(—AnltC“) = Mt B (= AutY), t>0.

Hence Lemma 3.3 yields

d
EEml(—)\nto‘) <0 forallt>0. (4.2)

On the other hand, by Theorem 1.4 (pp.33-34) in [37], we see that

1 1
Eo1(—M\t?) = =+ + 0 t ; 4.3
,1( ) F(l _ a)Anto‘ - (/\%t%“) — > ( )

so that by ﬁ > 0, we see that E, 1(—A,t*) > 0 for sufficiently large ¢ > 0.

Hence by (4.2) we obtain
Eo1(=A\pt*) >0, t>0. (4.4)
For a; € H*(Q) N H (), we have

Clllar|f0) < Z/\i(a1,§0n)2 < Collar|72(e

n=1
By (4.4) we can set

(ah 9071)
Eo1(=N\T)

Cp =
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In terms of (4.4), we obtain

= _ = (a17@n>2
;CZ B ; Ea,l(_)\nTa)2

n

_ 2 m2a 2 2 200 2 2
B Z )\TZT F<]‘ - a) (a’h 9071) (1 + O(/\glt_a)) < GT ;—1: /\n(ah Qpn) :

Setting a = >~ ¢, and by u(z,t) denoting the solution to (1.1)-(1.3) with

n=1

this initial value a, we have a; = u(-,T) and ||a||r2() < Callu(-,T)||u2@). The

second inequality in (4.1) is already proved in Theorem 2.1.

4.2. Uniqueness of solution to a boundary-value problem. We note that

—L defines the fractional power (—L)” with € R and
[ull 250 < Csl(—L) ull 20

(e.g., [36]).

Theorem 4.2. Let a € D((—L)*) with 8 > . Let u € C([0,T]; L*(Q)) N
C((0,T]; H*(Q) N HY(Q)) satisfy (1.1) and (1.2) with F = 0. Let w C  be an
arbitraily chosen subdomain and let T' > 0. Then u(xz,t) =0, zr € w, 0 <t < T,

implies u =0 in Q x (0,7T).

This theorem corresponds to Corollary 2.3 in George Schmidt and Weck [45]
and see Nakagiri [33] for similar arguments for other inverse problems. For oo = 1,
we have the uniqueness holds without (1.2), which is the unique continuation
(e.g.,[17]). However for a # 1, we do not know whether the uniqueness holds

without (1.2).

Proof. By \, = O (nd) and a € D((—L)?") and the Sobolev embedding theo-

rem, we have

loallz=(@) < Cellenllza) < Cell (L) @nllra@) < ColAnl”
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and

o0

ZI a, on)lllnll =@ <062| a,¢n)|[Anl” = CGZI @, a) || Al 2|

T

sa(zj )(2} Lu%) < oo, (4.5

nln

=
N|=

N

Then, by Lemma 3.1, > (a, ¢n) Ea1(—Ant®)@n(x) can be analytically in ¢ to

{z€C; z#£0, |arg z| < pp} with some pp > 0. Therefore, since

u(@,t) =Y (a,¢n)Eai(—Aat")@n(z) =0, z€w, 0<t<T,
n=1
we have
> (@, 00)Bog(—Aat™)gn(z) =0, z€w, t>0. (4.6)
n=1

We set 0(—L) = {pu}ren and by {¢g;}1<j<m, we denote an orthonormal basis
of Ker (ux + L). We note that we consider o(—L) as set, not as sequence with

multiplicities. Therefore we can rewrite (4.6) by

Z (Zk(a,gokj)wkj(x)> Eo1(—uxt®) =0, z€w,t>0. (4.7)

k=1 \j=1
By (4.5) and Lemma 3.3, we have
oo myg oo Mg
D0 1@ 0r)prs ()| Baa (—put™)] <Cs Y Y~ 1@, ) losll o e < oo
k=1 j=1 k=1 j=1

Hence the Lebesgue convergence theorem yields that

/ (sz s i) r ( Eoc71(_ﬂkta)> dt

k=1 j=1
(o] mi 00
_ZZ a, Pr;) (/ G_ZtEaJ(—ukta)dt) orj(x), r€w, Rez>0. (4.8)
k=1 j=1

We take the Laplace transform to have

a—1

e By (—pupt®)dt = : , Rez>0. 4.9
| e Buntemanyi = (49)
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In fact, we can take the Laplace transforms termwise in the power series defining

E, 1(z) to obtain

Za—l

1
, Rez>pug
24+ g

/ e By (—pupt®)dt =
0

(cf. formula (1.80) on p.21 in [37]). Since sup;sqxen |[Fa,1(—pt®)] < oo by
Lemma 3.1, we see that fooo e ' By 1 (—put®)dt is analytic with respect to z in Re
z > 0. Therefore the analytic continuation yields (4.9) for Re z > 0.

Hence (4.8) and (4.9) yield

oo Mg -1

ZZ SOky s%'(m)zo, xr €w, Re z>0,
k=1 j=1
that is,
oo Mg
ZZ SOkg S%( r)=0, x€w,Ren>0. (4.10)
k=1 j=1

By (4.5), we can analytically continue both sides of (4.10) in 7, so that (4.10)
holds for n € C\ {—pu }ren. We can take a suitable disk which includes —p, and

does not include {—pu; }rze. Integrating (4.10) in a disk, we have

mye

u@) = 3 (@ pr)p(a) =0, @ cw.

j=1
Since (L + po)ue = 0 in Q, and up = 0 in w, the unique continuation (e.g., Isakov
[17]) implies u, = 0 in €2 for each ¢ € N. Since {¢y; }1<j<m, is linearly independent
in 2, we see that (a, ) = 0for 1 < j <my, £ € N. Therefore u = 01in Q2 x (0, 7).

Thus the proof of Theorem 4.2 is completed.

4.3. Decay rate at t = co. We state a different version of Corollary 2.6. In fact,
the following theorem asserts that the solution can not decay faster than - L with
any m € N if the solution does not vanish identically. It is a remarkable property

of the fractional diffusion equation because the classical diffusion equation with
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a = 1 admits non-zero solutions decaying exponentially. This is one description

of the slower diffusion than the classical one.

Theorem 4.3. Let a € D((—L)*) with 8 > ¢ and let w C Q be an arbitrary
subdomain. Let w € C'([0,T]; L*(Q))NC((0,T]; H*(Q) N HY (L)) satisfy (1.1) and
(1.2) with F' = 0 . We assume that for any m € N, there exists a constant

C(m) > 0 such that

Ol < 8 ast o (4.11)
Then u =0 in Q x (0,00).
Proof. By (4.5), the series
D=3 30 Ban—iut s la)
k=1 j=1

converges uniformly for x € Q and § < ¢t < T with any 6,7 > 0. Hence, by

Theorem 1.4 (pp. 33-34) in [37], for any p € N, we have

(o) mi
ZZZ (a, 1)) pns (@)
ot \ @5 Pkj J
k=1 j=1 (=1 Oég )1, o
o0 mp
+ZZ ( p+1ta(p+1)> (%ij)@kj(w) as t — oo.
k=1 j=1

We note that I'(1 —«a) # 0 by 1 — « > 0. Setting m = 1 in (4.11) and p = 1,

multiplying t“ and letting ¢ — oo, we have

oo mg

ZZ 1 _ a ka])@k]( ) 0, xecw.

k=1 j=1
By 0 < a < 1, there exists {/,};eny C N such that lim; .. ¢; = co and af; & N.
In fact, let @ ¢ Q. Then fa ¢ N for any £ € N. Let a € Q. Set a = [+

where my,n; € N have no common divisors except for 1. There exist infinitely

many ¢ € N possessing no common divisors with m;, and fa € Q\N. Then
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Therefore, setting p = 2, 3, ...and repeating the above argument, we obtain

00 1 mp
L <z<a, %mm) 0 sew e
=1 M j=1
Hence
mi ] #1 l; Mg
> @ een@)+ 3 (1) Slaplene) =0, aewbeN
i—1 o \Hk i—1
J J
By (4.5) and 0 < py < po < ..., we have
oo Mmyg oo My
>y (4 ) coon@| <33 @ ellenli
k=2 j=1 L= (Q) k=2 j=1
¢, oo my
H1
S ZZ| a, i)l enjll L) < 09
k=2 j=1

< 1, we see that

mi
Z(aa 01;)p15(x) =0, 7 € w.
j=1
Similarly we obtain
my
Z(a, Yrj)pri(x) =0, zew, keN.
j=1

35

Since a = Y o, (Z;n:kl(a, gokj)gokj> in L?(Q), we can conclude that v = 0 in

) x (0,00). Thus the proof of Theorem 4.3 is completed.

4.4. Inverse source problem. For
Ofu(x,t) = Lu(x,t) + f(x)p(t), xz€Q,0<t<T,

u(z,t) =0, z€0Q 0<t<T, (4.12)

u(z,0) =0, zeQ,

we discuss

Inverse source problem. Let f be given and zg € Q2 be given. Determine p(t),

0<t<T,byu(xyt),0<t<T.
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In this inverse problem, given a spatial distribution of a source, we are required
to determine a time varying factor p(t). As for this kind of inverse problem for
parabolic equation, see e.g., Cannon and Esteva [5], Saitoh, Tuan and Yamamoto

[42], [43] for example. Here we prove a stability estimate in one simple case:

Theorem 4.4. Let f € D((—L)%) with § > 1 + %d and u satisyfy (4.12) for

p € C[0,T]. We assume that
f(zo) # 0.

Then there exists constants Cio, C11 > 0 such that

Chol| 07 u(zo, -)|lcor < |Ipllcor < Cuil|0fu(o, -) || cro.- (4.13)

In the theorem, the condition f(xy) # 0 yields the both-sided Lipschitz stabil-
ity, and f(zo) # 0 means that the observation point is in the inside of the source,
and the choice as observation point is not realistic because in practical inverse
source problems, it is assumed that one can not have access to the source and has
to determine by data away from the source. In the case of f(xy) = 0, the stability
estimate is expected to be worse (e.g., [5], [42], [43] for the parabolic case) and
for the fractional diffusion equation, we can discuss the case of f(xg) = 0, but

here we discuss only the case f(xg) # 0.

Proof. By p € C[0,T] and f € D((—L)?), we apply Theorem 2.2 to obtain

o0

we =3 ([ D) Fron) b — 7V B At ) ) nlo)

n=1

in L?(0,T; H*(Q2)) and

a?u(xa t) = p(t)f(.r)—I—Z _)‘n (/O p(T)(f7 Qon)(t - T>a_1Ea,a(_>‘n(t - T)a)d7—> Qpn(x)
= (4.14)
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in L2 % (0,T)). By f € D((—L)”) with 3 > 1+ 2% and the Sobolev embedding
theorem, we have

1A (s on)@nlloe(@) < CrallAn(f; n)nllm2o-2-aio
< Culf o) (=L Sl
= Cul A el < C (L) F o)l
Hence, by [8], we see that A, > Clsna, for (z,t) € Q x [0,T] we obtain

S| [ b o)t = 1 B (=Aalt = (o)

(o¢] 1 t B
< X lpllenny (<L el [ (= mtar
n=1
< CMHPHC[O,T} (Z ) (Z’ ﬁfﬂﬂn ) SCl5|\PHC[0,T1H(—L)ﬁfHLQ(Q)

n=1

< Cisllpllcro,n- (4.15)

Therefore we see that Ofu € C(Q2 x [0,7]), the series (4.14) is convergent in

C(Q x [0,7]) and
107 ullc@x o < Cusllpllcrom-

Hence the first inequality in (4.13) is proved.

Since the series (4.14) is convergent in C(Q x [0,7T7]), we have

OFuliro, 1) = p(t) (o +Z / A 0) Eaa(=Malt=7)")pu(ao) }(t—7)*

for 0 <t < T. Setting

Z )\n f,gpn aa (_)‘nta)gon($0)>
n=1

similarly to (4.15) we can see that @ € C[0,T]. Therefore

O u(zo,t) = p(t) f(zo) + /0 (t—7)*'Q(t — T)p(r)dr, 0<t<T,
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that is,

Ou(wo,t) 1
flzo)  flxo
by f(x¢) # 0. Hence

p(t) = ] /0 (t—7)*'Q(t —)p(r)dr, 0<t<T

t
Ip()] < Cisl|97 ulz0, )l + CrsllQllcrom / (t —7)* Hp(T)dr, 0<t<T.
0

Applying an inequality of Gronwall type with weakly singular kernel (¢t — 7)1
(e.g., Lemma 7.1.1 (pp.188-189) in [16]), we see

()] < Crrll7u(zo, )llowry, 0<t<T,

that is, the second inequality in (4.13) is proved. Thus the proof of Theorem 4.4

is completed.
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