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Abstract

We define the decomposable extensions of difference fields and
study the irreducibility of g-Painlevé equation of type Agl),. Every
strongly normal extension or Liouville-Franke extension, the latter of
which is a difference analogue of the Liouvillian extension, satisfies

that its appropriate algebraic closure is a decomposable extension.

1 Introduction

Notation. Throughout the paper we say a set is a field only when it is a field
of characteristic zero, namely when it contains the set of rational numbers.
Terms used here will be seen in [2, 7]. For a difference field extension £/ and
B C L, K(B) denotes the difference field, the intersection of all difference
intermediate fields of £/K containing B.

In [8] the author introduced the definition and some examples of the
U-decomposable extensions of difference fields. In this paper we define the
decomposable extensions of difference fields, which do not require the fixed
difference field U, and study the irreducibility of ¢-Painlevé equation of type
AW,

We show that some algebraic closure of any U/-decomposable extension is
decomposable in Proposition 4. Therefore some algebraic closure of Bialynicki-
Birula’s strongly normal extension or Infante’s is decomposable (see [1, 5,
6, 8, 9]). Moreover Corollary 8 implies that any algebraic closure of the
Liouville-Franke extension, a difference analogue of the Liouvillian exten-
sion, is decomposable (see [3, 4]).

We define the decomposable extensions and the U-decomposable exten-
sions.



Definition 1 (decomposable extension). Let K be a difference field, and £
an algebraically closed difference overfield of K satisfying tr.deg £L/K < oc.
We define decomposable extensions by induction on tr.deg £/K.

(i) If tr.deg £L/K < 1, then £L/K is decomposable.

(ii) When tr.deg £L/K > 2, L/K is decomposable if there exist a difference
overfield U of L, a difference overfield £ of K in U of finite transcendence
degree which is free from L over K, and a difference intermediate field
M of LE/E satistying tr.deg LE/M > 1 and tr.deg M /E > 1, such
that £LE/M and M/E are decomposable, where L£E is an algebraic
closure of ££ and M the algebraic closure of M in LE.

Definition 2 (U-decomposable extension). Let U be a difference field and
L/K a difference field extension in U of finite transcendence degree. We
define U-decomposable extensions by induction on tr.deg L/K.

(i) If tr.deg L/ K <1 then L£/K is U-decomposable.
(ii)) When tr.deg L/K > 2, L/K is U-decomposable if there exist a differ-

ence overfield £ of K in U of finite transcendence degree which is free
from L over K, and a difference intermediate field M of LE/E such
that tr.deg LE/M > 1, tr.degM/E > 1, LE/ M is U-decomposable,
and M /E is U-decomposable.
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2 Decomposable extension

Proposition 3. Let K be a difference field, and L/K and N /L be decom-

posable extensions. Then N /K is decomposable.

Proof. (i) If tr.deg N/K < 1, then we find that A'/K is decomposable by
the definition.

(i) Suppose tr.deg N/K > 2.

(ii-1) If tr.deg N/L = 0, then we obtain N = L because L is algebraically
closed. Therefore N'/K is decomposable.

(ii-2) Suppose tr.deg L/ K = 0. Since N'/L is a decomposable extension of
tr.deg N/L > 2, there exist a difference overfield U of N, a difference overfield



& of £ in U of finite transcendence degree which is free from N over £, and
a difference intermediate field M of NE/E satistying tr. deg NE/M > 1 and
tr.deg M /€ > 1, such that NE/M and M/E are decomposable, where N'€
is an algebraic closure of N'€ and M the algebraic closure of M in NE.

Note tr.deg E/K = tr.deg /L < oo and that N and F are free over K.
Then we find that N'/K is decomposable.

(ii-3) Suppose tr.deg N/L > 1 and tr.degL/K > 1. Puttingd = N,
& =K and M = L, we find that N//K is decomposable by the definition. [J

Therefore chains of decomposable extensions are decomposable.

Proposition 4. Let L/K be a U-decomposable extension, U an algebraic clo-
sure of U, and L the algebraic closure of L inU. Then L/K is decomposable.

Proof. We prove this by induction on tr.deg L/K. If tr.deg L/K < 1, then
tr.deg L/K < 1, and so £/K is decomposable.

Suppose tr.deg L/K > 2 and that the statement is true for ones of less
transcendence degree. Since £/K and £/L£ are U-decomposable, we find that
L/K is U-decomposable (see [8]). Therefore there exist a difference overfield
E C U of K satisfying tr.deg E/K < oo and that E is free from L over K,
and a difference intermediate field M of LE/& satisfying tr.deg LE/M > 1
and tr.deg M/E > 1, such that £E/M and M/E are U-decomposable.

Let £€ and M be the algebraic closures of £E and M in U respectively.

By the induction hypothesis we find that E/ M and M /E are decomposable,
which implies that £/K is decomposable. O]

The remaining results in this section are on a linear difference equation.
We include the following Lemma for readers convenience.

Lemma 5. Let K be a difference field, C = Cx, n € Zsy, and bV, ... b €
K. Then the following are equivalent.

(i) oM, ..., ™ are linearly dependent over C.
(ii) Cas(b™M,... b)) = 0.

Proof. Let K = (K, 7). If 6V ... b are linearly dependent over C, there
are ci,...,c, € C such that (¢1,...,¢,) # 0 and Y | ¢;b = 0. Then we
obtain y | cibg-z) = 0forall0 < j < n—1, which implies Cas (bV), ..., bM™) =
0.



Suppose Cas (bV),... ™) = 0. We prove (i) by induction on n. The
statement is true in the case n = 1. Suppose n > 2 and the statement is true
for n — 1. There are ¢y,..., ¢, € K such that (c,...,¢,) # 0 and

p L. p) 1
: : |l =0.
1 n

b7(1—)1 e bgL—)1 En

We may suppose ¢; = 1. From )1, cib§i) =0forany 0 < j <n-—1, we
obtain Y1 | T(ci)bg.i) =0 for any 1 < j < n. Therefore it follows that for any

Z(T(Ci) - cz-)bgi) = Z(T(Cz) — c,»)by) =0,
i=2 i=1
which implies
b?) tee bgn) T(Cg) — Cy
: : : =0.
b2, o ™ ) \7(en) —en

Case 1. The case Cas (b1, . .. ,bg")) # 0. In this case we find that 7(¢;) =
¢; for all 2 < ¢ < n, which implies ¢; € C for all 1 < i < n. Since we have
S b =0, we conclude that b, ... 5™ are linearly dependent over C'

Case 2. The case Cas (b\”, ... b{) = 0. We obtain Cas (b®,... bM) =
0. By the induction hypothesis we find that 5@ ... 5™ are linearly de-
pendent over C, which implies b, 63 ... ™ are linearly dependent over

C. [
Lemma 6. Let K be a difference field,

(1) Yn + An—1Yn—1 + -+ oYy = 0

a linear homogeneous difference equation over IC, where n > 1, f a solution
of (1), and L an algebraic difference overfield of IC(f). Then L/K is U-
decomposable for some difference overfield U of L.

Proof. We may suppose tr.deg KC(f)/K > 2. Let L = (L,71) and choose
by), 1 <i1<n,0<7<n-—1to be algebraically independent over L. Put
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B={"1<i<n,0<j<n—1}b® =8 and b = —a, b, —- —
agh!. Define the isomorphism 7 of L(B) into L(B) sending bg-i) to b§21 for
all<i<nand0<j<n-—1,and x € L to 7,z € L. Put N = (L(B), 7).
Then N is difference overfield of £. Note the following,

n® = tr.deg N'/L = tr.deg K(f, B) /K(f) = tr.deg K(B) /K,
which implies K(f) and L are free from K(B) over K.

Since we have

f i o fa ao 0
p®» BV ar 0
I e B 0
b pm 1 0

we obtain Cas (f,bM ... ,b") = 0. Put C = Cx(s,y)- By Lemma 5 we
find that f,6M, ... b are linearly dependent over C. On the other hand
we have Cas (b, ... b™) # 0, which implies that b, ... 6™ are linearly
independent over C'. Therefore we find that there are c¢,...,¢, € C such
that f =" c;b@.

Put M; = K(B,c,...,¢;) C K{(f,B) for all 1 < i < n and My =
K(B). Note M, = K(f,B) and M; = My(cy,...,¢;). Then we obtain
tr.deg M;/M;—; <1 for any 1 <i <n, and so

tr.deg C(f, B) /K(B) = tr.deg K(f)/K > 2

implies that there is some 1 < k < n — 1 such that tr.deg My /My = 1.
We also find that M;/M;_; is N-decomposable for any 1 < i < n, and so
M/ My and M,/ M, are N-decomposable. Since N'/K(f, B) is algebraic,
N /M, is N-decomposable of tr.deg > 1.

Note N = LM, and it follows that £/K is N-decomposable. O

Proposition 7. Let K be a difference field,
(2) Yn + Qn_1Yn—1 + -+ aoy = b

a linear difference equation over IC, where n > 1, f a solution of (2), and L
an algebraic difference overfield of IK(f). Then L/K is U-decomposable for
some difference overfield U of L.



Proof. We may suppose b # 0. Let £ = (L, 7), and put a,, = 1. The solution
[ satisfies >, a;f; = b and Z?:ll 7(a;—1)fi = by. Then we have

n+1 n
b;

0= ZT(ai—l)fi 3 a; fi
i=0

=1

- b; by
= fot1+ Z(T(ai—l) - zai)fi — ?aof-

Therefore by Proposition 6 there is a difference overfield & of £ such that
L/K is U-decomposable. O

Corollary 8. Let IC be a difference field,
(3) Yn + AQp_1Yn—1 + -+ aqoy = b

be a linear difference equation over IC, where n > 1, and f a solution of (3).

Then KC(f)/K is decomposable for any algebraic closure KC(f) of K(f).

Proof. Let L = K(f) be an algebraic closure of IC(f). By Proposition 7 we
find that £/K is U-decomposable for some difference overfield U of L. Let
U be an algebraic closure of . The algebraic closure of £ in U equals £

because L is algebraically closed. Therefore by Proposition 4 we conclude
that £/K is decomposable. O

o e e /
3 Irreducibility of ¢-P(A%)
Notation. Throughout this section let C' be an algebraically closed field of
characteristic zero, t transcendental over C' and ¢ € C*.

The g-Painlevé equation of type A(71),, the object here, appears in Sakai’s
paper [11]. The system over (C(t),t +— qt) is the following,

Yy = 21,
y(1 —ty)
0y =T
tly —1)

We prove that if ¢ is not a root of unity and (f, g) a solution in a decomposable
extension of (C(t),t + gt), then f and g are algebraic functions of the form

ch/t, c € C.



Lemma 9. Let IC be a difference field, D a decomposable extension of KC and
f € D. Suppose that if L is a difference overfield of IC of finite transcendence
degree and U a difference overfield of L such that K{f)p C U, then the
following holds,

tr.deg L(f)u/L < 1= f is algebraic over L.
Then f is algebraic over K.

Proof. Assume that f is transcendental over K. Choose (£, ) be an element
of

{(LN)|KCLCN, tr.deg L/K < oo, N/L is decomposable,
K{f)p C N, and f is transcendental over L}

which has the minimal transcendence degree tr. deg N/L. The choice is guar-
anteed because (K, D) satisfies the conditions. If we assume tr.deg N/L < 1,
we obtain tr.deg L(f)a/L < 1, which implies that f is algebraic over L by
the hypothesis, a contradiction. Therefore it follows that tr.deg N/L > 2.

Since N'/L is decomposable, there exist a difference overfield U of N, a
difference overfield £ of £ in U of finite transcendence degree which is free
from N over £, and a difference intermediate field M of NE/E satisfying
tr.deg NE/M > 1 and tr.deg M/E > 1, such that NE/M and M/E are
decomposable, where N'€ is an algebraic closure of N'€ and M the algebraic
closure of M in N€.

From K{f)p C N C N€ and tr.deg NE/M < tr.deg N'/L we find that
f is algebraic over M, namely f € M. Note that

K(f)p = K{f)xe = K{f)m € M.

Then from tr.deg M/E < tr.deg N'/L we find that f is algebraic over E.
Since N and E are free over L, we find that f is transcendental over F,
a contradiction. Therefore f is algebraic over K. O

Lemma 10. Let ¢ € C* be not a root of unity, K an inversive difference
overfield of (C(t),t — qt), U = (U, T) a difference overfield of K, L CU a
difference overfield of IKC satisfying tr.deg L/KC < oo, and f € U a solution
of the equation over K,

¢t (y1 — 1)*y2y = (1 — qtyr)*.
Then we obtain

tr.deg L(f)/L <1 = fis algebraic over L.



Proof. We may suppose that L is algebraically closed. Then L is inversive.
Assume tr.deg £L{f)/L = 1. We find that f and f; are transcendental over
L. Choose an irreducible polynomial over L,

no ni

F =Y a;Y'V{ € LIY,Y)J\ {0}, no=degy F, n; = degy, F,

i=0 j=0

such that F(f, fi) = 0, and an,,, = 0 or 1. Define the following three
polynomials,

ng N
Z Taw Y7
=0 j=
1 —qtYh)
Fy = (Y (Y, — D)) F* | Y LY, Y] 0
= (@Y ( Wyl_l))e v (0}
1—qtY
242 n
Fy = (P2Yi(Y OF(2t2YI _12,Y)6L[Y,Y1]\{0}.

Since the solution f satisfies
(L= 1) faf = (1 —qtfr)?,
we obtain Fi(f, f1) = Fo(f1, f2) =0, and so F' | F} and F* | Fy. These imply
ny = degy, I < degy, Fy < ng = degy F' < degy Iy < ny.

Therefore we obtain ng = n;. Put n =ny =ny > 1. Let P € L[Y,Y1] \ {0}
be the polynomial such that F} = PF. We find P € L[Y;] because degy P =
degy [} — degy, F' = 0.

We have
(242 2 N\ i (1 —qtY1)? ’
F = (q t Y(Yl - 1) ) : / T(aij)yl (thQY()ﬁ _ 1)2
=0 7=0
=D (@YY =) (1= qtY)P Y r(ay)Y)
j=0 =0

=0

-y {<qt>2jm SUCETUOLDY T<ai,n_j>Yf} v

= (Y (Y =17V (1= gtV r(a0-5) Y]
j=0

1=0



and

PF = Pzn: iaijyiyf' = Pzn: zn: a; YY) = Z {Pz aﬂw}

i=0 j=0 =0 i=0 j=0

Therefore for all k € {0,1,...,n} we obtain

(R) (@ — D0 — gV S (a0 Yi = Pza,ﬂw

=0

The equation (xn) and (x0) are the following,

n

(xn) (@) (Vi = 1" Y r(ai)Yy = PY_anY! (#0),

=0 1=0

(x0) (1 — qtYy)™" T(am)Y, = PZ ag; Y7

=0

Note that Y1 jan Y # 0 and D7 7(ain) Yy # 0.

By (*n) we find (Y; —1)" | P, and so by (x0), (Y7 — 1)™ | Y0, 7(ain) Y.
Therefore we obtain Y 1 7(ain)Yy = 7(an,) (Y1 —1)", which implies a,,, = 1.
Comparing the terms of degree 0 of the equation

n

(4) Y rlam)Yy = (Vi 1",

=0

(5) ag, = (—1)" #0.
By this the equation (x0) yields deg P = 2n, and so
P=pY,—1D)"(1—qY1)", peL”.

Then from (x0) we obtain

(1 —qt\h)" = pz apYy,

1=0



which implies 1 = pagy and (—qt)" = pag,. By (5) we find p = (¢t)" and
ago = (qt) ™" .

Since we have (1 — qtY7)" | P, we obtain (1 — qtY)" | Y0, 7(ap)Y{ by
the equation (xn), and so

n

> 7ai)Yy = 7(ag)(1 — gtV1)" = (¢*t) (1 — qt1)".

=0
Then from (*n) we obtain

n

(Yi—1)" "= anYy.

=0

Comparing the terms of degree n, we find ¢™" = a,, = 1, a contradiction.
Therefore we conclude that tr.deg £L{f)/L # 1, which implies

tr.deg L(f)/L < 1= tr.deg L{f)/L = 0 = f is algebraic over L,
the required. O

Theorem 11. Let ¢ € C* be not a root of unity, K an inversive difference
overfield of (C(t),t — qt), D a decomposable extension of I, and f,g € D
satisfy two equations,

Nf= Q%a 9ang = %

Then f and g are algebraic over K.
Proof. We may suppose f # 0 and g # 0. The two equations yield

2 . 2
foftf = (L) (Af) = gl = (9201)* = J(;;t(zl(ﬁ—q—tfll))f

C(fL =1 fof = (1 —qtfr)

If we let £ be a difference overfield of K satisfying tr. deg L/IC < oo, and U a
difference overfield of £ satisfying KC(f)p C U, by Lemma 10 we obtain the
following,

tr.deg L{f)y/L < 1= f is algebraic over L.

Therefore by Lemma 9 we find that f is algebraic over K, which implies g is
also algebraic over K. O

10



It remains to find the algebraic solutions. We have

Lemma 12 (Lemma 9 in [10]). Let ¢ € C* be not a root of unity, t tran-
scendental over C, F//C(t) a finite algebraic extension of degree n, and T an
isomorphism of F into F over C sending t to qt. Then F = C(x), ™ = t.

Theorem 13. Let g € C* be not a root of unity, put K = (C(t),t — qt),
and let K = (C(t),7) be an algebraic closure of KC. Suppose that f,g € K
satisfy the following two equations,

(6) hf= 9%,

(7) g9 = %

Then one of the following holds.

(i) (f,9) = (0,0).
(i) (f,9) = (-1/z,—a/x), (-1/z,a/x), (1/x,—a/x) or (1/x,a/x), where

a € C* satisfies o' = q and x € C(t) satisfies 2> =t and Tz = o’z.

Proof. We may suppose f # 0 and g # 0. Put £ = K(f,g) € K. Then
we have L = C(t)(f,g). Put n = [L : C(t)] < co. By Lemma 12 we find
L =C(x), 2™ = t. Since we have (rz/z)" = ¢ € C*, we obtain 7z/x € C*.
Put r = 7o/ € C*, which satisfies v = ¢ and 72 = rz. Note that
f,g € L =C(x) and L is inversive.

Express f and g as f = P/Q and g = R/S, where P,Q, R, S € C[z]\ {0},
P and (@) are relatively prime, R and S are relatively prime, and () and S are
monic. From the equation (6) we obtain

(8) PPS} = QiQR;  (#0),
and from the equation (7),
9) 2"(P — Q)QRR = P(Q — 2"P)S,S  (#0).

By these equations we find z | P(Q — 2"P)S1S, and so z | P or x | Q.
Let vy be the normalized discrete valuation of C(x)/C with the prime
element . We prove z | @ in C|x]. Assume = | P. Put m = vo(P) € Z=o,

11



namely z™ | P and ™" { P. We obtain z | R from (8), and so = {1 S. Then
it follows that

2m = Uo(P1PS%) = Uo(QlQR%) = Uo(R%) = 2’00(R1),

which implies vo(R) = m. Therefore by (9) we find n + 2m = m, a contra-
diction.

Put m = vo(Q) € Z~o. From the equation (8) we obtain z | S and = { R,
and so vp(S) = m. Then from the equation (9) we obtain vg(Q — 2" P) =
n —m. Since we have 0 < n —m < n, we find vo(Q) = n — m, which implies
n = 2m.

Express f and g as f = > oo a2’ a_p, # 0 and g = > o0 bt

i=—m i=—m

b_,, # 0. Seeing the first terms of the equation (6), we obtain a?,, = b, r~™.
On the other hand from the equation (7) we obtain b*, r~™ = 1. Then it
follows that a?,, = 1.

Combining the equations (6) and (7) as

2 _ f12(1 _qtfl)2

Lofif = (ff)(if) = 9291 = (g201)° = PR = 1)

we obtain
(10) P (H =1 fof = (1 —qth)*
We prove that for any i > —m,
mti=a; =0,

which yields f € C(2™). Assume that there is ¢ > —m such that m { ¢ and
a; # 0. Let

km+1=min{i > —m | m{iand a; # 0}, 0<I<m.
The left side of the equation (10) is

q2$4m(—1 + a_mr—mx—m I akmrkmmkm + akm+lrkm+ll‘km+l 4o )2
> (a_m,r,—2mw—m 4o akm,r,kaka + akm+lr2(km+l)ka+l R )

% (Cl,mflf_m 4+ .4 akmka + a/km+lka+l 4+ .. )
and the right side is

(_1 + qa_m,r—mxm NS qakm,rkmx(k-‘rZ)m + qakm+l,r,km+ll,(k+2)m+l 4. )2‘

12



On the one hand the first term of the right side whose exponent is not divisible
by m is 2(—1)qapm ™2z *+2m+ - On the other hand the term of degree
(k + 1)m + 1 of the left side is

2m . —m —-m

km—l—lka—i—l . a_,r My "

2_4m m
™™ (2apmr

+ akm+lr2(km+l)ka+l (a_mr—mx—m)Qa_maj—m
+ U1 (a2 ™) 2 A

_ qzm(k+1)m+lakm+laim(2r(k73)m+l 4 p2(k=Dmet) | 7,74m)'

S o

q

2mx7m)

Therefore it follows that

(P=Dm =22 2(k=Dmt) g o (k=8 | —dm _ ()
which implies g2(F+Dm+) — 1 4 contradiction.
Put z = 2™. Then we have f =3 " | a;2". The left side of the equation
(10) is

P2t a2 (g — 1) Fapr™z 4 - --)?
X (A 22 ag + apr®™z + - -)

X (a_mz ™' 4+ ag+ apz + )
and the right side is
(=1 + qa_pmr ™z + qagz® + qar™2® 4 -+ )%

Comparing the terms of degree 1, we find ag(r™ + 1)? = 0. Since 7™ +1 =0
implies ¢ = 1, we obtain ag = 0.

We prove that a,,; = 0 for all © > 1 by induction. Firstly we deal with the
case 1 = 1. Comparing the terms of degree 2 of the above two expansions,
we find a,,(r—?™ + 1) = 0, which implies a,, = 0. Secondly we suppose
1 > 2 and the statement is true for the numbers < i. Comparing the terms
of degree i + 1, we find a,,; (r™ 1) 4+ 1)2 = 0, which implies a@,,; = 0.

Therefore we obtain f = a_,,,/2 = a_,,,/2™ € C(2™). The equation (6)
yields S? = r~™2*™R?. Since S is monic, we find S? = 2?™, and so S = z™.
Then we have R? = r™ € C*, which implies R € C*. Therefore we obtain
g=R/S € C(z™).

By L =C(t)(f,g9) € C(z™) C C(x) = L we find L = C(2™). Then we

have

2<om=n=[L:C®)=[C"):C@*)] <2,

13



which implies n = 2 and m = 1. Let a € C* be a root of the polynomial
X? —reC[X]. Wehave f =a_y/x,a_y=—1or1,and g = R/z, R = —«
or o. Note that o* =r? = q. O

References

[10]

[11]

Bialynicki-Birula, A., On Galois theory of fields with operators, Amer.
J. Math., 84 (1962), 89-109.

Cohn, R. M., Difference Algebra, Interscience, New York, 1965.

Franke, C. H., Picard-Vessiot Theory of Linear Homogeneous Difference
Equations, Trans. Amer. Math. Soc., Vol. 108, No. 3 (1963), 491-515.

Franke, C. H., Solvability of Linear Homogeneous Difference Equations
by Elementary Operations, Proc. Amer. Math. Soc., Vol. 17, No. 1
(1966), 240-246.

Infante, R. P., Strong normality and normality for difference fields, Ae-
quationes Math., 20 (1980), 159-165.

Infante, R. P., On the Galois theory of difference fields, Aequationes
Math., 22 (1981), 194-207.

Levin, A., Difference Algebra, Springer Science+Business Media B.V.,
2008.

Nishioka, S., Difference algebra associated to the q-Painlevé equation of

type Agl), " Differential Equations and Exact WKB Analysis” Kokyturoku
Bessatsu, Vol. B10 (2008), 167-176.

Nishioka, S., On Solutions of q-Painlevé Equation of Type A(71), Funkcial.
Ekvac., 52 (2009), 41-51.

Nishioka, S., Solvability of difference Riccati equations by elementary
operations. Preprint, 2009.

Sakai, H., Problem : Discrete Painlevé equations and their Lax forms,
RIMS Koékyuroku Bessatsu, B2 (2007), 195-208.

14



Seiji Nishioka

Research Fellow of the Japan Society for the Promotion of Science
Graduate School of Mathematical Sciences

The University of Tokyo

3-8-1 Komaba, Meguro-ku, Tokyo

153-8914, Japan

e-mail: nishioka@ms.u-tokyo.ac.jp

15



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS

2009-3

20094

2009-5

2009-6

20097

2009-8
2009-9

2009-10

2009-11
2009-12

2009-13

2009-14

Hitoshi Kitada: An implication of Gédel’s incompleteness theorem.

Jin Cheng, Junichi Nakagawa, Masahiro Yamamoto and Tomohiro Yamazaki:
Uniqueness in an inverse problem for one-dimensional fractional diffusion equa-
tion.

Y. B. Wang, J. Cheng, J. Nakagawa, and M. Yamamoto : A numerical method
for solving the inverse heat conduction problem without initial value.

Dietmar Homberg, Nataliya Togobytska, Masahiro Yamamoto: On the evalu-
ation of dilatometer experiments.

Toshio Oshima and Nobukazu Shimeno: Heckman-Opdam hypergeometric func-
tions and their specializations.

Atsushi Yamashita: Compactification of the homeomorphism group of a graph.

Jingzhi Li, Masahiro Yamamoto, and Jun Zou: Conditional stability and nu-
merical reconstruction of initial temperature.

Taku Ishii and Takayuki Oda: Calculus of principal series Whittaker functions
on SL(n,R).

Atsushi Nitanda: The growth of the Nevanlinna proximity function.

Paola Loreti and Daniela Sforza: Reachability problems for a class of integro-
differential equations.

Masahiro Yamamoto: Carleman estimates for parabolic equations and applica-
tions.

Seiji Nishioka: Decomposable extensions of difference fields.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +481-3-5465-7001 FAX +81-3-5465-7012



