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1. Introduction

In this paper, we deal with a holomorphic map from the complex plane C to

the n-dimensional complex projective space Pn(C) and prove the Nevanlinna Sec-

ond Main Theorem for some families of non-linear hypersurfaces in Pn(C). These

hypersurfaces may be singular. In the Nevanlinna theory, it has been a fundamen-

tal problem to prove the Second Main Theorem for a holomorphic map from C to

Pn(C). In 1933, H. Cartan [2] proved the Second Main Theorem for hyperplanes.

The case of non-linear hypersurfaces had been studied by many authors. For ex-

amples, J. Noguchi [9], B. Shiffman [14], Eremenko and Sodin [6], Y. -T. Siu [16],

and M. Ru [12]. In these results, the degree of hypersurfaces does not appear in

the defect relation. In A. Biancofiore [1], the degree of hypersurfaces concerns the

defect relation for special holomorphic mappings. In this paper, the degree of the

hypersurfaces appears in our defect relation.
1
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To prove the Second Main Theorem, we use J.-P. Demailly’s meromorphic par-

tial projective connection. A meromorphic partial projective connection, which is

defined in J.-P. Demailly [3], is a family of locally defined meromorphic connec-

tions such that they work as an entirely defined meromorphic connection under

the Wronskian operator. We recall the definition and some basic properties of a

partial projective connection in §3. The reference of this section is §11 of J.-P.

Demailly [3]. In the Nevanlinna theory, the idea of using meromorphic connection

is due to Y. -T. Siu [15]. Later, by using meromorphic connection, A. Nadel [7] con-

structed Kobayashi hyperbolic hypersurfaces in P3(C) explicitly. J. El Goul [5] also

constructed Kobayashi hyperbolic hypersurfaces in P3(C) by simplifying Nadel’s

method. J.-P. Demailly [3] developed a new general concept called meromorphic

partial projective connections. The Nevanlinna theory however was not used in A.

Nadel [7], J. El Goul [5], J.-P. Demailly [3], or J.-P. Demailly and J. El Goul [4].

These papers mainly dealt with holomorphic curves into non-linear hypersurfaces

of Pn(C) by using a negative curvature method.

In §7, we prove the Nevanlinna Second Main Theorem for singular hypersurfaces

by using the pull back of a meromorphic partial projective connection. The Second

Main Theorem for singular divisors was dealt with in B. Shiffman [13]. In B.

Shiffman [13], the singular divisor is reduced to the smooth one by resolving the

singularity. In this paper, we also resolve the singularity of divisors. By the same

method, we show the Second Main Theorem for hypersurfaces in m-subgeneral

position (m ≥ 2) in P2(C) such that any two hypersurfaces intersect transversally.

We say that hypersurfaces are in m-subgeneral position if the intersection of any

m+ 1 hypersurfaces is empty. In the case where hypersurfaces are hyperplanes, E.

I. Nochka proved the Second Main Theorem in [8]. The approach that we employ

is different from Nochka’s one (see Theorem 5).

Now, we state our main theorem precisely. Let s0, . . ., sn be homogeneous

polynomials of degree d in C[X0, . . . , Xn] such that

det

(
∂sj
∂Xk

)
0≤j,k≤n

̸≡ 0.
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Then we construct the meromorphic connection ∇̃ = d+ Γ̃ on Cn+1 defined by∑
0≤λ≤n

∂sκ
∂zλ

Γ̃λ
i,j =

∂2sκ
∂zi∂zj

.

This meromorphic connection induces the meromorphic partial projective connec-

tion ∇ on Pn(C) (see §3).

Theorem 1 (Main Theorem). Let σk, k = 1, . . . , q be elements of linear system

|{s0, . . . , sn}| such that σk is smooth, and
∑

1≤k≤q σk is a simple normal crossing

divisor.

Assume that Xd−l0
0 |s0, . . ., Xd−ln

n |sn for non-negative integers lj ≤ d, j =

0, . . . , n. Let f : C → Pn(C) be a non-constant holomorphic map whose image

is neither contained in a support of an element of linear system |{s0, . . . , sn}| nor

contained in the polar locus of ∇. Then we have(
q − n+ 1

d
− 1

2d
(n− 1)n(n+ 1 + l0 + · · ·+ ln)

)
Tf (r, dH)

≤
∑

1≤i≤q

Nn(r, f
∗σi) + Sf (r),

where H is a hyperplane bundle on Pn(C), and Sf (r) = O(log+ Tf (r) + log+ r)∥.

Here “ ∥” means that the inequality holds for all r ∈ (0,+∞) possibly except for

subset with finite Lebesgue measure.

Acknowledgement. I would like to thank Professor Junjiro Noguchi for his

fruitful suggestions and support, and thank Messrs. Shingo Kamimoto and Taro

Sano for helpful discussions.

2. Notation

We introduce some functions which play an important role in the Nevanlinna

theory. Let E be an effective divisor on C. We write E =
∑

mjPj , where {Pj}

is a set of discrete points in C and mj are positive integers. Put nk(r,E) =∑
|Pj |<r min{k,mj}. We define the counting function of E by

Nk(r, E) =

∫ r

1

nk(t, E)

t
dt.

Let X be a complex projective algebraic manifold, and let D be an effective divisor

on X. Put L = [D], where [D] denotes the line bundle defined by D. Let σ be a
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holomorphic section of L such that the zero divisor (σ) of σ equals D. By suppD

we denote the support of D. Let f : C → X be a non-constant holomorphic map.

We define the proximity function of D by

mf (r,D) =

∫ 2π

0

log
1

∥σ(f(reiθ))∥
dθ

2π
,

where ∥ · ∥ is a Hermitian metric in L. Let R(L, ∥ · ∥) be the curvature form of the

metrized line bundle (L, ∥ · ∥) representing the first Chern class. Then we define

the characteristic function of L by

Tf (r, L) =

∫ r

1

dt

t

∫
∆(t)

f∗R(L, ∥ · ∥),

where ∆(t) = {z ∈ C | |z| < t}. We set Tf (r) = Tf (r, L) for an ample L on X. The

equation

Tf (r, L) = N(r, f∗D) +mf (r,D) +O(1)

is fundamental in the Nevanlinna theory; it is called the First Main Theorem (cf.

Noguchi and Ochiai [11], Chapter V, §2). If X = P(C), f is a meromorphic func-

tion on C. Then we have the lemma on logarithmic derivative (cf. Noguchi and

Ochiai [11], Chapter VI, §1)∫ 2π

0

log+
∣∣∣∣f ′(reiθ)

f(reiθ)

∣∣∣∣ dθ ≤ Sf (r),

where log+ r = max{0, log r}, and Sf (r) = O(log+ Tf (r) + log+ r)∥. Here “ ∥”

means that the inequality holds for all r ∈ (0,+∞) possibly except for a subset

with finite Lebesgue measure.

Let X be an n-dimensional complex manifold, and let x be a point of X. Let f

be a holomorphic map from a neighborhood of 0 ∈ C to X such that f(0) = x. Let

H(C, X)x denote the set of all those holomorphic mappings. Take a holomorphic

local cordinate system (z1, · · · , zn) about x, and put fi = zi ◦ f , gi = zi ◦ g for

f, g ∈ H(C, X)x. Then we write f
k∼ g if

dj

dzj
fi(0) =

dj

dzj
gi(0), 0 ≤ j ≤ k, 1 ≤ i ≤ n.

This equivalence relation does not depend on the choice of a holomorphic local

cordinate system. Let jk,x(f) denote the equivalence class of f ∈ H(C, X)x and set

Jk(X)x = H(C, X)x/
k∼ .
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Define

Jk(X) =
∪
x∈X

Jk(X)x.

Let p : Jk(X) → X be the natural projection. Then Jk(X) naturally carries a

structure of a complex manifold, and the triple (Jk(X), p,X) forms a holomorphic

fiber bundle over X. This holomorphic fiber bundle is called the k-jet bundle over

X. Let f : U → X be a holomorphic map from an open set U in C to X. Then

there exists a holomorphic map Jk(f) : U → Jk(X) such that Jk(f)(z) = jk,f(z)(f),

z ∈ U . We call Jk(f) the lifting of order k of f . A holomorphic (resp. meromorphic)

functional on Jk(X) which is a polynomial on every fiber is called holomorphic (resp.

meromorphic) k-jet differential on X.

3. Meromorphic partial projective connections and Totally geodesic

hypersurfaces

In this section, we recall some definitions and properties of meromorphic par-

tial projective connections and totally geodesic hypersurfaces. A reference for this

section is J.-P. Demailly [3], §11.

LetX be an n-dimensional complex projective algebraic manifold. Let {Uj}1≤j≤N

be an affine open covering of X.

Definition 1. A meromorphic partial projective connection ∇ relative to an affine

open covering {Uj}1≤j≤N of X is a collection of meromorphic connections ∇j on

Uj , satisfying

∇j −∇k = αjk ⊗ IdTX
+ IdTX

⊗ βjk,

for all 1 ≤ j, k ≤ N , where αjk, βjk are meromorphic one-forms on Uj ∩ Uk. We

write ∇ = {(∇j , Uj)}1≤j≤N .

Let Sj be the smallest subvariety of X such that ∇j is a holomorphic connection

on Uj \ Sj ∩ Uj . We set supp (∇)∞ =
∪

1≤j≤N Sj and call it the polar locus of ∇.

Example 1. Let {Uj}0≤j≤n be an affine open covering of Pn(C) such that Uj =

{[X0 : · · · : Xn] ∈ Pn(C)|Xj ̸= 0}. There is a canonical isomorphism Uj ≃ Cn

and we take flat connections dj on Uj . Then {(dj , Uj)}0≤j≤n is a partial projective

connection on Pn(C). �
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Let f be a holomorphic map from C to X, and let ∇ be a meromorphic partial

projective connection relative to an affine covering {Uj} of X. Assume that f(C)

is not contained in the polar locus of ∇. We write

∇(m)
j =

m−times︷ ︸︸ ︷
∇j ◦ · · · ◦ ∇j .

By the definition of meromorphic partial projective connections, we have

f ′(z) ∧∇j f ′(z)f
′(z) ∧ · · · ∧ ∇(n−1)

j f ′(z)f
′(z)

= f ′(z) ∧∇k f ′(z)f
′(z) ∧ · · · ∧ ∇(n−1)

k f ′(z)f
′(z) ∈

n∧
TXf(z),

for f(z) ∈ Uj ∩ Uk \ supp (∇)∞.

Definition 2. The Wronskian of f relative to a meromorphic partial projective

connection ∇ is defined by

W∇(f)(z) = f ′(z) ∧∇f ′(z)f
′(z) ∧ · · · ∧ ∇(n−1)

f ′(z) f ′(z) ∈
n∧
TXf(z),

where ∇ is ∇j for f(z) ∈ Uj \ supp (∇)∞.

Let Pn(C) be n-dimensional complex projective space, and let π : Cn+1 \ {0} →

Pn(C) be the canonical projection. Put Uj = {[X0 : · · · : Xn] ∈ Pn(C) | Xj ̸= 0}

where [X0 : . . . : Xn] is a homogeneous cordinate system of Pn(C). In Uj , we

take a local cordinate system (X0/Xj , · · · , Xj−1/Xj , Xj+1/Xj , . . . , Xn/Xj). Let

ηj : Uj → Cn+1 be a holomorphic map such that

ηj

(
X0

Xj
, · · · , Xj−1

Xj
,
Xj+1

Xj
, · · · , Xn

Xj

)
=

(
X0

Xj
, · · · ,

j−th
↓
1 , · · · , Xn

Xj

)
.

Then π ◦ ηj = IdUj
. A meromorphic connection ∇̃ on Cn+1 induces a meromorphic

connection ∇j on Uj by

∇j = π∗(η
∗
j ∇̃).

The following lemma is Corollary 11.10. of J.-P. Demailly [3]:

Lemma 1. Let ∇̃ = d + Γ̃ be a memromorphic connection on Cn+1, and let ε =∑
zj∂/∂zj be the Euler vector field on Cn+1. Then {(π∗(η

∗
j ∇̃), Uj)}0≤j≤n is a

meromorphic partial projective connection on Pn(C) provided that

(i) the Christoffel symbols Γ̃λ
jµ of ∇̃ are homogeneous rational functions of

degree −1,
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(ii) on every intersection (π−1Ui) ∩ (π−1Uj) (i ̸= j) there are meromorphic

functions α, β and meromorphic 1-forms γ, ξ on Cn+1 \ {0} such that

Γ̃(ε, υ) = αυ + γ(υ)ε, Γ̃(ω, ε) = βω + ξ(ω)ε

for all vector fields υ, ω.

Proof. See the proof of Lemma 11.8. of J.-P. Demailly [3]. �

Let D be a reduced effective divisor of an n-dimensional complex projective alge-

braic manifold X, and let ∇ be a meromorphic connection. Take the holomorphic

function s on an open set U ⊂ X such that D|U = (s), and take a local cordinate

system (z1, . . . , zn) on U .

We define that D is totally geodesic with respect to ∇ on U if there exist

meromorphic one-forms a =
∑

1≤j≤n ajdzj , b =
∑

1≤j≤n bjdzj and a meromor-

phic two-form c =
∑

1≤j,µ≤n cjµdzj ⊗ dzµ such that no polar locus of aj , bj , or cjµ

(1 ≤ j, µ ≤ n) contains suppD|U , and

∇∗(ds) = d2s− ds ◦ Γ = a⊗ ds+ ds⊗ b+ sc

in U , where ∇∗ is the induced connection on T ∗
X .

The following Lemma 2 was obtained by J.-P. Demailly [3].

Lemma 2. Assume that D is totally geodesic with respect to ∇ on U , i.e., there

exist meromorphic one-forms a, b and meromorphic two-form c on U such that

∇∗(ds) = a⊗ ds+ ds⊗ b+ sc.

We take a holomorphic function β on U such that βa, βb, βc are holomorphic

forms. Let V be a domain in C. Let f : V → U be a holomorphic map. Then we

have

dk(s ◦ f)
dzk

(z) =γk(z)(s ◦ f)(z) +
∑

0≤l≤k−2

γl,k(z)(ds · ∇(l)
f ′ f

′)(z)

+ (ds · ∇(k−1)
f ′ f ′)(z), z ∈ V

for k ∈ N. Here γk and γl,k are meromorphic functions on V such that βk−1(f)γk

and βk−l−1(f)γl,k are holomorphic functions on V .
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Proof. The lemma holds for k = 1 , because

ds ◦ f
dz

= ds · f ′.

We shall prove the lemma by induction over the order k, and so we assume that it

has already been proved for k − 1. Then we have

d

dz

(
dk−1(s ◦ f)

dzk−1

)
(z)(1)

=
d

dz

(
γk−1(z)(s ◦ f)(z) +

∑
0≤l≤k−3

γl,k−1(z)(ds · ∇(l)
f ′ f

′)(z)

+ (ds · ∇(k−2)
f ′ f ′)(z)

)
=

dγk−1

dz
(z)(s ◦ f)(z) + γk−1(z)

d(s ◦ f)
dz

(z)

+
∑

0≤l≤k−3

(
dγl,k−1

dz
(z)(ds · ∇(l)

f ′ f
′)(z) + γl,k−1(z)

d

dz
(ds · ∇(l)

f ′ f
′)(z)

)

+
d

dz
(ds · ∇(k−2)

f ′ f ′)(z).

It follows that

d

dz
(ds · ∇(l)

f ′ f
′)(z)(2)

= (ds · ∇(l+1)
f ′ f ′)(z) +∇∗(ds)(f ′,∇(l)

f ′ f
′)(z)

= (ds · ∇(l+1)
f ′ f ′)(z) + a(f ′)(z)(ds · ∇(l)

f ′ f
′)(z)

+(ds · f ′)(z)b(∇(l)
f ′ f

′)(z) + (s ◦ f)(z)c(f ′,∇(l)
f ′ f

′)(z).

By (1) and (2), we have the lemma. �

Let ∇ = {(∇j , Uj)}1≤j≤N be a meromorphic partial projective connection rela-

tive to an affine covering {Uj}1≤j≤N of X, and let sj be a holomorphic function on

Uj such that D|Uj = (sj). By the definition of the meromorphic partial projective

connection,

∇j −∇k = αjk ⊗ IdTX + IdTX ⊗ βjk,

on Uj ∩ Uk with meromorphic one-forms αjk and βjk. Then we have

(∇∗
j −∇∗

k) dsj = −dsj ⊗ αjk − βjk ⊗ dsj .
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This means that D is totally geodesic with respect to ∇j on Uj ∩Uk if D is totally

geodesic with respect to ∇k and suppD|Uj∩Uk
is not contained in the polar loci of

αjk, βjk.

Definition 3. Let ∇ be a meromorphic partial projective connection relative to

an affine open covering {Uj} of X. Let D be an effective divisor on X such that

supp D|Uj ̸⊂ supp (∇)∞. Then D is said to be totally geodesic with respect to ∇

if D|Uj is totally geodesic with respect to ∇j on Uj for all j.

Let s0, . . . , sn be homogeneous polynomials of C[X0, . . . , Xn] such that deg(s0) =

· · · = deg(sn) = d and det(∂sj/∂Xk)0≤j,k≤n ̸≡ 0. We define a meromorphic con-

nection ∇̃ = d+ Γ̃ on Cn+1 by∑
0≤λ≤n

∂sκ
∂Xλ

Γ̃λ
i j =

∂2sκ
∂Xi∂Xj

for 0 ≤ i, j ≤ n. Then ∇̃∗dsj ≡ 0 for all 0 ≤ j ≤ n. Let Uj = {[X0 : · · · : Xn] ∈

Pn(C) | Xj ̸= 0} be an affine open subset of Pn(C). Let ηj : Uj → Cn+1 \ {0} be

the canonical section of the fiber bundle Cn+1 \ {0} → Pn such that

ηj([X0 : · · · : Xn]) =

(
X0

Xj
, · · · ,

j−th
↓
1 , · · · , Xn

Xj

)
.

Then meromorphic connection ∇̃ induces a meromorphic partial projective connec-

tion ∇ = {(π∗(η
∗
j ∇̃), Uj)} on Pn(C) by Lemma 1 (see §11 of J.-P. Demailly [3]). A

Reduced divisor s of the linear system |{s0, . . . , sn}| is totally geodesic with respect

to ∇ if supp (s) is not contained in supp (∇)∞.

Remark 1. Let (z0, . . . , zj−1, zj+1, . . . , zn) be a local cordinate system on Uj such

that zk = Xk/Xj . Put ∇j = π∗(η
∗
j ∇̃) = d +

(
Γλ
i µ

)
where Γλ

i µ is a Christoffel

symbols with respect to this cordinate system. Then one can check that

Γλ
i µ = η∗j Γ̃

λ
i µ − zλη

∗
j Γ̃

j
i µ ,

∇∗d(η∗j sκ) = deg(sκ) η
∗
j sκ

∑
i,µ

η∗j Γ̃
j
i µdzidzµ

on Uj .

The following lemma was obtained by J.-P. Demailly [3].
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Lemma 3. Let ∇ = {(∇i, Ui)}0≤i≤n be the meromorphic partial projective connec-

tion on Pn constructed as above. Let f : C → Pn be a non-constant holomorphic

map such that the image of f is not contained in supp (∇)∞. Then

W∇(f) = f ′ ∧∇f ′f ′ ∧ · · · ∧ ∇(n−1)
f ′ f ′ ≡ 0

if and only if f(C) is contained in a support of an element of linear system |{s0, . . . , sn}|.

Proof. Let z be a point of C such that f(z) is not contained in supp (∇)∞. There

exists j such that f(z) ∈ Uj . We can take a non-trivial solution (α0, · · · , αn) ∈

Cn+1 \ {0} which sutisfies

α0 η∗j s0(f(z)) + · · ·+ αn η∗j sn(f(z)) = 0,

α0 η∗j (ds0 · f ′)(z) + · · ·+ αn η∗j (dsn · f ′)(z) = 0,

α0 η∗j (ds0 · ∇
(l)
f ′ f

′)(z) + · · ·+ αn η∗j (dsn · ∇(l)
f ′ f

′)(z) = 0

for 1 ≤ l ≤ k − 1 where ∇ is ∇j . Put s = α0s0 + · · ·+ αnsn, then we have

s(f(z)) = 0, (ds · f ′)(z) = 0, (ds · ∇(l)
f ′ f

′)(z) = 0(3)

for all 1 ≤ l ≤ k − 1. Assume that W∇(f) ≡ 0. Then there exist holomorphic

functions a0, · · · , ak−1 for k ≤ n− 1 on a neighborfood of z such that

∇(k)
f ′ f

′ = a0f
′ + a1∇f ′f ′ + · · ·+ ak−1∇(k−1)

f ′ f ′(4)

on a neighborfood of z. By (3) and (4), we have

(ds · ∇(l)
f ′ f

′)(z) = 0

for all l ∈ N. Because supp (s) is totally geodesic with respect to ∇, we have

dl(s ◦ f)
dzl

(z) = 0

for all l ∈ N by Lemma 2. Therefore s ◦ f ≡ 0. Then the image of f is contained

in a support of (s).

Conversely, assume that s is an element of linear system |{s0, . . . , sn}| such that

s ◦ f ≡ 0. Then, by Lemma 2,

(ds · f ′)(z) = 0, (ds · ∇(l)
f ′ f

′)(z) = 0

for all l ∈ N. So f ′, ∇(l)
f ′ f ′ are elements of a kernel of ds. Because the dimension of

Ker(ds) is less than n− 1, we have W∇(f) ≡ 0. �
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4. Proof of the Main Theorem

To prove the Second Main Theorem, we need Borel’s lemma.

Lemma 4. Let h(r) > 0 be a monotone increasing function in r ≥ 1. Then, for

arbitrary δ > 0, we have

dh(r)

dr
≤ (h(r))1+δ∥.

Proof. See Noguchi-Ochiai [11], Chapter V, §5. �

Let X be an n-dimensional complex projective algebraic manifold, and let σi

(1 ≤ i ≤ q) be a holomorphic section of the holomorphic line bundle Li on X. Let

∇ = {(∇j , Uj)}1≤j≤N be a meromorphic partial projective connection relative to an

affine covering {Uj}1≤j≤N of X. Let β be a holomorphic section of the holomorphic

line bundle L on X such that β∇j is holomorphic on Uj for all 1 ≤ j ≤ N .

Lemma 5. Assume that (σi) is smooth and
∑

1≤i≤q(σi) is a simple normal crossing

divisor of X. Assume that supp (σj) is not contained in supp (∇)∞ and (σj) is

totally geodesic with respect to ∇ for all 1 ≤ j ≤ q. Let f : C → X be a holomorphic

map such that f(C) is not contained in supp (∇)∞ and the Wronskian W∇(f) ̸≡ 0.

Then we have

∫
|z|=r

log+
∥W∇(f)(z)∥∧n TX∥β(f(z))∥n(n−1)/2

L∏q
i=1 ∥σi(f(z))∥Lj

dθ

2π
≤ Sf (r),

where Sf (r) = O(log+ r + log+ Tf (r))∥.

Proof. Take an open covering {Vj}1≤j≤N such that Vj b Uj (i.e., Vj is contained

in Uj and topological closure of Vj is compact), and take a partition of unity

{ϕj}1≤j≤N subordinate to the covering {Vj}1≤j≤N . Take holomorphic functions

z1, . . . , zn on Uj such that dz1, . . . , dzn are linearly independent and

Uj ∩
q∪

i=1

supp (σi) = {w ∈ Uj | z1(w) · · · zp(w) = 0},
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for some p, 0 ≤ p ≤ n. We put fl = zl ◦ f , (∇(k)
f ′ f ′)l = dzl · ∇(k)

f ′ f ′. Then we have

ϕj(f) log
+ ∥f ′ ∧∇f ′f ′ ∧ · · · ∧ ∇f ′

(n−1)f ′∥∧n TX∥β(f)∥n(n−1)/2
L∏q

i=1 ∥σi(f)∥Lj

= ϕj(f) log
+

(
φj(f)∥β(f)∥n(n−1)/2

L

×

∣∣∣∣∣∣∣∣∣∣∣∣

f ′
1

f1
· · · f ′

p

fp
f ′
p+1 · · · f ′

n

((∇j)f′f ′)1
f1

· · · ((∇j)f′f ′)p
fp

((∇j)f ′f ′)p+1 · · · ((∇j)f ′f ′)n
...

...
...

...
...

...

((∇j)
(n−1)

f′ f ′)1

f1
· · ·

((∇j)
(n−1)

f′ f ′)p

fp
((∇j)

(n−1)
f ′ f ′)p+1 · · · ((∇j)

(n−1)
f ′ f ′)n

∣∣∣∣∣∣∣∣∣∣∣∣
)

on f−1(Uj) where φj is a C∞-function on Uj . By Lemma 2,

((∇j)
(l)
f ′ f

′)i(z) =
∑

0≤k≤l+1

ai,l,k(z)
dkfi
dzk

(z),

for 1 ≤ i ≤ p. Here ai,l,k are meromorphic functions on f−1(Uj) such that

ai,l,k(z)(β ◦ f(z))l is a holomorphic function. So we have∫
|z|=r

ϕj(f) log
+ ∥f ′ ∧∇f ′f ′ ∧ · · · ∧ ∇f ′

(n−1)f ′∥∧n TX∥β(f)∥n(n−1)/2
L∏q

i=1 ∥σi(f)∥Lj

dθ

2π

≤
∫
|z|=r

Φ(f(z))
dθ

2π
+
∑

1≤k≤p

∑
1≤l≤n

∫
|z|=r

log+
|f (l)

k (z)|
|fk(z)|

dθ

2π

+
∑

p+1≤k≤n

∑
1≤l≤n

∫
|z|=r

log+ |f (l)
k (z)| dθ

2π
,

where Φ is a bounded C∞–function on X. By using the lemma on logarithmic

derivative, we have ∫
|z|=r

log+
|f (l)

k (z)|
|fk(z)|

dθ

2π
≤ Sf (r),

∫
|z|=r

log+ |f (l)
k (z)| dθ

2π
≤

∫
|z|=r

log+
|f (l)

k (z)|
|f ′

k(z)|
dθ

2π
+

∫
|z|=r

log+ |f ′
k(z)|

dθ

2π

≤
∫
|z|=r

log+ |f ′
k(z)|

dθ

2π
+ Sf (r).

It follows that∫
|z|=r

log+ |f ′
k(z)|

dθ

2π
=

1

2

∫
|z|=r

log+ |f ′
k(z)|2

dθ

2π

≤ 1

2

∫
|z|=r

log+ ∥f ′(z)∥2TX

dθ

2π
+O(1),
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where ∥ · ∥TX is a hermitian metric of TX.

By Lemma 4 and the concavity of log, we have that for δ > 0,

1

2

∫
|z|=r

log+ ∥f ′(z)∥2TX

dθ

2π

≤ 1

2

∫
|z|=r

log{∥f ′(z)∥2TX + 1} dθ
2π

≤ 1

2
log

(
1 +

∫
|z|=r

∥f ′(z)∥2TX

dθ

2π

)
+O(1)

≤ 1

2
log

(
1 +

1

2πr

d

dr

∫
|z|≤r

∥f ′(z)∥2TX

√
−1

2
dz ∧ dz̄

)
+O(1)

≤ 1

2
log

(
1 +

1

2πr

(∫
|z|≤r

∥f ′(z)∥2TX

√
−1

2
dz ∧ dz̄

)1+δ)
+O(1)∥

=
1

2
log

(
1 +

rδ

2π

(
d

dr

∫ r

1

dt

t

∫
|z|≤r

∥f ′(z)∥2TX

√
−1

2
dz ∧ dz̄

)1+δ)
+O(1)∥

≤ 1

2
log

(
1 +

rδ

2π

(∫ r

1

dt

t

∫
|z|≤r

∥f ′(z)∥2TX

√
−1

2
dz ∧ dz̄

)(1+δ)2)
+O(1)∥

≤ Sf (r).

Then we have∫
|z|=r

log+
∥W∇(f)(z)∥∧n TX∥β(f(z))∥n(n−1)/2

L∏q
i=1 ∥σi(f(z))∥Li

dθ

2π

=
∑
j

∫
|z|=r

ϕj(f(z)) log
+ ∥W∇(f)(z)∥∧n TX∥β(f(z))∥n(n−1)/2

L∏q
i=1 ∥σi(f(z))∥Li

dθ

2π

≤ Sf (r).

�

Theorem 2. Let KX be the canonical line bundle of X. Under the hypothesis of

Lemma 5, we have

∑
1≤i≤q

Tf (r, Li) + Tf (r,KX)− 1

2
n(n− 1)Tf (r, L) ≤

∑
1≤i≤q

Nn(r, f
∗(σi)) + Sf (r).

Proof. We denote by ordz (σj ◦ f) the order of zero of σj ◦ f at the point of z ∈ C.

We denote by ordz β(f)
n(n−1)/2W∇(f) the order of zero of β(f)n(n−1)/2W∇(f) at

the point z ∈ C. If ordz (σj ◦ f) ≥ n+1 for z ∈ C, then ordz β(f)
n(n−1)/2W∇(f) ≥
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ordz(σj ◦ f)−n by Lemma 2. So we have, by the Nevanlinna First Main Theorem,∑
j

Tf (r, Lj)−
∑
j

Nn(r, f
∗(σj))− Tf (r,

n∧
TX)− 1

2
n(n− 1)Tf (r, L)

≤
∫
|z|=r

log
∥W∇(f)(z)∥∧n TX∥β(f(z))∥n(n−1)/2

L∏q
i=1 ∥σi(f(z))∥Lj

dθ

2π
.

From Lemma 5 the theorem follows. �

Proof of the Main Theorem. We construct the meromorphic partial projective con-

nection ∇ = {(∇j , Uj)}0≤j≤n on Pn(C) as in §2. By Cramer’s rule, the degree of

the pole divisor of each ∇j is less than or equal to l0 + · · ·+ ln + n+ 1. The Main

Theorem follows from Thorem 2 and KPn = −(n+ 1)H. �

Now we show two typical corollaries. Define the defect

δf ((σj)) = 1− lim sup
r→∞

N(r, f∗σj)

Tf (r, [Dj ])
.

Corollary 1. (Defect Relation) Under the hypothesis of Theorem 1, we have∑
1≤j≤q

δf ((σj)) ≤
n+ 1

d
+

1

2d
(n− 1)n(l0 + · · ·+ ln + n+ 1)

Proof. This is deduced from Theorem 1 and the same arguments in Noguchi-Ochiai

[11], Chapter V, §5. �

Remark 2. When q = 1 and

n+ 1

d
+

1

2d
(n− 1)n(l0 + · · ·+ ln + n+ 1) < 1,

the holomorphic map omitting the hypersurface is algebraically degenerate by

Corollary 1.

Corollary 2. (Ramification Theorem) Assume that

f∗σj ≥ µj supp(f
∗σj)

for some positive integers µj, 1 ≤ j ≤ q. Under the hypothesis of Theorem 1, we

have ∑
1≤j≤q

(
1− n

µj

)
≤ n+ 1

d
+

1

2d
(n− 1)n(l0 + · · ·+ ln + n+ 1).

Proof. This is deduced from Theorem 1 and the same arguments in Noguchi-Ochiai

[11], Chapter V, §5. �
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Example 2. Put s0 = Xd
0 , . . . , sn = Xd

n ∈ C[X0, . . . , Xn]. Let σ1, . . . , σq ∈

|{s0, . . . , sn}| be smooth Fermat hypersurfaces such that the divisor σ1 + · · · + σq

is of simple normal crossing. By Theorem 1, we have(
q − n+ 1

d
− 1

2d
(n− 1)n(n+ 1)

)
Tf (r, dH) ≤

∑
1≤i≤q

Nn(r, f
∗(σi)) + Sf (r).

�

Example 3. Put s0 = Xd
0 , . . . , sn−1 = Xd

n−1, sn = Xd−1
n (ε0X0 + · · · + εnXn) ⊂

C[X0, . . . , Xn]. Let σ = s0 + · · ·+ sn. Assume that the hypersurface defined by σ

in Pn(C) is smooth. Let f : C → Pn(C) be a holomorphic map such that the image

of f is Zariski dense in Pn(C). If

(n+ 1)(n2 − n+ 1)

d
< 1,

the image of f intersects the hypersurface defined by σ. �

5. Restriction of the meromorphic partial projective connection

Let s0, . . . , sn+p be homogenious polynomials in C[X0, · · · , Xn+p] such that

det

(
∂sj
∂Xk

)
0≤j,k≤n+q

̸≡ 0.

Let X ⊂ Pn+p(C) be a smooth n-dimensional complete intersection for some hyper-

surfaces associated to elements of linear system |s0, . . . , sn+p|. Then we construct

the meromorphic partial projective connection ∇ associated to {s0, . . . sn+p} on

Pn+p(C) as in §2. We may assume that ∇ is a meromorphic partial projective

connection on X because elements of |s0, . . . , sn+p| is totally geodesic with respect

to ∇.

For α = (α0, . . . , αn+p) ∈ Cn+p+1 we put

sα = α0s0 + · · ·+ αn+psn+p.

We denote the hypersurface in Pn+p(C) corresponding to sα by Yα.

The next lemma is due to Theorem 11.19. of J.-P. Demailly [3].

Lemma 6. Let

Z = Yα1 ∩ · · · ∩ Yαp ⊂ Pn+p(C)
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be a smooth n-dimensional complete intersection, for linearly independent elements

α1, . . . , αp ∈ Cn+p+1 such that dsα1 ∧ · · · ∧ dsαp does not vanish along Z. As-

sume that Z is not contained in {det(∂sj/∂Xk)0≤j,k≤n+q = 0}. Let f : C →

Z be a non-constant holomorphic map. Assume that f(C) is not contained in

{det(∂sj/∂Xk)0≤j,k≤n+q = 0} nor contained in a hypersurface Yα which satisfies

Z ̸⊂ Yα. Then we have

W∇(f) = f ′ ∧∇f ′f ′ ∧ · · · ∧ ∇(n−1)
f ′ f ′ ̸≡ 0.

Proof. See the proof of the Theorem 11.19. of J.-P. Demailly [3] �

Let i : Z → Pn+p(C) be the inclusion map from Z to Pn+p(C), and let HZ = i∗H

be the pull back of the hyperplane bundle on Pn+p(C).

Theorem 3. Let f : C → Z be a holomorphic map such that f(C) is not contained

in {det(∂sj/∂Xk)0≤j,k≤n+q = 0} nor contained in a hypersurface Yα which satisfies

Z ̸⊂ Yα. Assume that Xd−l0
0 |s0, . . ., X

d−ln+p

n+p |sn+p for 0 ≤ lj ≤ d. Let σ1, . . . , σq

be elements of a linear system |{sj}| such that (i∗σj) is smooth and
∑

1≤j≤q i
∗(σj)

is a simply normal crossing divisor on Z. Then we have(
q + p− n+ p+ 1

d
− 1

2d
n(n− 1)(n+ 1 + l0 + · · ·+ ln+p)

)
Tf (r, dHZ)

≤
∑

1≤j≤q

Nn(r, f
∗σj) + Sf (r).

Proof. Because the canonical line bundle KZ = (pd − n − p − 1)HZ , Theorem 2

implies the statement. �

Remark 3. In paricular, if q = 0 and

p− n+ p+ 1

d
− 1

2d
n(n− 1)(n+ 1 + l0 + · · ·+ ln+p) > 0,

then f is algebraically degenerate (cf. Theorem 11.19. of J.-P. Demailly [3])

6. Pull back of the meromorphic partial projective connection

Let X and X̃ be n-dimensional complex projective algebraic manifolds. Let

π : X̃ → X be a surjective holomorphic map. Then there exists a proper subvariety

S of X such that X̃ \ π−1(S) and X \ S are locally biholomorphic. Let ∇ =

{(∇j , Uj)}1≤j≤N be a meromorphic partial projective connection on X relative to
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an affine open covering {Uj}1≤j≤N on X. We shall now construct the meromorphic

partial projective connection ∇̃ = {(∇̃j , π
−1Uj)}1≤j≤N on X̃. Let p ∈ π−1Uk ⊂ X̃.

Let u, v ∈ Γ(V, TX) be local holomorphic vector fields on a small neighborhood V

of p. Then V \ π−1(S) is locally biholomorphic with π(V ) \ S. We define

(∇̃k)uv|V \π−1(S) = (π∗|V \π−1S)
−1 (∇k)π∗uπ∗v|V \π−1S ,

on V \ π−1S. Then, the meromorphic vector field (∇̃k)uv|V \π−1(S) on V \ π−1S

is uniquely extended to the meromorphic vector field on V . In this way, we define

the meromorphic connection ∇̃k on π−1(Uk). Let αij and βij be meromorphic

one-forms on Ui ∩ Uj such that

∇i −∇j = αij ⊗ IdTX + IdTX ⊗ βij .

Then we have

∇̃i − ∇̃j = π∗αij ⊗ IdTX̃ + IdTX̃ ⊗ π∗βij .

So ∇̃ = {(∇̃j , π
−1Uj)}1≤j≤N is a meromorphic partial projective connection on X̃

relative to an affine open covering {π−1Uj}1≤j≤N of X̃.

Assume that π is the blowing-up of X at a point of X. Let D be a reduced

effective divisor in X such that suppD is not contained in supp (∇)∞. Take a

holomorphic function sj on Uj such that D|Uj = (sj).

Lemma 7. Assume that D is totally geodesic with respect to ∇, and the strict trans-

form of D under π is smooth. Then the strict transform of D is totally geodesic with

respect to the meromorphic partial projective connection ∇̃ = {(∇̃j , π
−1(Uj))}1≤j≤N

on X̃.

Proof. There exist meromorphic one-forms aj , bj and meromorphic two-form cj on

Uj such that no polar locus of aj , bj , cj does not contain suppD|Uj
, and aj , bj , cj

satisfy

∇j
∗dsj = aj ⊗ dsj + dsj ⊗ bj + sjcj ,

for all 1 ≤ j ≤ N . So we have

∇̃∗
jdπ

∗sj = π∗aj ⊗ dπ∗sj + dπ∗sj ⊗ π∗bj + π∗sjπ
∗cj .

Let E be an exceptional divisor of π. Let D̃ be a strict transform of D under the

blowing-up π. Then, supp D̃ is not contained in supp (∇̃)∞. We may assume that
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there exists a holomorphic function e on π−1(Uj) such that (e) = E|π−1(Uj). Then

we have

D̃|V =

(
π∗sj
ek

)
,

for some non-negative integer k. In π−1(Uj), it follows that

d

(
π∗sj
ek

)
=

dπ∗sj
ek

− k
π∗sj
ek

de

e
,

∇̃∗
j

(
dπ∗sj
ek

)
= d

(
1

ek

)
⊗ dπ∗sj +

1

ek
∇̃∗

jdπ
∗sj

= −k
de

e
⊗ dπ∗sj

ek
+

1

ek
(π∗aj ⊗ dπ∗sj + dπ∗sj ⊗ π∗bj + π∗sj π

∗cj)

=

(
π∗aj − k

de

e

)
⊗ dπ∗sj

ek
+

dπ∗sj
ek

⊗ π∗bj +
π∗sj
ek

π∗cj ,

∇̃∗
j

(
− k

π∗sj
ek

de

e

)
= −k d

(
π∗sj
ek

)
⊗ de

e
− k

π∗sj
ek

∇̃∗
j

(
de

e

)
.

So we have

∇̃∗
jd

(
π∗sj
ek

)
= ∇̃∗

j

(
dπ∗sj
ek

)
+ ∇̃∗

j

(
− k

π∗sj
ek

de

e

)
=

(
π∗aj − k

de

e

)
⊗ dπ∗sj

ek
+

dπ∗sj
ek

⊗ π∗bj − k d

(
π∗sj
ek

)
⊗ de

e

+
π∗sj
ek

(
π∗cj − k∇̃∗

j

de

e

)
=

(
π∗aj − k

de

e

)
⊗
(
d

(
π∗sj
ek

)
+ k

π∗sj
ek

de

e

)
+

(
d

(
π∗sj
ek

)
+ k

π∗sj
ek

de

e

)
⊗ π∗bj − k d

(
π∗sj
ek

)
⊗ de

e

+
π∗sj
ek

(
π∗cj − k∇̃∗

j

de

e

)
= ãj ⊗ d

(
π∗sj
ek

)
+ d

(
π∗sj
ek

)
⊗ b̃j +

π∗sj
ek

c̃j ,

where

ãj = π∗aj − k
de

e
, b̃j = π∗bj − k

de

e
,

c̃j = kπ∗aj ⊗
de

e
+ k

de

e
⊗ π∗bj + π∗cj − k2

de

e
⊗ de

e
− k ∇̃∗

j

de

e
.

�
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7. The Second Main Theorem for singular divisors

Let X be an n-dimensional complex algebraic projective manifold, and let π be

the blowing-up of X at the point p of X. Let U be an affine open neighborhood

of p, and let ∇ be a meromorphic connection on U . Let z1, . . . , zn be holomorphic

functions on U such that dz1, . . . , dzn are linearly independent on U and p = {x ∈

U | z1(x) = · · · = zn(x) = 0}. Then,

π−1(U) ≃ {(x, [y1 : · · · : yn]) ∈ U × Pn−1(C) | zi(x)yj = zj(x)yi for all i, j}.

Let Ũk = {(x, [y1 : · · · : yn]) ∈ π−1(U) | yk ̸= 0} be an affine open set of X̃. Define a

holomorphic function ui = yi/yk on Ũk. Then du1, . . . , duk−1, dzk, duk+1, . . . , dun

are linearly independent on Ũk, and E|Ũk
= (zk) where E is the exceptional divisor

of π. We shall now show that W∇̃ has only logarithmic poles on the exceptional

divisor. Here ∇̃ is the pull back of ∇.

We may assume “k = 1” without loss of generality.

We have

π∗

(
∂

∂z1

∂

∂u2
. . .

∂

∂un

)
=

(
∂

∂z1
. . .

∂

∂zn

)


1 0 · · · 0

u2 z1
...

. . . 0
un 0 z1

 .

We denote the above Jacobian matrix by A. Then we have

A−1 =


1 0 · · · 0

−u2/z1 1/z1
...

. . . 0
−un/z1 0 1/z1

 .

Put ∇ = d + Γ where Γ = (Γλ
µ)1≤λ,µ≤n is a connection form with respect to the

frame ∂/∂z1, . . . , ∂/∂zn. Let Γ̃ = (Γ̃λ
µ)1≤λ,µ≤n be the connection form of the mero-

morphic connection ∇̃ on Ũ1 with respect to the frame ∂/∂z1, ∂/∂u2, . . . , ∂/∂un.

Then we have Γ̃ = A−1dA+A−1π∗ΓA. Since

dπ∗z1
z1

=
dz1
z1

,
dπ∗zj
z1

= duj + uj
dz1
z1

,
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we have

π∗Γλ
µ

z1
= ϕ1,λ,µ

dz1
z1

+
n∑

j=2

ϕj,λ,µduj

where ϕj,λ,µ is a meromorphic function on Ũ1. Let β be a holomorphic function on

U such that β∇ is a holomorphic connection on U . It follows that π∗β ϕ1,λ,µ is holo-

morphic function. So π∗β A−1π∗ΓA has only logarithmic poles on the exceptional

divisor.

It follows that

A−1dA =


1 0 · · · 0

−u2/z1 1/z1
...

. . . 0
−un/z1 0 1/z1




0 0 · · · 0

du2 dz1
...

. . . 0
dun 0 dz1



=


0 0 · · · 0

(du2)/z1 (dz1)/z1
...

. . . 0
(dun)/z1 0 (dz1)/z1

 .

We define meromorphic connection ∇̃1 on Ũ1 by

∇̃1 = ∇̃ − dz1
z1

⊗ IdTX̃ − IdTX̃ ⊗ dz1
z1

.
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Then {(∇̃, Ũ1), (∇̃1, Ũ1)} is a meromorphic partial projective connection on Ũ1, so

W∇̃ = W∇̃1
. One sees that

∇̃1 = d+A−1π∗ΓA+A−1dA− dz1
z1

⊗ IdTX̃ − IdTX̃ ⊗ dz1
z1

= d+A−1π∗ΓA+


0 0 · · · 0

(du2)/z1 (dz1)/z1
...

. . . 0
(dun)/z1 0 (dz1)/z1



− dz1
z1



1 0
. . .

. . .

0 1


−


(dz1)/z1 0 · · · 0

(du2)/z1 0 · · · 0
...

...
...

...

(dun)/z1 0 · · · 0



= d+A−1π∗ΓA−


(2dz1)/z1 0 · · · 0

0
... 0
0

 .

Therefore π∗β ∇̃1 has only logarithmic poles on the exceptional divisor. In the

same way as above, we can construct the meromorphic connection ∇̃k on Ũk for

every k, 1 ≤ k ≤ n. Then we obtain the meromorphic partial projective connection

{(∇̃i, Ũi)}1≤i≤n on π−1(U) such that each π∗β ∇̃i has only logarithmic poles on

the exceptional divisor.

Let X be an n-dimensional complex algebraic projective manifold, and let S be a

reduced effective divisor on X such that the singular locus of S is {x1, . . . , xp} ⊂ X.

Let π : X̃ → X be the blowing-up at {x1, . . . , xp}. Let Ei, 1 ≤ i ≤ p be irreducible

divisors of X̃ such that E =
∪

1≤i≤p Ei is an exceptional divisor of π and π(Ei) = xi.

Let ∇ = {(∇j , Uj)}1≤j≤N be a meromorphic partial projective connection on X

relative to an affine open covering {Uj}1≤j≤N of X. Assume that S is not contained

in the polar locus of ∇, and S is totally geodesic with respect to ∇. Let β ∈ Γ(X,L)

be a holomorphic section of a line bundle L on X such that β∇j is holomorphic for

every j.
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Lemma 8. Let f : C → X be a non-constant holomorphic map such that f(C) is

not contained in the polar locus of ∇ and W∇(f) ̸≡ 0. Let f̃ : C → X̃ denote the

lift of f . Assume that the proper transform S̃ of S is non-singular, and S̃ intersects

E transversally. Then we have∫
|z|=r

log+
∥W∇̃(f̃)(z)∥∧n TX̃∥β(f)(z)∥n(n−1)/2

L

∥S̃(f̃)(z)∥[S̃]

dθ

2π
≤ Sf (r).

Proof. By shrinking Ui for 1 ≤ i ≤ N , we may assume that each Ui has at most

one singular point of S. Let I = {1, 2, · · · , N}, and let I ′ and I ′′ be subsets of I

such that

I ′ = {i ∈ I|Ui ∩ {x1, · · · , xp} ̸= ∅},

I ′′ = I \ I ′ = {i ∈ I|Ui ∩ {x1, · · · , xp} = ∅}.

Let ∇̃ = {(π∗∇i, π
−1(Ui))}1≤i≤N be the pull back of ∇. If j ∈ I ′, there exists

one xν ∈ Uj . By the above argument, we can construct a meromorphic partial

projective connection {(∇̃j,k, Ũj,k)}1≤k≤n on π−1(Uj) such that each π∗β∇̃j,k has

only logarithmic poles on Eν . Here {Ũj,k}1≤k≤n is the affine open covering of

π−1(Uj). We define meromorphic partial projective connection {(∇̂j ,Ωj)}1≤j≤N ′

on X̃ by

{(∇̃j,k, Ũj,k)}j∈I′,1≤k≤n ∪ {(∇̃j , π
−1Uj)}j∈I′′ ,

where (∇̂j ,Ωj) is equal to (∇̃j,k, Ũj,k), j ∈ I ′, or equal to (∇̃j , π
−1Uj), j ∈ I ′′.

Then it follows that the Wronskian of ∇̃ is equal to the Wronskian of ∇̂. Take an

open covering {Vj}1≤j≤N ′ of X̃ such that Vj b Ωj , and take a partition of unity

{ϕj}1≤j≤N ′ subordinate to the open covering {Vj}1≤j≤N ′ . If Ωi = Ũj,k for some

j ∈ I ′, 1 ≤ k ≤ n, then S̃ intersects exceptional divisor E transversally in Ωi. So

we can take holomorphic functions X1, · · · , Xn in Ωi such that (X1) = E|Ωi and

(X2) = S̃|Ωi , and dX1, · · · , dXn are linearly independent. We trivialize the n-jet

bundle of X̃ on Ωi by

X
(1)
1 , · · · , X(1)

n , X
(2)
1 · · · , X(2)

n , · · · , X(n)
n ,

where dXl = X
(1)
l and dX

(k)
l = X

(k+1)
l . There exists a meromorphic n-jet differ-

ential ω on Ωi such that

W∇̂i
= ω

∂

∂X1
∧ · · · ∧ ∂

∂Xn
.
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Let β̃i be a holomorphic function in Ωi such that (β̃i) = π∗β|Ωi . From Lemma 2 it

follows that

β̃i
n(n−1)/2 ω

X2

is logarithmic n-jet differential along the divisor (X1)+ (X2) (cf. Noguchi [10]). So

it follows that∫
|z|=r

ϕi(f̃) log
+
∥W∇̃(f)(z)∥∧n TX̃∥β(f)(z)∥n(n−1)/2

L

∥S̃(f̃)(z)∥[S̃]

dθ

2π
≤ Sf̃ (r),

by the same arguments as that in the proof of Lemma 5. If Ωi = π−1(Uj) for some

j ∈ I”, the above inequality also holds. Because π : X̃ → X is a bimeromorphic

map, we have Sf (r) = Sf̃ (r). So we completes the proof. �

Theorem 4. Under the hypothesis of Lemma 8, we have

Tf̃ (r, [S̃]) + Tf (r,KX) + (n− 1)

p∑
i=1

Tf̃ (r, [Ei])

≤ Nn(r, f̃
∗S̃) +

1

2
n(n− 1)Tf (r, L) +

1

2
n(n− 1)

p∑
i=1

N(r, f̃∗Ei) + Sf (r).

Proof. Let ej ∈ Γ(X, [Ej ]) be a holomorphic section of Ej such that (ej) = Ej . By

Lemma 8, it follows that∫
|z|=r

log+
∥W∇̃(f̃)∥∧n TX̃∥β(f)∥n(n−1)/2

L

∏p
i=1 ∥ei(f̃)∥

n(n−1)/2
Ei

∥S̃(f̃)∥[S̃]

dθ

2π

≤ −1

2
n(n− 1)

p∑
i=1

mf̃ (r, Ei) + Sf (r).

Then we have

Tf̃ (r, [S̃]) + Tf̃ (r,KX̃)− 1

2
n(n− 1)

p∑
i=1

Tf̃ (r, [Ei])−
1

2
n(n− 1)Tf (r, L)

≤ Nn(r, f̃
∗S̃)− 1

2
n(n− 1)

p∑
i=1

mf̃ (r,Ei) + Sf (r).

Since N(r, f̃∗Ei) = Tf̃ (r, [Ei]) − mf̃ (r,Ei) and KX̃ = KX + (n − 1)
∑p

i=1 Ei, We

complete the proof. �

Example 4. Let

S = {Xd−2
0 (ε1X

2
1 + ε2X

2
2 ) +Xd

1 +Xd
2 = 0},
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ε1 ̸= 0, ε2 ̸= 0, |ε1| ̸= |ε2|.

Then S is smooth except the point [1 : 0 : 0]. Let

π : (P2(C))̃ → P2(C)

be the blowing-up at [1 : 0 : 0] ∈ P2(C) and S̃ be the proper transformation of S.

One can check that S̃ is non-singular, and S̃ intersects transversally the exceptional

divisor E of π. Let f : C → P2(C) be a holomorphic map and f̃ : C → (P2(C))̃ be

the lift of f . Put s0 = Xd−2
0 (ε1X

2
1 + ε2X

2
2 ), s1 = Xd

1 , s2 = Xd
2 . Then we construct

a meromorphic partial projective connection ∇ on P2(C) as in §2. Then the degree

of the pole of ∇ is five. By Theorem 5, we have

Tf̃ (r, [S̃]) + Tf̃ (r, [E])− 8Tf (r,H) ≤ N2(r, f̃
∗S̃) +N(r, f̃∗E) + Sf (r),

where H is a hyperplane bundle of P2(C). Because π∗S = S̃ + 2E, and Tf (r,H) =

Tf̃ (r, π
∗H) ≥ Tf̃ (r, E), we have(

1− 9

d

)
Tf (r,H) ≤ N2(r, f̃

∗S̃) +N(r, f̃∗E) + Sf (r).

�

Now we prove the Second Main Theorem for smooth hypersurfaces in P2(C)

which are not normal crossing.

Let s0, s1, s2 ∈ C[X0, X1, X2] be homogeneous polynomials of degree d such that

det(∂sj/∂Xk)0≤j,k≤2 ̸≡ 0, and Xd−l0
0 |s0, Xd−l1

1 |s1, Xd−l2
2 |s2 for 0 ≤ l0, l1, l2 ≤ d.

Let σ0, . . . , σq be elements of linear system |{s0, s1, s2}| such that σj is a non-

singular divisor in P2(C). Assume that σj intersects σk transversally for all 1 ≤

j ̸= k ≤ q. Take finitely many points x1, . . . , xp ∈ P2(C) such that
∑q

i=1(σi) is

simple normal crossing in P2(C) \ {x1, . . . , xp}. Let π : (P2(C))̃ → P2(C) be the

blowing-up at {x1, . . . , xp}, and let E =
∑p

i=1 Ei be the exceptional divisor of π,

where Ei is irreducible and π(Ei) = xi. Let σ̃i be the proper transform of σi under

the blowing-up π.

Theorem 5. (a) Let H be the hyperplane bundle on P2(C). Let f : C → P2(C) be

a holomorphic map such that f(C) is neither contained in the support of elements

of |{s0, s1, s2}| nor in {det(∂sj/∂Xk) = 0}. Let f̃ : C → (P2(C))̃ be the lift of f .
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(i) When d = 1, we have

p∑
i=1

Tf̃ (r, [σ̃i]) +

p∑
i=1

Tf̃ (r, [Ei])− 3Tf (r,H)(5)

≤
q∑

i=1

N2(r, f̃
∗σ̃) +

p∑
i=1

N(r, f̃∗Ei) + Sf (r).

(ii) When d ≥ 2, we have

p∑
i=1

Tf̃ (r, [σ̃i]) +

p∑
i=1

Tf̃ (r, [Ei])− (6 + l0 + l1 + l2)Tf (r,H)(6)

≤
q∑

i=1

N2(r, f̃
∗σ̃) +

p∑
i=1

N(r, f̃∗Ei) + Sf (r).

(b) Furhtermore, we assume that σ1, . . . , σq are in m-subgeneral position. Let

H1, H2,H3 ⊂ P2(C) be hyperplanes in general position which do not pass through

{x1, . . . , xp}.

(i) When d = 1, we have

(q − 3)Tf (r,H) ≤
q∑

i=1

N2(r, f̃
∗σ̃i) +m

p∑
i=1

N(r, f̃∗Ei)(7)

+
m− 1

2

3∑
i=1

N2(r, f
∗Hi) + Sf (r).

(ii) When d ≥ 2, we have(
q − 6 + l0 + l1 + l2

d

)
Tf (r,H) ≤

p∑
i=1

N2(r, f̃
∗σ̃i) +m

p∑
i=1

N(r, f̃∗Ei)(8)

+
m− 1

2

3∑
i=1

N2(r, f
∗Hi) + Sf (r).

Proof. We construct the meromorphic partial projective connection ∇ on P2(C) as

in §2. Then σ1, . . . , σq are totally geodesic with respect to ∇. When d = 1, the

pole degree of ∇ is 0. When d ≥ 2, the pole degree of ∇ is 3+ l0 + l1 + l2. Because

σi intersects σj transversally for all 1 ≤ i ̸= j ≤ q, the divisor σ̃1 + · · · + σ̃q + E

is of simple normal crossing, and the divisor σ̃1 + · · ·+ σ̃q is smooth. We have (5)

and (6) by the same arguments as that in the proof of Theorem 5.

If σ1, . . . , σq are in m-subgeneral position. We have

q∑
i=1

π∗σi ≤
q∑

i=1

σ̃i +m

p∑
i=1

Ei,
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on (P2(C))̃ . It follows that

q∑
i=1

Tf (r, [σi]) ≤
q∑

i=1

Tf̃ (r, [σ̃i]) +m

p∑
i=1

Tf̃ (r, [Ei]).(9)

Take hyperplanes {L′
i, L

′′
i }1≤i≤p in P2(C) such that L′

i and L′′
i pass through xi, and

the divisor H1+H2+H3+
∑p

i=1(L
′
i+L′′

i ) is in general position. Then, by Cartan’s

Second Main Theorem (cf. [2]) we have

3∑
i=1

Tf (r, [Hi]) +

p∑
i=1

Tf (r, [L
′
i] + [L′′

i ])− 3Tf (r,H)

≤
3∑

i=1

N2(r,Hi) +

p∑
i=1

N2(r, f
∗(L′

i + L′′
i )) + Sf (r).

Let L̃′
i and L̃′′

i be proper transforms of L′
i, L

′′
i under the blowing-up π. Since

Tf (r, L
′
i + L′′

i ) = Tf̃ (r, L̃
′
i + L̃′′

i ) + 2Tf̃ (r, Ei)

and

N(r, f∗(L′
i + L′′

i )) = N(r, f̃∗(L̃′
i + L̃′′

i ) + 2N(r, f̃∗Ei),

we have

2

p∑
i=1

Tf̃ (r, Ei) +

p∑
i=1

Tf̃ (r, L̃
′
i + L̃′′

i )

≤ 2

p∑
i=1

N(r, f̃∗Ei) +

p∑
i=1

N(r, f̃∗(L̃′
i + L̃′′

i )) +
3∑

i=1

N2(r, f
∗Hi) + Sf (r).

By the First Main Theorem,

Tf̃ (r, [L̃
′
i] + [L̃′′

i ]) ≥ N(r, f̃∗(L̃′
i + L̃′′

i )).

Therefore we have

p∑
i=1

Tf̃ (r, Ei) ≤
p∑

i=1

N(r, f̃∗Ei) +
1

2

3∑
i=1

N2(r, f
∗Hi).(10)

Then we deduce (7) and (8) from (5), (6), (9), and (10). �
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