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1. INTRODUCTION

In this paper, we deal with a holomorphic map from the complex plane C to
the n-dimensional complex projective space P"(C) and prove the Nevanlinna Sec-
ond Main Theorem for some families of non-linear hypersurfaces in P"(C). These
hypersurfaces may be singular. In the Nevanlinna theory, it has been a fundamen-
tal problem to prove the Second Main Theorem for a holomorphic map from C to
P™(C). In 1933, H. Cartan [2] proved the Second Main Theorem for hyperplanes.
The case of non-linear hypersurfaces had been studied by many authors. For ex-
amples, J. Noguchi [9], B. Shiffman [14], Eremenko and Sodin [6], Y. -T. Siu [16],
and M. Ru [12]. In these results, the degree of hypersurfaces does not appear in
the defect relation. In A. Biancofiore [1], the degree of hypersurfaces concerns the
defect relation for special holomorphic mappings. In this paper, the degree of the

hypersurfaces appears in our defect relation.
1
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To prove the Second Main Theorem, we use J.-P. Demailly’s meromorphic par-
tial projective connection. A meromorphic partial projective connection, which is
defined in J.-P. Demailly [3], is a family of locally defined meromorphic connec-
tions such that they work as an entirely defined meromorphic connection under
the Wronskian operator. We recall the definition and some basic properties of a
partial projective connection in §3. The reference of this section is §11 of J.-P.
Demailly [3]. In the Nevanlinna theory, the idea of using meromorphic connection
is due to Y. -T. Siu [15]. Later, by using meromorphic connection, A. Nadel [7] con-
structed Kobayashi hyperbolic hypersurfaces in P?(C) explicitly. J. El Goul [5] also
constructed Kobayashi hyperbolic hypersurfaces in P3(C) by simplifying Nadel’s
method. J.-P. Demailly [3] developed a new general concept called meromorphic
partial projective connections. The Nevanlinna theory however was not used in A.
Nadel [7], J. El Goul [5], J.-P. Demailly [3], or J.-P. Demailly and J. El Goul [4].
These papers mainly dealt with holomorphic curves into non-linear hypersurfaces

of P*(C) by using a negative curvature method.

In §7, we prove the Nevanlinna Second Main Theorem for singular hypersurfaces
by using the pull back of a meromorphic partial projective connection. The Second
Main Theorem for singular divisors was dealt with in B. Shiffman [13]. In B.
Shiffman [13], the singular divisor is reduced to the smooth one by resolving the
singularity. In this paper, we also resolve the singularity of divisors. By the same
method, we show the Second Main Theorem for hypersurfaces in m-subgeneral
position (m > 2) in P?(C) such that any two hypersurfaces intersect transversally.
We say that hypersurfaces are in m-subgeneral position if the intersection of any
m + 1 hypersurfaces is empty. In the case where hypersurfaces are hyperplanes, E.
I. Nochka proved the Second Main Theorem in [8]. The approach that we employ

is different from Nochka’s one (see Theorem 5).

Now, we state our main theorem precisely. Let sg, ..., s, be homogeneous

polynomials of degree d in C[Xy, ..., X,] such that

0s;
det ( J ) Z 0.
X 0<j,k<n
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Then we construct the meromorphic connection V =d+T on C"*! defined by

3 Do P
Ozy 7 020z
0<A<n

This meromorphic connection induces the meromorphic partial projective connec-

tion V on P*(C) (see §3).

Theorem 1 (Main Theorem). Let o, k = 1,...,q be elements of linear system
{s0,..-,8n}| such that o is smooth, and El<k<q ok is a simple normal crossing
divisor.

Assume that X$"sg, ..., X4~

sn for non-negative integers l; < d, j =
0,...,n. Let f : C — P"(C) be a non-constant holomorphic map whose image
is neither contained in a support of an element of linear system |{so, ..., sn}| nor

contained in the polar locus of V. Then we have

1 1
<q_”+ (n—1)n(n+1+lo+~-+ln))Tf(ndH)

d 2
< Z Nn(r7f*ai)+sf(r)7
1<i<q

where H is a hyperplane bundle on P"(C), and Sy(r) = O(logt Ty(r) + log™ r)|.
Here “||” means that the inequality holds for all v € (0,400) possibly except for

subset with finite Lebesgue measure.

Acknowledgement. 1 would like to thank Professor Junjiro Noguchi for his
fruitful suggestions and support, and thank Messrs. Shingo Kamimoto and Taro

Sano for helpful discussions.

2. NOTATION

We introduce some functions which play an important role in the Nevanlinna
theory. Let E be an effective divisor on C. We write E = ) m;P;, where {P;}
is a set of discrete points in C and m; are positive integers. Put ny(r, E) =

Z‘leq min{k, m;}. We define the counting function of E by

Ny(r, E) = /1 et B) )y

t
Let X be a complex projective algebraic manifold, and let D be an effective divisor

on X. Put L = [D], where [D] denotes the line bundle defined by D. Let o be a
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holomorphic section of L such that the zero divisor (o) of o equals D. By supp D
we denote the support of D. Let f: C — X be a non-constant holomorphic map.

We define the proximity function of D by

2m
1 de
my(r,D) = / log ———— —,
! 0 lo(f(re®))l 2m
where || - || is a Hermitian metric in L. Let R(L, || - ||) be the curvature form of the
metrized line bundle (L, || - ||) representing the first Chern class. Then we define

the characteristic function of L by

"t .
zen)= [ 5[ rR@ D,
1 A(t)
where A(t) = {z € C||z| < t}. We set T¢(r) = T¢(r,L) for an ample L on X. The

equation

T¢(r,L) = N(r, f*D) +ms(r,D) + O(1)
is fundamental in the Nevanlinna theory; it is called the First Main Theorem (cf.
Noguchi and Ochiai [11], Chapter V, §2). If X = P(C), f is a meromorphic func-
tion on C. Then we have the lemma on logarithmic derivative (cf. Noguchi and

Ochiai [11], Chapter VI, §1)
£/(re’)

2
log™ .
/0 f(re®)
where logtr = max{0,logr}, and S;(r) = O(log™ Ty(r) + log™ r)|. Here “|”

do < Sf(?“),

means that the inequality holds for all » € (0,400) possibly except for a subset

with finite Lebesgue measure.

Let X be an n-dimensional complex manifold, and let  be a point of X. Let f
be a holomorphic map from a neighborhood of 0 € C to X such that f(0) = x. Let
H(C, X), denote the set of all those holomorphic mappings. Take a holomorphic

local cordinate system (z1,---,z,) about x, and put f; = z;0 f, g; = z; 0 g for
f,g€ H(C, X),. Then we write f i g if
d7 d7

@fi(o)ngi(O), 0<i<k, 1Zi<n.

This equivalence relation does not depend on the choice of a holomorphic local

cordinate system. Let jj ,(f) denote the equivalence class of f € H(C, X), and set

Jo(X)e = H(C, X)) X .
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Define
Te(X) = | Je(X)a

zeX
Let p : Ji(X) — X be the natural projection. Then Ji(X) naturally carries a
structure of a complex manifold, and the triple (Jx(X),p, X) forms a holomorphic
fiber bundle over X. This holomorphic fiber bundle is called the k-jet bundle over
X. Let f: U — X be a holomorphic map from an open set U in C to X. Then
there exists a holomorphic map Ji(f) : U — Ji(X) such that J(f)(2) = ji, r2)(f),
z € U. We call Ji(f) the lifting of order k of f. A holomorphic (resp. meromorphic)
functional on Ji(X) which is a polynomial on every fiber is called holomorphic (resp.

meromorphic) k-jet differential on X.

3. MEROMORPHIC PARTIAL PROJECTIVE CONNECTIONS AND TOTALLY GEODESIC

HYPERSURFACES

In this section, we recall some definitions and properties of meromorphic par-
tial projective connections and totally geodesic hypersurfaces. A reference for this
section is J.-P. Demailly [3], §11.

Let X be an n-dimensional complex projective algebraic manifold. Let {U; }1<j<n

be an affine open covering of X.

Definition 1. A meromorphic partial projective connection V relative to an affine
open covering {U;}i1<j<n of X is a collection of meromorphic connections V; on
U;, satisfying

Vj — Vi = Qi @ IdTX + IdTX X ﬂjk,

for all 1 < j,k < N, where ajy, 85 are meromorphic one-forms on U; N Uy. We

write V = {(V;,U;) hi<j<n-

Let S; be the smallest subvariety of X such that V; is a holomorphic connection

on U; \ S; NU;. We set supp (V)eo = Uy <<y Sj and call it the polar locus of V.

Example 1. Let {U,}o<;<n be an affine open covering of P*(C) such that U; =
{[Xo : - Xy,] € P*(C)|X; # 0}. There is a canonical isomorphism U; ~ C"
and we take flat connections d; on U;. Then {(d;, U;)}o<j<n is a partial projective

connection on P"(C). O
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Let f be a holomorphic map from C to X, and let V be a meromorphic partial
projective connection relative to an affine covering {U;} of X. Assume that f(C)

is not contained in the polar locus of V. We write

m—times
——N—
Vi =V 0.0V,

By the definition of meromorphic partial projective connections, we have
-1
TNV g f(2) A A VE-T}/(Z))f/(Z)
n—1
= SNVl @A AV () € NTXj),
for f(z) € U; N U \ supp (V) oo-

Definition 2. The Wronskian of f relative to a meromorphic partial projective

connection V is defined by

Wo(£)(2) = () AV pof () A AV () € NTX ),
where V is V; for f(z) € U; \ supp (V) oo-

Let P"(C) be n-dimensional complex projective space, and let = : C*"*1\ {0} —
P"(C) be the canonical projection. Put U; = {[X¢ : -+ : X,,] € P*(C) | X; # 0}
where [Xj : ... : X,] is a homogeneous cordinate system of P"(C). In U;, we
take a local cordinate system (Xo/X;, -+, X;-1/X;, Xj41/Xj,..., Xn/X;). Let
n; : U; — C™"*! be a holomorphic map such that

J
I\ X; X, X X; X; -

Then 7on; = Idy,;. A meromorphic connection V on C**+1! induces a meromorphic
connection V; on U; by
Vj=m(n;V).

The following lemma is Corollary 11.10. of J.-P. Demailly [3]:

Lemma 1. Let V =d+1T be a memromorphic connection on C*1 and let ¢ =
> 2;0/0z; be the Euler vector field on C**'. Then {(W*(n;fﬁ),Uj)}OSjgn is a
meromorphic partial projective connection on P™(C) provided that

(i) the Christoffel symbols fJ)\P« of V are homogeneous rational functions of

degree —1,
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(ii) on every intersection (x=1U;) N (n='U;) (i # j) there are meromorphic

functions a, B and meromorphic 1-forms v, & on C"*1\ {0} such that

F(e,v) = av +y(v)e,  Tw,e) = fu + Ew)e
for all vector fields v, w.
Proof. See the proof of Lemma 11.8. of J.-P. Demailly [3]. O

Let D be a reduced effective divisor of an n-dimensional complex projective alge-
braic manifold X, and let V be a meromorphic connection. Take the holomorphic
function s on an open set U C X such that D|y = (s), and take a local cordinate
system (z1,...,2,) on U.

We define that D is totally geodesic with respect to V on U if there exist
meromorphic one-forms a = Z1§j§n ajdz;, b = Z1§j§n bjdz; and a meromor-
phic two-form ¢ = Zlgj,ugn ¢judz; @ dz, such that no polar locus of a;,b;, or c¢j,

(1 <4, < n) contains supp D|y, and
V*(ds) = d*s —dsoT =a®ds +ds @b+ sc

in U, where V* is the induced connection on T%.

The following Lemma 2 was obtained by J.-P. Demailly [3].

Lemma 2. Assume that D is totally geodesic with respect to V on U, i.e., there

exist meromorphic one-forms a, b and meromorphic two-form ¢ on U such that
V*(ds) =a®ds+ds®b+ sc.

We take a holomorphic function 5 on U such that Ba, Bb, fc are holomorphic
forms. Let V be a domain in C. Let f : V — U be a holomorphic map. Then we
have

d*(so f)

dzk

+(ds-VEV), eV

for k € N. Here y, and 7,1, are meromorphic functions on 'V such that BX=(f)yk

and =171 f)yx are holomorphic functions on V.
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Proof. The lemma holds for k =1 | because

dso f

=ds- f.
dz s-f

We shall prove the lemma by induction over the order k, and so we assume that it

has already been proved for £ — 1. Then we have

W j(dd(”)u

—jz<fyk_1( )(so f)(z Z Yi,k—1(2)(ds - ngl/)f )(2)
0<I<k—-3
T (ds-VED (2 ))
_ dvie—1 d(so f)

B (2)(s 0 £)() + h-1(2) T (2)

b (TEE s VG + s s TR

0<I<k—3
n d
dz

(ds- V32 )(2).
It follows that
) s I ()
= (ds- VTV F)() + Vi ds)(F, V) (2)
= (ds- V) (2) +a(f)(2)(ds - V) (2)
+(ds - ) BV 1)) + (s 0 H)el VI ().
By (1) and (2), we have the lemma. O

Let V = {(V;,U;) }i<j<n be a meromorphic partial projective connection rela-
tive to an affine covering {U;}1<j<n of X, and let s; be a holomorphic function on
U; such that D[y, = (s;). By the definition of the meromorphic partial projective

connection,
V=V, =0, @ldr, +1dr, ® ﬂjk,

on U; N Uy, with meromorphic one-forms «;;, and B;;. Then we have

(V;k — VZ) de = 7d8j & o — ﬂjk ® de.
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This means that D is totally geodesic with respect to V; on U; NUy, if D is totally

geodesic with respect to V and supp D|y,ny, is not contained in the polar loci of

ks Bik-

Definition 3. Let V be a meromorphic partial projective connection relative to
an affine open covering {U;} of X. Let D be an effective divisor on X such that
supp D|y; ¢ supp (V). Then D is said to be totally geodesic with respect to V
if Dy, is totally geodesic with respect to V; on Uj for all j.

Let sg,. .., $n, be homogeneous polynomials of C[ Xy, ..., X,,] such that deg(so) =
-+ = deg(sn) = d and det(9s;/0Xk)o<jk<n # 0. We define a meromorphic con-
nection V = d +I' on C"*! by

0s,. A _ 8%s,,
ij Y.
0xn 0X, 0X;0X;
for 0 < 4,7 < n. Then %*dsj =0forall0<j<n LetUj={[Xo: - :X,] €

P"(C) | X; # 0} be an affine open subset of P"(C). Let n; : U; — C"**\ {0} be
the canonical section of the fiber bundle C"*1\ {0} — P™ such that

j—th

e = (R )

X;’ ¢

Then meromorphic connection V induces a meromorphic partial projective connec-
tion V = {(m(n}‘%), U;)} on P*(C) by Lemma 1 (see §11 of J.-P. Demailly [3]). A
Reduced divisor s of the linear system |{sq, ..., s, }| is totally geodesic with respect

to V if supp (s) is not contained in supp (V).

Remark 1. Let (z0,...,2j-1,%j+1,---,%n) be a local cordinate system on U; such
that 2z, = Xi/X,;. Put V; = w*(n;@) =d+ (I‘f‘“) where Ff‘u is a Christoffel

symbols with respect to this cordinate system. Then one can check that

A T *TJ
Fi,u = ﬂjl“w - ZAUjFW )

V*d(njsﬁ) = deg(sn) U;Sn Z U;ff udzidzu

[T

on Uj.

The following lemma was obtained by J.-P. Demailly [3].
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Lemma 3. Let V = {(V;,U;) }o<i<n be the meromorphic partial projective connec-
tion on P constructed as above. Let f : C — P™ be a non-constant holomorphic

map such that the image of f is not contained in supp (V)so. Then
Wo(f)=f AVpf A AVEf =0
if and only if f(C) is contained in a support of an element of linear system |{so, ..., Sn}|.

Proof. Let z be a point of C such that f(z) is not contained in supp (V)s. There
exists j such that f(z) € U;. We can take a non-trivial solution (ag,---,a,) €

cntl \ {0} which sutisfies
a0 mjs0(F(2)) + -+ an mjsa(£(2) = 0,
ag nj(dso - f')(2) 4+ -+ + an nj(dsn - f))(2) = 0,
ao 1 (dso - VO F)(2) 4 -+ an i (dsa - VI f)(2) = 0

for 1 <1<k —1where Vis V;. Put s = agsp + - - - + a5y, then we have

(3) s(f(2)) =0, (ds-f)(z) =0, (ds-Vf)(z) =0

for all 1 <1 < k — 1. Assume that Wy(f) = 0. Then there exist holomorphic
functions ag, - ,ax—1 for k <n — 1 on a neighborfood of z such that

(4) VO =aof +arVpf +- +aa ViV

on a neighborfood of z. By (3) and (4), we have
(ds - Vy,)f’)(z) =0

for all I € N. Because supp (s) is totally geodesic with respect to V, we have

d'(so

for all [ € N by Lemma 2. Therefore s o f = 0. Then the image of f is contained
in a support of (s).
Conversely, assume that s is an element of linear system |{so, ..., s, }| such that

so f=0. Then, by Lemma 2,
(ds- f)(z) =0, (ds- V) f)(2)=0

for all l € N. So [/, Vgcl/)f’ are elements of a kernel of ds. Because the dimension of

Ker(ds) is less than n — 1, we have Wy (f) = 0. O
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4. PROOF OF THE MAIN THEOREM

To prove the Second Main Theorem, we need Borel’s lemma.

Lemma 4. Let h(r) > 0 be a monotone increasing function in r > 1. Then, for
arbitrary § > 0, we have

dh(r)

< (b))

Proof. See Noguchi-Ochiai [11], Chapter V, §5. O

Let X be an n-dimensional complex projective algebraic manifold, and let o;
(1 <i < q) be a holomorphic section of the holomorphic line bundle L; on X. Let
V = {(V;,U;) }1<j<n be a meromorphic partial projective connection relative to an
affine covering {U, }1<j<n of X. Let 3 be a holomorphic section of the holomorphic

line bundle L on X such that V; is holomorphic on U; for all 1 < j < N.

Lemma 5. Assume that (o) is smooth and )3, -, (0) is a simple normal crossing
divisor of X. Assume that supp (o) is not contained in supp (V) and (o;) is
totally geodesic with respect to V for all1 < j < q. Let f : C— X be a holomorphic
map such that f(C) is not contained in supp (V) and the Wronskian Wy (f) # 0.

Then we have

ot IWe (HIArx IBEENIE" " a6 )
/IZIT1 ¢ o (F(2)]le, o < Sg(r),

where Sy(r) = O(log™ r 4+ log™ Ty (r))]|.

Proof. Take an open covering {V;}1<;<n such that V; € U; (i.e., V} is contained
in U; and topological closure of V; is compact), and take a partition of unity
{¢;}1<j<n subordinate to the covering {V}1<;<n. Take holomorphic functions

Z1,...,2n on Uj such that dzi,...,dz, are linearly independent and

U; 0 |Jsupp (o) = {w € U z1.(w) -+ zp(w) = 0},

=1
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for some p, 0 <p <n. Weput f=zo0f, (V (k)f y=dz -V (k)f’ Then we have
AV f A AT D e rx (BN
%, (f)log* ! ! A

izt lloi(Hll,
= ¢;(f)log” <90j(f)|5( nlEe=v/

b

5 : B
f1 o p+1 n
(V) f) (V) o
R fi (Ve - (Vi) fn )
X
(V)5 ((V; ><" Y .
— S (VST P e (V)5 )
on f~ (

;) where ¢; is a C*°-function on U;. By Lemma 2,

k£
(U= Y o)LL),

dzk
0<k<l+1

for 1 < i < p. Here a;,) are meromorphic functions on f~'(U;) such that
a;1x(2)(Bo f(2))! is a holomorphic function. So we have

[ oinost 1 AV 8 A AV D e 1B d
ol=r oD, 27T

</z_r Y Y /_T +|fk z)| df

1<k<p 1<i<n )| 2m

Y Z/ log™ £ ()] 52,

p+1<k<n 1<I<n Z

where @ is a bounded C'*°—function on X. By using the lemma on logarithmic
derivative, we have

L@ _
/.m«1 8" 1) 2n = S0

o ()] a0 9
logt [FP ()2 < / 1 / log™ | f1(2)| —
/2=T Og |fk‘ (Z)‘ZTF = ‘Z‘_r Og |fk(z)| 271_ + ‘Z‘=T Og |fk(z)|2ﬂ,

< [t IRGNG + 50,

It follows that

df 1 df
1 + | g/ o 1 + | g 297
/.Z_T og* Ifi ()5 = 5 /Z_T og" Ifi(=)P 5

do
<5 [ lEt 1P Gl + O,

—_
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where || - ||7x is a hermitian metric of TX.

By Lemma 4 and the concavity of log, we have that for § > 0,

1 N d9
3 [ ot IR

1 , 5 ﬁ
3 Rl G+

s (1+ /| Gl ) +0)

V-1
2

IA

IN

| /\

t o ar 1" ()7 x

27r dr 2]<r

— 145
1+2W( » [ e e ne) ) vom)

(
(
<1+ <dr/ dt/|<r 1 (= |TX\/2_71dZ/\dZ)1+5> + o)
(

r dt V=1 (146)*
1+2(/ /||<T I f (= ||Tx 5 dZ/\dz> >+O(1)|

10g dzAdz) +0(1)

IN

lo

N —

o
l\D‘Ng

IN
N

log

\ /\

Then we have

1 lloi(f))le, 2

_ (f(z T W+ (f)(z )H/\TLTXHﬂ( (2 ))Hn(n 1)/2
Z/‘ﬂ%(f( ) log T o (fF))]Izs oy

[ o DOl IR dg
|z|=r
)

< S¢(r)-
]

Theorem 2. Let Kx be the canonical line bundle of X. Under the hypothesis of

Lemma 5, we have

Z Tf(rvL)+Tf(TKX)*%n(n*1TfTL Z Ny ) + S¢(r).

l<i<q 1<i<q

Proof. We denote by ord, (o o f) the order of zero of o o f at the point of z € C.
We denote by ord, B(f)""~D/2Wy(f) the order of zero of B(f)™»~V/2Wg(f) at
the point z € C. If ord, (o; 0 f) > n+1 for z € C, then ord, B(f)"" D/ 2Wy(f) >
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ord,(o; o f) —n by Lemma 2. So we have, by the Nevanlinna First Main Theorem,

n

ST L) = 30 Nalr, £7(03)) = Tyl \Tic) = o — )T, 1)

o ”Wv(f)(Z)H/\n TX”ﬂ(f(Z))”z(n_l)/Qﬁ
< /Izl—rl &) 1, o (fF )z, 5

From Lemma 5 the theorem follows. |

Proof of the Main Theorem. We construct the meromorphic partial projective con-

nection V = {(V;,U;)}o<j<n on P*(C) as in §2. By Cramer’s rule, the degree of
the pole divisor of each V; is less than or equal to lp + --- 41, +n + 1. The Main
Theorem follows from Thorem 2 and Kpn = —(n + 1)H. O

Now we show two typical corollaries. Define the defect

67((0j) =1~ hﬁiipm.

Corollary 1. (Defect Relation) Under the hypothesis of Theorem 1, we have

> 35((0y)) < n;rl+i(n—1)n(zo+...+ln+n+1)

Proof. This is deduced from Theorem 1 and the same arguments in Noguchi-Ochiai

[11], Chapter V, §5. O

Remark 2. When ¢ =1 and

n+1 1
d —|—ﬁ(n—l)n(lo—&—'--—|—ln~6-n—|—1)<17

the holomorphic map omitting the hypersurface is algebraically degenerate by

Corollary 1.
Corollary 2. (Ramification Theorem) Assume that

froj > pjsupp(fro;)

for some positive integers p;, 1 < j < q. Under the hypothesis of Theorem 1, we

have

11

> <1n)§n+ +—m—Dn(lo+- -+, +n+1).
- /.Lj d 2d

1<j<q

Proof. This is deduced from Theorem 1 and the same arguments in Noguchi-Ochiai

[11], Chapter V, §5. O
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Example 2. Put sp = X¢,...,s, = X2 € C[Xo,...,X,]. Let 01,...,04 €
l{s0,...,5n}| be smooth Fermat hypersurfaces such that the divisor o1 + - - + 0,4
is of simple normal crossing. By Theorem 1, we have
1 1
(q - % — 5g(n=Dn(n+ 1)) Ty(r,dH) < 1;<an(r, f5(a3)) + Sp(r).

O

Example 3. Put s = X¢,..., 5,1 = X¢ 1,8, = X eoXo+ -+ +e,Xn) C
C[Xo,...,Xn]. Let 0 = 59 + « -+ + s,. Assume that the hypersurface defined by o
in P*(C) is smooth. Let f : C — P"(C) be a holomorphic map such that the image
of f is Zariski dense in P*(C). If

(n+1)(n;—n—|—1) <1,

the image of f intersects the hypersurface defined by o. O

5. RESTRICTION OF THE MEROMORPHIC PARTIAL PROJECTIVE CONNECTION

Let s, ..., Sn+p be homogenious polynomials in C[Xy, - - , X,,1,] such that

08
det( J )
X 0<j,k<n+q

Let X C P"*?(C) be a smooth n-dimensional complete intersection for some hyper-

£ 0.

surfaces associated to elements of linear system |so, ..., Sn4p|. Then we construct
the meromorphic partial projective connection V associated to {sg,...Sn4p} on

P"*tP(C) as in §2. We may assume that V is a meromorphic partial projective

connection on X because elements of |sg, ..., Sp4p| is totally geodesic with respect
to V.
For o = (ap, ..., Qntp) € C*PFL we put

Sq = QS0+ - + QptpSntp-

We denote the hypersurface in P"*7(C) corresponding to s, by Y.
The next lemma is due to Theorem 11.19. of J.-P. Demailly [3].

Lemma 6. Let

Z =Yy N--NYye CP"P(C)



16 YUSAKU TIBA

be a smooth n-dimensional complete intersection, for linearly independent elements
al,...,aP € C"PHL such that dsai A -+ A dsee does not vanish along Z. As-
sume that Z is not contained in {det(0s;/0Xy)o<jk<ntq = 0}. Let f : C —
Z be a nmon-constant holomorphic map. Assume that f(C) is not contained in
{det(0s;/0Xk)o<j k<n+q = 0} nor contained in a hypersurface Y, which satisfies
Z ¢ Y,. Then we have

Wy (f) = f//\vfrf//\.../\vggfl)f/5_&0.
Proof. See the proof of the Theorem 11.19. of J.-P. Demailly [3] 0

Let i : Z — P"*P(C) be the inclusion map from Z to P**7(C), and let Hz = i*H
be the pull back of the hyperplane bundle on P"*+?(C).

Theorem 3. Let f : C — Z be a holomorphic map such that f(C) is not contained
in {det(9s;/0Xk)o<jk<n+tq = 0} nor contained in a hypersurface Y, which satisfies
7 ¢ Y,. Assume that Xgil"\so, e, ijr;”ﬂsnﬂj for 0 <1l; <d. Let o1,...,04

be elements of a linear system |{s;}| such that (i*o;) is smooth and 3, ;. i*(0;)

is a simply normal crossing divisor on Z. Then we have

n+p+1 1
(q+p—

7 —2dn(n—1)(n+1+lo+---—|—ln+p))Tf(r,dHZ)

< D0 Nu(r o) + Sy (r).
1<j<q
Proof. Because the canonical line bundle Kz = (pd — n — p — 1)Hz, Theorem 2

implies the statement. ([

Remark 3. In paricular, if ¢ = 0 and

1 1
—%—ﬁn(n—l)(n+1+lg+-~-+ln+p)>O,

then f is algebraically degenerate (cf. Theorem 11.19. of J.-P. Demailly [3])

6. PULL BACK OF THE MEROMORPHIC PARTIAL PROJECTIVE CONNECTION

Let X and X be n-dimensional complex projective algebraic manifolds. Let
7:X > Xbea surjective holomorphic map. Then there exists a proper subvariety
S of X such that X \ 771(S) and X \ S are locally biholomorphic. Let V =

{(V;,U;) }1<j<n be a meromorphic partial projective connection on X relative to
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an affine open covering {U; }1<j<n on X. We shall now construct the meromorphic
partial projective connection V = {(ﬁj, 71U h<j<n on X. Letpen U, C X.
Let u,v € T'(V,Tx) be local holomorphic vector fields on a small neighborhood V/
of p. Then V' \ 7=1(S) is locally biholomorphic with 7(V)\ S. We define

(6k)uU|V\7T*1(S) = (7T*|V\7r*15)71 (vk)ﬂ*uﬂ'*rU|V\7r*1$7

on V \ 7=1S. Then, the meromorphic vector field (6k)uv|v\ﬂ-—l(s) on V\n 18
is uniquely extended to the meromorphic vector field on V. In this way, we define
the meromorphic connection V. on 71 (Uk). Let a;; and B;; be meromorphic

one-forms on U; N U; such that
Vi — Vj = Oél'j & IdTX + IdTX & Bzg

Then we have
ViV, =" @1d, 5 +1d, 5 @7 Gij.
So V = {(V,,77'U;)}1<j<n is a meromorphic partial projective connection on X
relative to an affine open covering {7 ~1U,}1<j<n of X.
Assume that 7 is the blowing-up of X at a point of X. Let D be a reduced
effective divisor in X such that supp D is not contained in supp (V). Take a

holomorphic function s; on U such that D[y, = (s;).

Lemma 7. Assume that D is totally geodesic with respect to V, and the strict trans-
form of D under w is smooth. Then the strict transform of D is totally geodesic with
respect to the meromorphic partial projective connection V = {(V, 7 (U;)) }1<j<n

on X.

Proof. There exist meromorphic one-forms a;, b; and meromorphic two-form c; on
U; such that no polar locus of aj,b;,c; does not contain supp D|y;, and aj, bj, c;
satisfy

V;*ds; = a; ® ds; + ds; @ b; + sjc;j,
for all 1 < j < N. So we have

— * ok * * *7 * ok
Vidn*sj =7 a; @dn*sj + dn*s; @ m°b; + w87 ¢j.

Let E be an exceptional divisor of 7. Let D be a strict transform of D under the

blowing-up 7. Then, suppﬁ is not contained in supp (6)OO We may assume that
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there exists a holomorphic function e on 7~!(U;) such that (e) = E|,-1(y,). Then

Dly = (-

for some non-negative integer k. In 7—*(Uj), it follows that

d(ﬂ'*Sj) _ dr*s; i s @

we have

ek ek ek e
~. [dr*s; 1
Vj< ekj)—d< )®d7rsj+ Vdﬂ'SJ

:—k% dm* Sj

1
ek —I—e—k(w*aj@dw*sj—l—dﬁ*sj ®7T*bj+7l'*$j7r*6j)

. de dr*s; — dm*s; . TS
:(7’(’ a]—ke)® ek + ek ®7T b]+eT7T Cj,

Vi kT le) o (T ®@—k”‘sﬂv* ).
J ek e ek e

So we have
= [ T"S; o dmts; =, m*s; de
Vﬂ'd<ek> = Vﬂ'( oF >+Vj<’“eke
d dr*s;  dm*s; * d
= (W aj —k e)@ T T ey, —kd(7T 83)®e
e e e ek e
T8 [, ~ . de
RN A Vit
+ oF (7r cj — j e>
de T*S,; m*s; de
= *a; — k— d J k kit
e ek e
s L de
+kj(77 Cj—k'v]e>
- Ei]®d( ;J)er( ,fj>®bj+ L,
where
de ~ de
=n*a; —k—, bj=n"b; —k—
aj =TT aj; o’ T T .
de d d d ~.d
¢ = kn* aj®—+k—e®7r*b T g e v
e e e
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7. THE SECOND MAIN THEOREM FOR SINGULAR DIVISORS

Let X be an n-dimensional complex algebraic projective manifold, and let 7 be
the blowing-up of X at the point p of X. Let U be an affine open neighborhood
of p, and let V be a meromorphic connection on U. Let zq,..., z, be holomorphic
functions on U such that dz1,...,dz, are linearly independent on U and p = {z €

Ul|z(z) ="+ = zp(x) = 0}. Then,
7 U) = {(@[yr - yn]) €U x PPH(C) |2i()y; = 2(x)y for all i, j}.

Let Uy = {(z,[y1 : - : yn]) € 7 2(U) |y # 0} be an affine open set of X. Define a
holomorphic function w; = y;/yx on Us. Then duy,...,dug_1,dzg, dugs1, ..., duy,
are linearly independent on Uy, and E |5, = (2k) where E is the exceptional divisor
of m. We shall now show that Wg has only logarithmic poles on the exceptional
divisor. Here V is the pull back of V.

We may assume “k = 1”7 without loss of generality.

‘We have

(20 oN_(o  oy|w =
N0z Oug ~ Oun ) \O0z Oz O
Unp, O zZ1

We denote the above Jacobian matrix by A. Then we have

A—l _ —Ug/Zl 1/21
—Un/z1 O 1/2

Put V = d+T where I' = (T'*,)1<) u<n is a connection form with respect to the
frame 0/0z1,...,0/0z,. Let = (fku)lg,\yﬂgn be the connection form of the mero-
morphic connection V on U; with respect to the frame 9/9z1,0/dus,...,0/0uy.
Then we have I' = A~'dA + A~'7*T A. Since

dn*z; dzy dn*z; dz1
_— = 7j:duj+uj—,
21 21 21 21
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we have

*TA
7TFH

21

dz n

1

= $1au— + Y bjudu;
zZ1 =

where ¢; » , is a meromorphic function on l~]1. Let 8 be a holomorphic function on
U such that 8V is a holomorphic connection on U. It follows that 7* 5 ¢1 x,,, is holo-
morphic function. So 7*3 A~'7*T'A has only logarithmic poles on the exceptional
divisor.

It follows that

1 0o .. 0 0 0 -+ 0
—us/z1 1/z dus dz
A7ldA =
z -0 : 0
—up /21 0 1/z du,, O dzy
0 0 0
_ (dUQ)/Zl (le)/Zl
: 0
(dup)/= 0 (dzy

~—

/21

We define meromorphic connection 61 on U 1 by

Vi=V- 2@z -Idz®—.
21 21
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Then {(V,U1), (V1,U1)} is a meromorphic partial projective connection on Uy, so

W = ng. One sees that

61 = d+ A ' TA+ A 1dA - dz—zll @ldyg —1Id g ® d7211
0 0 0
dus)/z dz1)/z
= d+A717T*FA+ ( 2')/ ' ( 1)/ ' X 0

(dun)/zl 0 (le)/Zl

le (dUQ)/Zl 0o --- 0

O 1 (duy)/z2 0 --- 0O

= d+ A ' TA - 0 O

Therefore 7*( 61 has only logarithmic poles on the exceptional divisor. In the
same way as above, we can construct the meromorphic connection %k on (NIk for
every k, 1 < k <n. Then we obtain the meromorphic partial projective connection
{(6i,ﬁi)}1§ign on 7 1(U) such that each 7*3V; has only logarithmic poles on
the exceptional divisor.

Let X be an n-dimensional complex algebraic projective manifold, and let .S be a
reduced effective divisor on X such that the singular locus of S'is {z1,...,z,} C X.
Let 7 : X — X be the blowing-up at {z1,...,z,}. Let E;, 1 <14 < p be irreducible
divisors of X such that E = Ulgigp E; is an exceptional divisor of 7 and 7 (E;) = z;.
Let V = {(V;,Uj)}1<j<n be a meromorphic partial projective connection on X
relative to an affine open covering {U, }1<j<n of X. Assume that S is not contained
in the polar locus of V, and S is totally geodesic with respect to V. Let 8 € I'(X, L)
be a holomorphic section of a line bundle L on X such that 8V, is holomorphic for

every j.
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Lemma 8. Let f: C — X be a non-constant holomorphic map such that f(C) is
not contained in the polar locus of V and Wy (f) # 0. Let f: C — X denote the
lift of f. Assume that the proper transform S of S is non-singular, and S intersects
FE transversally. Then we have

|z|=r HS(f)(Z)H[g] o =

Proof. By shrinking U; for 1 < ¢ < N, we may assume that each U; has at most
one singular point of S. Let I = {1,2,---,N}, and let I’ and I” be subsets of T
such that

I'={ieIlU;n{z1, -, 2,} # 0},
I"=I\I'={i e IlU;N{xy,- - ,x,} = 0}.

Let V = {(m*V;, 77 1(U;)) h<i<n be the pull back of V. If j € I’, there exists
one x, € U;. By the above argument, we can construct a meromorphic partial
projective connection {(ﬁj’k, ﬁj,k)}lgkgn on 7~ 1(U;) such that each w*ﬁﬁjyk has
only logarithmic poles on F,. Here {ijj,k}lgkgn is the affine open covering of
7=1(U;). We define meromorphic partial projective connection {(V;, ;) }1<;<ns
on X by
(Vi U serashen U{(V5, 7 Up)Yern,

where (V;,€;) is equal to (V,x,Usx), j € I', or equal to (V;,77'U;), j € I".
Then it follows that the Wronskian of V is equal to the Wronskian of V. Take an
open covering {V;}i<j<ns of X such that V; € €y, and take a partition of unity
{;}1<j<n' subordinate to the open covering {V;}1<j<ns. If Q; = U for some
jel';1 <k <n, then S intersects exceptional divisor F transversally in €2;. So
we can take holomorphic functions Xy, -+, X,, in €; such that (X;) = Elq, and
(X3) = S|a,, and dXy,--- ,dX,, are linearly independent. We trivialize the n-jet
bundle of X on €; by

xW o x® x® e x@ L x(m)

where dX; = X l(l) and dX, l(k) =X l(kH). There exists a meromorphic n-jet differ-
ential w on €; such that

~ P 76 DY 78
Vi 0X1 8Xn
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Let Bi be a holomorphic function in €2; such that (EZ) = 7*f|q,. From Lemma 2 it
follows that

3 n(n-1)/2 %Y
Bi X,

is logarithmic n-jet differential along the divisor (X;) + (X32) (cf. Noguchi [10]). So
it follows that

1 2
WD g B I
91(7) log L & < 5500)
|sl=r 1SN (=)5 g
by the same arguments as that in the proof of Lemma 5. If ; = 7~ !(U;) for some
7 € I”, the above inequality also holds. Because 7 : X > Xisa bimeromorphic

map, we have Sy(r) = S}—;(r). So we completes the proof. |

Theorem 4. Under the hypothesis of Lemma 8, we have

Tx(r, [S]) + Ty (r, Kx) + (n = 1) Y T5(r, [Ei])

=1
p
< N F5)+ %n(n _ DTy L) + %n(n — )N NG, FE) + S4(r).
=1

Proof. Let e; € I'(X, [E}]) be a holomorphic section of E; such that (e;) = E;. By

Lemma 8, it follows that

/ log* IWe (Dl g 2B Ty e (DIE" " ap
= ISl o

P
<—fnn—1z #Hr, E;) + Sg(r).

Then we have

P

Tx(r, [S]) + THr,Kg) — %n(n -1) Z: TH(r, [Ei]) — %n(n —1)Ty(r, L)

No(r, °5) %n(n 1) Y mplr o)+ 84(0).

Since N(r, f*E;) = TH(r, [Ei]) — mp(r, E;) and Ky = Kx 4+ (n—1) > E;, We
complete the proof. O

Example 4. Let

S = {XI (61X 4 e2X2) + X + XI = 0},
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e1 70, 8270, [e1]| # [e2].

Then S is smooth except the point [1:0: 0]. Let
™ (P*(C)) = P*(C)

be the blowing-up at [1: 0 : 0] € P2(C) and S be the proper transformation of S.
One can check that S is non-singular, and S intersects transversally the exceptional
divisor E of 7. Let f : C — P2(C) be a holomorphic map and f : C — (P2(C)) be
the lift of f. Put so = X 2(e1 X} +2X3), 51 = X{, s = X§. Then we construct
a meromorphic partial projective connection V on P?(C) as in §2. Then the degree

of the pole of V is five. By Theorem 5, we have
T5(r, [S]) + T5(r, [E]) — 8Ty (r, H) < No(r, f*S) + N(r, f*E) + S;(r),

where H is a hyperplane bundle of P?(C). Because 78 = S+ 2E, and Ty (r, H) =
Ti(r,m"H) = T¢(r, E), we have

(1 - Z)Tf(r, H) < No(r, f*S) + N(r, f*E) + Sy (r).
O

Now we prove the Second Main Theorem for smooth hypersurfaces in P?(C)
which are not normal crossing.

Let sg, s1, s2 € C[Xp, X1, X2] be homogeneous polynomials of degree d such that
det(ds;/0X1)o<jh< Z 0, and X¢0|s0, X1 |51, X559 for 0 < lo,l1,la < d.
Let og,...,04 be clements of linear system |{so,s1,s2}| such that o, is a non-
singular divisor in P?(C). Assume that o; intersects oy, transversally for all 1 <
j # k < g. Take finitely many points z1,...,2, € P?(C) such that .7 ,(o;) is
simple normal crossing in P?(C) \ {z1,...,2,}. Let m : (P?(C))”— P?(C) be the
blowing-up at {z1,...,2,}, and let E = Y7 | E; be the exceptional divisor of m,
where E; is irreducible and 7(FE;) = x;. Let &; be the proper transform of o; under

the blowing-up 7.

Theorem 5. (a) Let H be the hyperplane bundle on P?(C). Let f : C — P2(C) be
a holomorphic map such that f(C) is neither contained in the support of elements

of |{s0, 51,82} nor in {det(9s;/0X}y) = 0}. Let f: C — (P%(C)) be the lift of f.
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(i) When d =1, we have

(5) S T 51]) + S T [B)]) — 8Ty (r, H)

P P
(6) S T [6]) + Y THr [E]) = (6+ 1o+l + 1) Ty (r, H)
i=1 i=1
q _ P _
< ZNg(r, *5)+ZN(r7f*Ei)+S’f(r).
i=1 i=1
(b) Furhtermore, we assume that o1,...,04 are in m-subgeneral position. Let

Hy,Ho, H3 C P?(C) be hyperplanes in general position which do not pass through
{331, ‘e ,.pr}.
(i) When d = 1, we have

q P

(7) (@=3)Ty(r, H) < Y No(r,fG)+mY_ N(r f'E)

=1 =1
m—1
g 2N T H) £ S5(0)

(ii) When d > 2, we have

p P
® (o= CREER m) < Y N 5 £ m N B

i=1 i=1
m—1 N
+—— ; No(r, f*Hi) + Sy(r).
Proof. We construct the meromorphic partial projective connection V on P?(C) as
in §2. Then o1,...,0, are totally geodesic with respect to V. When d = 1, the
pole degree of V is 0. When d > 2, the pole degree of V is 3+ 1y + {1 + 2. Because
o; intersects o transversally for all 1 < i # j < g, the divisor o1 +---+ 04+ E
is of simple normal crossing, and the divisor o1 + - - - 4+ 7, is smooth. We have (5)
and (6) by the same arguments as that in the proof of Theorem 5.
If 01,...,04 are in m-subgeneral position. We have

q q
g o < g o, +m
i=1 =1 )

p
Ei7
1



26 YUSAKU TIBA

on (P?(C))~ It follows that

(9) Z Z Joi)) +mZT
i=1 i=1

Take hyperplanes {L/, L }1<;<, in P?(C) such that L; and L/ pass through z;, and
the divisor Hy + Ho+ H3+ Y 5_, (L, + L) is in general position. Then, by Cartan’s

Second Main Theorem (cf. [2]) we have
)+ Z Ty (r, [L] + [LY]) — 3Ty (r, H)

3
2
3
< ) Na(r Hi) + ZNz(Ta Fr(Li+ L)) + Sy (r).
i=1

i=1

Let L} and L} be proper transforms of L}, L under the blowing-up =. Since

Ty(r, Li + L) = T§(r, Li + LY) + 2T5(r, E;)

and
N(r, f*(L,+ L") = N(r, f*(L' + L") + 2N (r, f* E),
we have
p p _ _
2Y THr,E))+ Y Tir,Li+ L)
=1 =1
p _ P o N 3
< 2Y N(r, f'E)+ Y N(r, f*(Li+ L) + > Na(r, f*H) + Sg(r).
=1 i=1 =1

Therefore we have
p p
(10) > Tir,B) <Y N(r fE) Z%

i=1 i=1

Then we deduce (7) and (8) from (5), (6), (9), and (10). O
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