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Abstract

By introducing an invariant of loops on a compact oriented surface with one
boundary component, we give an explicit formula for the action of Dehn twists on the
completed group ring of the fundamental group of the surface. This invariant can be
considered as “the logarithms” of Dehn twists. The formula generalizes the classical
formula describing the action on the first homology of the surface, and Morita’s
explicit computations of the extended first and the second Johnson homomorphisms.
For the proof we use a homological interpretation of the Goldman Lie algebra in the
framework of Kontsevich’s formal symplectic geometry. As an application, we prove
the action of the Dehn twist of a simple closed curve on the k-th nilpotent quotient
of the fundamental group of the surface depends only on the conjugacy class of the
curve in the k-th quotient.

1 Introduction

Let X be a compact oriented C*°-surface of genus g > 0 with one boundary component,
and M, the mapping class group of ¥ relative to the boundary. In other words, M,
is the group of diffeomorphisms of ¥ fixing the boundary 0% pointwise, modulo isotopies
fixing the boundary pointwise. Choose a basepoint * on the boundary 0%. The group M,
(faithfully) acts on m = 7 (%, %), hence on the nilpotent quotients of 7. For example, M,
acts on the first homology group H,(X;Z) = 7 /[r, «], and this gives rise to the classical
representation

Mgy — Sp(29;Z),

whose kernel is called the Torelli group Z,,. Looking at the kernel of the action on the
higher nilpotent quotients of 7, we obtain a series of normal subgroups of M, denoted
by Mgy1[k], k> 1, so that M, 1[1] = Z,,. More precisely, the group M, ;[k] consists of
the mapping classes acting trivially on the k-th nilpotent quotient of 7 (see §7.4).

In this view point, the quotients M, /M, k] serve as approximations of M, ;, and
the successive quotients M, 1[k]/ M, 1[k+1] can be seen as particles of them. A systematic
study of these particles was initiated by Johnson [11] [12]. He introduced a series of group
homomorphisms

Tk - Mg71[k’] — HOHI(H, ﬁk), k Z 1,

which induce the injections 7,: Mgq[k]/Mgilk + 1] — Hom(H, L), k > 1. Here H
is the first integral homology of the surface and Ly is the degree k-part of the free Lie
algebra generated by H. The homomorphism 7 is nowadays called the k-th Johnson
homomorphism. He extensively studied the first and the second Johnson homomorphisms,
and in [13] he proved 7y gives the free part of the abelianization of Z, ;.



One of several significant developments which followed the initial works of Johnson is
about extensions of the Johnson homomorphisms to the whole mapping class group. In
[22], Morita showed that the first Johnson homomorphism 7; extends to the whole group
M, as a crossed homomorphism, denoted by k € Z'(M,1; SA3H). Here, A*H is the third
exterior product of H. He also showed that the extension is unique up to coboundaries. The
arguments in [22] are supported by many explicit computations on Humphreys generators,
which are generators of M, ; consisting of several Dehn twists. In [23] [24], Morita further
showed that the second Johnson homomorphism 7, also extends to the whole M, as a
crossed homomorphism, and again did many explicit computations.

After the works of Morita, there have been known several studies including Hain [10]
and Day [7] [8] about extensions of the Johnson homomorphisms to the whole mapping
class group. Another approach by using the notion of generalized Magnus expansions is
developed in [14]. Hereafter, let H = H;(3;Q). Roughly speaking, a Magnus expansion

—~

in the sense of [14] is an identification 0: Qm 5T as complete augmented algebras, where

@r is the completed group ring of m and T is the completed tensor algebra generated by
H. Once we choose a Magnus expansion 6, then we have an injective homomorphism

T: My, — Aut(T)

called the total Johnson map associated to . The map T? can be understood as a tensor

expression of the action of M, ; on the completed group ring of m, since 0: @r 5 Tis
an isomorphism. For details, see §2.5. As was clarified in [14], 7% induces 6-dependent
extensions of all the Johnson homomorphisms 73, denoted by 7¢ where k > 1, to the whole
mapping class group. 72’s are no longer homomorphisms, and are not crossed homomor-
phisms if £ > 2, but satisfy an infinite sequence of coboundary conditions.

Note that the fundamental group 7 is a free group of rank 2¢g. Actually the treatment
in [14] is on Aut(F,), the automorphism group of a free group of rank n, rather than the
mapping class group. As long as we just regard 7 as a free group, it does not seem a
matter of concern which Magnus expansion we choose. However, recently Massuyeau [20]
introduced the notion of a symplectic expansion, which seems suitable for the study of M,
from the view point of Magnus expansions. A symplectic expansion is a Magnus expansion
of 7 respecting the fact that m has a particular element corresponding to the boundary of
Y. For precise definition, see §2.4.

In this paper, we begin a quantitative approach to the topology of > and the mapping
class group M, ; via a symplectic expansion. The primary theme is the Dehn twist formula
for the total Johnson map associated to a symplectic expansion. As was stated above, Dehn
twists generate the mapping class group M, ;. We introduce an invariant of loops on X,
and derive a formula of the values of 7% on Dehn twists in terms of this invariant. It is
classically known that the action of a Dehn twist on the homology of an oriented surface is
given by transvection. Our formula can be seen as a generalization of this fact. Moreover,
it gives formulas for the extensions 7¢ and recovers some computations of Morita on the
extended 7y, and 75. Behind our proof of the above formula, a close relationship between
the Goldman Lie algebra of ¥ and formal symplectic geometry plays a vital role. The
relationship is established via a symplectic expansion, and this is another theme of this
paper keeping pace with the first.



1.1 Statement of the main results

Let us briefly introduce several notations. The completed tensor algebra T = I, H®™
has a decreasing filtration of two-sided ideals given by T}, := Hm>p H®™ for p > 1. For a

Magnus expansion 6, let 00 = log . Then ¢’ is a map from 7 to T 1. Define a linear map
N: T, =T, by N‘H@p S Ol/m for p > 1, where v: H*? — H®? is the map induced
from the cyclic permutation. For x € 7, let

1 ~
Lo(x) .= §N(€0(x)€9(x)) e 1.
It turns out that LY(z71) = LY(x), and L(yxy~!) = LP(x) for x,y € 7. Thus if 7 is an
unoriented loop on ¥, LY(y) € T is well-defined by taking a representative of v in 7. Using
the Poincaré duality, we make an identification T, = H®T = Hom(H, T) and regard L%(7)
as a derivation of T by applications of the Leibniz rule.

Figure 1: the right handed Dehn twist
C C
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Let C be a simple closed curve on 3. We denote by tc € M, the right handed Dehn

twist along C' (see Figure 1). By the remark above, LY(C) € Ty is defined. This invariant
turns out to be “the logarithm” of t:

Theorem 1.1.1 (=Theorem 7.1.1). Let 6 be a symplectic expansion and C' a simple closed
curve on Y. Then the total Johnson map T®(tc) is described as

T(to) = e @), (1.1.1)

Here, the right hand side is the algebra automorphism off defined by the exponential of
the derivation —L(C).

The formula does not hold for a group-like Magnus expansion which is not symplectic.
It should be remarked here that whether C' is non-separating or separating, the formula
holds. Note that (1.1.1) is an equality as filter-preserving automorphisms of T. If we
compute (1.1.1) modulo Ty, we get the well-known formula for the action on the homology:

te(X) = X — (X - [C))[C], X € H. (1.1.2)

Here ( - ) is the intersection form on H and [C] is the homology class of C' with a fixed
orientation. By computing (1.1.1) modulo higher tensors, we will get formulas of 7 (¢¢) in
terms of L?(C). These formulas match the computations of the extended 7, for Humphreys
generators and 7y (t¢) for separating C' by Morita [21] [22]. See §7.

The classical formula (1.1.2) tells us that the action of tc on Hy(X;Z) depends only
on the class +[C]. As an application of Theorem 1.1.1, we get a generalization of this
fact. Let Ny = Ni(m) be the k-th nilpotent quotient of 7. We number the indices so that
N, = mbel & [, (33 Z). The mapping class group M, ; naturally acts on Ni. Let N} be
the quotient set of IV}, by conjugation and the relation # ~ x~!. Then any simple closed
curve C defines an element of N}, which we denote by Cj.
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Theorem 1.1.2 (=Theorem 7.4.1). For each k > 1, the action of tc on Ny depends only
on the class Cy € Ny. If C 1is separating, it depends only on the class C_1 € Ny_1.

1.2 The Goldman Lie algebra and formal symplectic geometry

The key ingredients for our proof of Theorem 1.1.1 are the Goldman Lie algebra of ¥,
see Goldman [9], and its homological interpretation in the framework of formal symplectic
geometry by Kontsevich [17].

The Goldman Lie algebra is a Lie algebra associated to an oriented surface, and re-
garded as an origin of string topology by Chas-Sullivan [5]. It was introduced in [9] as a
universal object for describing the Poisson brackets of coordinate functions on the space
Hom(7,G)/G, using his notation, with a natural symplectic structure. Here 7 is the fun-
damental group of a closed oriented surface (hence is not our m) and G is a Lie group
satisfying very general conditions.

Let Q7 be the Goldman Lie algebra of ¥. Here, 7 is the set of conjugacy classes of
. In §3, we show that Q7 acts on the group ring Qm as a derivation. Namely, we show
that there is a Lie algebra homomorphism o: QTF — Der(Qn). On the other hand, let
a, = Derw(T) be the space of derivations of T killing the symplectic form. This is a
variant of “associative”, one of the three Lie algebras in formal symplectic geometry. In
fact, we have a canonical isomorphism a; = N(7;). For details, see §2.7.

Then we have the following two theorems. The slogan is: a symplectic expansion builds
a bridge between the objects in “surface-side” and “T-side”.

Theorem 1.2.1 (=Theorem 6.3.3). Let 6 be a symplectic expansion. Then the map

~Xo: QF = N(T)) = x> —NO(z)

a,,
is a Lie algebra homomorphism. The kernel is the subspace Q1 spanned by the constant
loop 1, and the image is dense in N(Tl) a, with respect to the Ty -adic topology.

Theorem 1.2.2 (=Theorem 6.4.3). Let 6 be a symplectic expansion. Then, for u € Qn
and v € Qm, we have the equality

O(o(u)v) = —Ag(u)d(v).

Here the right hand side means minus the action of \g(u) € a; on the tensor 0(v) € T as
a derivation. In other words, the diagram

Q7 x Qr —<— Qn

x| o

A~

a, xT = —— T,
where the bottom horizontal arrow means the derivation, commutes.

In fact, we can derive Theorem 1.1.1 from these two theorems and some care about
convergence. See §6.5. Another application of these theorems will be studied in our
forthcoming paper [16].



1.3 Organization of the paper

This paper is organized as follows. In section 2 we start by recalling Magnus expansions,
symplectic expansions, and the total Johnson map associated to a Magnus expansion. Then
we introduce the invariant L? and prove some properties of it. We close this section by
showing connections to formal symplectic geometry.

In section 3, we look at the Goldman Lie algebra of ¥, and we show that it acts on the
group ring of 7 as a derivation. We also give a homological interpretation of this action.
In section 5, we construct a counterpart of the story in section 3, in the framework of
formal symplectic geometry. In particular, we give homological interpretations of a, and

its action on T'. To do this we need a (co)homology theory of (complete) Hopf algebras,
to which section 4 is devoted. We mention the relative homology of a pair, cap products,
Kronecker products, and relation to (co)homology of groups.

The theorems in Introduction are proved in sections 6 and 7. In section 6, the stories
in sections 3 and 5 are compared by a symplectic expansion, and Theorems 1.2.1 and 1.2.2
are proved. In section 7 we prove Theorems 1.1.1 and 1.1.2, and derive some formulas of
7 (tc), which recover some computations by Morita. Finally in section 8 we consider the
case of the mapping class group of a once punctured surface and derive results similar to
Theorems 1.1.1 and 1.1.2.

In Appendix, partial examples of symplectic expansions are given.

1.4 Conventions

Here we list the conventions of this paper.

1. Let G be a group. For z,y € G, we denote by [z, ] their commutator zyz~'y~! € G.
2. As usual, we often ignore the distinction between a path and its homotopy class.

3. For continuous paths 7;, 75 on X such that the endpoint of 7; coincides with the
start point of 9, their product 7,7, means the path traversing v, first, then 5. The
product in the fundamental group is the induced one.

4. Sometimes we omit ® to express tensors. For example, if X,Y,Z € H, then XY Z
means X @Y ® Z € H®. If u € H®** and X € H, then uX means u ® X € H®k+1,

5. Throughout the paper we basically work over QQ, although several results hold over
the integers, especially in §3, and it would be possible to present all the main results
with the coefficients in an integral domain including the rationals Q.
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2 Magnus expansions and total Johnson map

2.1 Our surface and mapping class group

As in Introduction, ¥ is a compact oriented C*°-surface of genus g > 0 with one boundary
component. We choose a basepoint * on the boundary 9%. The fundamental group 7 :=
m1 (2, %) is a free group of rank 2¢g. Let H := Hy(X; Q) be the first homology group of X.
H is naturally isomorphic to Hy(m; Q) = 7% @5 Q, the first homology group of 7. Here
mabel = 7 /[7r, 7] is the abelianization of m. Under this identification, we write

[z] :== (x mod [r,7]) ®z 1 € H, for x € .

Let M, ; be the mapping class group of ¥ relative to the boundary, namely the group of
orientation-preserving diffeomorphisms of ¥ fixing 9% pointwise, modulo isotopies fixing
0% pointwise.

Let ¢ € m be a based loop parallel to 9% and going by counter-clockwise manner.
Explicitly, if we take symplectic generators oy, 3i,..., 04,8, € m as shown in Figure 2,

¢= H?:l[aia /62]

Figure 2: symplectic generators of 7 for g = 2

/61 /52
M<

By the classical theorem of Dehn-Nielsen, the natural action of My; on m = (%, %)
is faithful and we can identify M, ; as a subgroup of Aut(r):

Mgy = {p € Aut(r); () = (} (2.1.1)




2.2 Group ring and tensor algebra

Let Qm be the group ring of . It has an augmentation given by e: Qr — Q, > n;x; —
> ;Mi, where n; € Q,x; € m. Let I7 be the augmentation ideal, namely the kernel of ¢.
The powers of I7 give a decreasing filtration of Qm. The completed group ring of 7, or
more precisely the Im-adic completion of Qm, is

@r = T&n@w/[w@

It naturally has a structure of a complete augmented algebra (in the sense of Quillen [25],
Appendix A) with respect to a decreasing filtration given by l‘&nmw I7?/I7™, for p > 1.

Let 7 be the completed tensor algebra generated by H. Namely T = [I_o H®™, where
H®™ is the tensor space of degree m. Choosing a basis for H, it is isomorphic to the ring
of non-commutative formal power series in 2¢g indeterminates. We can write elements of T’
uniquely as

(o]
uzZumzuo+ul+uz+---,um€H®m.
m=0

[e.9]

The algebra T has an augmentation given by ¢: T - Q u=> ",
complete augmented algebra with respect to a decreasing filtration

Uy, —> Ug, and it is a

fp = H H®™ for p > 1.

m>p

Both Qm and T have a structure of (complete) Hopf algebra. For simplicity, we use the
same letters A and ¢ for the coproducts and the antipodes of both Hopf algebras. In the
case of Qm, these are given by

A(r) =2z ®x, and 1(z) = 27!, for z € 7,
and in the case of T\, the formulas are
A(X) = X®1 + 10X, and ((X) = —X, for X € H.

Here ® means the completed tensor product. The Hopf algebra structure of Qr induces a
structure of a complete Hopf algebra on @r
By definition the set of group-like elements of T is the set of u € T satisfying A(u) =
u®u, and the set of primitive elements is £ := {u € T; A(u) = u®1 + 1®u}. As is well-
known, L has a structure of a Lie algebra with the bracket [u,v] := uv — vu. The degree
p-part L, := L N H® is described successively as £; = H, and £, = [H, L,_4] for p > 2.
By the exponential map

o0 1 R
exp(u) = Z Eu", for u e L,
n=0

~

L is bijectively mapped to the set of group-like elements and the inverse is given by the
logarithm

log(u) = Z #(u - 1"

n=1



Since the set of group-like elements constitutes a group with respect to the multipli-
cation of T, the above bijection endows the underlying set of £ with a group structure,
which is described by the Baker-Campbell-Hausdorff series:

1 1 ~
u-v = log(exp(u) exp(v)) = u+ v+ E[u,v] + E[u — v, [u,v]] + -+, for u,v € L.

2.3 Magnus expansion

We recall the notion of a Magnus expansion in our generalized sense. Remark that the
subset 1 4 T} constitutes a group with respect to the multiplication of T

Definition 2.3.1 (Kawazumi [14]). A map 6: 7 — 1+ T is called a (Q-valued) Magnus
expansion of 7 if

(1) 0:m— 1+ T, is a group homomorphism, and
(2) 6(z) =1+ [z] mod T for any = € .

As was shown in [14], Theorem 1.3, any Magnus expansion 6 induces the filter-preserving
isomorphism
0:Qr =T (2.3.1)

of augmented algebras. Since 7 is a free group, any Magnus expansion is determined by
its values on free generators of 7, hence we have many choices of Magnus expansions (see
also §2.8).

Example 2.3.2. Let a3, 1,...,a,, 3, € ™ be symplectic generators (see §2.1) and write
them as zy,..., 9. The Magnus expansion defined by 0(x;) =1+ [z;], for 1 <i < 2g, is
called the standard Magnus expansion. This is introduced by Magnus [19].

Among all the Magnus expansions, group-like expansions respect the Hopf algebra
structure of Qm and T. For a Magnus expansion 0, let (% := logd. Here it should be
remarked the logarithm is defined on the set 1 + 7;. A priori, ¢/ is a map from 7 to 7}.

Definition 2.3.3. A Magnus ezpansion 0 is called group-like if 6(m) is contained in the
set of group-like elements of T, or equivalently, (°(w) C L.

If 6 is group-like, (2.3.1) turns out to be the isomorphism of complete Hopf algebras
(see Massuyeau [20], Proposition 2.10). The Magnus expansion of Example 2.3.2 is not
group-like.

Example 2.3.4. Let x; be as the same in Example 2.3.2, then the Magnus expansion
defined by 6(z;) = exp([z;]), for 1 < i < 2g, is group-like because of the Baker-Campbell-
Hausdorft formula.

In fact, by the Baker-Campbell-Hausdorff formula, if ¢/(z) € £ and ¢(y) € L, then

P (zy) € L. Thusif 6 is a Magnus expansion and the values of # on free generators are all
group-like, then 6 is group-like. Hence we also have many choices of group-like expansions.

Example 2.3.5. Bene-Kawazumi-Penner [1] constructed a group-like Magnus expansion
canonically associated to any trivalent marked fatgraph.



2.4 Symplectic expansion

So far we have only used the fact that 7 is a free group. Here we recall the notion of a
symplectic expansion, which is a Magnus expansion respecting the fact that © = m (X, *).
Let w € L5 C H®? be the symplectic form. Explicitly, w is given by

i=1
where aq, (1, ..., ay, B, are symplectic generators and A; = [o;], B; = [8] € H.

Definition 2.4.1 (Massuyeau [20]). A Magnus expansion 0 is called a symplectic expansion

of
1. 0 is group-like, and

2. 0(¢) = exp(w), or equivalently, (°(¢) = w.

Unfortunately, the group-like expansions of Examples 2.3.4 and 2.3.5 are not symplectic.
But symplectic expansions do exist, and they are infinitely many (see §2.8). Here we list
some examples.

Example 2.4.2. Kawazumi [15] constructed a symplectic expansion (with coefficients in
R), called the harmonic Magnus expansion, associated to any triple (C, Py, v) where C'is a
marked compact Riemann surface, Py € C', and v is a non-zero tangent vector at Fy. The
construction is transcendental.

Example 2.4.3. Massuyeau [20] constructed a symplectic expansion using the LMO func-
tor.

Example 2.4.4. There is a canonical way of associating a symplectic expansion with any
(not necessary symplectic) free generators of . The construction is purely combinatorial.
The details of this expansion will be given in [18].

2.5 Total Johnson map

We denote by Aut(f) the set of filter-preserving algebra automorphisms of ﬁ which clearly
constitutes a group. Let § be a Magnus expansion of 7. For ¢ € M, ; we use the same
letter ¢ for the induced automorphism of 7, in view of (2.1.1). As a consequence of the
isomorphism (2.3.1), for each ¢ € M, ; there uniquely exists 7%(p) € Aut(T) such that

T(p) o =00 p.

Let |p|: H — H be the automorphism of H induced by the action of ¢ on the first
homology of 3. We also denote by |p| € Aut(T") the automorphism induced by |¢|. Then

-~

(p) == T%(p) o |p|™' € Aut(T) acts on Ty/T, = H as the identity. Therefore the
restriction of 7%(p) to H is uniquely written as

Q)a = 1a+ > 7i(p),
k=1
where 7/ (¢) € Hom(H, H®*1).
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Definition 2.5.1 ([14]). The automorphism T?(p) € Aut(T) is called the total Johnson
map of ¢ associated to 0, and 72(p) is called the k-th Johnson map of ¢ associated to 0.

The group homomorphism N
T%: Mgy — Aut(T)

is also called the total Johnson map. It is injective since the natural map = — @T is
injective by the classical fact () -_, I7™ = 0. It should be remarked that our use of the
terminology here is different from [14], where 7%(y) is called the total Johnson map of ¢.

2.6 The invariant L’

We introduce an invariant of unoriented loops on ¥ associated with a Magnus expansion.

Definition 2.6.1. Define a linear map N : T—T by
p—1
N|ger = Zum, for p > 1,
m=0
where v is the cyclic permutation given by X1 Xo--- X, — XoX5---X; (X; € H ), and
N|geo = 0.
The following lemma will be used frequently.
Lemma 2.6.2. (1) Foru,v €T, N(uw) = N(vu).
(2) Foru,v,w e T, N([u,v]w) = N(u[v,w]).
(3) Forue Ty, u € N(Ty) is equivalent to v(u) = u.
(4) Under the identification TW~H®T,
N(Ty) =Ker([, ]: H® T — T). (2.6.1)

Proof. The first assertion is clear if u and v are homogeneous, since N(v(w)) = N(w) for
a homogeneous w € T. The general case follows from bi-linearity. Using (1), we compute
N([u, v]w) = N(uvw — vuw) = N(uwvw — uwwv) = N(ufv, w]), which proves (2). If u € T
is homogeneous of degree p and v(u) = u, then u = N(%u) € N(T}). This proves (3).
Finally, v(X ®u) — X ® u = uX — Xu = —[X, u] for X ®u € H®T. Combining this with
(3), we have (4). O
The operator N also appeared in [15]. Using N, we make the following definition.

Definition 2.6.3. Let 0 be a Magnus expansion. Define L?: 7 — fg by

Lz = %N(ﬁe(as)ée(m)).

The following lemma shows LY descends to an invariant for unoriented loops on .

Lemma 2.6.4. For any x,y € 7, we have
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(1) L(z™") = L%(x),

(2) Lo(yay™') = L°(a).

Proof. The first part follows from ¢¢(z1) = —¢%(z). Since (?(yaxy~') = e’ @ ?(z)e "W =
O(y)(x)0(y~1), we compute

Lyay™) = SN@O@)E @O 0W)E @0 ) = 2N (Ow)E (@) ()0y™))

2 2
= INE@E@H0) = N (@) (1)
= L),

using Lemma 2.6.2 (1). This proves (2). O

Let v be an (un)oriented loop on . In view of Lemma 2.6.4, we can define L(7) € Ty
as LY(z), where x is a representative of 7 in 7.

We denote by LY the degree k-part of L?. In §7, we will compute LY for symplectic
and small .

2.7 Formal symplectic geometry

The space N (T\l) is closely related to formal symplectic geometry. In [17], Kontsevich
introduced three Lie algebras “commutative”, “associative”, and “Lie”. We recall two of
the three, namely “associative” and “Lie”. R L

First we recall “associative”. By definition, a derivation of T' is a linear map D: T — T
satisfying the Leibniz rule:

D(ujug) = D(uy)ug + uy D(us), for uy,us € T.

The space Der(T\) of the derivations of T has the structure of Lie algebra given by [Dy, Ds] =
DioDy—DyoDy, Dy,Dy € Der(f). Since T is freely generated by H as a complete algebra,
any derivation of T is uniquely determined by its values on H, and Der(f) is identified
with Hom(H, T).

By the Poincaré duality, 7} & H ® T is identified with Hom(H, T\)

T\2H®T S Hom(H,T), X @urs (Y = (Y - X)u). (2.7.1)

Here ( - ) is the intersection pairing on H = H;(%; Q).

Let a; = Der,(T') be the Lie subalgebra of Der(T’) consisting of derivations killing the

symplectic form w. We call such derivations symplectic derivations of T. In view of (2.7.1)
any derivation D is written as

g
D=) B;®D(A;)— A ®D(B) €T (2.7.2)
i=1
Since D(w) = Y7 ,[D(A;), B;] + [A;, D(B;)] we can write

a; =Ker([, | HoT = T) = N(T}) (2.7.3)
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(see also (2.6.1)). The Lie subalgebra a, := N (T3) is nothing but (the completion of ) what
Kontsevich [17] calls ay.
We next recall “Lie”. By definition, a derivation of L is a linear map D: L~ L
satisfying R
D([uy, us]) = [D(uq), us] + [u1, D(ug)], for uy,us € L.
Let [, = Derw(lj) be the space of derivations of C killing w € L£5. By the same reason as
above, we have

l,=Ker([, ]: H® L — L). (2.7.4)
[, is a Lie subalgebra of a,.
Lemma 2.7.1. Letm > 1, and X, Y1, ..., Y, € H. Setu=[Y1,[Yo,[ -, [Yim-1, Y] - ]]] €
L,.. Then
NX@u=X@u+» Y;i®[Yigr, - [Youor, Yoo -+ L [ [X, V3], Ya) -+ Vi,

i=1
In particular, we have N(H ® E) CH®L.
Proof. Consider the tensor algebra T" generated by the letters X,Vy,...,Y,,. The oper-
ator N is naturally defined on 7”. There is a homomorphism 77 — T coming from the
universality of 7”. This homomorphism is compatible with N. Thus it suffices to show the

formula on T". Let H' be the Q-vector space spanned by X,Y7,...,Y,,. The formula we
want to show is an equality in H'®™**. There is a direct sum decomposition

Hl®m+1 — X ® Hl®m EB @K ® Hl®m.
i=1
Let py: H®™ & X @ H'®™ =~ H'®™ be the projection according to this direct sum

decomposition. Similarly, define py;,, 1 < i < m. Note that for any v € H’ M+l we have
v = Xpx(v)+ >, YVipy,(v). Now, set v := N(X ® u). It is clear that px(v) = u. For

i=1"%

each 1 <i <m, we denote v' = [V, [Yyo1,Yn]---]. By Lemma 2.6.2, we compute
v = N(X[YLD/Q, 7[}/;71]/]”.“)
N(X,Y1][Ya, -+, [Yi, 0] -+ +])

= N@"Y;,0])

— N(UH}/Z’U/ o ’U”U, Z) — N(}/;;U/U// _ }/Z'U//U/) — N(}/; [U/7 UN]),
where v" = [---[[X,Y1],Ya],---,Y;_1]. This shows py,(v) = [v/,v"], and completes the
proof. n
Lemma 2.7.2.

N(L&L)=Ker([, |: H® L — L) =1,

Proof. Using Lemma 2.6.2 (2), we have N(L&L) = N(H® L), and N(H ® L) is contained
in (H® L£)N N(T;) by Lemma 2.7.1. Therefore we get N(L&L) C Ker([, |: H® L — L)
by (2.6.1). On the other hand, if u € H ® L c T is homogeneous of degree p > 2 and
v(u) = u, then u = N(u/p) € N(H® L) = N(L&L). By Lemma 2.6.2 (3)(4), we get the

other inclusion. O]

Thus, if 6 is group-like, our invariant L’ is considered as a map L?: m — [,
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2.8 The space of symplectic expansions

There are infinitely many Magnus expansions and symplectic expansions. Here we consider
the spaces that parametrize them. Let © be the set of Magnus expansions of 7, and let
O%™P C O be the set of symplectic expansions.

Let TA(T) be the subgroup of Aut(7) consisting of the automorphisms acting on
T\/Ty = H as the identity. Let 6 and ¢ be Magnus expansions. By [14], Theorem 1.3,
there uniquely exists U = U(0,0') € IA(f) such that ' = U o 6. Conversely, for § € © and
Ue IA(f), U o 0 is a Magnus expansion. Thus if we fix 6, O is identified with IA(f ) by
0 — U0,0).

The group IA(T\) is identified with its “tangent space” Hom(H, T\g), by the logarithms:

IA(T) — Hom(H,T), U — (logU)|x.

Note that logU converges since U acts on ﬁ /f » =2 H as the identity. We can regard
Hom(H, T») as the space of derivations of T with positive degrees. By the Poincaré duality
(2.7.1), Hom(H, T5) is identified with H ® T5. In this way we have an identification

IAT) 2 H®T, (2.8.1)
and if we fix 6 there is a canonical bijection © = IA(f) ~ [ @ Th.

Proposition 2.8.1. The set O™ is not empty. Once we choose a symplectic expansion
0, the restriction of the canonical bijection © = H @ Ty to ©™P gives a bijection

O™ =~ Ker([ , |: H® Ly — L).
Here, 22 =N T\Q. (note that this differs from Lo = LN H®?).

Proof. The examples of symplectic expansions given in §2.4 show that ©%™P is not empty.
Or, see Massuyeau [20] Lemma 2.16. We will prove the latter part.

Suppose ¢ and ' are symplectic. Since both of the two are group-like and 6(¢) =
0'(¢) = w, the automorphism U = U(0, ') must satisfy

U(H) C L, and U(w) = w. (2.8.2)

~

Conversely for § € @™ and U € IA(T) satisfying (2.8.2), U o # is symplectic.

Let U € TA(T). Under the identification (2.8.1), U(H) C L is equivalent to (log U)|y €
H ® Ly. Also, U(w) = w is equivalent to logU(w) = 0, where logU acts on L as a
derivation. By (2.7.4), this is equivalent to (logU)|y € Ker([ , ]: H ® Ly — L). This

completes the proof. [

3 The Goldman Lie algebra

In this section, we recall the Goldman Lie algebra [9]. In particular, we show that the
Goldman Lie algebra of ¥ acts on the group ring Qm as a derivation. We will work over
the rationals, but all the statements in this section except Proposition 3.4.3 holds over the
integers.

All of the loops that we consider are piecewise differentiable.
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3.1 The Goldman Lie algebra

Let S be a connected oriented 2-manifold and let 7(S) = [S*, S] be the set of free homotopy
classes of oriented loops on S. In other words, 7(S) is the set of conjugacy classes of the
fundamental group of S. Let | |: m1(S) — 7(S) be the natural quotient map. For a loop
a: S' — S and a simple point p € a, let o, be the oriented loop a based at p.

Let Q7(S) be the vector space spanned by 7(S). We first recall the Goldman bracket
on Q#(S). Let a, 8 be immersed loops in S such that aU3: STUS! — S is an immersion
with at worst transverse double points. For each intersection p € o N 3, the conjunction
a,B, € m(S,p) is defined. Let e(p; o, ) € {1} be the local intersection number of o and
[ at p and set

o, 8] = e(p; @, B)|ayBy| € QA(S).

peanS
Let 1 € 71(S) be the homotopy class of the constant loop and let 7/(S) = 7(S) \ {1}.

Theorem 3.1.1 (Goldman [9]). The above bracket defines a well-defined linear map
[, ]: Q7(S) ® Q7 (S) = Q7(S),

and with respect to this bracket Qn(S) has a structure of Lie algebra. Moreover, Qn'(S) is
an ideal of Q(S) and Qm(S) = Q7' (S)®Q1 is a direct sum decomposition as Lie algebras.

Remark 3.1.2. It is true that [Q7, Q7] C Q7’. But Goldman’s proof for it [9] pp.294-295
is, unfortunately, not true. In fact, his assertion [o, a™!] = 0 for a € 7 is not true in general.
If we choose a = ajay as in Figure 3, then [o, o] = ajana; tas ™! — asayas~tay L. For
a symplectic expansion €, we have

1
NOla, o] = gN([Xl,XQ][X17X2][X1, X)) + higher terms # 0

(see Theorem 1.2.1). Here we denote X; = [a;] and Xy = [an] € H. Hence [o, '] # 0.

Figure 3: [a,a™ '] #0

But we can prove [a,a”!] € Q7' for any a € 7, as follows. Represent a by a generic
immersion and let o' be a generic immersion such that aUa ™! cobounds a narrow annulus,
as in [9], p.295. Let p be a double point of the loop a. It divides the loop « into two based
loops o and as with basepoint p as in Figure 3. The two intersection points derived from
p contributes ajana; Lot and asayantag 7!, respectively, with the opposite sign. Then
the following three conditions are equivalent to each other:

1. |041042041_1042_1| =1¢€ 7AT,

2. 1y = Qyy € 7T-1(57]))7
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1

3.|a2a1a2_ a1_1|::1 € .

This implies the contributions of the two points cancel, or are in Q7’. Hence we have
[, a™1] € Q7'. As is observed by Goldman [9] loc.cit., [, 8] € Q7 if 8 # a~'. Hence we
obtain [Q7, Q7] C Q7. This completes the proof of the second half of Theorem 3.1.1.

3.2 The action on the group ring

Let S be as above, and choose a basepoint * € S. Let a: S' — S\ {*} be an immersed loop
and B: S — S an immersed loop based at *, and suppose o U B has at worst transverse
double points. For each intersection p € aN f, let o, and e(p; o, 5) be the same as before
and let 3., (resp. B,.) be the path along 3 from * to p (resp. p to ). Then the conjunction
BapQipBps € m1(S, %) is defined.

Definition 3.2.1. For such o and (3, let
a(@)B =Y e(pi, B)BpayBp € Qmi(S, ).
pEanS
Let Der(Qm; (.S, *)) be the Lie algebra of the derivations of the group ring Qm (S, *).

Proposition 3.2.2. This definition of o gives rise to a well-defined homomorphism
o: Qu(S\ {*}) = Der(Qm (S5, x))
of Lie algebras.

Proof. One way to prove that o is well-defined is to show that o(a)f is unchanged if «
and [ are replaced by one of the standard moves (see Goldman [9], Lemma 5.6). This can
be done by the same argument as Goldman did, so we omit details. Another way to see
this is using our homological interpretation of o, see Proposition 3.5.2.

To prove that Qn(S \ {*}) acts on Qmy(S,*) as derivation via o, it suffices to show
o(a)(By) = (o(a)B)y + Bo(a)y, where «v is an immersed loop on S, and 3,y are immersed
based loops on S. We may assume « intersects the conjunction vy at worst transverse
double points. Then aN (By) = (N B) U (aN+), and

a(@)(B) = D Do B7)(BY)pp(BY)ps

pean(By)

= > 050, 87 (BN (BY)ps + > e(Di, BY)(B7)sp0ip(57)p
pean pEany

= Y (B0 BBy + D, (D57 BYap Y
pEanf pEany

= (o(a)B)y + Bo(a)y.

To prove that o is a homomorphism of Lie algebras it suffices to show o([a, 8])y =
o(a)o(B)y —o(B)o(a)y, where a, 8 are immersed loops on S, and 7 is an immersed based
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loop on S. We may assume o U 8 U~ is an immersion with at worst transverse double
points. We compute

o(a)o(B)y = o(a) ( > 8(p;5,7)7*p5p7p*)

pEPNY

— Z €(p, 5,/7)0-(05)7*}06]77?*

pEBNY

= Z Z p7 6 ’7 Q7 Q, B) (,}/*pﬁp'yp*)*qaq ('V*pﬁp')/p*)q*

PEPMY g€aNp

+ 30 e B)E(r; V) (VepBoTos ) s (VapBp Yo )ess (3:2.1)

PEPLNy reanty

and

—o(B)o(a)y = —o(B) ( >, S(T;oz,v)wawr*>

reany

= = Z er ’Y )7*rar7r*

reany

- Z Z Ly Oé,’j/ p’ﬁ 7)(ry*rar’YT*)*pﬁp(’y*TOéT’%q*) «

reaNy peBny

- Z Z r 057’7 q; B, a)(7*7‘057*’77"*)*qﬂq(v*rar'yr*>q*- (322)

reany gefNa

Then the second term of (3.2.1) and the first term of (3.2.2) cancel and we have

o(a)o(B)y —o(B)o(a)y = Z Z e(p; B,7)e(a; o, B) (VapBprpe) sata(YspBpYpe ) g

pELBNY g€

+ 3> (0 7)e(g 0 B) (Far Vi) waBa (Far Y ) g

reany geang

Here we use €(q; 8,) = —¢(q; o, 3). Now (7*p5p7p*)*qaq(’Y*pﬁp'yp*)q* = 7*p|aq5q|p7p* for
p € BNy, q€anfand (Ve V) sgBe(VerrYrs)gx = Var|gBglr¥es for r € any, g € anp.
Therefore, we have

o(a)o(B)y —oBola)yy = D Y el aUB, )y, B)YealayBylates

z€(aUB)Ny yeans

= U(E:d%%BWWM)V

yeans

= o([a, B])7.
This completes the proof. O]

Note that to make Definition 3.2.1 work, we need to delete the basepoint *. A simple
illustration of this fact is Figure 4. Here the loops «; and ay are homotopic as free
loops on S, but not homotopic as loops on S\ {x}. Following Definition 3.2.1, we have
o(aq)y = ay — ya, and clearly o(ag)y = 0. Hence o(ay)y # o(ag)y.
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Figure 4: We need to delete the basepoint to define o.
Y

aq

(%)

But if S and its basepoint are our ¥ and * € 9%, then the inclusion ¥\ {*} — X is a

homotopy equivalence. Thus Q7 (X \ {*}) = Q7 (X). Writing 7(X) = 7 for simplicity, we
have a Lie algebra homomorphism

o: Qr — Der(Qm). (3.2.3)

Remark 3.2.3. Let M be a d-dimensional oriented C*°-manifold, and choose a basepoint
* € M. We regard S' = [0,1]/0 ~ 1, and denote QM = Map((S*,0), (M, *)), the based
loop space of M. The evaluation map ev : QM — M, v — ~(1/2), is a Hurewicz fibration,
whose fiber ev~!(x) is naturally identified with QM x QM. The map p : QM x[0,1] — QM,
given by
] y(2st), ift <1/2,

p(7,8)(t) = { s+ (1=s)(2t—1)), ift>1/2,
induces a map of pairs p : QM x ([0,1],{0,1}) — (QM, QM x QM). We define a map
A" H (QM) — Ho (QM, QM x QM) by the composite

a.M) S g M x ([0,1],{0,1)) 2 Hoot (QM, QM x QM),

where [I] € Hy([0,1],{0,1}) is the fundamental class. In a way similar to Chas-Sullivan
[5], we can define a loop product

o Hi(L(M\ {+})) ® H;(QM, QM x QM) — Hiy;_a(QM).

Here we denote L(M \ {*}) = Map(S*, M \ {x}), the free loop space of M \ {*}. Let
z: K, — L(M \ {x}) be an i-cell, and y : K, — QM a j-cell. We denote by K,., a
transversal preimage of the diagonal under the map K, x K, — (M \ {*}) x M, (ky, k,) —
((kz)(0),y(ky)(1/2)). The (i + j — d)-cell z @y : K,q, — QM is defined by

y(k,)(20), if ¢ < 1/4,
(z o y)(kas k) = { (ko) (2(t —1/4)), if 1/4 <t < 3/4,
y(k,) (2t — 1), if 3/4 <t.

Taking the composite of the loop product with the map A : H,(L(M\{*})) = H.y1(L(M\
{*})) introduced by Chas-Sullivan [5] and the map A’, we obtain a map

Hi(L(M\ {})) ® H;(QM) — Hiyiro-a(QM), u@v > (Au) e (A'v).

This coincides with our action ¢ in the case d =2 and i = 7 = 0.
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3.3 Conventions about (co)homology of groups

In the next two subsections, we give a homological interpretation of the Goldman bracket
and the action o for ¥. To state these we fix some conventions about (co)homology of
groups. We basically follow Brown [3].

Let G be a group and M a left QG-module. For simplicity we use the term G-module
for left QG-module and sometimes write ®¢ instead of ®qg. We can always regard M as
a right G-module by setting mg = g~'m (m € M, g € G). The homology group H,(G; M)
is defined by H,(G; M) := Tor2¢(M, Q). Namely taking a QG-projective resolution

= == —=Q—=0
of the trivial G-module Q,

H*(G7 M) = H*(M Rda F*)
Similarly the cohomology group H*(G; M) is defined by

H*(G; M) := Ext}(Q, M) = H* (Homgq(F., M)).

For n > 0, let F,,(G) be the free G-module with QG-basis {[g1|ga| - - - |gn); 9: € G}. The
boundary map 0,,: F,,(G) — F,,—1(G), n > 1, is given by

n—1
On(lgrlgel -~ 1gn]) = gilgal - - gn] + Z 1gigival - gnl + (=1)"[g1] - - |gn—al,
=1

and Jy: Fy(G) = QG — Q is given by the augmentation.

The normalized standard complex, denoted by F, (G), is the quotient of F,,(G) by the
QG-submodule spanned by {[g1]ga| - |gn); g; = 1 for some i}. It gives a QG-projective
resolution of Q. For a G-module M, set C,(G; M) = M ®¢ F,(G). Of course we have
H.(Ci(G; M)) = H.(G; M). The boundary maps of C(G; M) in low degrees are given by:

hime[g) =g 'm—-—meM=M[];

A2(m @ [g1lg2]) = 91 'm @ [g2] — m ® [g192] + M @ [g1].

Here ® means ®¢.

In this paper, we consider the (co)homology of groups of 7 for various m-modules M.
One way to describe these is to use the normalized complex C,(7; M), and another way is to
use the following particular resolution. Since 7 is a free group of rank 2g, the augmentation
ideal I is a free Qm-module of rank 2¢g. Thus

05 Ir—>Qr 5> Q—0

gives a Qm-projective resolution of Q. In this view point, the homology group of 7 is

computed as
H.(m; M) =H,(M Qg Im — M, m®uv — (v)m).

The canonical isomorphism Fy(7) = Qn and a Qn-linear map F,(7) — I7, [2] — o — 1
for x € m, are compatible with the boundary maps of the two resolutions. In particular,
we have a chain-level description of the canonical isomorphism

Hy(Cy(m; M) S Hy(M ®gx IT — M). (3.3.1)
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Finally we mention the relative version of homology of groups. See also §4.5. Let G be
a group and K a subgroup of G, and M a left G-module. Then C,(K; M) is a subcomplex
of C.(G; M). We define the relative homology group as the homology of the quotient
complex:

H.(G,K;M) := H.(C.(G; M) /C.(K; M)).

Note that since Cy(G; M) = Co(K; M), any 1-chain of the complex C.(G; M)/C.(K; M)
is a cycle.

3.4 Homological interpretation of the Goldman Lie algebra

Let Q7¢ be the following m-module. As a vector space, Qn¢ = Qn, and the m-action is
given by the conjugation: zu := zux~! for x € 7, u € Qn°.

Definition 3.4.1. Define a Q-linear map A: Qm — Hy(m; Qr¢) by A\(z) =2z ® [z], x € 7.
Here we understand Hy(m; Qm®) as the homology of Cy(m; Qr®).

We need to verify that this is well-defined, i.e., A(z) is a cycle.
Lemma 3.4.2. For x,y € w, we have
(1) z® [z] € Ci(m; Qn®) is a cycle,
(2) Myzy™) = Az) € Hi(m; Q).

Proof. The first part follows from 0 (z®[z]) = 7' 2 —z =2 'wx—x = z—x = 0. For the
second part, note that for any x1, zo € m, the 1-chain [z722] is homologous to x1[xs] + [21]
since Oy ([x1]xs]) = x1[w2] — [#129] + [21], and for any z € 7, the 1-chain [#7!] is homologous
to —z~!x] since Oo([xHx]) = a7 z] — [1] 4+ [¢7!] = a7 [z] + [z7!]. Therefore, we compute

Myzy™) = yay ' @ lyzy '] = yry ' @ (y[zy '] + [y))

= yry @ (y(zly™) + [2]) + [y])
= yry ' @ (y[z] — yay ' y] + [v)])
r® [x] = Az).
Here = stands for “homologous”. This proves (2). o

By Lemma 3.4.2, X descends to a map A\: Qr — H;(7; Qn¢). We introduce a m-module
map B: Qr° ® Qn¢ — Q7 by B(u ® v) = |uv|. Here | |: Qr — Qn is the linear map
induced by the projection | |: @ — 7, the action of 7 on Q7 ® Qr° is diagonal, and Q7 is
regarded as a trivial m-module.

Let S¢ be the local system on X corresponding to the left 7-module Q7. Since X is a
K(m, 1)-space, there is a canonical isomorphism H,(m; Qn¢) = H,(3;S°).

Using the intersection form of the surface, we have the following bilinear form:

(+): Hi(m;Qr®) x Hy(m; Qr®) = Hy(%; 8% x Hi(2;89)
— Hp(X;8°®S8°) = Ho(m; Qn° @ Qn°).
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Proposition 3.4.3. (1) The sequence
0— Qi > Hi(m;Qn°) - H — 0,

where the map Hy(m; Qn¢) — Hy(m; Q) = H is induced by the augmentation, is exact
and canonically splits.

(2) Foru,v € Qr,
[u, v] = Bo(A(u) - A(v)).

Here B,: Hyo(m; Qn® @ Qn¢) — Hy(m; Q) = Q7 is the map induced by B.

Proof. Forx € 7, let Z(x) C 7 be the centralizer of x. Then we have a direct decomposition

Qr* = P Q(r/Z(x))

|z|er

as left m-modules. Here the action of m on Q(7/Z(x)) is given by the multiplication from
the left: y(z mod Z(z)) = yz mod Z(z). Since the Euler characteristic of ¥ is negative,
Z(x) is a cyclic group of infinite order for  # 1. In fact, the centralizer of a hyperbolic
element in PSLy(R) is an abelian subgroup isomorphic to R.q. Using the Shapiro lemma
(see [3], p. 73), we have a canonical decomposition

H,(m; Qn°) @Hlﬂ'@ﬂ'/Z( ) = @Hl(Zx

|z| e |z|er

== }117r(@ 6}9 ffl

|x|en’

Moreover if  # 1, the cycle A(z) = 2 ® [z] corresponds to a generator of Hy(Z(z); Q) = Q
(note: this part does not hold over the integers; in this case A(z) corresponds to a non-zero
multiple of a generator of Hy(Z(z);Z) = 7). This proves the first part.

Next we proceed to the second part. As in Goldman [9] §2, we regard local systems
as flat vector bundles and their (co)homology as the (co)homology of singular chains with
values in flat vector bundles. Following this description the fiber of §¢ at p € ¥ is the
group ring Qm (X, p), and the parallel transport along a path ¢: [0,1] — X is given by
Qmy (2, 4(0)) = Qm (S, 4(1)), o (Lol

Let a be a based loop on . Under the canonical isomorphism H;(m; Qn¢) = Hy(%;S),
the 1-cycle a ® [a] € Cy(m; Qr¢) corresponds the flat section s)(a) of a*S¢ over «, whose
value at p € o is just a;, € m1(2, p) (to be more precise, we need to write p = p(t) for some
t € S1). The homology class of the section sy(a) in H;(X2;S¢) depends only on the free
homotopy class of the loop «, because of the homotopy equivalence of twisted homology.
Let 8 be another free loop on ¥ and suppose a and 3 intersect with at worst transverse
double points. Similarly 5 ® [f] is regarded as a section s, (/).

Using the same letter let B: §¢° ® §¢ — Q7 be the pairing of local systems on X
corresponding to the m-module map B. Here Q7 is considered as a trivial local system. For
each p € 3, this pairing is just the conjunction Qm (X, p) @ Qm (X, p) — QT u®@v — |uv|.

By the formula in [9], p.276, we have

B.A@) - A(B) = D epia, )B(sa(@), @ sx(5)y).

pEanS
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But since B(sa(®), ® sx(8)p) = ||, this is nothing but the Goldman bracket [o, f].
This completes the proof. [

Remark 3.4.4. It should be remarked that X is related to Chas-Sullivan’s operator A =
ME [5]. More precisely, let LY be the free loop space of the surface X, LY = Map(S*, 2).
The evaluation map at 0 € S' = [0,1]/0 ~ 1, ev: LY — X, £ — £(0), is a Hurewicz fibration
with fiber 2%, the based loop space of X. Since ¥ is a K(w, 1)-space, the homology group
H.(QX; Q) vanishes in positive degree. The 0-th homology group Hy(Q2%; Q) constitutes the
local system S¢ stated above. Hence we have an isomorphism ev,: H,(LY; Q) = H,(X; S°).
The diagram

Hy(L%;Q) —=— Hy(LY; Q)

QFr 2 H(%;8°)
commutes by the definition of A = M FE and \.

3.5 Homological interpretation of the action

Let Qn" (resp. Qn!) be the following m-module. As a vector space, Qn" = Qn' = Qm,
and the m-action is given by the multiplication from the right (resp. the left): zu := uz™!
(resp. zu := zu) for x € 7, and u € Qr" (resp. Q).

Let (¢) be the cyclic subgroup of 7 generated by (. We consider the relative homology
of the pair (7, (()).

Definition 3.5.1. Define a Q-linear map &: Qr — Hy(m,{(¢); Qn" @ Qn!) by &(x) =
(1®x) @ [z], z € 7. Here we understand Hi(r, (¢); Qr" @ Qn') as the homology of the
relative complex (see §3.3).

We denote by Qn! the vector space Qm with the trivial m-action. We introduce a 7-
module map C: Q¢ ® Q7" ® Q7! — Qr' by C(u ® v ® w) = vuw. Here we consider the
diagonal m-action on Q7¢ ® Qn" ® Q=

Let 8™, 8, and S* be the local system on ¥ corresponding to the m-modules Q7", Qx',
and Qrt, respectively. Then we have the canonical isomorphism H(r, (¢); Qn" @ Qr!) =
H(3,0%;8" ® 8, ete.

Using the intersection form of the surface, we have the following bilinear form:

(-): Hy(m;Qr®) x Hy(m, (¢); Qn” ®Q7rl)

I

H,(%;8% x Hi(%,0%;8" @S
Hy(2; 8@ 8" ® 8
Hy(m;Qr* ® Qn" ® Qnl).

R 4

Proposition 3.5.2. For u € Qn and v € Qn, we have
o(u)v = C(Au) - £(v)).
Here C,: Hy(m; Q¢ @ Qn" @ Qn') — Hy(m; Q) = Qn is the map induced by C.

Proof. The proof is similar to the proof of Proposition 3.4.3. Let a be an immersed loop and
£ an immersed based loop. Suppose they intersect with at worst transverse double points.
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The fiber of the local system 8" (resp. S') at p € ¥ is Qn(X, *,p) (resp. Qn (X, p, *)).
Here 7(X, p, q) is the set of homotopy classes of paths from p to ¢, and Qm (X, p, q) is the
Q-vector space spanned by 7(X, p, q).

By the canonical isomorphism H (7, (¢); Qn" ® Qn') = H,(%,0%; 8" ® 8'), the relative
cycle () = (1 ® ) ® [B] corresponds to the flat section s¢(3) of 5*(S” @ S') whose value
at p € B is just (B @ Bpi). Let C: SC@ 8" @ S' — 8! be the pairing of local systems on 3
corresponding to the m-module map C (using the same letter). For each p € ¥, this pairing
is just the conjunction Qm (X, p) ® Qm (X%, *,p) @ Qm (X, p,*) = Qm,u® v ® W — Vuw.

By the formula in [9], p.276, we have

C.(Ma),£(8)) = > elpsa, BIC(sa(a)y @ s¢(B)y).

pEanS

But since C(sx(), @ s¢(5)p) = BipQypBps, this equals o(a)5. This completes the proof. [

4 (Co)homology theory for Hopf algebras

In this section, we discuss a general theory of relative homology and cap products for
(complete) Hopf algebras. Theory of cap products on the absolute (co)homology of a
single (complete) Hopf algebra was already discussed in Cartan-Eilenberg [4] Chapter XI.
But, unfortunately, the authors do not find an appropriate reference for cap products on
the relative (co)homology of a pair of (complete) Hopf algebras. In the succeeding sections
these notions relate the Goldman Lie algebra to symplectic derivations of the algebra T

4.1 The mapping cone of a chain map

We begin by recalling the notion of the mapping cone of a chain map. See, for example, [3]
pp.6-7. Let f: (C,d') — (D.,d) be a chain map of chain complexes. The mapping cone
D, xy C,_; of the map f is defined by

D,x:Ci 1) :=D,®C,_q, and d':= d f, .
f 0 —d

Then we have a natural long exact sequence

oo Hy(C) B Hy(D,) = Ho(Dy %y Cooy) = Hy 1 (C) — -+ (exact).  (4.1.1)
Lemma 4.1.1. If the chain map f is injective, then the natural projection
w: Dy 1y Ciy = D,/ f.Cy,  (u,v) = umod f.C,
18 a quasi-isomorphism.

Proof. Since f is injective, we have Kerw = C, %1, C,_1, so that H,(Kerw) = 0 from

(4.1.1). We have the short exact sequence 0 — Kerew — D, x; C,_y — D,/f.C. — 0,
since w is surjective. Hence w is a quasi-isomorphism. [

The following lemma will play a fundamental role in this section.
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Lemma 4.1.2. (1) If a chain homotopy ®: C, — D, connects f to another chain map
g: C. = D,, namely, d® + ®d' = g — f, then the map

h(®) = ((1] _1‘I)> Dy x;Cyy — D, x,C,y

1 a chain map and a quasi-isomorphism.

(2) Assume another chain homotopy ®': C, — D.i1 connecting f to g is homotopic to
@, in other words, there exists a map V: C, — D, o satisfying the relation

O — P, = (—1)"(dV, + VU, _1d): C = Dy

n

for each degree n. Then we have
h(q)) ~ h(@,) D, Xy C*_l — D, Ag C*_l.

Proof. By a straightforward computation, h(®) is a chain map. It defines a homomorphism
between the long exact sequences (4.1.1). Hence it is a quasi-isomorphism from the five-
lemma. We have

((c)z _gdl) (8 (—1>“02\Pn-1> . (8 <—1>”03‘1’n—2) (g J d,) — h(®') - h(®)

This implies the second part of the lemma. m
The followings are well-known.

Lemma 4.1.3. Let R be an associative algebra, C, a left R-projective chain complex, and
D, a left R-acyclic chain complex. Then

(1) For any R-map f: Ho(C.) — Ho(D,), there exists an R-chain map ¢: Cy — D,
inducing the map f on Hy.

(2) If two R-chain maps ¢ and ¥: C, — D, satisfy ¢« = .: Ho(Cy) — Ho(D,), then
we have a R-chain homotopy ¢ ~ : C, — D,.

(3) Moreover, if ® and ® are R-chain homotopies connecting ¢ to v, then ® and &’ are
chain homotopic to each other. In other words, there exists an R-map V: C, — D, o
satisfying the relation

¢ — P, =(—1)"(d¥, + ¥, 1d): C,, = Dpyy
for each n > 0.

Let R, S’, R and S be associative algebras, and C’, D., C, and D, chain complexes
of left R', S', R and S modules, respectively. Suppose

R —* R c. - C,
f’l fl and f’l fl (4.1.2)
g Y, g D, —*- D,
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are a commutative diagram of algebra homomorphisms and a homotopy commutative di-
agram of chain maps, respectively, such that the chain maps f’, f, ¢ and 9 respect the
algebra homomorphisms f’, f, ¢ and 1, respectively, and the augmentations. Then we have
a left R’-chain homotopy ©: C. — D, connecting ¥ f’ to fp. Let M be a right S-module.
Then we define a chain map h(p, ©,v) := (15 _¢@> : (M ®g D) xp (M @p Cl_y) —
(M ®g D) x5 (M ®g C,—1) by the composite

5

0 1

—" (M ®g D,) xyp (M@ C,_)
MO (M ®sD.) %, (M @R Cl_y)

o 2

0 ¢
— (M XRs D*) Xy (M KRR C*_l). (413)

(M @ DY) >t (M @pr CC_y)

Here we regard M as a module on which R, R and S’ act through the homomorphisms
fow=1of f, and 9, respectively.

Lemma 4.1.4. Assume C. is left R'-projective and D, acyclic. Then the map
(0, 0)s = h(9,0,1)s: Hi((M &g D)% (M@p C; ) = H((M®@sDy)xp (M®pCim1))

induced by the chain map h(p,©,v) depends only on the homotopy classes of the chain
maps ¢ and .

Proof. Suppose ¢': C!. — C, and ¢': D! — D, are chain maps homotopic to ¢ and 1,
respectively, and ©" a chain homotopy connecting '’ to f¢'. Take a chain homotopy
®: C! — C,yq connecting ¢ to ¢, and ¥: D, — D, connecting ¢ to ¢)'. Then the three
diagrams

(M ®g D,) xf (M ®prCi_q) LN (M ®g D) Xyor (M ®@p Ci—1)

H h(\I}of)J/
(M ®g D) x5 (M ®g Ci_1) . (M ®s D) Xyrof (M @g Ci_1)

h(©
(M @ DL) Xyop (M @5 Coy) —2s (M @5 D) % joy (M @5 C.y)

h(\I!of)l h(fo@)l
h(©'
(M &g DL) s (M @5 Coy) 2% (M @5 DL) %oy (M @5 Ca 1)
(M & DL) %oy (M @5 Cay) —2—s (M @5 D) x; (M ®5 C!_,)

h(fo@)l H

(M ®g D.) X for (M @ Cy_y) —— (M ®gD.)x;(M®gC._,)

commute up to homotopy. Here the horizontal ¢, ¢/, ¢ and ¢’ mean the chain maps
v 0 0 10 1 0 . : )
( 0o 1) \o 1) o o and 0 o) respectively. In fact, the chain homotopies
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(%)[ (1)) and (é _Oq)> induce the homotopy commutativity of the first and the third

diagrams, respectively. The maps © + f o ® and © + ¥ o f are both chain homotopies
connecting 1 o f to f o ¢'. Since C. is R'-projective and D, acyclic, Lemma 4.1.3 (3)
implies there exists a homotopy connecting © + f o ® to © + ¥ o f. Hence, by Lemma
4.1.2 (2), we have h(f o ®)h(O) = h(© + fo ®) ~ h(O' + Vo f) = h(O)h(V o f). This
means the homotopy commutativity of the second diagram. Hence we obtain h(p, ©, 1) ~
h(¢, 0" ") (M ®@g D) xp (M @p C,_y) = (M ®s D,) x5 (M ®g Cy_1). This proves
the lemma. 0

Moreover, suppose

R L} R’ C ;/ L> Ci
f”l f’l and f’l fl
g B g/ D" B D

are a commutative diagram and a homotopy commutative diagram as in (4.1.2). Let = be
a chain homotopy connecting Sf” to f'a, and T connecting 3 f" to fpa.

Lemma 4.1.5. Assume C” is left R"-projective and D, acyclic. Then we have

h(g,0,¥).h(a, E, B). = h(pa, T,95).:
H*((M ®S” D:) Nf// (M ®R// Cilfl)> — H*<<M ®S D*) >4f (M ®R C*_l)).

Proof. By a straightforward computation, we have h(p, ©,¢¥)h(a,Z, ) = h(pa, Oa +
Y=, ) as chain maps. The chain homotopy O« + = connects Y5 f" to feoa. Hence,
from Lemma 4.1.4, we have h(pa, T,1¥3). = h(pa, Oa+1p=,96). = h(p, ©,9).h(a, =, ).
This proves the lemma. O

4.2 Relative homology of a pair of Hopf algebras

Let S be a (complete) Hopf algebra over Q with the augmentation ¢, the antipode ¢ and
the coproduct A. For a left S-module M, we can always regard it as a right S-module by
ms = 1(s)m, s € S, m € M. Define the (co)homology groups by H,(S; M) := Tor?(M, Q)
and H*(S; M) := Ext5(Q, M). Here Q means the trivial S-module via the augmentation
map ¢. Let P, = Q be a left S-projective resolution of the S-module Q. Then they are
given by H,(S; M) = H.(M ®g P,) and H*(S; M) = H*(Homg(P,, M)).

Consider a homomorphism f: R — S of (complete) Hopf algebras. We regard M
as a left R-module through the homomorphism f. Let F, = Q be a left R-projective
resolution of Q. By Lemma 4.1.3 (1), we can choose an R-chain map f: F, — P, which
respects the homomorphism f: R — S and the augmentations. The (co)chain maps f :=
ly®@f: M®gF, - M®gP, and f := Hom(f, 15/): Homg(P,, M) — Hompg(F,, M) define
the induced maps f.: H.(R; M) — H.(S; M) and f*: H*(S; M) — H*(R; M), which are
independent of the choice of the chain map f: F, — P,.

We define the relative homology group H.(S,R; M) by the homology group of the
mapping cone

H.(S, Ry M) := H.(M ®s P,) xy (M ®g Fi_1)),

which we call the relative homology of the pair (S, R) with coefficients in M. It does not
depend on the choice of the resolutions P,, F, and the chain map f. In fact, let P/ and

*
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F! be other resolutions and f’: F! — P! a chain map respecting the homomorphism f and
the augmentations. By Lemma 4.1.3 (1)(2), we have homotopy equivalences ¢: F, — F,
and 1: P! — P, respecting the identities 1z and 1g, respectively. Lemma 4.1.3 (2) implies
fo ~ of': F. — P,. Hence, by Lemma 4.1.4, we obtain a uniquely determined map
(go,w)*I H*((M Xg P;) ><1f/ (M KRR F;il)) — H*((M XRg P*) >4f (M KR F*,l)). Homotopy
inverses of ¢ and v induce a uniquely determined map H,((M ®gs P,) X (M ®@r Fi_1)) —
H.((M ®s P.) xp (M ®g F]_;)). It is the inverse of the map (¢, 1), from Lemmas 4.1.4
and 4.1.5. Hence the relative homology group H,(S, R; M) is well-defined.
By the sequence (4.1.1), we have a natural exact sequence

oo Hy(Ry M) 55 Hoy(S; M) 25 Hy(S, Ry M) 5 Hy_ (R M) — -+ (exact).  (4.2.1)

We may choose Py = S and F; = R. Then the boundary operator <g —fd) = (d 1) s (M®g

P)®(M®grFy))=(MesP)®M — (M Qs ) ®(M®rF_1) = M is surjective. Hence
we have

Ho(S,R; M) =0. (4.2.2)
For a commutative diagram
R —> R
f’l fl (4.2.3)
g s

of (complete) Hopf algebras, we can take a homotopy commutative diagram of resolutions
as in (4.1.2). By Lemma 4.1.4, it induces a well-defined map

(¢, 9)s: Ho(S", R'; M) — H,(S,R; M)

for any S-module M. From Lemma 4.1.5 the relative homology of a pair of (complete)
Hopf algebras satisfies a functoriality.

Next consider the coproducts A: S - S® S and A: R - R® R. By the Kiinneth
formula, P, ® P, and F, ® F, are acyclic. We regard them as left S- and left R- chain
complexes by using the coproducts, respectively. In the case where S and R are complete
Hopf algebras, we consider P.®P, and F.QF, instead, and assume they are acyclic. In any
cases, by Lemma 4.1.3, we have chain maps A: P, - P, ® P, and A: F, — F, ® F,. By
Lemma 4.1.4, we can define a uniquely determined map

A, = (A A),: Ho(S, Ry M) — H(M ®s (P, ® P.)) ¥ jop (M ®p (F, ® F,)s_y)), (4.2.4)

which we call the diagonal map. Consider a commutative diagram of (complete) Hopf al-
gebras as in (4.2.3). Take resolutions P; and F, over S’ and R', respectively. By Lemma
4.1.3, we have chain maps ¢: F, — F, and ¢: P, — P, respecting the Hopf algebra ho-
momorphisms ¢ and 1, respectively, and the augmentations. The homotopy commutative

diagrams

F 25 FPeF 2% B ®F, FF—*%3sF -5 F.®F,
f’l f’®f’l f®fl and f’l fl f®fl
P -2 PopP 2% PP, P -5 p 25 PaP
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respect the same commutative diagram (4.2.3). Hence, from Lemma 4.1.5, we obtain the
commutative diagram

H.(S'", R, M) =2 H,((M ®g (P.® P.)) X pep (M @p (F.@ Fl), 1))
(o) | woewon. | (4.2.5)
HL(S, R M) —= H.(M ®s(P.® P.)) X o (M ®p (F. @ F.). 1)),

namely, the naturality of the map in (4.2.4). Here, if © is a chain homotopy connecting
Y[ to fi, the vertical map (p,¢). is given by h(p, ©,¢), and (¢ ® p,¥ @ ¥). by h(p ®
@, (fe)®O0+0 [Uf), v @) asin (4.1.3).

4.3 Cap products on the relative (co)homology

Now we introduce the cap product on the relative homology of a pair of (complete) Hopf
algebras. In this paper our Poincaré duality is given by H = H*, X +— (Y +— Y - X). This
means our cap product on the surface ¥ is given by ([X],uUv) = ([¥]Nu,v) for u,v € H*.
See [14] §5, for details. In other words, we evaluate the cocycle u on the front face of the
cycle [¥] in the product [¥] N u. Thus we define our cap product on the Hopf algebra
(co)homology in the following way. We remark our sign convention here is different from
[14] and [1].

Let f: R — S be a homomorphism of (complete) Hopf algebras over Q, M; and M,
left S-modules, P, and F, projective resolutions of Q over S and R, respectively, and
f: F. — P, a chain map respecting the homomorphism f and the augmentations. We
define the cap product

N: My Qg (Fi ® F,) @ Homg(P,, M) — (M; ® M) ®g F. (4.3.1)

by N(u®@r@yev) = (u®@zy)Nv = (—1)deEev)deevy @y (f(r)) @y for u € My, z,y € F,
and v € Homg (P, Ms). Here M; ® M, is regarded as an R-module by the homomorphism f
and the coproduct A. In the case R is a complete Hopf algebra, we consider the completed
tensor product M;®M, instead. By a straightforward computation, we find out N is a
chain map. In the case where R = S and f = 1g, we have a chain map

N: M) ®s (P ® P.) ® Homg(P,, M) — (M; ® M) ®g Pk,
which is compatible with the map (4.3.1). Hence we obtain a chain map

(Ml XRg (P*®P*) >4f®f M1 KR (F*®F*)*,1) X HOIHS(P*,MQ)
— (M1 ® M) ®s P xp (My @ My) ®p Fioy

and the induced map

(4.3.2)
We have to prove the naturality of the cap product (4.3.2). For the commutative diagram
of (complete) Hopf algebras (4.2.3), choose chain maps ¢: F, — F, and ¢: P, — P, of
resolutions as in (4.2.5).

28



Lemma 4.3.1. For any £ € H.((M; ®g (P, ® Pl)) Xytgr (M) @p (F. ® Fl)s—1)) and
n € H*(S; M,), we have

(@, ) (NP ) = ((0,¥)&) N € Ho(S, Ry My @ My).

Here (p,1).& in the right hand side means the homology class h(p @ ¢, (f) ® O + O ®

The lemma in the case where R = R, S" = S, o = 1z and ¥ = 1g implies that the cap
product is independent of the choice of the resolutions and the chain maps.

Proof. Let u,u’ € My, z,y € P., 2,y € F, and v € Homg(P,, M;). We denote = :=

(fe) 0 4+ 0 ® (¢f'). Then, by a straightforward computation, we have
(_1)dcg(x/®y')dcgv (¢ Gg 1/1 _80@> ((u Ry, o Q ' Q y/) N (1/1*1}))
[ 1)deg(z'®y’) degv ¢ ® 770 —-= / / /
(—1) (< 0 @®@>(u®x®y,u R ®y)>ﬂv
= (—(=D)**" @ (dv)(02') © Oy, (—1)**"d © (dv)(O2') @ @y
—((=1)**" ® (b0 ® ©)d(a’ @ y),u' ® (vO ® P)d(z' ¥ y'))

+ (g —fd> ((—1)deg“/u’ ® (v02)) ® Oy, (—1)%*"' ® (vOxr") ® @y') .

If vis a cocycle, and (u ® = ® y, v ® 2’ ® y') is a cycle, then the right hand side is
null-homologous. This proves the lemma. O

Taking the composite of the map N in (4.3.2) and the diagonal map A, in (4.2.4), we
obtain the cap product

N:=MNoA,: H.(S, R; M) ® H*(S; My) — H.(S, R; My @ My). (4.3.3)

From the naturality of the diagonal map A, (4.2.5) and Lemma 4.3.1, this is independent
of the choice of resolutions and chain maps. We also obtain the naturality of the cap
product:

Proposition 4.3.2. In the situation of the commutative diagram (4.2.3), let My and M,
be left S-modules. For any £ € H.(S', R'; My) and n € H*(S; M), we have

(0. 0)(ENY ™) = ((p,9)&) N € Ho(S, R; My ® My).

4.4 Kronecker product

We recall the Kronecker product on the (co)homology of a Hopf algebra. Let S be a
(complete) Hopf algebra over Q, P, an S-projective resolution of Q, and M; and M, left
S-modules. The Kronecker product on the (co)chain level

(,): (M ®g P.) ® Homg(P,, My) — M; ®g Mo (4.4.1)

is defined by (u® z,v) = (—1)derdevy @ y(z) for u € My, x € P, and v € Homg(P,, My).
Since (d(u®z),v) = (—1)%8*{(u®x, dv), we have the Kronecker product on the (co)homology

level
(,): Ho(S; My) @ H*(S; My) — My ®g M.
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Let ¢: S" — S be a homomorphism of (complete) Hopf algebras, P, an S’-projective
resolution of Q, and ¢: P, — P, a chain map which respects the homomorphism ) and
the augmentations. Then we have

(1, 0) = (u, ") (4.4.2)

for any v € H,(M; ®g P.) and v € H*(Homg(P,, Ms)). Hence the Kronecker product is

*

independent of the choice of the resolution P,, and has a naturality.

4.5 Homology of a pair of groups

Let G be a group, K a subgroup of G, and M a left QG-module. As was stated in §3.3,
we have H,(G; M) = H.(QG; M) and H*(G; M) = H*(QG; M). The normalized standard
complex F,(G) is a QG-projective resolution of Q. Since the inclusion map C,(K; M) =
M ®qxk F.(K) = C.(G; M) = M ®qg F.(G) is injective, the mapping cone C,(G; M)
Ci—1(K; M) is naturally quasi-isomorphic to the quotient complex C.(G; M)/C.(K; M)
from Lemma 4.1.1. Hence we have a natural isomorphism

H.(G,K; M) = H,(QG,QK; M). (4.5.1)

The standard complex F.(G) = {F,(G)} is also a natural QG-projective resolution of
Q, so that it can be used for computing the relative homology H,(QG,QK;M). The
Alexander-Whitney map

A: F,(G) — Fi(G) ® F.(G)

is a QG-chain map respecting the augmentation maps. See, for example, [3] p.108. Hence
the cap product on the relative homology H.(QG, QK ; M) of the pair (QG, QK) introduced
in §4.3 coincides with the usual cap product on the relative homology H.(G, K; M) of the
pair (G, K) via the isomorphism (4.5.1).

On the other hand, consider the classifying spaces BG and BK. We assume BK is
realized as a subspace of BG. Choose a basepoint * € BK. Denote by A" the standard
n-simplex, and by S,(X) the rational singular chain complex of a topological space X. For
any g € G we choose a continuous map p(g): A — BG satisfying the conditions

1. p(9)(0) = p(g)(1) = * under the natural identification A ~ [0, 1],
2. the based homotopy class of p(g) is exactly g € G = m(BG, %), and
3. plk)(A"Y) C BK ifk € K.

This assignment defines a QG-map p: Fi(G) — S1(EG) and a QK-map p: Fi(K) —
S1(EK), where EG and EK is the universal covering spaces of BG and BK, respectively.
Since the spaces BG and BK are aspherical, the map p extends to a QG-chain map
p: Fu(G) = S.(EG) and a QK-chain map p: F,.(K) — S,(FK). Since the map p respects
the augmentations, it induces a natural isomorphism

p«: Ho(G,K; M) — H.(BG,BK;M). (4.5.2)

In the right hand side we regard M as the local system on the space BG associated with
the G-module M. From the construction of the map p, we have a commutative diagram
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of QG-chain maps
F.(G) —2> F.(G)®F.(G)

pl p®pl
S.(EG) —2— S.(EG) ® S.(EG),
where the lower A is the Alexander-Whitney map on the singular chain complex. Hence the
cap product on the relative homology H,(G, K; M) of the pair (G, K) coincides with the
cap product on the relative homology H,.(BG, BK; M) of the pair (BG, BK) of topological
spaces via the isomorphism (4.5.2).

5 (Co)homology theory of T and (f, Qllwl])

Following §4, H,(T; M), H*(T; M) and H,(T,Q[[w]]; M) are defined for any T-module M.
Here Q[|w]] is the ring of formal power series in the symplectic form w, which is regarded
as a Hopf subalgebra of T in an obvious way. In this section we describe them in an
explicit way, prove the Poincaré duality for the pair (f ,Q[[w]]), and give a homological
interpretation of symplectic derivations of the algebra T

5.1 Explicit description of (co)homology of T and (f,@[[w]])
Let S be a (complete) Hopf algebra over Q. We denote by I.S the augmentation ideal of
S, namely, IS := Ker(e: S — Q), and by 0 the inclusion map IS < S. Then P,(5) :=
(IS LA S) is a left S-resolution of the trivial S-module Q. For a left S-module M we
denote

D.(S; M) =M ®g P(S)=(M®s5IS —- M®sS), and

D*(S; M) := Homg(P.(S), M) = (Homg(IS, M) <— Homg(S, M)).
Let f: R — S be a homomorphism of (complete) Hopf algebras. It induces a natural
homomorphism f: IR — IS and natural (co)chain maps f: D.(R; M) — D.(S; M) and
f*: D*(S; M) — D*(R; M). The mapping cone D, (S, R; M) := D,(S; M) xy D,_1(R; M)
has an acyclic subcomplex M ®zr R = M Mo =M ®gS. We denote the quotient complex

by D.(S, R; M), which is given by

o M KR IR, if x = 2,
D.(S,R; M) =< M®gIS, if x =1,
0, otherwise,

and
D=1y ® f: Do(S,R; M) =M @p IR — M ®5 IS = D(S, R; M).

The natural projection w: D, (S, R; M) — D, (S, R; M) is a quasi-isomorphism.
We call the (complete) Hopf algebra S free, if 15 is a left S-free module. For example,

the algebras 7', Q[[w]], Qr and Q(¢) are free. Then P,(S) is a left S-projective resolution
of Q. Hence we have

H.(S; M) = H,(D.(S; M)) = H.(M ®5 IS ™% M @4 5) (5.1.1)
H*(S; M) = H*(D*(S; M)) = H*(Homg (IS, M) <= Homg(S, M))  (5.1.2)
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as in (3.3.1). If R is also free, then we have

H.(S,R;M) = H.(D.(S,R; M)) = H. (M @ IR ™% M 04515 — 0). (5.1.3)

Lemma 5.1.1. Let S and R be free (complete) Hopf algebras, f: R — S a homomorphism
of (complete) Hopf algebras, and M a trivial S-module. Then

(1)

M, if =0,
H.(S;M)=<¢ M®(IS/IS?), if x =1,
0, otherwise.

(2) If f(IR) C 15?2, then

Hl(RvM>a Zf*:27
H.(S,R;M)=1< H(S; M), if x =1,
0, otherwise.

In particular, 0.: Hao(S, R; M) — Hy(R; M) is an isomorphism.

Proof. Since M is a trivial module, 1y ® 9: M ®¢ IS — M ®g S is a zero map. Hence
Ho(S; M) = M and H(S; M) = M ®g IS. The map M ®5 IS — M ®q (IS/IS?),
u®a— u® (amod IS?), is a well-defined isomorphism. This proves the first part.

From the assumption f(IR) C IS? f.: M@ (IR/IR*) — M ® (I1S5/IS5?) is a zero map.
Hence the homology exact sequence (4.2.1) implies the second part. O

Consider the case S = T and R = Q[[w]]. The inclusion map i: Q[w]] — T is a

homomorphism of complete Hopf algebras. Then we have .S = T 1 =T ® H as aleft T-
module, so that M ®g1S = M@;T®H = M®H and Homg (1S, M) = Homs(T®H, M) =
Hom(H, M). Under these isomorphisms, the operators 1), ® 0 and 0* are given by

Ou: M®H —- M, m®Xw—(X)m, and
op: M — Hom(H, M), mw— (X — Xm),

respectively. Hence we have

H(T;M) = H.(M®H% M), and (5.1.4)

H*(T; M) = H*(Hom(H,M) % M). (5.1.5)
A similar result holds for R = Q[[w]]. Under the isomorphism M ®z IR =M ® Qw = M,
the boundary operator in D, (S, R; M) is given by

g
dy: M —Me;Ti=M&H, m—-m@w=>» —(Am)® B+ (Bm)® A;.

i=1

Hence we have R
DT, Q[w]: M) = (M ™ M H - 0). (5.1.6)

Now we recall the space H and its dual H* are identified by the map

9:HSH, X (Y=Y -X),
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as in (2.7.1), and introduce the isomorphisms

SRS

(T,Q[w]: M) =M & H > H* @ M = DNT: M), m®X — —0(X)®@m,
o(T,Qw]]; M) = M 5 M = DT; M), m+ —m.

It is easy to check they constitute a chain map up to sign, and induce an isomorphism of
cochain complexes

J:
v

9: Dy (T, Q[[w]): M) = D*(T; M). (5.1.7)
Hence we have an isomorphism Hy_,(T, Q[[w]]; M) = H*(T;M). In the next subsection
we interpret this isomorphism as a certain kind of the Poincaré duality.

5.2 Poincaré duality for the pair (T, Q[[w]])

We begin by introducing the fundamental class [£] € Hy(T,Q[[w]]; Q), which is a counter-
part of the fundamental class [¥X] € Hy(X, 0%; Q) of the surface ¥. For R = Q[[w]], we have
IR/IR? = Q[w]]w/Q[[w]]Jw? = Qw. By Lemma 5.1.1(1), we have H;(Q[[w]]; Q) = Qw = Q.
Since i(IR) C IS? for S = T\, the connecting homomorphism 9,: Hy(S, R; Q) — Hi(R; Q)

is an isomorphism from Lemma 5.1.1 (2). We define

~

L] = —0.7"(w) € Ho(T, Q[[w]]; Q), (5.2.1)

A~

which spans Ha(T, Q[[w]]; Q) = Q and is represented by (0, —w) in Do(T,Q[[w]]; Q) =
0@ Q Qg Qlw]lw. We call it the fundamental class of the pair (T, Q[[w ]]2\ We have a

certain kind of the Poincaré duality with respect to this fundamental class [£].

Proposition 5.2.1. The cap product by the fundamental class [Z] gives an isomorphism
[£n: H(T; M) = Hy (T, Q[[w]); M)

for any left T-module M. In particular, the cochain map 9 in (5.1.7) induces the inverse
of the map [L]N

Proof. We begin by computing the diagonal map (4.2.4)

A,: H(T,Q[w]]; M) — H.(M ®5 (P.OP,)) Moy (M @ (F.OF)—1))  (5.2.2)

~

explicitly. Here we write simply P, = P.(T) and F, = P,(Q][[w]]). It should be remarked

o~

the completed tensor product P,(T)®P.(T) given by

(T, B3 TeTeTel, % Tél)
u (—u,u)
(v, w) =

<

+w

is acyclic. We construct a chain map A: P, (f ) — (f )&P,(T) respecting the coproduct
A as follows. In degree 0 we define A: Py(T) = P,(T)®P, (T))O = T&T by the
coproduct A itself. In degree 1 we define A(X) := (X®1,10X) € Ti®T & TRT, =
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(P.(T)®P.(T)); for X € H, and extend it to the whole 7} = T ® H as a left T-
homomorphism. Since X®1 + 10X = A(X) € ’f@f, this map A is a T-chain map.
We define a Q[[w]]-chain map A: P.(Q[[w]]) = P.(Q[[w]))®P.(Q][w]]) in a similar way. We
have A(w) = (w®1, 1&w) for w € Q[w]lw = P1(Q[[w]]). Then the (homotopy commuta-
tive) diagram

P.(Q[lw]]) =2 P.(Q[w])&P.(Qlw]))

P(T) —25  P(D&P(T)

does not commute. If we denote

g AN AN

& =Y Ai®B; - BoA € o,

i=1

then
Ai(w) = (w1 — @, @+ 18w) = (i ® i) A(w) + .
This means the Q[[w]]-homomorphism
®: P(Q[w]]) = (P(Q[w])@P(Q[[w]]) 41

defined by ®|p, = 0 and (®|p,)(w) = —w satisfies the relation (i ® i)A — Ai = d® + Pd.

Hence the diagonal map (5.2.2) is given by h(A, P, A) = (A N

0 A ) In particular, the

-~

homology class A,[L] is represented by the cycle

(ﬁ _Aq)> < . ) - <(—w®1_,w_1®w)) € (M ®s (P.OP,)) Xigi (M @g (F.OF,).1).

—w
By the explicit definition of the cap product (4.3.1), we have

(AL Nm = (0,—m & w)

(AJ[L) Nw = (Z —v(A;) ® B; +v(B;) ® A, zg: Aw(B;) — Biv(A,-))

=1

form € M = D°(T; M) and v € Homa(Ty, M) = DX(T; M). Hence wo((A,[£])N): D*(T; M) —
Dy (T, Q[[w]]; M) is exactly the inverse of the map ¥ (5.1.7). This proves the proposi-
tion. [

In a way similar to the surface ¥ we can introduce the intersection form
(+): Hi(T; M) ® Hy(T,QlIul); Ma) = My @7 Mo, u@ v (u, (E)0) ) (5.2.3)

for any left T-modules M; and M,. Here ( , ) is the Kronecker product (4.4.1). Under the
identifications (5.1.4) and (5.1.6), the intersection form coincides with the pairing

( . )I Mi®HRMQH — M1®T\M2, m1 R X1 ®ma® Xy — (Xl'XQ)m1®m2. (524)
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In fact we have <m1 ®X1, 19(m2®X2)> (m1 ®X1, 19(X2)®m2) = (Xl ~X2)m1 X my. The
inclusion homomorphism j,: H, (T; M) — Hy(T,Q[[w]]; M;) is induced by the composite
Hy(T; M) < My ® H — Hy(T,Q[[w]]; M;). Hence the intersection form

(+): H(T; My) @ Hi(T; My) — M, Rp My, u®@ v (u, ([£]N)~Lg.0)

also coincides with the pairing (5.2.4).
In the succeeding subsections we use these intersections to give a homological interpre-
tation of the Lie algebras a, and [, and symplectic derivations of the algebra T'.

5.3 Homological interpretation of a, and [,

The space H acts on the spaces T and £ by Xu = [X,u] and Xv := [X, v] for X € H,
weTandve [, respectively. This action extends to the whole algebra T. In fact, we
introduce an action of the algebra T&T on the space T by

C(TRT)®T =T, (V&) @u s vu(v”)
for u,v',v" € T. The space Tis a left T&T-module by the map C’. We have C'(A(X; -+ X,,)®
u) = [ X1, [Xo, [+ [Xn,u]---]]] for X; € H and u € T. Hence the action

TRT—T, v@ur C((Av)®u)

is exactly an extension of the action of H stated above. We denote by T¢ and L£° the
left T-modules defined by this action. In particular, if v € T is group-like, we have
C' ((Av) u) = vue(v). Hence these modules correspond to the Qm-modules Qn¢ and
Lle(@ﬂ' respectively. We denote by T\f the T-submodule of T¢ whose underlying subspace
is T1 R

As was stated in (2.7.3), the Lie algebra a; = Der, (') is identified with Ker([, |: H®
T — f) = N(ﬁ), and the Lie algebra [, = Der,,(£) with Ker([, ]: H®L — L) = N(L&L).
Hence, from (5.1.4), we obtain

a; = N(T) = H\(T;T°), (5.3.1)
a, = N(Ty) = Hy(T;T¢), and (5.3.2)
[, = N(L&L) = Hy(T; L°). (5.3.3)

The brackets on the Lie algebras a, and [, can be interpreted as intersection forms on
the homology introduced in (5.2.3). We introduce a map

B: fc®ffc — N(ﬁ) =a,, u®uv— N(uw),
which is well-defined, since N ([u, X|v) = N(u[X,v]) for X € H (Lemma 2.6.2 (2)).

For positive integers n and m, by a straightforward computation, we have

Lemma 5.3.1.

[N(Xy - X,,), N(Yy -+ Vo)
= N((N(Xp-- X)) (YY)
= —B(N(Xi- X)) N(Yi-Y)

= =D D (K YV)N(Kigr - X Xo - X g Vi - Yo Ya - Y
J=1

i=1 j=
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for X;,Y; € H. Here the bracket |, | is that as derivations of T, and (N(X1 -+ X)) (Y -+ Yy)
is the action of N(Xy---X,) on the tensor Y;---Y,, as a derivation. The third term is

minus the pairing ( - ) in (5.2.4) of N(Xy---X,,) and N(Y1---Y,,) € T @ H applied by the
map B.

Hence we obtain

Proposition 5.3.2. Under the identifications (5.3.1) and (5.3.3), the brackets on the Lie
algebras a,; and [, coincide with minus the intersection forms

a,, and

—B( - ): Hy(

T)®Hl(
~B(-): H\(T; L

T:7°) — N(T}
)@ Hy(T; L°) — N(L

7
H\(T; ) = N(

-~

) =
® L)

[y,

respectively.

5.4 Homological interpretation of symplectic derivations of T

In order to interpret symplectic derivations of the algebra T we introduce three left T—
modules TT T! and Tt which correspond to the left Qm-modules Q7" Qn! and Q.
vector spaces these three modules are the same T. The action of the algebra 7' is given by
the multiplication

u(v") =0 (w), w@'):=w', and w(v'):=e(u)’

forue T, v" € Tr, v € T and vt Ej’\t.ADenotg\ by T the tensor algebra of H, T :=
D, , H®". We define a map &: T — (T"®T") @4 T1 by

Eu) =111 —-¢)(Au)=1® (Au—u®1)

for u € T. In this expression, we regard (77&T") R T} as the natural quotient of (T"&T")®
Tl. Then we have

Lemma 5.4.1.
§(Xy - X0) :Z(Xl"'Xi_l(gXi—i—l"'Xn) Rz X;

form>1and X; € H.

Proof. First note that T®T acts on (IT"&T')@T} from the right, by (uRVOW)(T®Y) = u®
va@wy, and this action is compatible with the quotient map (T"&TH@T, — (T*&T@4T).
In the below, 1 ® (Aw —w ® 1)(1 ® X,,) means the result of the application of 1 ® X,, to
1 ® (Aw —w ® 1) with respect to this action, etc.

We prove the lemma by induction on n > 1. If n = 1, we have £(X;) = 1@ (AX; — X1 ®
1) =1®1® X;. Suppose n > 2. Denote w := X --- X,,_;. By the inductive assumption,
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we compute

n—1

i=1
n—1

= - Z(AXi)(Xl e X1 @ X - Xnm1) ® X,

1
= _Z<Xi®1+].®Xi)(X1"'Xi—1®Xi+1"'Xn—1>®Xn

n—1
= Z(Xl"'Xi®Xi+1"'Xn—1) X, — (X1 Xis1®X; - Xp1) @ X,
i=1

= X1 X, 1®10X,-10X; - X, 10X, =w®le®X, - 1w X,.

Hence we have 1 ® (Aw)(1 ® X,,) = w® 1 ® X,,. Using the inductive assumption again,
we compute

E(wX,) =1 (A(wX,) —wX, ®1)
= 1@ (AwX,®1+1®X,) —wX,®1)
= 1Aw-—w®l)(X,®1)+1® (Aw)(l ® X,)

n—1
= D) X1 X @ X X Xy @ X+ X X 910 X,
=1

= ZX1"'Xi—1®Xi+1"'Xn®Xi-
=1

This completes the induction. O

From this lemma, the map & is a graded homomorphism of degree 0. Hence it extends
to the whole T and induces a map

&:T = (T'6T) ©p Ty = Du(T, Q] T"6T) — Hi(T, Q[lu]; T"&T),
which corresponds to the map in Definition 3.5.1. Consider the map
C: T\c@)f (T\T®rﬁ) —>T\t, WR UV uwv,

which is well-defined, since C(Xw @ u® v) 4+ C(w @ X (u®@v)) = u(Xw —wX)v — uXwv +
uwXv =0 for any X € H. Then we have

Lemma 5.4.2. R
C(w-&(u)) = (Yw)(u) €T

foranyw € T°@ H andu € T. Here 9: T°@ H » H*®@T°, m®Y — —(Y) @ m, is
the map given in (5.1.7). The right hand side means the action of Yw on the tensor u as
a derivation.
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Proof. 1t suffices to prove the lemma for u=X;---X,,, X; e HHw=m®Y,mée€ T¢ and
Y € H. From Lemma 5.4.1,

— Z(Y CX)C(M® Xy Xy @ Xigr - Xy)

i=1

- - i(xi VK Xeam X X,)
- ZXl Xi19(m @Y )(Xi) Xig1 -+ X = (Jw)(u).

This proves the lemma. O]
Hence we obtain

Proposition 5.4.3. Under the identification (5.3.1) and the map &: T — Hy(T, Q[[w]): T"&T"),
the action of the Lie algebra a; on the algebra T' as derivations coincides with minus the
intersection form

—C(-): Hi(T;T°) ® Hy(T,Q[[w]]; T"®T" = T" =T.

In other words, we have
Clw-¢(u) = —w(u)
for any w € Hl(f; fc) andu e T.

6 Comparison via a symplectic expansion

In this section we prove Theorems 1.2.1 and 1.2.2 in Introduction.

6.1 Comparison via a Magnus expansion

Let F,, = (x1,...,x,) be a free group of rank n > 1 with standard generators z1,...,z,, T

the completed tensor algebra of the rational homology group Hi(F,;Q), and 6: F,, — T a
Magnus expansion of F;, as in Definition 2.3.1. Then 6 induces an algebra homomorphism
0: QF, — T. We regard a left T-module M as a left QF,-module via 6.

Lemma 6.1.1. For any right T-module My and left T-module My, 6 induces isomorphisms

0.: H,(Fy; M) > Torl (M;,Q), and
0% : Bxtk (@,MQ)iH (F,; Ms).

In particular, if 0 is group-like, then we have isomorphisms 0, : H.(F,; M) 5 H*(f; Q)
and 6*: H*(T; M) = H*(F,: My).
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Proof. There exists a filter-preserving automorphism U of the algebra T , such that 6(z;) =
U(l + [x;]) for any 1 < i < n (see [14], Theorem 1.3). Since {[z;]}.; C Hi(F,; Q)
is a free basis of the left T-module T}, the set {0(z;) — 1}, is also a free basis of T'.
Hence we have a decomposition M; @4 T, = D), My @ (0(x;) — 1). On the other hand,
by using Fox’ free differential, we find out {z; — 1}, is a free basis of the left Q-
module [ F,,. This implies a decomposition M; @qg, [F, = @,_, M1 & (z; — 1). Hence we
obtain an isomorphism of chain complexes 6,: D,(QF,; M) = M; ®z P (T\), and so the
isomorphism 0,: H.(F,; M;) = Torf(Ml, Q). A similar argument holds for Ext%(Q, Ma)
and H*(F,; M,). O

Let 0: 7 — T be a symplectic expansion of the fundamental group m of the surface .
Then the restriction of 6 to the subgroup (¢) is a Magnus expansion of the infinite cyclic
group (¢). Hence, from Lemma 6.1.1 and the five-lemma, we obtain

Corollary 6.1.2. Let 0 be a symplectic expansion of the fundamental group 7 of the surface
Y.. Then the algebra homomorphism 0 induces an isomorphism

1%

A~

0.: H(m, (¢); M) = H.(T,Q[[w]]; M)
for any left T-module M. Here we write simply 0, for (0,0)..

6.2 Symplectic expansion

Hereafter suppose 0 is a symplectic expansion of the fundamental group 7. Then we have
a commutative diagram of (complete) Hopf algebras

Q) —— Q[w]]
l l (6.2.1)
Qm T

As was proved in Lemma 6.1.1 and Corollary 6.1.2, we have isomorphisms

0,: H.(m M) > H,(T: M),
0*: H*(T: M) > H*(m; M), and
0.: H.(m,(C); M) = H.(T,Q[[wl]]; M)

for any left T-module M. Now we have

Lemma 6.2.1.

Proof. In the commutative diagram

H2(2a827(@> R H2(7T7 <C>7@) — H2<T,@[[(U]],@)
| | |
Hi(0%;Q) == Hi({();Q) —— H(Q[W];Q),



the fundamental class [X] is mapped to —[¢] € H1((¢); Q). In fact, the loop ¢ goes around
the boundary 0% in the opposite direction. Since 6 is a symplectic expansion, we have

—0.[(] = —w = 0.[L] € Hi(Q[[w]]; Q). This implies 6.[X] = [L], as was to be shown. O
Hence, by Proposition 4.3.2,

Corollary 6.2.2. We have a commutative diagram

HY(m M) +2—  HY(
[Z]ﬂl [Z]n

Hy(m, (¢); M) —"— H\(T,Q[w]}; M)

; M)

—

for any left T-module M.

Here it should be remarked the cap product on the pair of spaces (3,0%) coincides
with that on the pair of Hopf algebras (Qm, Q(¢)) from what we proved in §4.5. Thus the
intersection form on the pair (7', Q[[w]]) is directly related to that on the surface 3.

Proposition 6.2.3. For any left T-modules My and My, we have a commutative diagram

Hy(m My) @ Hy(m, () Ma)  ——Ls My ®gs My

on | |

Hy(T: My) ® Hy(T, Qw]); My) 5 M, @4 M.

6.3 “Completion” of the Goldman Lie algebra

Recall the map A: Qn — Hy(m; Q7¢) in §3.4, whose kernel is the subspace Q1 spanned by
the constant loop 1 = |1| € . Since the group 7 is free, the map

H.(0): H(m;Qn°) — Hl(ﬂ;fc)

induced by the injection 6: Qm° — T is injective. As was proved in Lemma 6.1.1,
0.: Hi(m;T°) — Hy(T;T°) is an isomorphism. Let \g be the composite
Ao: QF D H,(m;Qn°) ) Hy(m;T) & H\(T;T¢) = N(T}) = a, .

From what we showed above, the kernel of )y is the subspace Q1.

In order to describe the map Ay explicitly, we introduce some notation around the
algebra T. Let N: T — Ty be the map defined by N|geo = 0 and N|gsen = N|gen =

Z?:_ol %Vi for n > 1. Clearly we have N|N(ﬁ) =Ly, We denote by x the composite

Xifc®ff1:fc®]{‘%f1.

We have X(Ker(fc Qs T T R f)) = N(ﬁ). Let ®: 7 — L be the map defined
by ®(X;---X,,) = [ Xy, [+ [Xn-1,Xn]---]] for X; € H, n > 1. We have ®(u) = nu and

[u, ®(v)] = ®(uw) for any u € LN H®" and v € T;. See [26] Part I, Theorem 8.1, p.28.
LP|pen is exactly the Dynkin idempotent.
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Lemma 6.3.1. We have

A

Nx(u @ v) = N(ub(v))
for anyuef and v € Ty,

Proof. Tt suffices to prove the lemma for v € H®? by induction on ¢ > 1. If ¢ = 1, then
Jifx(u@)v) = N(up) = N(ud(v)). Suppose ¢ > 2 and v € H®9~'. For any X € H we have
Nx(u® Xv) = Nx([u, X] ® v) = N([u, X]®(v)) = N(u[X,®®)]) = N(u®(Xv)). This
completes the induction. [

Lemma 6.3.2. For any x € m, we have
Mo(z) = NO(z) = N(8(z) — 1) € N(T}) = a

Proof. The homology class A(z) = = ® [x] € Hy(m;Qr°) is represented by z @ (z — 1)
Q7 ®gn Im = D1 (Qm; Q). Hence \g(x) = x0.H.(0)(z® (x—1)) = xb.(0(x) ® (x — 1))
X(0(z)®0(x—1)). Since [(*(z),0(z)] = 0, we have 0(z)@0(z—1) = 377 | £0(z) @ (z)F =
0(z) @ (9(x) € T° 07 Th.

Clearly we have N{%(z) = [z] = N®(z). We denote by t0(x) € L, = LN H® the
degree p-part of /(x) € L. For n > 2, we have

N(fe( )"l (x))
= Z Z (G (@) 0, ()05, () -+ 6, (€)@ (7))

=1 p1,,pn

D3PS ey NG @) @, @) ()0, ()

lel *Pn

S

D33 e, NG G @) = 3 NG @) (@)

1=1 p1,~ ,pn D1, P

= N(l’(2)").
Hence, by Lemma 6.3.1, we have

Ao(x) = x(6 (fv)®f9( )) = Nx(b(z) @ €'(x))
= N(@( +Z + DN (L (2) 0L’ (2))

k=1
0o

— Nz o2 = N(6(z) - 1).

k=1

This proves the lemma. O

With respect to the T 1-adic topology, the image of the map 6: Qm — T is dense in the
space T. Clearly the map N:T - N (T 1) is a continuous surjection. Hence the image of
the map \g: Qm — N(Tl) is dense in N(Tl) Summing up Propositions 3.4.3 (2), 5.3.2,
6.2.3 and Lemma 6.3.2, we have a commutative diagram

(@) 225 (Hy (m; Qre)) e (Hy(T5 7)) —— (a;)%?

[7]l B*()l B()l _[7]J/

Ao s

Qr — Qr TR N(T) ——— a.

(6-0H..(6))%?
S



This means the map —X\g: Q7 — N (ﬁ) = a, is a Lie algebra homomorphism. Hence we
obtain

Theorem 6.3.3. For any symplectic expansion 0 of the fundamental group m of the surface
>, the map R
—NO:Qr — N(Th) =a,, xz+— —NO(x)

is a Lie algebra homomorphism. The kernel is the subspace Q1 spanned by the constant
loop 1, and the image is dense in N(1}) = a, with respect to the Ti-adic topology.

By this theorem, we may regard the formal symplectic geometry a, as a completion of
the Goldman Lie algebra Q7’. In our forthcoming paper [16] we use this idea to compute
the center of the Goldman Lie algebra of an oriented surface of infinite genus.

6.4 Geometric interpretation of symplectic derivations

In this subsection we show the action of a, on the algebra T as symplectic derivations can
be interpreted as the action o of the Goldman Lie algebra Q7 on the group ring Qn in a
geometric way. In order to prove it, we need to prepare some lemmas.

Lemma 6.4.1. Ifu € T is group-like, namely, u satisfies A(u) = u®u, then we have
E(w) = (16u) @ (u—1) € (T"&T") @7 T,

Proof. When u is given by u = > p  ug, ux € H®*, we denote uc,, := > - ux € T for
any m > 1. Then we have £(u) = (u<yn) = 1@ ucy ® (U — 1) = (1&u) @ (u— 1) modulo

~

the elements € (YAW@fl) ®4 T1 whose degree are greater than m. Since we can choose m
arbitrarily, we obtain &(u) = (1®u) ® (u — 1). This proves the lemma. O

Lemma 6.4.2. We have a commutative diagram

Qr —— Hy(r, ((); Q" © Qr')

GJ/ G*OH*(Q)l

T — H(T,Q[w]);Tr&Th.
Here H,(0): Hy(m, (¢); Qr" ® Qn') — Hy(, <C>;fr®fl) is the map induced by 6: Q" ®
Qrl — TT&T".

Proof. For any x € 7, 6(z) is group-like, so that, from Lemma 6.4.1, £0(x) = (100(7)) ®
(0(z) — 1) = 0.(120(z)) ® [7]) = 0.H.(0)(1 ® 7) ® [x]) = 0.H.(0)&(x). This proves the

lemma. O

The main result in this subsection is

Theorem 6.4.3. Let 0 be a symplectic expansion of the fundamental group m of the surface
.. Then, for u € Qn and v € Qm, we have the equality

O(o(u)v) = —Xg(u)f(v).
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Here the right hand side means minus the action of Ag(u) € a; on the tensor 6(v) € T as
a derivation. In other words, the diagram

Q7 x Qr —2— Qn

onxel le (6.4.1)

A~

a; X T — T,
where the bottom horizontal arrow means the derivation, commutes.
Proof. From the definition of the two C’s we have a commutative diagram
Q' ®o- (@7 ©Qr') — Qr
e®e®al % (6.4.2)
Te @ (TreT) —S T
By Propositions 3.5.2, 6.2.3 and Lemma 6.4.2, we have
0(o(u)v) = 0C.(A(u) - £(v)) = C((OH(0)A(w)) - (0 H(0)E(v))) = C(Ag(u) - £0(v)),
which equals —Ag(u)0(v) from Proposition 5.4.3. Hence we obtain 6(o(u)v) = —Xg(u)6(v).

This completes the proof of the theorem. n

6.5 The key formula
Recall from §3 the map |- |: Qmr — Q7 and define o: Qn x Qr — Qn by o(u,v) = o(|u|)v.
Lemma 6.5.1. For integers p,q > 1, we have

o(In? x It?) C IxPta=2,

Proof. Since 0‘1(fp) = I7P, it suffices to show the following: if u € I7P and v € In9,

then (o (u,v)) € Ty1,—2. By Lemma 6.3.2 and Theorem 6.4.3, 8(o(u,v)) = —Ag(u)f(v) =

(N6(u))f(v). On the other hand, we have Nf(u) € T, and 0(v) € T, by assumption.

Hence (NO(u))0(v) € T)iq—2. O

By this lemma, we see that ¢ naturally extends to o: @T X @r — @T and the diagram
Qr x Qr —— Qn

—,\gxel le (6.5.1)

a, xT —— T,

which is an extension of the diagram (6.4.1), commutes. Let f(z) be a power series in
x — 1. Then for z € 7, N(0(f(z)) € a, = N(Ty) is defined. For example, if f(z) = logz,
then N(0(f(z))) = N(¢°(x)) = [x], as we have seen in the proof of Lemma 6.3.2.

Let f(x) = (logz)?. Then N(0(f(z))) = N(°(x)?(x)) = 2L°(z). Therefore, from
(6.5.1) we obtain the following key formula which will derive Theorem 1.1.1.
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Theorem 6.5.2. For x,y € 7,

0(o((log)*)y) = —2L%(2)0(y).
As an immediate consequence, we have the following:

Corollary 6.5.3. Let o be a free loop and 5 a based loop on Y. Suppose a N3 = (0. Then
Li(@)0(8) = L(a)t’(B) = 0.

Proof. By assumption, o(a™) = 0 for each n > 0, hence o((log «)?) = 0. Using Theorem
6.5.2, we have L?(a)f0(8) = 0. Since £?(8) = logf(B3) and L%(a) is a derivation, we also
have Lf(a)l?(3) = 0. O

7 Proof of the main results

In this section we prove Theorems 1.1.1 and 1.1.2 in Introduction, and derive some formulas
of 7¥(tc), which matches the computations by Morita.
Let us recall some notations. As in §6.3, we denote by Ef,(a;) € L, = LN H®P the degree

p-part of %(z) € L for z € 7. Further we denote
L) =) Li(z), Li(z)e H®
=2

Then we have

L(z) = %N <i zg(x)efp(x)> .

p=1

L%(z) and LY(x) are regarded as a derivation of the algebra T, and if 6 is group-like, they
belong to [, (see §2.7).

7.1 The logarithms of Dehn twists

Theorem 7.1.1. Let 0 be a symplectic expansion and C' a simple closed curve on 3. Then
the total Johnson map T (tc) is described as

T(to) = e @),

Here, the right hand side is the algebra automorphism off defined by the exponential of
the derivation —L°(C).

Let us give an orientation on C' and denote by [C] € H its homology class. Then the
square of L§(C) = [C][C] acts on H trivially. See Lemma 7.6.1 and Proposition 7.7.1.
Recall from §2.5 that T%(tc) = 7%(tc) o |tc]. Let X € H. Modulo Ty, we compute

lte|X = 7(te) o [te]| X =T (te)X = e M OX = X — LYO)X = X — (X - [C))][C].

Namely,
[te]X =X = (X -[C])[C], X € H.
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This is nothing but the classical formula as stated in Introduction (1.1.2).

A simple closed curve C' on X is called non-separating (resp. separating) if ¥\ C' is
connected (resp. not connected). The proof of Theorem 7.1.1 is divided into two cases
according to whether C' is separating or not. We take symplectic generators suitable to C'
and compute L(C)0(x;), hence e~ =" (x;) by using Theorem 6.5.2 where x; is one of the
generators. Next we observe this value coincides with T%(t¢)0(z;) = 0(tc(x;)). Together
with the fact that {#(z;)}; generates T' as a complete algebra, we will get the conclusion.

7.2 Non-separating case

Suppose C' is non-separating. We take symplectic generators oy, 31, ..., ag4, B, such that
|1 | is homotopic to C' as unoriented loops. Then the action of ¢ on 7 is given by
to(oi) = i, 1<i<y,
tc(ﬁl) = 51041, (721)
te(Bi) = Bi, 2<i1<g.

Lemma 7.2.1. Notations are as above. Then

LY(C)0(a;) = 0, 1<i<yg,
LG(C’)G(ﬁl) = _9(51)59(041),
L(C)0(8;) =0, 2<i<g.

Proof. Since CNa; =@ for 1 <i < gand CNB; =0 for 2 <i < g, we have LY(C)0(cy;) = 0
for 1 <i < gand LY(C)0(3;) =0 for 2 < i < g by Corollary 6.5.3.
It remains to prove L(C)0(81) = —0(51)¢%(a;). We have

o(al)py = npaf, forn > 0.

Thus for m > 0, we compute

ot =175 = S0 ()atain = 0" s

n=0 n=1

= mﬁloq(al — 1)m—1' (722)

Here we use n(") = m(”]). This implies if f(a;) is a power series in oy — 1, then

o(f(aq))B1 = Praaf'(cq), where f'(aq) is the derivative of f(ay). If f(ay) = (logoq) )
then ay f'(a) = 2log ;. Therefore, o((logay)?)B; = 26; log ;.

Substituting this into Theorem 6.5.2, we have

LQ(C’)Q(ﬁl) = —%9(0((1% 041)2)51) = —0(Bilogay) = _6(51)50((11)-

This completes the proof. [

Proof of Theorem 7.1.1 for non-separating C'. By Lemma 7.2.1, we have e‘Le(C)H(ai) =
0(c;) for 1 < i < g, and e 2 (©@0(3) = 0(3;) for 2 < i < g. Also Lemma 7.2.1 implies
LY(C)0(B1) = (—1)0(B1)¢%(ay)? for i > 0. Hence

e o) =3 (=15

=0

Lr LY(C)'0(51) = () Z%Ee "= 0(61)0(ar) = 0(Bron).
i=0
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On the other hand, (7.2.1) implies that the total Johnson map T?(t¢) satisfies T?(tc)(0(cw)) =

o)
O(a;) for 1 <i < g, T?(tc)(0 (51)) = 0(Br1cvy), and T%(tc)(0(B;)) = 0(3;) for 2 < i < g.
In summary, the values of e~ L(€) and T?(t¢) coincide on {0((11) 0(8:)}i- Since {0(cvi), 6(5;)}s

generates 7' as a complete algebra, this shows the equality e 2" = T?(to) € Aut(T).
This completes the proof of Theorem 7.1.1 for the case C' is non-separating.

7.3 Separating case

Suppose C' is separating. We take symplectic generators oy, 31, ..., a4, B, such that C' is
homotopic to || as unoriented loops, where 7y, = H?:l[ai’ B;] for some h. Then the action
of to on 7 is given by

to(og) =y oy, 1 <i<h,

te(og) = ay, h+1<i<g,

lew) = o, Tierse (7.3.1)
te(Bi) = v Bivn, 1<i<h,

te(Bi) = Bi, h+1<i<g.

Lemma 7.3.1. Notations are as above. Then

[0 (), 0(c)], if 1 <@ < h,
0, if h+1<i<g, and

LY(C)0(a,) = {

0, if h+1<i<g.

Le(C)tg(ﬁZ) — {[66(711)?6(6@)]7 if 1 S { S h7

Proof. Suppose i > h+ 1. Since CNa; = CN G =0 if i > h+ 1, we have L(C)0(a;) =
L°(C)0(B;) = 0 by Corollary 6.5.3.
Suppose ¢ < h. Then we have

o(vy)o = —nvypa; + nagyy, for n > 0.
By a computation similar to (7.2.2), we get

a((yn = 1)™)ai = magyp(yn — )™ = m(yn — 1) ey

for m > 0. This implies if f(7,) is a power series in y, — 1, then o(f () = asyn f'(vn) —

' (m)ei. Therefore, o((log 1)) = 2(a;log vy, — (log i) ai).
Substituting this into Theorem 6.5.2, we have

L°(C)0(cw) = —0(a log v — (logym)e) = [€° (), O(cw)].
The proof of L(C)0(8;) = [€°(v),0(5;)] is similar. This completes the proof. O

Proof of Theorem 7.1.1 for separating C. By Lemma 7.3.1, we have e 2 (@0(a,) = 6(a)
and e‘Le(C)H(ﬁi) = 0(p;) if i > h+ 1. Suppose i < h. By Corollary 6.5.3, we have
L2(C)°(y;) = 0. Combining this with Lemma 7.3.1, we have L (C)™0(c;) = ad (€% (v1,))™0(cv)
for m > 0. Hence we have

o0

1
e P O0(a;) = Y —sad(—(y))"0(0r) = MG (ar)e” M) = (x; o).
szm
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Similarly we have e~ (90(5;) = (v, Biyn) for i < h.
On the other hand (7.3.1) implies that T%(tc)0(a;) = 0(v, ‘o), T°(tc)0(B:) =
0(v, 'Bin) for 1 < i < h, and T%(t0)0(a;) = 0(cw), T?(tc)0(B;) = 0(B;) for h+1 < i < g.
In summary the values of e=2*(©) and T?(t¢) coincide on {#(ey),0(53;)}i. As the proof
for non-separating C', this leads to the equality e 'O =T %(t¢). This completes the proof
of Theorem 7.1.1 for the case C' is separating. O

7.4 Action on the nilpotent quotients

Let I'y = I'x(7), k > 1 be the lower central series of 7. Namely I'y = 7, and define I';
successively by I'y = [['y_1, 7| for & > 2. For k > 0, the k-th nilpotent quotient of 7 is
defined as the quotient group Ny = Ni(w) = 7/T'x41. Note that Ny = 7 /[r, 7] is nothing
but the abelianization of 7. Since any automorphism of 7 preserves 'y, the mapping class
group M, naturally acts on N, for each k.

Let 6 be a (not necessary symplectic) Magnus expansion of w. For each k£ > 1 we have

071 (1+T;) = It (7.4.1)

See Bourbaki [2] ch.2, §5, no.4, Theorem 2. Therefore, 6 induces an injective homomor-
phism 6: Ny — (1+T1)/(1+Tk11). Note that 1+ Ty, is a normal subgroup of 1 +7}. By
post-composing the natural injection (1 + 77)/(1 + Tx41) < T/Ty+1, we get an injection

0: Ny — T/Tjos1. (7.4.2)

Since the total Johnson map T?(p) of p € M, is filter-preserving, it naturally induces a
filter-preserving automorphism of the quotient algebra f/ fkﬂ. Using the same letter we
denote it by T?(p). By construction the injection (7.4.2) is compatible with the action of
M, 1: we have T?(p) 0 0(z) = 0 o p(z) for any = € Nj.

For a group G, let G be the quotient set of G' by conjugation and the relation g ~ ¢,
g € G. Let C be a simple closed curve on . Choose any x € 7 such that x is freely
homotopic to C' as unoriented loops. Then the element of 7 represented by z is independent
of the choice of z. For each k > 0, let C), € N be the image of this element under the
natural surjection @ — Ny,

Theorem 7.4.1. For each k > 1, the action of to on Ny depends only on the class
Ci € Ny. If C is separating, it depends only on the class Cy_1 € Nj_1.

Proof. Fix a symplectic expansion §. By Theorem 7.1.1, we have T?(tg) = e L@ ¢

Aut(T). Remark that the action of e=="(©) on T/T},,1 depends only on LY(C), 2 < i < k+1.
Pick x € 7 such that x is freely homotopic to C' as unoriented loops. Let 2/ € =«
such that x7'2’ € Tyy1. By (7.4.1), it follows that ¢¢(x) = (/(2') for 1 < i < k. Since
LY(C) = L(z) = N ({°(x)?(x)), this observation together with Lemma 2.6.4 shows that
LY(C), 2 <i < k+1, depend only on the class C), € N. This proves the first part.
If C is separating, * € I'y hence ¢{(z) = 0. Thus if 2/ € T, is a representative of
another separating simple closed curve C’, satisfying =12’ € 'y, then L¢(x) = LY(2') for

2 <1 < k+ 1. Therefore, Lf(C’), 2 <1 < k+1 depend only on the class Cy_; € Nyp_;.
This completes the proof. O
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This theorem is a generalization of the following well-known facts: 1) the action of t¢
on Ny = Hy(%;Z) depends only on the class +[C]; 2) if C' is separating, then ¢ belongs
to the Johnson kernel ICj; = M, 1[2], the subgroup of the mapping classes acting on N,
as the identity.

7.5 The formula of 7/(t¢) for separating C

In the rest of this section we derive formulas of the k-th Johnson map (see Definition 2.5.1)
of t¢ with associated to a symplectic expansion from Theorem 7.1.1. For simplicity, we
often write LY(C) = L, LY(C) = Ly, etc.

In this subsection we treat the case of separating curves.

Theorem 7.5.1. Let 0 be a symplectic expansion and C a separating simple closed curve
on Y. Then for k > 1, the k-th Johnson map 72 (tc) is given by

dio= S Sy

n.
1<n<[k/2] (M1 yeeeymn )y m; >4,
mi+--+mp=2n+k

For example, we have 7¥(tc) =0, and

Tg(tc) = —Ly;

Tg(tc) = —Ls;

Hlte) = —Lo+ 3L}

(te) = —Li+ %(L4L5 + LsLy);

8(te) = —Lg+ %(L4L6 + L+ LeLy) — éLi.

Here, L2 is the composition Lyo Ly: H — H® — H®5 etc.

Proof. Since C' is separating, |tc| = id hence 7(tc) = T%(t¢), and L§(C) = L4(C) = 0.
Thus, L°(C) = Ly + Ls + -+ -. For X € H, the degree k + 1-part of L(C)"X is equal to

> Ly, -+ Ly, X.

(ml 7777 mn),mi >4,
mi+-+mp=2n+k

In particular if n > [k/2], the degree k + 1-part of L(C)"X is zero. By Theorem 7.1.1, the
conclusion follows. O

Remark 7.5.2. In [21] Proposition 1.1, Morita computed 73(t¢) for separating C', and
our formula 74 (tc) = —Lf coincides with his formula. In fact, we have tc € K, as we
remarked at the end of §7.4, and 7¥(t¢) does not depend on the choice of 6.
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7.6 Computations of L/(r) for small k

Compared with the separating case, the non-separating case is more complicated since
L5(C) # 0 for non-separating C. So far we don’t have a complete formula of 7¥(t¢), k > 1
for non-separating C, and in this paper we only give formulas of 7(t¢) and 74 (t¢). Even
in these cases, we need considerable computations. This subsection is a preparation for
the computations.

Let A*H be the k-th exterior product of H. We can realize A*H as a subspace of H®*
by the embedding

AYH = HF Xp A A X Y sign(o) Xom) @ -+ @ Xogr.

ceGy,
Note that A°H = L5 and X AY = [X,Y].
Lemma 7.6.1. Let 6 be a group-like expansion. Then for each x € T,

(1) Lj(z) = [2][],
(2) Ly(z) = [z] A 5(x) € A3H.

Proof. For simplicity, we write ¢ = . Since {,(x) = [z], we have Lj(x) = LN([z][z]) =

[z][z]. By Lemma 2.6.2, Lj(z) = ;N ([z]ls(z) + lo(2)[z]) = N([z]ls()).
Now we claim that if X € H and u € A*H then N(Xu) = X Au. In fact, if u =
YNZ=YZ—-ZY for some Y, Z € H, then

1
2

N(Xu)=N(XYZ—-XZY) = XYZ+YZX+ZXY —XZY —2YX -YXZ
= XAYAZ=XAu

This proves the claim, hence proves (2). ]

Let € and 6’ be symplectic expansions. As we saw in §2.8, there uniquely exists U =

A~

U(0,0') € IA(T) such that ¢ = U o0, U(H) C L, and U(w) = w. The restriction of U to
H is uniquely written as

U|H =1y + Zuk, U € HOIIl(H, £k+1)~
k=1
Lemma 7.6.2. Notations are as above.
(1) By the Poincaré duality (2.7.1) we regard u, € H® Ly1. Thenu; € A°H C H® L.

(2) For z € m, we have

f(2) = @)+ w(lz));
5 (2) = @) +u(l(x)) + us([z).

Here, uy(€5(x)) means (1 @ uy + u; @ 1)65(x).
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Proof. Modulo ﬁ, we compute

w=Uw) = Z U(A)U(B;) — U(B)U(A)
=, (Ai + u1(A))(Bi + ui(Bi)) — (Bi + ua(B;)) (Ai + ui(4y))

(B;) + u1(As) Bi — Biuy(A;) — uy(By) A;)

I
&
_|_
=
5

By the same reason as the discussion in §2.8, this implies u; € Ker([ , |: H ® Ly — L3).
Also, we have Ker([ , |: H® Ly — L£3) = A’H. In fact, if u € Ker([ , |: H® Ly — L3)
then v(u) = u by Lemma 2.6.2, thus v = #(u 4 v(u) + v*(u)). This shows u € A*H. The
other inclusion follows from the Jacobi identity. This proves the first part.

Again modulo Ty, we compute

() = U(fa] + () + 65())
= [o] + w([z]) + ua([2])
+05(2) 4+ ui (65(x)) + £5().
This proves (2). O

Corollary 7.6.3. Notations are the same as Lemma 7.6.2. For x € w, we have

(1) L§ (z) = L§(w) = [z] Aua([z]),
(2) L§ (z)—Li(z) = N([:v]ul(53(37))+N([x]u2([x]))+N(f§(:v)ul([w]))+%N(ul([$])ul([w]))-

Proof. The first part is clear from Lemmas 7.6.1 and 7.6.2. The second part follows from

Li(x) = N([z)l5(z)) + %N (t5(x)3(2))

and Lemma 7.6.2. O

7.7 The formulas of 7/(t¢) and 79(t¢) for non-separating C

Let C be a non-separating simple closed curve on Y. As we did in §7.2, we take symplectic
generators ay, B1,. .., g, B, such that |ay| is freely homotopic to C' as unoriented loops.
In this situation, Massuyeau [20], Example 2.19 gave a partial example of a symplectic
expansion 6° whose values of ¢%°(ay) and £°°(;) modulo T are as follows:

o) = A+t [Al,Bl] 1[31,[,41,31}]+2—14[A1,[A1,[A1,BI]]];

12
0 1 1
"(B) = B - 5[141,31] + E[Ab [A1, Bi]] + Z[Bb [A1, Bi]]
(B [Bu 1By Al (r.1.)

Here, A; = [a;] and By = [f4].

Note that our conventions about symplectic generators and symplectic expansions are
different from Massuyeau [20], Definition 2.15. Therefore (7.7.1) equals the equations of
[20], Example 2.19, only up to sign.
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Proposition 7.7.1. Let 0 be a symplectic expansion and C' a non-separating simple closed
curve on Y. Let Ly = LY(C). We regard them as derivations of T. Then L3 = LyL3 =
L3Ly =0 on H. In particular, as linear endomorphisms of T, Ly gen = 0 and LyLz =
L3Ls.

Proof. We take symplectic generators as above. Since Ly = A2, L3(X) = (X - A;)L2A; =0
for X € H. Therefore, L3 = 0 on H.

Let 6° be a symplectic expansion of (7.7.1). By Lemma 7.6.1 (2) we have L} (C) =
%Al N A1 VAN B1 = 0. Thus L2L3 = L3L2 =0 for 90.

Let @ be another symplectic expansion and let U = U(6°,6"). We need to show L§ L§ =
Lg'Lg/ =0on H. If U = id, this is true by what we have shown. Therefore, the proposition
follows from Corollary 7.6.3 (1) and the following lemma. O

Lemma 7.7.2. Let Ly = A? and let L = Ay Auy(Ay), where uy € A3 H. We regard them
as derivations of T'. Then LoL% = LiLy =0 on H.

Proof. For simplicity we write Ay, By,..., Ay, By = Xy, ..., Xy, By linearity, it suffices to
prove the lemma when wu; is of the form u; = X; A X; A X, with @ # j # k # . Note that
for Y € H we have

We divide the argument in two cases. First suppose none of X;, X;, and X} are equal to
By. Then uy(A;) = 0 hence L% = 0. Therefore LoLf = L4 Ly = 0.

Next suppose X; = By. Then X;, X # B, and we have ui(A4;) = X; A X}, hence
Lg = A1 VAN Xj VAN Xk Since LgAl = LQXj = LQXk = 0, it follows that LngY = 0 for any
Y € H. Since LA, =0, L{LY = (Y - A))L45A; =0 for any Y € H. This completes the
proof. ]

Theorem 7.7.3. Let 6 be a symplectic expansion and C' a non-separating simple closed
curve on Y. Then we have

1 (tc) = —L§(C). (7.7.2)
Proof. For X € H, we have
()X = T(te)(Jto| ' X) = e H(X + Ly X).
Thus 7¥(to) X is equal to the degree two-part of e L(X + Ly X). Modulo Ty, we compute
e (X + LoX) = X + LoX — Lo(X + Lo X) — Ly(X + LoX) = X — LyX,
using Proposition 7.7.1. This completes the proof. O]

This theorem is compatible with the computation by Morita [22], Proposition 4.2. One
reason for the choice of our convention about the Poincaré duality (2.7.1) is to make our
formula compatible with his computation.

We next compute 73 (t¢) for non-separating C.

Proposition 7.7.4. Let 6 be a symplectic expansion and C' a non-separating curve on 3.
Let L), = Lz. We regard them as derivations of T'. Then LololoLy = LoloLyLy =0, and
2L2L4L2 = L2L2L4 on H.
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Proof. Let 6° be a symplectic expansion of (7.7.1). We first prove the proposition for
0 = 0°. We have L, = L (C)) = A2, and

I(C) = N(AE (00) + SN (o)t (o)

= —1—12N(A1[Bl, (A1, Bi]]) + éN([Ala Bi|[A1, Bi])

= —1—12N([A1, By|[Ay, B1]]) + %N([Al, Bi][Ay, Bi)

= iN([Ah Bi][Ay, Bi]]).
Here we use Lemma 2.6.2.
As we did in the proof of Lemma 7.7.2, we write Ay, By,..., Ay, B, = X3, ..., Xy, For
simplicity, we write L¢ (C') = L. If i > 3, clearly we have LIX; = LYX; = 0. By a direct
computation, we have

1

LZXl = LgAl = _ﬂ[Al’ [AlaBl]]a
1

LQXQ = LZBl == _ﬁ{Blv [AbBl]]'

From these we conclude LILIX; = 0 and LSLYLYX, = 0. It follows that LILILS =
LYLYLY = 0 on H, hence LYLILILY = LYLILILS = 0 and 2L9LYLY = LYLSLY(= 0) on H.
The proposition is proven for § = 6°.

We next consider the general case. Let 8’ be another symplectic expansion and U =
U(0°,0). Let Ly = A? and L = L§(C) — LY’ (C). It suffices to prove L3L/ = L3L//L, = 0,
and 2L, L Ly = L3L) on H.

By Corollary 7.6.3 (2), we have

Ly = N(Alul(fgo(al)))+N§A1U2(A1))

+N (5 (ar)ur (Ar)) + §N(U1(A1)U1(A1))-

Since €9 (o) = A1, B1], we compute

N(Avur (65 (1)) + N(65 (an)ur (Ar))
= SN An (B + i (An), B) + 5N (Ar, Bilus (A1) = 0

using Lemma 2.6.2. Therefore,
1
L] = N(Ajuz(Ay)) + QN(U1(A1)U1(A1))-

Since uy(A;) € L3 and u; € A*H, it follows that L] € H® is a linear combination of
monomials in X;’s with the number of the occurrences of By = X5 at most two. By this
observation we have L3L)] = L3L}L, =0 on H.

It remains to prove the assertion 2Ly L{ Ly = L3L} on H. Let L' = N (u1(A1)ui(A)).
Since u; € A3H, LY is a linear combination of monomials in X;’s with no occurrence of Xs.
It follows that 2L, L)Ly = L3L} = 0 on H. Now the assertion follows from the following
lemma. ]
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Lemma 7.7.5. Let u € L3, X € H and set Lx = X?, Ly = N(Xu). We regard Lx and
Ly as a derivation of T. Then 2LxLsLx = L% Ly on H.

Proof. By linearity, we may assume that u = [Y7, [V, Y3]] where Y; € H. For Z € H,
LiZ = (Z - X)V1, [Y2, Y3]] = (Z - V1) [X, [Y2, V3] + (Z - Ya) [V, [X, Y1]] — (Z - Y3)[Ya, [X, YA ]
(see Lemma 2.7.1). Using this, we have
LXxLiZ = 2(Z - X) (Y1 - X){(Y2 - X)[X, [X, V3] + (V3 - X)[X, [V, X]}
by a direct computation. On the other hand, we compute
LxLiLxZ = (Z-X)LxLy(X)
= (2 X)L (~(X VLK, [V Y+ (X ¥a)lY, [X, V] — (X Y[, [X, V)]
— (2 X)X (Y X)X X, Y]] + (- X)X, [Va, X))
+HX - Y2) (Vs - X)X [X, V] = (X Y)Yz - X)X [X, A]]}
= (Z-X)(Y1- X){ (Y2 - X)[X, [X, Y5]] + (V3 - X)X, [Ya, X][}.
This proves the lemma. [

Theorem 7.7.6. Let 0 be a symplectic expansion and C a non-separating simple closed

curve on . Then we have
1

1
75 (tc) = —La + §[L2, Ly + §L32) (7.7.3)

Proof. Let X € H. Modulo ﬁ, we compute

LX = L X + L3X + L, X,
LLX = Lo(LoX + L3X + LyX) + L3(LoX + L3X) + LyLo X
= LoLyX + L3L3X + Ly, X,
LLLX = LyLoLyX + LoL3L3X + LoLyLoX = LoLoLyX + LoLyLo X,
LLLLX = LyLyLolyX + LyLoLyL,X =0, and
L(LyX) = L4loX,
LL(LyX) = LoLyLyX,

LLL(L,X) = 0.

Here we use Proposition 7.7.1 and the first part of Proposition 7.7.4. Note that LoL3L3 X =
L3LyL3X = 0. Therefore, the degree 4-part of 7%(to) X = e L(X + Ly X) is equal to

1 1 1
—Ly X — Lyl X + §(L2L4X + L3L3 X + LyLo X) + §L2L4L2X — 6(L2L2L4X + LoLyLo X).

Using the second part of Proposition 7.7.4, the formula follows. n

8 The case of M,

We close this paper by deriving similar results for the mapping class group of a once
punctured surface. Let 3, be a closed oriented C*-surface of genus g. Choose a basepoint
« € ¥, and let m(2,) = m (2, ).
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8.1 The mapping class group M,

Let M, . be the mapping class group of X, relative to ', namely the group of orientation-
preserving diffeomorphisms of ¥, fixing *’, modulo isotopies fixing *’. By the theorem of
Dehn-Nielsen, we have a natural identification

M, . = Aut™ (7 (3,)), (8.1.1)

where + means acting on Hy(m1(2,); Z) = Z as the identity.
We take a small disk D around " and fix an identification

%, \ Int(D) 2 3.

We can extend any diffeomorphism of ¥ to a diffeomorphism of ¥, by defining the extension
as the identity on D. In this way we have a natural surjective homomorphism

My1 = M,,. (8.1.2)

For simplicity let us write Aut¢(m) = {p € Aut(n); p(() = ¢} (see (2.1.1)). We have
a natural surjection from 7 = (X, *) to m(X,) = m(X,, ). This naturally induces a
homomorphism Aut¢(7) — Aut™(7;(%,)). This map is compatible with (2.1.1) and (8.1.1).

Namely, the diagram
My — Mg,

%l %l
Aute(m) —— Aut™(mi (%))

commutes.

8.2 Action on the competed group ring of (%)

Let A be the two-sided ideal of T generated by w, and T/N the quotient algebra. It
naturally inherits a decreasing filtration (T/./\f )p, p > 1 and a structure of complete Hopf
algebra from T. We denote by @ the projection T—T /N

If 6 is a symplectic expansion of 7, 6({) = exp(w) € 1 + N. Thus it induces a group
homomorphism 0: 1 (,) — 1+ (T/N);.

Lemma 8.2.1. Let 6 be a symplectic expansion of w. Then the induced map
0: Qmi(S,) = T/N (8.2.1)

1s an isomorphism of complete Hopf algebras. Here Qﬂ'/l(ig) 15 the completed group ring
of m1(X,), namely the completion of Qmi(X,) by the augmentation ideal.

Proof. 1t is clear that (8.2.1) is a homomorphism of complete Hopf algebras. Consider the
following commutative diagram:

l lw (8.2.2)



Let 1 be the inverse of the 1somorphlsm 0: QTI‘ — T. Then n(w) = log ¢, which is mapped to

zero under the map Q7 — @m( ). Therefore, n induces a morphism 7: T /N — Qm( )
We claim 7 is the inverse of #. Since the diagram (8.2.2) commutes and 1 = 6!, it suffices
to show the surjectivities of the horizontal arrows in (8.2.2). The surjectivity of w is clear.
To show the surjectivity of the left horizontal arrow, we can use the criterion of Quillen
[25] Appendix A, Proposition 1.6. This completes the proof. ]

The isomorphism (8.2.1) leads to the definition of a counterpart of the total Johnson
map 7%: My, — Aut(T). Let Aut(T/N) be the group of the filter-preserving algebra
automorphisms of TIN. Let p € ./\/lg* As a consequence of (8.2.1) there uniquely

exists T (@) € Aut(T/N) such that T’ ()00 = 0 op. In this way we have the group
homomorphism

77 M, — Aut(T/N).
It is known that () °_, Im(X,)™ = 0, where I (X,) is the augmentation ideal. See, for
example, Chen [6] p.193, Corollary 1 and p.197, Corollary 4. It follows that the natural
map 71 (X,) — Qw/l(\Eg) is injective, so is the homomorphism T
Let » € M, ;. Since 6 is symplectic, T%(p)(w) = T%(p)(¢°(¢)) = °(¢()) = £°(¢) = w.
This shows T%(y) € Aut(T) preserves N'. By construction, we have

woT ) =T (p)ow, (8.2.3)

where ¥ € M, , is the image of ¢ by (8.1.2).

Let C be a simple closed curve on ¥, \ {*'}. Then t¢, the Dehn twist along C' is defined
as an element of M, ,. Since ¥ is a deformation retract of X, \ {*'}, we can regard C' as a
simple closed curve on 3. Thus, t¢ is also defined as an element of M, ;. By (8.2.3), we
have

woT(te) = Te(tc) o w.

Also, LY(C) € Ty is well-defined. Since LY(C) € [, (see §2.7), LY(C)w = 0. Therefore,
LY(C) preserves N and it defines a derivation of T/N. We denote it by EQ(C). By
construction, we have @ o LY(C) = EG(C) o w and moreover,

0

—L9(0) iy ate)

woe = e o w.

By Theorem 7.1.1, we have Te(tc) 0w = e 0w and since w is surjective, Te(tc) =

-0
e~ (© In summary, we have proved the following theorem.

Theorem 8.2.2. Let 0 be a symplectic expansion and C a simple closed curve on ¥, \ {*'}.
Let tc € M, . be the Dehn twist along C. Then

—_— -0
T(tc) = e L ©),

Here the right hand side is the algebra automorphism of f//\/ defined by the exponential of
the derivation —EO(C’).
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8.3 Action on Ni(m(3,))

Finally we prove a result similar to Theorem 7.4.1.
Let C be a simple closed curve on ¥, \ {*'}. As we saw in §8.2, we can regard C as a
simple closed curve on . As we did in §7.4, for each k > 0, C}, € Ny = Ny (7) is defined.
For each k > 0, let Ny (m1(X,)) be the k-th nilpotent quotient of m;(X,), defined similarly
to N, = Nj(m). The mapping class group M, , naturally acts on Ny (m1(Z,)).

Theorem 8.3.1. For each k > 1, the action of tc on Ny (m1(%,)) depends only on Ck € Ny.
If C' is separating, it depends only on Cj_1 € Ny_1.

Proof. Let Ni(m) — Ni(m1(X,)) be the natural surjection. This map is compatible with
(8.1.2) and the actions of the two mapping class groups on the nilpotent quotients. The
result follows from Theorem 7.4.1. [

9 Appendix: Examples of symplectic expansions

We show first few terms of the symplectic expansion associated to symplectic generators
given by the method mentioned in Example 2.4.4. As the reader might notice from the
below, this symplectic expansion has a certain kind of symmetry. For details, see [18].

The case of genus 1. For simplicity, write oy = «, 51 =  and A; = A, By = B. Then,
there is a symplectic expansion 6 of the following form: modulo 7§,

Oa) = A+ [A B+ (B, [B, A - £[A,[4, B + 5. [4,[4,[4 B]]
1 1 1
_@[B7 [B7 [37 [B7 Am] - %E[Av [Av [A, [A7 Bm] - @VL [Bv [B7 [B7 A]m
_@[37 [Av [Av [Av Bm] + MHA’ B]> [B> [B> Am + ﬁ[[’éh B]> [A> [A> Bm;
() = B34 Bl+ A A B - ([B[B,A] + o;[B.[B, B, A]]
1 1 1
_7710[147 [A7 [A7 {A7 B]m - @[B, [37 [Bv [Bv A]m - T88[B7 [A7 [Av [Av BHH

1 1
_@VL [B> [B7 [3714]]]] - M[[Av B]v [A> [A> Bm - @[[Av B]v [B7 [B’ Am

The case of genus 2. There is a symplectic expansion ¢ of the following form: modulo
T57

1
89(061) = Al + E[Al, Bl]

1 1 1

12[B1> [Blv A H - g[Ah [Alv Bl]] - Z[Ala [AQa B2H
+QMM&¢%&M—iWh&H&BM+iMM&¢h&m

1

+glAn (B, [A2, Bl + 5 [Al, A1, [Az, Bo]] + 5 [Al, [A2, [As, Bo]]J;
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CB) = B — %[AhBﬂ
1 1 1
"‘1—12[/417 (A1, Bi]] — §[31,£B1,A1H - Z[Bh [AzaBiH
+ﬂ[317 [By, [By, A]] + TOHAl’ By, [Ag, Bo]] + @[317 [A1, [Az, Baol]]
4o (Bu [, (A, Bl + (B [Bu, (Ao, Bulll + (B, B, [4s, Bl
. 1
('(az) = Ay+ 5[4y, By
45 Ba, (B, s — 5[Aa, [, Ball + 7[As, 41, Bi]
1 1 1
+?[A2, [A, [Ag, Bo]]] — 1—10[[141,81], [Az, Bs]] — @[A% [Ba, [A1, Bi]]]
1
_E[A2’ [B1, [A1, Bi]]] — E[AQ’ [Az, [A1, Bi]]] — E[AQ’ [A1, [A1, Bi]]J;
. 1
() = By— 5[142,32]
o543, (A, o] = 5(Bay [Ba, Aal] + 71Bas 41, Bi]
bz (B, (B, By A + 5[[Av, Bal, [ Ao, Bul] = (B, [Aa, (41, B
1 1 1
—4—0[327 (A1, [A1, Bi]]] - E[BQ’ [Ba, [A1, Bi]]] — E[BQ’ [By1, [A1, Bi]]].
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