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ABSTRACT. We show that the identity component Diff” (M?2™)q of the group
of C™ diffeomorphisms of a compact (2m)-dimensional manifold M?™ (1 <
r < oo, r # 2m + 1) is uniformly perfect for 2m > 6, i.e., any element of
Diff" (M?™) can be written as a product of a bounded number of commuta-
tors. It is also shown that for a compact connected manifold M?™ (2m > 6),
the identity component Diff” (M?2™)q of the group of C" diffeomorphisms of
M?™ (1 <r < oo, r#2m+ 1) is uniformly simple, i.e., for elements f and g

of Diff" (M?™)g \ {id}, f can be written as a product of a bounded number of

conjugates of g or g~ 1.

1. INTRODUCTION

For an n-dimensional manifold M", let Diff](M™) denote the group of C" dif-
feomorphisms of M™ with compact support (1 < r < oco). Here, the support of a
diffeomorphism f of M™ is defined to be the closure of {x € M | f(z) # x}. For a
compact manifold M™, Diff(M™) coincides with the group Diff" (M™) of C" diffeo-
morphisms of M™. Let Diff],(M™)y denote the identity component of Diff|(M™).
Here Diff](M™) is equipped with the C" topology ([11], [16]). By the results of
Herman, Mather and Thurston ([7], [9], [11], [16], [2]), for an n-dimensional man-
ifold M™, Diff,(M™)y is a perfect group if r = 0 or 1 < r < oo and r # n + 1.
Here, a group is said to be perfect if it coincides with its commutator subgroup.
In other words, a group is perfect if any element can be written as a product of
commutators.

We say that a group is uniformly perfect if any element can be written as a

product of a bounded number of commutators. The following results are shown in
3], [22] and [23].

Theorem 1.1 (Burago-Ivanov-Polterovich [3], Tsuboi [22, 23]).

(1) For the interior M™ of a compact n-dimensional manifold which admits a
handle decomposition only with handles of indices not greater than (n—1)/2,
any element of Diff[(M™)y (1 < r < oo, r # n+ 1) can be written as a
product of two commutators.

(2) For a compact even-dimensional manifold M?*™ which has a handle de-
composition without handles of the maiddle indexr m, any element of

1991 Mathematics Subject Classification. Primary 57R52, 57R50; Secondary 37C05.

Key words and phrases. diffeomorphism group, uniformly perfect, commutator subgroup.

The author is partially supported by Grant-in-Aid for Scientific Research 20244003, Grant-
in-Aid for Exploratory Research 18654008, 21654009, Japan Society for Promotion of Science,
and by the Global COE Program at Graduate School of Mathematical Sciences, the University of
Tokyo.



2 TAKASHI TSUBOI

Diff"(M?™)y (1 < r < oo, 7 # 2m + 1) can be written as a product of
four commutators.

(3) For a compact odd-dimensional manifold M*™ 1, any element of Diff" (M?™+1),

(1 <r<oo, r#2m+2) can be written as a product of five commutators.
Now the result of this paper concerns the remaining cases.

Theorem 1.2. The identity component Diff" (M?™)q of the group of C" diffeomor-
phisms Diff"(M?™) of the compact (2m)-dimensional manifold M>*™ (1 < r < oo,
r # 2m+ 1) is uniformly perfect for 2m > 6, i.e., any element of Diff" (M?™)q can
be written as a product of a bounded number of commutators.

Here the bound for the number of commutators may depend on manifolds. For
the manifolds of dimensions 2 and 4, the problem of uniform perfectness of the
identity component of the group of diffeomorphisms is still open.

The argument deducing the simplicity of Diff"(M™)y from the proof of its per-
fectness ([4], [16], [2]) applies to showing the uniform simplicity from the proof of
its uniformly perfectness ([23]). We say that a group G is uniformly simple if, for
elements f and g of G\ {1}, f can be written as a product of a bounded number
of conjugates of g or g~ 1.

Corollary 1.3. For a compact connected (2m)-dimensional manifold M*™ (2m >
6), the identity component Diff" (M?™)q of the group Diff" (M?*™) of C" diffeomor-
phisms of M*™ (1 <r < oo, r # 2m + 1) is uniformly simple.

The main part of the proof of Theorem 1.2 is a decomposition of an isotopy into
a bounded number of isotopies with controlled support. Then the theorem follows
from Theorem 1.1 (1) in a way similar to the proof of Theorem 1.1 (2) and (3) in
[22] and in [23]. For the decomposition, we give a technique to find the Whitney
disks which guide to separate two subcomplexes of the middle dimension m. The
condition 2m > 6 on the dimension implies that the Whitney disks can be disjointly
embedded in the manifold and enables us to show Theorem 1.2.

We review the proof of Theorem 1.1 in Section 2 and we give the proof of Theorem
1.2 in Section 3. The proof of lemmas used in Section 3 is given in Section 4. We
show Corollary 1.3 in Section 5.

2. DECOMPOSITION OF ISOTOPIES

The proof of our Theorem 1.2 relies on the general position argument for differ-
entiable maps from cellular complexes to a manifold which we used in [22] and [23]
and we review several necessary results.

An n-dimensional finite cellular complex X is given by a filtration

X=Xxm 5 x5 .5 x® 5 x0

where
x k) — x (k-1 U0 (|_| Df) (k=1,...,n),

o) | ), 0DF — X1 is the attaching map and X(¥) is obtained from the
disjoint union of X(*~1) and finitely many k-dimensional disks D¥ (i =1, ..., £)
by identifying D¥ and its image under o),

A differentiable map from the finite cellular complex X to a manifold M is a

continuous map X — M which is differentiable on each open cell Int(D¥).
We showed in [22] and [23] the following lemma.
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Lemma 2.1 ([22], [23]). Let M™ be a compact n-dimensional manifold. Let K*
and L* be k-dimensional and (-dimensional finite cellular complexes, respectively.
Let f : K¥ — M™ and g : L* — M™ be differentiable maps and assume that f is
an embedding. If k+ £+ 1 < n, then there is an isotopy {P; : M" — M" },cio.1)
(@ = id) such that &1 (f(K*))ng(L*) = 0.

Then this lemma is used to show the following theorem.

Theorem 2.2 ([22], [23]). Let M™ be a compact n-dimensional manifold. Let PP
and Q49 be p-dimensional and q-dimensional finite cellular complexes differentiably
embedded in M™, respectively. Assume that p+ q+ 2 < n and that PP N Q7 = ).
Then any element f € Diff"(M™) (1 < r < o0) can be written as a product
f = goh such that g € Diff_(M™ \ k(Q%))g and h € Diff_(M™ \ PP)qy, where
k € Diff((M™ \ PP)o, and Diff_(M™ \ k(Q?))o and Diff,(M™ \ PP)q are considered
as subgroups of Diff" (M™)g, respectively.

The statement of Theorem 2.2 means that the diffeomorphism g of M™ obtained
in Theorem 2.2 is isotopic to the identity by an isotopy which is identity on a
neighborhood of k(Q%), and h is isotopic to the identity by an isotopy which is
identity on a neighborhood of PP.

To use Theorem 2.2, we looked at the p-dimensional skeleton of the cellular de-
composition associated with a handle decomposition of a compact manifold and
the g-dimensional skeleton of that associated with the dual handle decomposition.
Then, for an even-dimensional compact manifold M?™ which has a handle de-
composition without handles of the middle index m, Theorem 2.2 together with
Theorem 1.1 (1) implies Theorem 1.1 (2) (see [22]).

For the decomposition of an isotopy on an odd dimensional manifold, we used
the following lemma ([22, Remark 4.4]).

Lemma 2.3. In Lemma 2.1, if k + ¢ = n, then there is an isotopy {®; : M"™ —
M"}eoa] (Po = id) such that &1 (f(KF=D))Ng(L?) = 0 for the (k—1)-dimensional
skeleton K= of K* &1 (f(KF) N g(L¥ V) = @ for the (£ — 1)-dimensional
skeleton L=1) of LY and the intersection @1(f(o*)) N g(7%) is transverse for each
k-dimensional cell o* of K* and each (-dimensional cell T¢ of L*.

Remark 2.4. In fact, we can show the following for finite cellular complexes K and L
and differentiable maps f : K — M" and g : L — M™. Let K and L) denote
the ¢-dimensional skeleton and the j-dimensional skeleton of K and L, respectively.
If f is an embedding, there exists an isotopy {®;}+c[0,1] (Po = id) with support in
a neighborhood of f(K) such that &1 (f(K®))Ng(LY)) =0 fori+j+1=mn, and
the intersection ®1(f(c?)) N g(77) is transverse for each i-dimensional cell o¢ of K

and each j-dimensional cell 77 of L for i + j = n.
Then we proceeded as follows (see [22, Lemma 6.3]).

Lemma 2.5. Let M"™ be a compact n-dimensional manifold. Let PP and Q? be p-
dimensional and q-dimensional finite cellular complexes differentiably embedded in
M", respectively. Assume that p+q+1=n and that PPNQY = 0. Let PP~ and
Q1) be the (p—1)-dimensional skeleton and the (q—1)-dimensional skeleton of PP
and Q1, respectively. Then any element f € Diff" (M™)g can be written as a product
f = goh such that g € Diff,(M™\ k&(Q?))o and h € Diffl,(M™\ PP=1))q, where
k € Diffg(M™ \ PP)o. Moreover there is an isotopy {h:}icjo1] such that hg = id,
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hi = h, hy is the identity on a neighborhood of PP~V and for H(t,z) = hy(x),
H([0,1] x PP)Nk(Q9=V) =0 and, for each p-dimensional cell o? of PP and each
q-dimensional cell 71 of Q4, the intersection H([0,1] x oP) N k(79) is transverse.
Thus H([0,1] x PP)NEk(QY) is a finite set.

For an odd dimensional compact manifold M?™*! we considered a handle de-
composition of M?m*+! in [22], and we took the m-dimensional skeleton P™ of
the associated cell decomposition and the m-dimensional skeleton Q™ of the cell
decomposition associated with the dual handle decomposition.

Lemma 2.6. Let {hi}icjo,1) (ho = id) be an isotopy which is the identity on a
neighborhood of P~Y and H([0,1] x P™) NE(Q™~V) = 0 for H(t,x) = hy(z).
Let V™ C P™ be the complement of a neighborhood of P~ where hy = id. Then
there is an isotopy {hi}iep.1) (ho = id) fizing a neighborhood of P=1) such that
its trace H : [0,1] x M?m+1 — M2?™+1 s close to H : [0,1] x M?™+L — p2mtl
and H|[0,1] x V™ is an immersion outside of a finite subset. Moreover the image

H([0,1] x V™) € M (P =D U k(QU ™))
has finitely many double point curves which is in general position with respect to the

curves H([0,1] x {v}) (v € V™). If m > 2 these double point curves are disjoint,
and if m = 1, there are at most finitely many triple points and cusps.

Then, using the idea of Burago, Ivanov and Polterovich ([3]), we constructed an
isotopy {at }te[0,1) (a0 = id) with support in a union of disjointly embedded (2m+1)-
dimensional open balls embedded in M?™+! such that (a; o he)(P™) Nk(Q™) =0
(t € ]0,1]), and we showed the following lemma ([22, Lemma 6.5]).

Lemma 2.7. For the generic diffeomorphism h = hy € Diff’(M2m+1\ pm=1),
given by Lemma 2.6, h can be decomposed as h = aogoh', where a € Diff,( |, U;)o,
L|; Ui is a union of disjointly embedded (2m+-1)-dimensional open balls U; embedded
in M?>m+1 G e Dff (M2 1\ k(Q™))o and h' € Diffl(M?>™+1\ P™),.

Note that the element 2! o h is close to the identity and it can be decomposed
as h' o h = hog with h € Diff,(M2m+1\ P™)q and § € Diff [ (M2™+1\ k(Q™))q
([22, Remark 5.4]). Then by Lemmas 2.5 and 2.7,

f=goh=goho(h~'oh)
:goaoﬁoﬁ’o/};o:q\
=(goaog)o(gogog)o(G Lok ohog)
and goaog~t € Diff,(g(L]; Ui))o, gogog € DiffL(M*™ 1\ k(Q™))o and g1 oh/ o
hoj e Diff] (M?m+1\ g=1(P™))o. Noticing that a can be taken as a commutator
with support in | |; U;, Theorem 1.1 (1) implies Theorem 1.1 (3) (see [22]).
It is worth noticing again that, for any compact manifold M™, there is a neigh-

borhood of the identity of Diff" (M™) (1 < r < oo, r # n + 1) whose element can
be written as a product of four or six commutators([22, Remark 5.4]).

Remark 2.8. For a compact manifold M we have a handle decomposition. For a
compact odd-dimensional manifold M?™+1, M?™+1 is covered by two open sets U;
and Uy which are neighborhoods of the union of handles of indices not greater than
m and the union of dual handles of indices not greater than m. Then by the frag-
mentation lemma ([2]), there is a neighborhood N of the identity in Diff" (M2 +1),
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such that any element f of N can be written as a product f = g o h, where
g € Diff(Uy)o and h € Diff_(Usz)o. Hence by Theorem 1.1 (1), any element f of
N can be written as a product of four commutators of elements of Diff" (M2 +1),
(1 <r <oo,r#2m+2). For a compact even-dimensional manifold M?™  M?™
is covered by three open sets Uy, Us and Us. Here, U; and U, are neighborhoods
of the union of handles of indices less than m and the union of dual handles of
indices less than m, and Us is a union of disjointly embedded open balls which is a
neighborhood of the union of m handles. Then by the fragmentation lemma, there
is a neighborhood N of the identity in Diff" (M?™), such that any element f of N/
can be written as a product f = aogoh, where g € Diff.(U;)g, h € Diff..(Us)o and
a € Diff|(Us)o. Hence by Theorem 1.1 (1), any element f of A/ can be written as a
product of six commutators of elements of Diff" (M?™)y (1 <r < oo, 7 # 2m + 1).

3. PROOF OF THE MAIN THEOREM

For an even dimensional compact manifold M?™, we proceed as follows to prove
Theorem 1.2. The proof of lemmas is given in the next section.

For the manifold M?™, we consider its triangulation P and let P*) denote the
k-dimensional skeleton of P. Then the (m — 1)-dimensional skeleton P(™~1 of the
triangulation P has the following property:

For each m-dimensional simplex o™ of P("™) let (P(™~1 Ug™)/c™ denote
the (m — 1)-dimensional cell complex obtained from P~ Ug™ by identi-
fying o™ to a point. Then there is an embedding ¢ of (P~ U¢™)/c™ in
M?™ such that, for any neighborhood U of +((P(=1) U ¢™)/a™), there is
a diffeomorphism of M?™ isotopic to the identity which maps P™~1 Ug™
into U.

Remark 3.1. We may use the cellular complex associated with a handle decompo-
sition of M?™ if it has this property for each m-dimensional cell . The number
N of the m-dimensional cells of such a cellular decomposition of M?™ appears in
the estimate of the bound for the number of commuators at the end of the proof of
Theorem 1.2.

For the manifold M?™, the statement of Lemma 2.5 is written as follows.

Lemma 3.2. Let P™ denote the m-dimensional skeleton of a triangulation of a
(2m)-dimensional manifold M?™, and Q™, the m-dimensional skeleton of the dual
cell decomposition. Let P%) and Q) denote the i-dimensional skeletons (i = m —2,
m — 1) of P™ and Q™, respectively. Then any element f € Diff" (M?*™)y can
be written as a product f = g o h such that g € Diff,(M?*™ \ k(Q™))o and h €
Diff? (M?™\ P(™m=2)),, where k € Diffj(M?™\ P™)o. Moreover there is an isotopy
{hi}iefo,) which has the following properties:
(1) hg =1id, hy = h, and hy is the identity on a neighborhood of P™=2).
(2) For H(t,z) = hi(x),
H([0,1] x P=D) A k(Q™=D) = and H([0,1] x P™) N k(Q™~2) = 0.
(3) For each (m — 1)-dimensional simplex o™~' of P~V and each m-
dimensional cell 7™ of Q™, the intersection H([0,1] x ¢™ 1) N k(™) is
transverse. Thus H([0,1] x Pm=D)Y N k(Q™) is a finite set.

Then, if 2m > 4, we can separate the image H([0,1] x P(™~1) from k(Q™) by
an argument similar to the proof of Lemmas 2.6 and 2.7
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First, we approximate the isotopy H by a generic one H. Let
{hi}ieon) C DIfE° (M2 \ P2y (hy = id)

be a C> approximation of {h;};c[0.1) C DiffL(M?™\ P(m~2)) generic with respect
to P™ and k(Q™) such that h, is the identity on a neighborhood of P(™~2). Then
H(t,z) = ht( ) has the following properties:
(0) H :[0,1] x M?>™ — M?™ is close to H : [0,1] x M?>™ — M?™ and h; is
the identity on a neighborhood of P("~2),
(1) The restriction

HI[0,1] x V™t [0,1] x V™=t — M2m

is an immersion, where V™~ 1(c P(™~1) is the complement of a neighbor-
hood of P(m=2) ¢ P(m=1) where h; is the identity.
(2) H([0,1] x PN k(Qm=Y) = and H([0,1] x P™) N k(Q™=2)) = §.
(3) H([0,1] x P~ D) E(Q™) is a finite set;

H([0,1] x P~ A k(Q™) = {H(si,v;) | i=1, ...,r},

(4) TT(0,1] % {ui}) NK@Q™) = Flsiyvn) (=1, ..., 7).

(5) H([0,1] x {v;}) does not contain double points of H([0,1] x P("=1) (i = 1,
cey T,

(6) HI[0,1] x P™~1 restricted to a neighborhood of [0,1] x {v;} in [0,1] x
Pm=1) is an embedding (i = 1, ..., r), and

(7) H([si,1] x {v;}) (i=1, ..., r) are disjoint.
Here, the statements (1)—(7) hold for generic H (or the properties (1)—(7) are generic
in the space of isotopies). In particular, the statement (5) holds because the inverse

image of the double point set of H([0,1] x P{™~1)) is a finite set which is in general
position with respect to [0,1] x {v;} (i =1, ..., 7) and 2m > 4.

For the proof of uniform perfectness, we can approximate the diffeomorphism for
a bounded number of times. In fact in this case, f; = g1 ohy = giohyo(hy " tohy)
and hy ! o hy € Diff"(M?™) is close to the identity. By Remark 2.8, h; ! o h; is
written as a product of six commutators.

Lemma 3.3. For the above generic isotopy {Et}te[o,l]; there is a neighborhood
U (i=1,...,7) of the curve H([s;,1] x {v;}) C M?™ diffeomorphic to a (2m)-
dimensional ball such that U; are disjoint and there is an isotopy {a; }+eo0,1) (a0 = id)
with support in | |;_, U; such that, for h} = a; o hy,

(PN NEQ™) =0 (tel0,1)).

Note that a; € Diff(| |\_, U;)o can be taken as one commutator with support in
LIi_, Us (see [23]).

Since hy(P™=Y) N k(@Q™) = 0 (¢t € [0,1]), there are isotopies {g;}icpo1] C
Diff], (M?™\ k(Q™)) and {h{ },c[0,1) C DiffL(M?™\ P(m=D) such that k) = g} ohf.
In other words, g; and h} (t € [0,1]) are the identity on neighborhoods of k(Q™)
and P™~1 respectively. Note that, by taking h} generically on P™, hY(P™) N
K(QUm)) = .
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Here we used the following lemma which is a part of Theorem 2.2 ([22, Theorem
5.1]). We state the lemma in a form convenient for the proof of Theorem 1.2.

Lemma 3.4. Let M"™ be a compact n-dimensional manifold. Let PP and Q9 be p-
dimensional and q-dimensional finite cellular complexes differentiably embedded in
M™, respectively. Let Py be a subset of PP. Let {f;} C Diff"(M™)o (fo =id) be an
isotopy which is the identity on a neighborhood of Py. Assume that f;(PP\Py)NQ? =
0 (t €[0,1]). Then f; € Diff"(M™)o can be written as a product fi = g1 ohy, where
{g1}tefo,1) € DIFL(M™\ Q)0 (go = id) and {hi}iejo,1) C D (M™\ PP)o (ho = id).

Put hgo) = hj. Then hgo) is the identity on a neighborhood of P(™~1) and
h® (™) A R(Q) = (¢ € [0, 1).

We look at the intersection h§0>(Pm) Nk(Q™). We assume 2m > 6 and we are
going to simplify the intersection, simplex by simplex. This is the main part of the
proof of our Theorem 1.2. Let 07" (j =1, ..., N) be the m-dimensional simplices
of P™. For each simplex 07" (j = 1, ..., N), we remove the intersection of the
image of the isotopy of 07" and k(Q™1) in a way similar to Lemma 3.3, and then
we remove the intersection of the resultant isotopy of o7 and k(Q™ \ 07'*), where
o' is the m-dimensional cell of @™ dual to o}". For the latter process, we will
find the Whitney disks which guide the construction of isotopy to reduce the order
of the intersection point set.

More precisely, we construct the isotopies inductively. As we wrote, let o/"
(i =1, ..., N) be the m-dimensional simplices of P™. For 0 < j < N, assume that
we have an isotopy

{(h }iepay C DI (M?™) (Y = id)

such that h,gj) is the identity on a neighborhood of P(~1) U ngl oj". Let Eﬁj) be
a C'°° approximation of hl(tj ) generic with respect to P™ and E(Q™) such that E,Ej )
is the identity on a neighborhood of P(™~1) U ngl 0. Then HY)(t,z) = E(tj)(x)
has the following properties:
(0) HY) : [0,1] x M?>™ — M?™ is close to HY) : [0,1] x M?*™ — M?*™
defined by HW(t,z) = hij )(x) and Eij ) is the identity on a neighborhood
of P(m=1y UZ:1 o,
(1) The restriction

HD0,1] x V™9 [0,1] x V™) — pr2m
is an immersion outside of a 1-dimensional subset (a codimension m subset)
of [0,1] x V™) where V™U)(C P™) is the complement of a neighborhood
of Pm=1) in Pm where h\?) is the identity.
(2) HI([0,1]x P~ NNk(Q™ V) = and HY) ([0, 1]x P™)Nk(Q™=2) = (.
(3) HU)([0,1] x P™) N E(Q™~Y) is a finite set;

HD(0,1] x P™) N EQM ) = (HD(sY) o) | i =1, ..., 10},

(4) TD(0,1] x (") NKQU ) = HV(s” o) (i=1, ..., rD),
(5) HY)([0,1] x {UZ(J)}) does not contain double points of HU)([0,1] x P™)
(i=1,...,70),
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(6) HWYW|[0,1] x P™ restricted to a neighborhood of [0, 1] x {vgj)} in [0, 1] x P™
is an embedding (i = 1, ..., rU)), and

(7) F(j)([sz(-j), 1] x {’Ugj)}) are disjoint.
Here, the statements (1)—(7) hold for generic H). In particular, for the statement
(1), we notice that the set of rank m matrices in the space of (m+1) x (2m) matrices
is codimension m ([15]). The statement (6) holds because the inverse image of the
double point set of H([0,1] x P™) is 2-dimensional in [0,1] x P™ which is in
general position with respect to [0, 1] x {vgj)} (i=1,...,79) and 2m > 6.

Lemma 3.5. For the above generic isotopy {E,Ej)}te[o,l], there is a neighbor-
hood U,L-(j) (i =1, ..., 79) of the curve H(j)([s,gj),l] X {vgj)}) C M?*™ dif-
feomorphic to a (2m)-dimensional ball such that Ui(j) are disjoint and there is
an isotopy {atjﬂ)}te[o,l] (agjﬂ) = id) with support in |_|:(:]i Ui(j) such that, for
h’gj) (3+1) Oﬁﬁa’)}

WP NRQ™ DY =0 (t e [0,1]).

Note again that a§j+1) e Diff (| J;_ ) Ul(]))o can be taken as one commutator with
support in |_|:(:Ji Ui(j) (see [23]).

The isotopy h’/ Ej )
(0) h’gj) is the identity on a neighborhood of P(™~1 U Ule o,
(1) H'U)([0,1] x P™) N k(Q™=1) = 0.

(2) h’l(tj) is generic with respect to P™ and k(Q™).

given by Lemma 3.5 has the following properties.

Now we look at the intersection h'; 2 (P™)Nk(Q™). Since h'; () is the identity on
a neighborhood of P(™~1 y UJ 1 01", the intersection h’(])( oM Nk(Q™) for i < j
is always the one point set o/" N k:( m*), where ¢"* is the m-dimensional cell of
Q™ dual to 07" (i < j). For the simplex o7 ;, the intersection h’gj)(ag'jrl) Nk(Q™)
is a finite set which vary with respect to the parameter t. If 2m > 6, we can
find the Whitney disks which guide to reduce the order of intersection point set

h’(])( oliy) NE(Q™ \ 074), where o7} is the m-dimensional cell of @™ dual to

m
oj4 1 as we explain now.

For the m-dimensional simplex o7} ; of P, the intersection of o} ; and k(Q™)
is just one point which is the intersection of o7 ; and k(o7}%), Then the behavior

of the intersection h'; G )( o7t 1) N k(o7yy) it rather complicated. Hence we look at
H'O([0,1] x 077 ) N k(Q™\ 7) or I/ (a7 1) Nk(Q™ \ o7). First, note that
h’(])( o) N Q™ \ o7t) is the empty set for small ¢, and since h’gj)(aﬂl) N
E(Qm=1) =0 (and h'(])( P=1)Nk(Q™) = 0), the algebraic intersection number

of the two m-dimensional cells A/} G )( o7t y) and k(7™) (t € [0,1]) is always 0 for each
m-dimensional cell 7™ of the dual cell complex Q™ other than o7} .

If we look at the movement of the intersection h’; (7 )( ot 1)Nk(T™) with respect to
the parameter ¢, there happen a finite number of generations of pairs of intersection
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points and cancellations of pairs of intersection points. For generic H'(7) or A’ ,Ej ),
the values of the parameters t of generations and cancellations are different. This
genericity argument follows from the following well known lemma.

Lemma 3.6. Consider the space of C" maps (r > 2) F': Rx R™ — R™. Then,
for generic F, the inverse image of a generic point y € R™ consists of reqular
points and fold points for Fy = F(t,e). At a fold point x for F;, by changing the
coordinates of R™ (both of the second factor of R x R™ and the target R™), F} is
locally written as

Fizy,...,xm) = (1, -, T, Y (6, 21, -, Tn))s
2y
wheregi—:—o 8ym #Oadg

F~Y(y) and correspond to the genemtions or cancellations of pairs of intersection
points.

5 7 0 at x. The fold points are discrete in

We use this Lemma 3.6 in the following way. We take a tubular neighborhood
of k(7™) and the projection pj(;m) to the fiber which is an m-dimensional disk,
and look at the map py(rm) o (H'V][0,1] x o7 ;). Then for generic H'\), by using
Lemma 3.6, there are only finitely many generations and cancellations of pairs of
intersections in the family {h’gj)(aﬁ_l) NE(T™) beelo,1-

We are going to construct the disks associated with the intersection H’()([0,1] x
o7i1) Nk(r™) for an m-dimensional cell 7™ of Q™ other than o7\%.

For a generation of a pair of intersection points, the intersection points near
the generation point are written as h’gj)(mt) and h’ij)(yt) (t € [to,to + €0)), where
h'; (g )( x,) = by, (j)(yto) is the generation point. Here, x; and y; are continuous
functlons written as x; = (¢1,...,¢m—1,vt —to) and yy = (c1, ..., Cm—1, —/T — to),
respectively, for a suitable choice of coordinate around (tg, z¢,) = (to,yt,) € [0, 1] X
Uﬂl, where cq,..., ¢,,_1 are constants.

We take a flat metric on the m-dimensional simplex o7, and we draw the
geodesic segment Tyt in 07} joining the intersection points x; and y: (t € [to,to+
60)).

Once we choose the pair of intersection points to be joined by the geodesic
segment, we continue joining them as the parameter ¢ increses unless one of these
intersection points meets a cancellation point.

For a cancellation of a pair of intersections, the intersection points near the
cancellation point are written as h'gj)(xt) and h’%j)(yt) (t € (to — €o0,t0]), where

n' Eg)(azto) =hn §g) (yt,) is the cancellation point. Here, z; and y; are continuous func-
tions written as z; = (¢1,...,¢m_1,/—t +to) and ys = (¢1, ..., Cm_1, —/—t + o),
respectively, for a suitable choice of coordinate around (to,zt,) = (to,ys,) €
0,1] x 071, where ci,. .., ¢;n—1 are constants.

Assume that we have chosen geodesic segments for the intersection points such
that ¢ < to. Let  (t € (to —€0,t0)) be the other endpoint of the geodesic segment
containing x, and y; (t € (to—¢o,to)) be the other endpoint of the geodesic segment
containing y;. There are two cases. In the case where x; # y; , that is, if it is

a cancellation of intersection points belonging to different geodesic segments x;z)
and yy; in {t} x 074, (t € (to — €0,%0)), we draw the geodesic triangle joining the
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3 points x4, = yi,, x4, and y; in {to} x 0}’ ;, and continue to draw the geodesic

segment x;y; joining z; and y; in {t} x o, (t € (fo,t0 +€0)). In the case where
Ty = y;,, that is, if it is a cancellation of intersection points of the same geodesic
segment Ty, in {t} x o (t € (to — €o,t0), ¢ = yr and y; = x;), we add the
auxiliary band
U BiUx{ziu U 1> {v,
t€[to—e,to] t€[to—e,to]

which contains the curve [to, 1] x {x4, } = [to, 1] X {yt, }, where € (< g¢) is a small
positive real number. Note that the image of the auxiliary band does not contain
double points of H’(7)([0, 1] x o7t ) for generic H' (9) and hence H'() restricted to
the auxiliary band is an embedding into M?™ \ k(Q™~1).

Now we have a family of geodesic segments in o7}, ; moving with respect to the
parameter ¢ and there are only finitely many times t; (i = 1, ..., 79)) when there
appear geodesic triangles. .

We are assuming that 2m > 6, and for generic h’ §J ), the family of geodesic
segments satisfies the following properties because the preimage of the double points
of I/ (P™) is 1-dimensional in [0, 1] x o7,

(1) The geodesic segments in o7, Joining the pairs of intersection points in
(R, =1 (k(7™)) never contain the preimage of double points of (h}())(P™).

(2) The geodesic triangles never contain the preimage of double points of
(hy D) (P™).

For t; (i = 1, ..., 79)), let Y be the union of the geodesic triangle with the
three vertices =y, = y;,, 73, and y;, in {t;} x o7}, the geodesic segments z;z; and
Yiyp in {t} x o7y, (t € (ti — €i,t;)) and the geodesic segments ziy; in {t} x o7
(t € (ti,ti + Ei))i

y=( U Wxzapu( U {8 xum)
tE(ti—ei,ti) te(ti—eq,ty) L
U({ts} x Aa 2y y. ) U ( U {t} x zjy;)
te(ts,ti+es)
C (tz — &Ti,ti + 61') X U;ﬁ—l‘

We deform it to obtain a 2-dimensional manifold Y’ embedded in (t; —&;,t; +¢;) X
oj% 1 such that

Y' =09Y = {(t7 xé)}te(ti—Ehti"‘Ei) U {(t7 yz/f)}te(ti—&,ti-i-&i)
U{(tv xt)}te(ti—émti] U {(ta yt)}te(ti_aiyti]
C (tz — gi;ti + 81') X O';'}i_l,

and Y’ coincides with Y for [t —¢;| > ¢;/2 and the intersection of Y’ and {t} x 07"
is a union of two disjoint differentiable curves near the original geodesic segments
for t € [t; —€;/2,t;) and is one differentiable curve near the geodesic triangle for
te [ti,ti + 81/2]

Now we look at the union Z of geodesic segments which are not modified by
the above operation and the manifolds Y’ for all t; (i = 1, ..., 7). If there
are auxiliary bands we add them to Z and modify it to make Z an embedded
2-dimensional manifold with boundary in [0, 1] x o773 ;.
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For a generic choice of the isotopy H’'U) and manifolds Y, if 2m > 8, Z is
a union of disjointly embedded 2-dimensional disks in [0,1] x o7} ;. If 2m = 6,
the 2-dimensional disks may intersect in [0, 1] X 039? 1 creating finitely many double
points.

For 2m > 8, the fact that a connected component of the union Z is diffeomorphic
to a 2-dimensional disk can be seen as follows: Consider the space obtained from Z
by identifying the points in each connected component of Z N ({t} x ¢};). Then
it is a graph with vertices corresponding to the generation points and cancellation
points. The generation points correspond to the vertices of valency 1 and the
cancellation points correspond to the vertices of valency 3 except the cancellation
points with auxiliary bands. For the cancellation points with auxiliary bands, the
auxiliary bands become edges ending at {1} x 7" ;. Thus each connected component
of the graph is a tree rooted at time ¢ = 1 which grows in the negative direction in
t. Hence each connected component of Z is a 2-dimensional disk.

In the case where 2m = 6, we see in a similar way that Z C [0,1] x 07, is
an immersed image of 2-dimensional disks which has generically a finite number
of double points. That is, the curves joining the pairs of intersection points in
(h’gj))_l(k(TS)) may intersect at finitely many points (¢, 7)) (£ = 1, ..., 7).
Then for generic H'(9), #, are not the time of generations or cancellations. When

two geodesic curves 7?) and vét) intersect at the time %, we modify one of the

family {7§t)} of geodesic curves near t; by a family {74®} of curves which does not

: (t) 7
intersect {7, '} near t,.
More concretely, for a small positive real number £;,, we can find a neighborhood

of ’y@) u ’yéa) C [0,1] x 6™ which is diffeomorphic to (t; — &, s + &) x X, where
X is a neighborhood of [~1,1] x {0} x {0} U {0} x [~1,1] x {0} in R,

VEZ) = {t;} x [-1,1] x {0} x {0} and
A = {5} x {0} x [~1,1] x {0}.

We can choose the parametrization in this neighborhood so that

AW () = (B + 5,u,0,5)  and

vét”‘s)(u) = (ty + 5,015, u + V25, V3S)

for a vector (vy,vs,v3) € R® (vs # 1). By using a smooth bump function s :
[_171] - [07 1] such that M(x) = M(_x)a u‘[071/3] = 1; and MHz/Sa 1] = 07 we
modify Wét). Put

VT (w) = (E + 5, (1 + co)pu(s/E0) p(w/8e) + v18,u + v25,v35),

where ¢, and J; are small positive real numbers such that the image of ~} (tets) ig

contained in our neighborhood X. Then the curves 7?) and 74, ® (t € (t, — &, b0 +
g¢)) do not intersect in o7} ;.

Thus for 2m > 6, using the above family of curves if necessary, we have the union
Z' of a finite number of disjointly embedded 2-dimensional disks in [0, 1] x o7,
such that

(H'D)[0,1] x o' y) " (k(r™)) C Z".
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Since 2m > 6, the images under generic H') of these 2-dimensional disks are
disjointly embedded in M?™ \ k(Q(™~1). The images of these disks are called the
Whitney disks.

We have been looking at the intersection point set i’ ,EJ ) (o7t 1) Nk(r™) for one m-
dimensional cell 77 of Q™ other than ¢™*. These considerations can be applied to
the intersection point sets h'; G )( o) Nk(r™) for all (finitely many) m-dimensional
cells 7™ of Q™ other than am* simultaneously. This is because, if 2m > 8, the
embedded 2-dimensional disks Z’ are disjoint for different 7" for generic H'(Y), and
if 2m = 6, we can remove the intersection of the embedded 2-dimensional disks Z’
for different 7™ in a way similar to what we did for the intersection of Z for the
same 7. Thus we obtained the union Z’ of a finite number of disjointly embedded
2-dimensional disks in [0, 1] x o7 ; such that

(H'D([0,1] x o7Ly) " (R(Q™ \ 0y)) € Z',

and H'(9)|Z’ is an embedding.

If 2m > 8, then the Whitney disks H'U)(Z’) do not contain double points of
H'U)([0,1] x P™) for generic H'U). This is because the inverse image of the double
point set of H'U)([0,1] x P™) is 2-dimensional in [0,1] x P™ and m + 1 > 5.

If 2m = 6, then the Whitney disks H')(Z’) may intersect the double point set
of H'()([0,1] x P3). Then, for generic H'U), the intersection is a finite set and we
pick up the points of Whitney disks which are in the image of b’/ fﬁ )(P?’) with larger
t;

H/(j)(tl(j)’wz(j)) _ H/(j)(t/z(j),wlgj)) i=1,..., T/(j)),

tgj),wl(j)) is a point Z" C [0,1] x o7 4, (t’gj),w’gj)) € [0,1] x P? and tz(j) <
t’gj). Then, for generic H'(), the curve H’(j)([t’l(.j), 1] x {w’gj)}) is embedded in
M?™\ k(Q™) and does not contain double points of H'U)([0,1] x P3) other than
H' O ('Y ') Hence if 2m = 6, we have the Whitney disks H'()(Z’) and the
curves H' O (/9 1] x {w') (i =1, ..., r/@D).

Using the Whitney disks H’(])(Z’) and curves H’(j)([t’gj) 1] x {w’(J b @ =1,

()Y, we prove the following lemmas in the next section.

where (

Lemma 3.7. For h’ij), there is an isotopy {b§j+1)}te[0’1] (b(()j+1) = id) with support
in a union of disjointly embedded open balls such that for h'G) = b(j+1) oh’(j) h!'G)
is the identity on a neighborhood of P=1 U J/_, o™ and h”(J)( o) NE@Q™\
0;1*1) = 0.

Lemma 3.8. For h!U) given by Lemma 3.7, there are isotopies

{ot’*! }te[m C DIffy (M2 \ k(Q™\ o7y)) (9§ =id) and
(R e 0.0 C DL (M2 (POn=D g J 1 om))  (h§HY = id)

such that h;’(j) — gt(j+1) o hijﬂ),

Now we complete the proof of our main Theorem 1.2.

Proof of Theorem 1.2. Let f be an element of Diff" (M?™),. By Lemma 3.2, there
are g € Diff(M?™ \ k(Q™))o and h € Diff.(M?™ \ P("=2)), such that f = g o h.
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Then by using the approximation h of h,
f=goho(h ™l oh).
By Lemmas 3.3 and 3.4, there are a diffeomorphism a with support in a union of
disjointly embedded open balls, g’ € Diff.(M?*™ \ k(Q™))o and h” € Diff](M?>™\
P(m=1)), such that
h=a'o(aoh)=atog oh”.

Put A9 = " e Diff7(M>™ \ P("=1)y, and for ) e Diff’(M>™ \ (P(™=D U

] _10™)o (j=0,..., N—1), we use its approximation hU) and by Lemmas 3.5,
3. 7 and 3.8, there are diffeomorphisms a+") and bU*1 with support in unions of
disjointly embedded open balls, gt/t1) € Diff},(M*™ \ k(Q™ \ 7))o and AUV €
Diff”(M?™ \ (P U J/X] 07™))o such that

h) =p0) o ((h(J))—l h())
(a(]+1))_1 ( (J+1)OE(J))O((E(J))_]'Oh(J))
— (a(3+1)) (b(a+1)) o gluth) o plitD) o ((E(J’))—l o h)).
Hence,
f=goho(h " oh)
=goatog oh® o(h~toh)
=goalogo (a(l))_l o (b(l))_1 o g(l) ohMo ((E(O))_l o h(o)) o (E_l oh)
=go a~lo g o (a(l))—l o (b(l))—l o g(l) 6. 0 (a(N))—l o (b(N)>—1 og(N)
oh®) o ((E(N_l))_l o h(N_l)) 0+++0 ((E(O))_l o h(o)) o(h~toh).
Here, note that

N
RN € Dff (M>™\ (P U | o7"))o = Diff[(M>™\ P™).
=1
Since

(AN= Lo pN=y oo (RO Lo hD) o (L o h) € Diff"(M>™)

is close to the identity, by Remark 2.8, it is written as anog, where h € Diff" (M?™\
P™), g € Diff"(M?™ \ k(Q™))p and @ is with support in a union of disjointly
embedded open balls which is a neighborhood of the union of m handles. Thus

f=goatogo (a(l))_l o (b(l))_l og(l)o
o (@M1 o (BM)=1 6 ¢ 6 hM 6 h oG oG

Now by the construction, each of a1, ()=, ..., (™))~ (b(W)=1 .. (b(N))~1
can be written as one commutator with support in a union of disjointly embedded
open balls. The diffeomorphism @ can be written as a product of two commutators
by Theorem 1.1 (1). The diffeomorphism (V) ok € Diff" (M2™\ P™), is written as
a product of two commutators in Diff" (M?™ \ P™)y by Theorem 1.1 (1). Each of
the diffeomorphisms g, ¢’ and g € Diff"(M?™\ k(Q™))o is also written as a product
of two commutators in Diff" (M?™ \ k(Q™))o by Theorem 1.1 (1). By the property
of the triangulation, the diffeomorphism ¢¥) € Diff’(M?™ \ k(Q™ \ o)) is
supported on an open set which can be deformed in a neighborhood of the embedded
(m — 1)-dimensional complex «+((P(=1 U o7')/o’"), and hence g can be written
as a product of two commutators in lefr(Mzm \ k(@™ \ 0771))o by Theorem 1.1
(1). Thus f is written as a product of 4N + 11 commutators. 0J
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4. PROOF OF LEMMAS

We give the proof of lemmas we used in the previous section to show Theorem
1.2.

Proof of Lemma 3.2. This follows from Lemma 2.5 and Remark 2.4. 0

Proof of Lemma 3.3. The construction of a; is essentially due to Burago, Ivanov
and Polterovich ([3]) and we wrote it in the proof of Lemma 2.7 which is [22, Lemma
6.5]. However, we write it again here, for, we use this argument later again.

For H (s;,v;), we take a small neighborhood U; of H([s;, 1] x {v;}) diffeomorphic
to the (2m)-dimensional ball. We can take these U; to be disjoint.

The intersection of U; and H([0,1] x P™~1Y) or k(Q™) is described as follows.
We put a coordinate

(37173327 vy Ty Tng-1y - - 7x2m) S (_27 2)2m
on U; such that, for ; > 0,

k(Q™)NU; = {0} x {0}~ x (=2,2)™,
H((si — 2651 = s4),1] x {vi}) NU; = (=2,1] x {0}*"~,  and
Poctitioen (P D) 1T, = {t} x (<2,2)"1 x {0}™ (¢ € [~=,, 1)

Take an isotopy {a }4e(o,1] with support in | |;_; U; such that, on each U;, ag = id
and, for (z1,Ta,...,%am) € [—&;, 1] x [-1,1]*™71 C (-2,2)?™,

ar(x1,x9,. .., Tom) = (1 — (L +€))t, 22, ..., Tam).
Now (ay 0 hy)(P™D)Nk(Q™) = (). Moreover, by changing the time parameter

of the above a;, we obtain an isotopy a; (ap = id) with support in | |;_, U; such
that for h} = a; o hy,

Ry(PU D)0 k(@Q™) =0 (¢ € [0,1]).
In fact, if we put
t=s; +ui(1—s;) €ls; —ei(1—8;),1], ie., u; € [—e4, 1],
and look at a(y,4¢,)/(14¢;) © EsiJrui(l_Si), then on Uj,

(a’(ui+8i)/(1+5i) © h3i+ui(1—3i))({_€i} X [_17 1]m—1 X {O}m)
= Qute)/(14en) {ui} x [=1,1]71 x {0}™)
={u; — (w; + &)} x [-1, 1™ x {0}™
={—ei} x [-1, 1] x {o}™.

Hence by using the above a; with appropriate time change, we obtain the desired
isotopy ay.

Note that a; € Diff_(| |:_, U;)o can be taken as one commutator with support
in |7, Us ([23)). O

Proof of Lemma 3.4. Let F : [0,1] x M™ — M™ be the trace of the isotopy:
F(t,x) = ft(x)

Let W be a neighborhood of P, in M™ where f; is the identity. Let U be a
neighborhood of F([0,1] x (PP \ W N PP)) and V be a neighborhood of Q¢ such
that UNV = 0.
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Let £ be the vector field on [0, 1] x M™ given by

0 dfiss(w)
ot (T e

at (t, ft(x)). This £ generates the isotopy f;. Let n be a vector field on [0,1] x M™
with support in [0, 1] x U such that n = £ on a neighborhood of

{(t, fe(z0)) | wo € PP\W N PP, t€0,1]}.

Then n = 9/0t on [0, 1] x (VUW) which is a neighborhood of [0, 1] x (Q9UF;). Then
n generates an isotopy {g:}+cjo,1] such that g; is the identity on the neighborhood
VUW of Q1U Py and ¢:(z) = fi(z) for x in a neighborhood of PP = (PP \ W N
PPYU (W N PP). Here for x € W, gi(x) = x = fi(x).

Put h = g; ! f1, then h is the identity on a neighborhood of PP, and it is isotopic
to the identity as an element of Diff" (M™). For, put h;y = g; ! o f;. Then h; is the
identity on a neighborhood of PP.

Thus we can write as f = g o h, where g € Diff_ (M™ \ Q7)o and h € Diff (M™\
PP)q. 0

Proof of Lemma 3.5. The proof is similar to that of Lemma 3.3.

For ﬁ(j)(sgj),vgj)), we take a small neighborhood Ul(.j) of ﬁ([sij), 1] x {vgj)})
diffeomorphic to the (2m)-dimensional ball. We can take these U gj ) to be disjoint.

The intersection of UZ(-j) and HU([0,1] x P™) or k(Q™~Y) is described as
follows. We put a coordinate

(1'1,1'2, ey Tt 1, T2, - - - ,ZIZ'Qm) S (—2, 2)2m
on Ul(-j) such that, for z-:gj) > 0,

RQU D)UY = {0} x {0}™ x (=2,2) 7,
H((s = 2e (1= s), 1 x (o)) N U = (=2,1] x {0}*"~!,  and
B0 oy (P AU = {8} x (<2,2)" x {0yt (1 € [~ 1)),
- (G+1) - @ (4)
Take an isotopy {a;” " }1e[0,1) With support in | |;_; U;*’ such that, on each U;"’,

a(()jﬂ) =id and, for (z1,z2,...,%2m) € [_Ez('j)u 1] x [-1,1m=1 € (=2,2)*™,
aijﬂ)(ﬁﬁl,xz, @) = (21— (1 + 5z('j))t’ L2, Tam).

Now (ang) o Egj))(Pm) N E(Q=Y) = (. Moreover, by changing the time
parameter, we obtain an isotopy agj 1) (agj T = id) with support in | |\_, Ui(j )
such that, for &/ = o+ o B,

WO (P™) N Q™) =0 (te0,1]).
In fact, if we put

t=s +u (1= s) e s — e (1= 7)1, pe, u € [ 1],
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(3+1)

7(7) ()
(“gj)+5§j))/(1+€§j)) ° hsgj)+u§j)(1—s£j))’ then on Ul ’

and look at a
(J+1) 7(7) ) m m—
(C(lg%lte,;)/(uei) ° hsjﬁj)?rgaﬁj)(1—s§j>))({_€i] }x [=1,1]™ x {0}y 1)
_ U J o m m—1
—a(u§;>+€§j>)/‘(1+€z§j>)({Ui Fx =LA {0} )
= {u” — (u? + )} x [-1,1]™ x {0}
={—eD} x [-1,1]™ x {0}~ 1.

(j+1)

Hence by using the above a; with appropriate time change, we obtain the desired
isotopy a,gj ),

Note that a&jﬂ) € D1ﬂ“£(|_|:(zji Ui(j))o can be taken as one commutator with
support in |_|:(:Ji U ([23)). O

Proof of Lemma 3.6. For

F(t,z1,...,xm) = (filt,x1,...;Zm)s ooy [ (G 21, oo ),

put
ofr oh ... O
OF o or [ % om
o : and o LT :
o\ o Yo\ L 0w
ot 8131 8xm
On the 2-jet bundle J?(R x R™, R™), we consider the subbundle E; defined by
rank (86—1; (2_F> = m — 1 and the subbundle FEs defined by the two equations,
x
OF
rank (g—F> =m — 1 and rank 9 8x8F =m — 1, where
z —det—
ox ¢ ox
0 OF 0 oOF 0 oOF
—det— = —det— -+ ——det— |.
or oz ((9:(:1 “or By aq:)

Then F; and E5 are codimension 2 subbundles. The closures of these subbundles
are the set determined by the inequalities expressing the ranks are not greater than
m — 1.

By the jet transversality theorem, the jet of a generic map F' intersects these
subbundles transversely. Hence the set

{(t,x) | J}, ., F € E1 U Ea}

is an (m — 1)-dimensional subset and its image in R™ is nowhere dense. We take
a point y in R"™ in the complement of this image and consider its inverse image

F~1(y). Then for a point z € F~!(y), either rank (g—F> = m holds or the three

x
oF
equations rank (8_F> = m — 1, rank (8_F) = m and rank 5 8xaF - m
Oz Oz —det—
x  Ox

hold.
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If rank (({;—F> = m at x, then z is a regular point of F; = F'(t,e) and the inverse
x
image is locally a 1-dimensional manifold transverse to {t} x R™.

Assume that the three equations hold. Since rank ((Z}_F) = m — 1, by the
x

implicit function theorem, we can change the local coordinate (z1,...,x,,) of the
second factor of the source to («),...,z!, ) and that (yi,...,ym) of the target to
(yy,---,y.,) so that
F(t, oy, ...l ))= (), ...,z 1,y (2, ..., 2h)).
) OF
a —_—
Then det oF Yrm and the matrix D) Ox OF with respect to these coor-
oz 81" oL or
det
‘ ' _ or  Ox
dinates is written as
1 0 0 0
0
: " " 0 0
0 -0 1 0
Yy, Yy, Yy,
o cee A aan
8%y’ %yl %y,
ox!, 0x) e e ox! Ox! | ox!, 2
and the matrix (8F ZF) with respect to these coordinates is written as
x
0 1 o .- 0 0
0 0
. 0 0
0 0 0 1 0
Yy Oy, Yy, Oy,
ot ozl T T @xl T Oz
Ay, 3y *y,
Hence, —™ =0, —= #0 a £ 0 at x.
ox!, 7 &Jc;nz 7

Thus at x € F_l(y), either det (Z_F) # 0 or F is locally written as
x

F(t,xy,...,x. )= (24, ..., 20, 1,y (6,2, ... 2 ),
oy! ay 82
Oscjn = 40 nd

m

where

m £ 0. O

The proof of Lemma 3.7 is divided into two cases.

Proof of Lemma 3.7 in the case where 2m > 8. If 2m > 8, the Whitney disks
guide the way to construct the isotopy bﬁj D with support in a union of disjoint
open balls. In fact, the support of bgj s in a neighborhood of the union of

the Whitney disks. The construction of the isotopy bgj g possible because the
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neighborhood of one of the Whitney disks can be considered as a neighborhood of
a tree growing in the negative direction in ¢ in [0, 1] x o774 ;.

; 0
The construction of bgj 1) is as follows. Take a vector field of the form e +((t,v)

on the union of disks Z" C [0,1] x o7, which is tangent to Z’ and transverse to
the boundary 07’ C Z’, where ((t,v) is a vector field in the direction of o7 ;.

0
Such a vector field e + ((t,v) exists because Z' deforms to a tree which grows in

the negative direction in ¢ by shrinking the connected components of Z’ N ({t} x
o7t 1) to a point. We extend ((t,e) on o7}, so that the support is contained in a

; 0
small neighborhood of Z’. Let b’ §J 1 denote the isotopy generated by 5 + ((t,v).

Then the support of ,Ej 1 s contained in a neighborhood U’(Y) of the union
of the Whitney disks H’()(Z’). Since H'U)(Z") does not contain double points
of H'U)([0,1] x P™), the support of b’gj“) intersects H'U)([0,1] x P™) only in
U’'(). Here, U') is a union of disjointly embedded open balls in M2™. Moreover,
(W'D, ¢(t, o) is tangent to the union of the Whitney disks H' U+ (Z’) in M?™ and

BTN (G ) NRQT N\ o) =0 (t € [0,1]).
Pu tb(ﬁ—l) (b/(ﬁ-l)) 1 then
b7 o I (o) NEQ™ \ 7)) =0 (t € [0,1]).

Note that bng) € Diff’(U’))y can be taken as one commutator with support
in U’ ([23]). O

Proof of Lemma 3.7 in the case where 2m = 6. If 2m = 6, then we also consider
the curves H'O)([¢'D 1) x {w' P} (i=1, ..., r@),

First take a small neighborhood U’) of the union of the Whitney disks which
is a union of disjointly embedded open balls in M9, and construct b,gj +1)
case where 2m > 8. Then we modify it by using an isotopy.

We take a small neighborhood Ui/(j) of the curve H’(j)([t’l(-j), 1] x {w’gj)}) (1 =1,

(7)), We put a coordinate

as in the

(x1, 2, 3, 24,25, 76) € (—2,3) x (=2,2)°
on U’Z(-j) such that, for g’gj) >0,
H'O (9D — 2D (1 — ¢y 1] x {fw' P nU'Y) = (=2,1] x {0}, and

W gt g oy BB U = () x (=2,2)° x {012 (¢ € [/, 1)),

We take an isotopy {a’gﬁl)’i}te[o,l] with support in U’Z(.j) such that a’gjﬂ)’i =id
and, for (z1, 2,23, 74, T5,26) € [—E'EJ), 1] x [=1,1]° € (=2,3) x (=2,2),

)4 .
a’i” ) “(z1, 22, T3, Ta, T5, ) = (w1 + (1 + 6/5‘7)),132@3@4,585,906)-

)
Put a = H a’gjﬂ)’l. Then @ o bgﬁl) oa ! is isotopic to the identity by the
i=1

isotopy with support in the union of disjoint 6-dimensional open balls a(U’)). By
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the construction,
_ i+1) - N
(@ob™ oa™) o) (o)) MA@\ o) = 0.

Moreover, by an appropriate change of time parameter on each U’ Ej ), we obtain an
isotopy @; (¢t € [0,1]) such that
_ +1 ——1 T *
(@ o b 0@ ") o) (0 1) Nk(Q*\ 0f1y) = 0
. . () .
and the support of the isotopy @; o bgﬁl) oa; ' is contained in U') U |_|::i U'EJ)
which is a union of disjointly embedded open balls in M?™. Thus we obtained the
desired isotopy. .
Note that @ o bg’ 1) 5@=1 can be taken as one commutator with support in a
union of disjointly embedded open balls. UJ

Proof of Lemma 3.8. This follows from Lemmas 3.7 and 3.4. O

5. UNIFORM SIMPLICITY
We prove Corollary 1.3. In [23, Theorem 2.2], we showed the following theorem.

Theorem 5.1 ([23]). Let M™ be the interior of a compact n-dimensional manifold
with handle decomposition with handles of indices not greater than (n —1)/2. Let
c be the order of the set of indices appearing in the handle decomposition. Then
any element of Diff,(M™)y (1 <7 < o0, 7 # n+ 1) can be written as a product of
two commutators. Moreover, if M™ is connected, any element of Diff_(M™)y can
be written as a product of 4c+ 1 commutators with support in embedded open balls.

In Section 3, we showed that any element f € Diff" (M?™), can be written as

f=goatog o(aV) o) ogMo
oo (@)L o (V)1 o g(N) oh(N)o/ﬁoao/g\,

Since a compact subset of a union of disjointly embedded open balls is contained in
a larger embedded open ball, each of diffeomorphisms a=!, (aM)=1, ..., (V)1
(b= .., (BN))~1 can be written as one commutator with support in an em-
bedded open ball and the diffeomorphism @ can be written as a product of two com-
mutators with support in an embedded open ball. Now by Theorem 5.1, each of the
diffeomorphisms h¥) o b € Diff” (M2™\ P™)o, g, ¢’ and § € Diff” (M2™\ k(Q™))o,
g € Diffl (M \ k(Q™ \ o7t))o is written as a product of 4m + 1 commuta-
tors with support in embedded open balls. Hence f is written as a product of
A4(N +4)m + 3N + 7 commutators with support in embedded open balls.

Now Corollary 1.3 follows from the following lemma ([23, Lemma 3.1]).

Lemma 5.2 ([23]). Let M™ be a connected n-dimensional manifold. Let g be a
nontrivial element of Diff,(M™)y. Assume that f € Diff_(M™)q is written as a
product of commutators [a;, b;] (i =1, ..., k); f=[a1,b1] - [ak, bk, where a; and
b; are with support in an embedded open ball U; C U; C M™. Then f can be written

as a product of 4k conjugates of g or g~ 1.

Proof of Corollary 1.3. Let g be a nontrivial element of Diff" (M?™)q (1 < r < oo,
r # 2m + 1). Since any element f of Diff" (M?™)y can be written as a product of
4(N +4)m+3N + 7 commutators with support in embedded open balls, by Lemma
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5.2, f can be written as a product of 16(N + 4)m + 12N + 28 conjugates of g or
-1
g - O

Remark 5.3. We showed in [23] that, for a compact connected n-dimensional man-
ifold M™ with handle decomposition without handles of the middle index n/2, for
any elements f and g of Diff" (M™)q\ {id}, f can be written as a product of at most
16n + 28 conjugates of g or g~'. For such manifolds, the bound for the number of
conjugates depends only on the dimension n. In Corollary 1.3, however, the bound
for the number of conjugates may depend on the topology of M?™.
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