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1 Introduction

It is a classical problem to find an efficient approximation formula for distributions of
sums of independent identically distributed random variables. The well-known one is the
central limit theorem. Let (Q,F, P) be a probability space and X,,, n = 1,2,..., be
independent identically distributed random variables. If we assume that F[X?] = 1 and
E[X;] = 0 we have

suflz | P( ZXk > snt/?) — ®y(s)] — 0, n — 0o, (1)
se k=1

where

D(x) exp(—= dy, rz € R.

)

Recently people in finance are interested in computing the quantile of the distribution
of Y °r_, X} for the purpose of measuring market risk. However, it is said that the central
limit theorem is not efficient for their purpose. For large s > 0, both P(>",_, X}, > sn'/?)
and ®¢(s) are small, and so Equation (1) does not give us a good information. Our aim
in the present paper is to give a new approximation formula which gives more efficient
information for P(} ,_, Xi > snl/?).

Now let us explain our result. Let (2, F,P) be a probability space, and let X,
n=1,2,..., be independent random variables with the same probability law u. Also, let
F:R —[0,1] and F : R — [0, 1] be given by

F(z) = p((—o0,7]) and F(x) = u((x,0)), z € R.

Throughout this paper we assume the following assumptions (A1), (A2), (A3) and (A4).

(A1) F(x) is a regularly varying function of index —a for some a > 2, as z — oo, i.e., if
we let
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then L(x) > 0 for any « = 1, and for any a > 0

L(ax)
L(z)

— 1, T — 00.

Also we assume the following.

(A2) |z|*T?F(z) =0, =z — —oo0.

(A3) The probability law u is absolutely continuous and has a density function p : R —
[0, 00) which is right continuous and has a finite total variation.

Since o > 2, we see that F[|X;|?| < co. We assume furthermore the following.
(A4) E[X;] =0 and E[X}] = 1.

Let K be an integer such that K — 1 < a £ K. Then K = 3. From the assumptions
(A ) and (A2), we see that the probability law p has (K — 1)-th moment. So let ng,
k= , K — 1, be given by

Me = / #*p(d).
R
Then we see that n; = 0 and 7, = 1. Also, let us define &, : R - R, k=1,2,..., by

1 2 d
T _ g,

q’l(l’): \/%GXP(—T) T T dr ( )

and
dk—l
() = (—1)’“—1d$k_1q>1(g;), k=2,3,....

Our main result is the following.

Theorem 1 There are 6 > 0 and C > 0 such that

sup ZXk > sn/?) — G(n,s)| £ Cn~(@=2/279 n=23,4,....

s€[1,logn]
Here
G(n,s)
E K-1 (k- 2)/2 0o
= Py(s) + n/ F((s —z)n'/?)® no )/ z*p(dz)
> k=1 0
n—(K-2)/2 0 K-1
—l—T(I)K(s) / o pu(dx) + Z n g (n7Y3 g, ) ®r(s)
e k=3
3(K—1)
+ Z n- Y3 Moy mk—1,0,. .., 0)®(s),

where q;’s are polynommls defined in the next section.

We also prove the following, as a consequence of the above theorem and Theorem 1
in [1]



Theorem 2 Let v € (0,a/2 — 1). Then we have

o Xy >
sup’ (ZkZI k S) _ 1‘ - 07

"ok @o(n1725) + ((nF(s)) An7) noee

2 Algebraic preparation

In this section, we think of formal power series in z. First, we think of the following formal

power series in z.

R D e e SR
k=2 =1 k=2 (=2
Then we see that ¢,(ag, ...,as), £ = 2, are polynomials in as, ..., ay, and
co(tay, ... tha)) = thelay, ..., ap)
for any t,aq,...,a, € R. Moreover, we see that
ca(ag) = ay and c¢y(ag,...,ap_1,a¢) = colag, ..., ai-1,0) +a; £ 2=2.

We also think of the following formal power series in z.

00 ‘

Yz

expy?’E Cgag,...,(lg(gl))
=3 ’

-3 ¢

ZCZ (IQ,--- el )k:1+ZQk(yaa2;"'7ak)zk‘
T 4=3 ’ k=3

=1+

WE
EI»—‘

B
Il
—

Then we see that gx(y, as, ...,ax), k = 3, are polynomials in y, as,...,a,. Note that

Qk<ya t2a2 v 7tkak) = thk(ya ag, ... 7a'k)

and that
Y3
Qk(y7 ag, ... 7a'k) = Qk(ya ag,...,Ak—1, 0) + Talm k Z 3
Also we have ,
o0 3
Yoz
exp(y 626@ ag,...,0a) ( 6!) )
=3
o0 2,\¢
= exp(( 3chaz,m,yaz)(y€,))
=3 ’
=14+ @’ v e, .. vfa)d =1+ Zyqu(y2, ag, ..., a)2"
k=3 k=3

as a formal power series in z.

(3)



3 Preliminary facts

Proposition 3 We have

L(ax)
sup — 1, T — 00,
1/2<a<2 L(x)
and I
inf (az) — 1, T — 00.

1/22a<2 L(2)

Proof. Since the proof is similar, we prove the first equation only. If not, there are ¢ > 0,
{a,}¢°; and {z,}5°, such that 1/2<a, <2, 2,21, n=1,2,..., 2, = 00, n — 1, and

that
L(a,z,)

L(zn)

Then taking a subsequence if necessary, we may assume that there is an a € [1/2,2] such
that a,, — a, n — 0o. Then we see that for any m = 3 there is a n(m) = 1 such that

1 1 1

>1+e¢, n=12,....

——) L - n:F - nZF nn:_aL ndn )y > .
(0= ) L@~ Je) = F((a = ) 2 Flagea) = a;"L{aya), 0 2 n(m)
So we have ) L )
AnX
1——) 2 lim —~% >1 > 3.
( ma) = oo L(ax,) — t& ms3
Since m is arbitrary, this implies a contradiction. 1

Proposition 4 For any € € (0,1), there is an M 2 1 such that

1 . L(yx .
My <¥<My

< < = 1.

Proof. For any € € (0,1) there is an m = 1 such that

\LL((T))—1!§€ z=ze™
Le
' L(ex) L(z) ) < 0o

Then we have

<C™(1+¢e)", 21, n=20.

For any y = 1, there is an n = 1 such that ¢"~! <y < ¢”. Then we have
F(e"tx) 2 F(yx) = F(e"z).
So we have for any z,y = 1

(e7'yz) L(e" ') 2 (" 'x)""L(e"'w) Z (yo) " L(yw)



which implies

Therefore we have

Cme™ (1 — g)ylosi—2) < < Ometyylosi+e) x=21, y=1.

This implies our assertion. 1
The following is known as Karamata’s theorem, but we give a proof.

Proposition 5 (1) For any 8 < —1,

1 o 1
- s y N
9L (t) /t z” L(z)dx , t — oo.

(2) For any B > —1,

1 t
_ SL(z)d — t )
tﬂHL(t)/lx (x)m—>6+1, — 00

(3) Let f:[1,00) — (0,00) be given by

Then f is slowly varying.

Proof. Note that for t > 1

1 o0 [ sL(tx) )
m/t zzﬁL(;n)d:U—/1 xﬂmdm, if < —1

and
1 ' ot L),
tﬁ“L(t)/l xﬂL(x)dm,—/l/txﬂ(—L(m)) Yz if B> —1

Then the assertions (1) and (2) follow from this equation and Proposition 3.
Let us prove (3). If lim; o f(t) < o0, the assertion is obvious. So we assume that
limy o f(t) = 00. Then for any a > 0 and t; > 1

flat) = /t v L(az)dr = /to v L(az)dr + /t :U_lL(:U)—IZ/;((a;C))dJ:.
So we have
inf Laz) < lim f(at) < lim (at) <s L(azx)

o L(@) = i f(6) — om0 f() oo I(2)

Therefore by Proposition 4 and Lebesgue’s convergence theorem, we have our assertion. g



4 Estimate for moments and characteristic functions

Remind that K is an integer such that K — 1 < o £ K and

Uk:/ z*p(de), k=1,2,..., K —1.

[e.9]

Then by the assumption (A4) we have 7; = 0 and 7y = 1. Note that

_ o x2 3
1-Ft)=1- —u(dz) = -
021- [ i) 2 5
for any t = 2. Let
?71:(75)2/ z*p(dz), t>0, k=1,2,..., K +1,
(—oo,t]
and
nk(t):/ 2* u(dx), t>0, k=1,2,..., K — 1.
(t,00)

Then we have

Ne(t) :/( ):Jck',u(dm)+k/tmk_1p(x)dx—th(t), t>0,k=1,2,..., K+1,
—00,0 0
and -
e (t) = k/t " F(z)dr +t*F(t)  t>0,k=1,2,...,K — 1.
Then by Propositions 4 and 5 we have the following.
Proposition 6 For any € > 0, there is a C(e) > 0 such that
L(t) = C(e)t,

[nx (1) = C(e)t e,
()] S Cle)t=ot**e, k=1,2,...K -1,

and
/ |$|K+1/,L(d$) é C(S)t_a+K+1+€
(—oo,t}

for any t = 1.

The following is well known.

Proposition 7 (1) For any m 2 1, let re,, : R — C be given by

Tem(t) = exp(it) — (1 + Z (le') ), teR.



Then we have
|t|m+1

|7"e,m(t)| < m

(2) For anym 2 1, let r,, : {z € C; |2| £1/2} — C be given by

t e R.

(-1

rim(z) = log(l+ z) — kz; - 2+, 2eC, |2 <1)2.
Then we have
Irm(2)] S 22", z€C, 2| £1/2.

Let pu(t), t > 0, be a probability measure on (R, B(R)) given by

ut)(A) = (1= F(t) " (AN (—oo,t)),

for any A € B(R).
Let o(-; u(t)), t > 0, be the characteristic function of the probability measure u(t),
ie.,

(€ 1(t)) = / exp(iz€)u(t)(dz), €€ R,

R

By the assumption (A3), we see that the density function p(xz) — 0 as |z| — oco. Also
we see that the probability measure p(t), t = 2, is absolutely continuous and its density
function is (1 — F(t)) "' p(2)1(—so (), whose total variation is dominated by twice of that
of p.

Therefore we have the following.

Proposition 8 (1) For anyt =2 and { € R,

ip(&u(t) = (1 — F(t))l/ i€ p(x) (oo (w)dz

R
— (1 FO) " | (o)L @)
R
(2) There is a C > 0 such that
(o6, u(®)] < C(1+ ) for any t2 2 and £ € R.

Then we have the following.

Proposition 9 (1) There is a ¢y > 0 such that
(& u(t)] < (1+ colé?)™* for any t = 2 and € € R.

(2) For anyt = 2, £ € R, and integers n,m with n = m,

fon™26, w(E)P" < (1+ g2y



Proof. Let g(x) = p(z)1(_2,2)(2), € R. Then we have

p= /Rg(m)dm >1- /Ra;p(ﬂv)df = 3/4.

Note that

|¢mg,ua»n2=:<1—-F«o>-2jgﬂz;expugcv—-y»pcrﬂ«mﬁﬂx>p@»1<w¢my>dxdy

| N

<(1-p //am%x—><mwwwsz@,
where

- / / (1 = cos(&(z — y)))g(x)g(y)dxdy.
R JR

hm\gy 2£(€) // T—y g(y)dzdy > 0.

Also, it is easy to see that f(§) > 0, for all £ € R\ {0}, and so we see that

So we see that

a(r) = inf |£]72f(¢) > for all > 0.

lgl=r
Therefore we see that
(& )] = (L —a(r)[¢)'? < L +a(r)le®) 7, el <
Also by Proposition 8(2), we see that there is an 7o > 0 such that
(& n®) = (L+IER) el =1

So we have the assertion (1).
It is easy to chack that (1 + x/3)° = 1+ z for any 3 = 1 and = = 0. Therefore if
n 2 m, we have

— n/m c
(1+ coln™/22)"/m 2 14+ e,

This implies the assertion (2). 1

5 Asymptotic expansion of characteristic functions

Let

K1 . ovh K
o6 = -3 B+ Bl
k! !
and
K-1
Yo(n, &) = Z n O (Y, ) (i6)"
k=3
3(K—1)
—|— Z n- ,7’]2,...,7’]_;(_1,0,...,O)(ig)k



fort22,n=21land € R. Let 0 = ((« —2) A1)/(4(K +2)), o' =0/(4(K +2)), and ¢,
=n'/27% n=1,2,3,.... Then t, = 2 for any n = 8.
In this section, we prove the following.

Lemma 10 Let

Rn,O(g) = exp(%gz)go(nlﬂg, M(tn))n - (1 + 7/)0(”7 'S) + ny: (n71/257 tn))

1 — n
Rn1(8) = eXp(§€2)90(n V2¢ u(t,))t — 1
1
Rn2(§) = eXp(Eﬁz)w(n*mE,u(tn))"fl -1
Then there is a C > 0 such that
|Rno(€)] < Cn~ (22700 ]

and
|Ru1(§)] + | Rn2(§)] £ Cn~20Y¢]

for anyn = 8 and & € R with [£] < n’

We make some preparations to prove this lemma. First we prove the following.

Proposition 11 Let

and
Ro(€,t) = @(& () — (1 +w0(&) + 018, 1))
Then we have for anyn = 8, and & € R with [£| < n’

—1] < == 2‘/_ n1/2

o(n 2 u(tn)) €],

o1 (R, )] < KO(é)n—a/2+<K“>5|§|

and
|Ro(n™Y2¢,t,)| < 3C(6)n~/2~%/4¢|.

Here C(0) is as in Proposition 6.

Proof. We can easily see that
pl& 1) = [ explize)n(t)(ds)
R

—1e 2 B /( | relenld) + FO( — Fo) /( _ rea(a€)utda)




So we see that

Rolé, 1) = F()(1 - F(t)™ /( reale () + | rextetn(ds).

(00,t]

By Proposition 6 we have

K
er(& 1) S C Zi—tl otht feR, t22,
k=1

and
|Ro(&,t)] < 20(5)16\1?_“”(/ |z|p(dx)) + C(S)|E[FH R CeR, t 22
R

Also, we have

€ 0) 11 £ Il [ elute)an) < Srw e < 2, gem, ez

Note that
(n~Y/2H0 Yk (L/2-0) —actktd _ py=a/2H(at1/2)0-k(6-6")=0"

So we have our assertion.

Proposition 12 Let

K-1 k K

(i€) i€
ol ce(N2s -y M) + Kl
k=3

k(.- Mx-1,0),  £€ER.

Also, for anyn > 8, and & € R with || < n?, let

_ 1 _ _
Ri(n, €) =log(p(n™1/2¢, i(tn))) = {=5-€* +va(n71%€) + o2 (n 1%, 1)}
Then there is a constant C > 0 such that
|Ri(n, &) < Cn~ /20|

for anyn =8, and £ € R with |¢] < n’

Proof. Let
o~ DM e Lo
R1,1(§):Z 2 (¢0(§)) +§§ —1(€).
k=1
Note that
K-1
10%(1"‘27%?)
k=2
K-1 & )

I\

z

= Ck(ng,...,ﬂk)k——l—ZCk(T]g,...,T]K_l,O,...,O)F

£
I
o
£
Il
=



as a formal power series of z. So we see that there is a constant C' > 0 such that
|Ri1(6)] < e (5)

for any £ € R with || = 1.
We can easily see that

Rl(na 5)
=log(1 4 @o(n~"%) + 1(n~ "2, t,) + Ro(n "¢ 1))
g € 4 () a2 1))
= Ria(n726) + i (p(n2E, u(t,)) — 1) + Ro(n™2¢, t,,)
K
+ 3 (=1 (o (2 (@ (n2E 1) + Ro(n/%¢ 1))
k=2

K k-1 K
+ kz: (_1;3; Z <§) (po(n™Y26)) " (@1 (n 72, t,) + Ro(n™ /%€, t,) ).

1 =2

Then we have our assertion from Equation (5) and Proposition 11.
Proposition 13 Let
Ry(n,€) = exp(nip (n="/2€)) — (1 + 4o (n, €)).
Then there is a constant C' > 0 such that
|Ra(n, €)| < Cn~ (@722
for anyn = 8, and £ € R with |¢] < n?.

Proof. Note that

exp(y (3 Lo m) + 3 L .0, 0)

! k!
k=3 k=K
K-1 %)
=1+ > vra(’ m, - m)Z + D) v a(n, o ax1,0,...,0)))2"
k=3 k=K
as a formal power series in z. This implies our assertion. 1

Now let us prove Lemma 10.
Note that for any n > 8, and ¢ € R with |¢] < n?,

exp(%?)w(n”zé; p(tn))"

= exp(ne1(n %€, t,) + nip (n2€) + nRy(n,€)))
= (L4 npy(n2¢, ty) + re (g (0 2€, 1)) (L4 o(n, €) + Ra(n, ) (L + reo (R (n, €))).

11



So we see that

Rn,O(”? g)
= reo(nRi(n,€)) exp(npr (n™12¢, 1) + nipr (n™1/2€)) + Ra(n, €) exp(ngi (n™ /%€, )
e (ny (n”Y%E ).

Thus we have the first equation from Propositions 11, 12, 13.
Also, we have

Ry1(n, &) = exp(ngy (n™'2¢, tn) + niy (n%€) + nRy(n,€))) — 1,
and

Ru2(n,€) = exp((n — 1)1 (n™2,8,) + (n — Dyor (n™2€) + (n — 1) Ru(n, §)) — %2) -1

So, again from Propositions 11, 12, 13 we have the second equation.

6 Proof of Theorem 1

First, we prove the following.

Lemma 14 Let v be a probability measure on (R, B(R) such that [; 2*v(dx) < co. Also,
assume that there is a constant C' > 0 such that the characteristic function ¢(-,v) : R — C
satisfies

&)l =CA+E)*  €€R.

Then for any x € R

(( )) ( ) ! / 6_m£( (5 ) ( |§|2))d§
v((x,00)) = Pg(x) + w(&,v) —ex )
’ 0 21 Jg 1€ ’ P
Proof. From the assumption, v has a continuous density function 4 and

8o) = 5= [ el s

So we have

+n 2
(et n]) = Bofa) —dufa )+ 3= [ ([ et - exp(—LD)) e

2T
1 e—ixf o e—i(z-i—n)f ‘£|2
= Bu(e) = Bolo +) + 5 | e (pl€v) — exp(— )

Since )

1 ¢

_|(P(§a V) - exp(——)|d§ < o0,

R [¢] 2

letting n — 0o, we have the assertion. 1

We remark that

2

1 0.)
Oy (x) = ﬂ/_ (1€)* ! exp(—ifx — %)dﬁ, E=1,2,....

12



Note that

P(Z X > sn'/?) = Zlm(n, s),

k=1 m=0

where
In(n,s) = P(Z X > snt/?, Z Lixysta) = M), m=0,1,...,n.
k=1 k=1

Then we have

n

(9 = (

m
form=0,1,...,n.

Proposition 15 There is a C' > 0 such that

Z In(n,s) < Cp~(@72)/279

m=2

for any s =21 and n = 8.
Proof. We see that

S s £ 30 20 (2 b sy

m\",S) = N n - n
m(m — 1) \m — 2
m=2 m=2
< n(n2— 1)F(tn)2 < O(6)2n2o UKD < 0 (5)2p (0225

This implies our assertion.

Proposition 16 There is a C > 0 such that

sup |Io(n,s) — {(1 = nF(tn))®o(s) — T (tn) i (s)
s€[1,logn] 1 k!
(nl/Z)K—2
+TnK(tn)CI>K(S) + g(n,s)}| £ Cn~(e72)/2-9/4
for any n = 8. Here
K-1
g(”? S) = Z nik/GQk(nil/ga 2, ... a”k)cbk(‘s)
k=3
3(K—1)
+ Z n_k/GQk(n_l/Sv N2,y NK-1, Oa e 70)(I>k(s)

k=K

13

>P(ZXk>sn1/2, Xi>ty, i=1,....om, X;<t,, j=m+1,...
k=1



Proof. Note that
Io(n,s) = (1= F(ta))"pu(ta)™ ((sn'/?, 00))
= Ipo(n,s) + Ip1(n,s) + Ip2(n, s),
where
Too(n,s) = p(ta) ™ ((sn'/?, 00)),
Toa(n,s) = —nF(tn)u(ta)™ ((sn'/?, 00)),
Toa(n,s),= (1= F(ta)" = 14 nF(ta))pults)™((sn'/?, 00)).

By Proposition 9 and Lemma 14, we have
IO,O (?’L, S)
1 2

et ~1/2 n 13
= Bofs) + (5-) /R S ol ()" = expl(= )i

Let

5 _ 1 e " ~1/2 —£2/2
RO,,O(na S) - IO,O(na S) - {q)0(5> + (%) /R Zf (77/)0(”7 f) + n@l(” é.a tn))e dg}

Then by Lemma 10 we have 3
| Ro,o(n, 5)]

|Rn,o(f)|ex £ n-1/2 N ex _5_2
< [T [ et e n)) + (= )de

o O nlen(n 2 )€ e
&|>n
So by Proposition 9 and Lemma 10, we see that there is a Cy > 0 such that
’RO,O(na S)’ g Coni(a72)/275/47 n Z 87 S Z 1. (6)

Also, we see that

—is€
5 | 6.5 mion (™26, 1) expl—3 €[ e

K- 1 _1/2 = (n 1/2>K—2
(tn)®r(s) + TUK(%)@K(S),

k=1
and

1 e st

() / ol &) exp(—5 67 = g(m
R

Similarly by Lemma 10, we see that there is a ¢y > 0 such that

sup |lo1(n,s) — nF(sn'/?)®y(s)| £ Cin~ (@223, n = 8. (7)
s€[l,logn]

Note that |(1 — z)" — (1 — nx)| £ n?z? for any = € [0,1], n = 1. So we have
[ Ip2(n, s)| £ n?F(t,)* < C(8)*nle2/279,

This and Equations 6, 7 imply our assertion. 1

14



Proposition 17 There is a C' > 0 such that

s

sup |[i(n,s) — {n/ F((s — 2)n'?)®, (z)dz + nF(t,)®o(s)

s€[1l,logn] —o0

K p—(k=2)/2 tn
STt [ sty < Carle oo
: 0

Proof. We see that

Ii(n,s) = n(l - F(tn))n_l/ P(Xy+x > sn'? X1 > t,) plt) Y (du)
R

=n(l — F(t,))"* /OO F((sn'/? — 2) V t,)u(t,)* ™V (dx)

o0

=nJy(n,s) + nJi(n,s) + ny(n,s),

where
Jo(n,s) = /_ F((s —z)n'/? Vv t,)®,(x)dx, (8)
Ji(n,s) = /_OO F((sn'? — 2) V) (u(t,) ™V (dz) — n~V2® (xn*/?)dx), 9)
and
Jo(n,s) = —(1 — (1 — F(t,)" ) i(n,s). (10)
Note that
Jo(n,s) = Joo(n,s) + Joa(n, s) + Joa(n, s),
where

nolns) = [ " F((s — 2)n")y (2)de,

—0o0

Joa(n,s) = — /S y F((s — z)n'/?)® (z)dz = — /O” F(zn?)®,(s — z)dx,

and -
Joa(n,s) = F(tn)/ O (x)dx = F(tn)fbo(s —n"?)
s—n—9%
We see that
K 1 =3
J()J(?’L, S) = — 2 1 '(I>k(8)/ F(xnl/Q)xk—ldl, + RJyl(n,s),
k=1 ( - ) 0
where
n=9 _ 12 K mkfl
Ryi(n,s) = —/0 Flan')@i(s =)= 3 sl
Then



-5 n—1/2

2K (znV?) " L(zn'?)dx + / % dr).

0

n

< sup |(I)K+1(5_I>|(/

z€[0,n—9] n—1/2
-5

g sup |(I>K+1($)|(C<(5>n_a/2+6/2/ $6+(K_a)dx 4 n_(K+1)/2)
0

zeR
< Sulg |Pri1(2)[(C(9) + 1)n_°‘/2_5/2. (11)
TE
Also, we see that
J072(’I’L, 8)
- Nk
= F(t,)Po(s) + Z F(t,) X Dy(s) + Rya(n,s),
k=1
where .
Nk k
7 5 (—” ) d"®
Roaln) = Fltn)(@als =) = 3 -G080

We see that

|Rj2(n,s)| F(tn)n_(KH)‘s sup |Pxy1(x)| £ C(6) sup |<I>K+1(:U)|n_°‘/2_5/4. (12)

zeR zeR

It is easy to see that

So we have
Joa(n, s) + Joa(n, s)

K _
n—k/2

= F(t,)®o(s) — Z X Dy (s) /0 n 2*u(dz) + Ry1(n,s) + Rya(n, s) (13)

k=1

Also, we have

Ji(n,s) = Ji1(n,s) + Ji2(n, s)

where
Tualn,s) = F(0) (e (5 = 07", 0) = ol — ™))
and
Datnes) = [ doPl(s = o) [ e ol e e - exp(- )

By Proposition 9 and Lemma 14, we see that there is a C; > 0 such that

00 efmg 2
) (@, 00) ~ 8o £ | [ S () exo(- )

16



" _5_2 i ex —§—2
= /£ |§|<|s0<€ a(t))|"! + exp(=25))dE + /5 o T ROl ep(=))de

< Cin 2% for any z € R and n = 8.
Therefore we have
|Ji1(n, s)| £ CLF(t,)n™ 2 < C(8)Cyn=/279,
Similarly by Lemma 14, we see that there is a C'y > 0 such that

[ et et — expl-)de

< Cyn2K% for any z € R and n = 8.

Then we have

[J1.2(n, 5)| = Con~*°C(3) / (zn!/2) = dy < C,O(0)n >~

n—"9

So we see that there is a C' > 0 such that

sup |1 (n,s)| < On~(@72/270
s€[l,logn]

Note that ~
| Jo(n, 5)| < n?F(t,)?

So Equations (8) - (15) imply our assertion.

Now Theorem 1 is an easy consequence of Propositions 15, 16, 17, since
tn o]
R e
0 0

and

et~ [ i) = [t

—00

This completes the proof of Theorem 1.

7 Proof of Theorem 2

It is well known (e.g. Williams [2]) that there is a Cy > 0 such that
|Br(z)| £ Co(1 +2)" 1 01(z), 220, k=1,...,3K,

and
00_1(1)1(1‘) § ZL‘(I)()(ZL') é C()(I)l(li), T 2 1.
Let B
H(n,s) = ®(s) + nF(n'/?s),
and

s _ n—(k—2)/2 0o
A(n,s) = n/_ F((s — z)n'/*)® (2)dz — Z T(I)k(s) /0 z*p(dz).

o0 k=1

First we prove the following.

17



Proposition 18

A o F 1/2
wp A9 —nF (')

s€[1,logn] H(Tl, 8) ,

Proof. Let us take a v € (0, (« — 2)/(4c)) and fix it. Let s =2 0 and n = 3. Note that

s 4

/ F((s — )@, (2)ds = 3 Tu(n, 5),
% k=1
where s
hins)= [ F(ls = o) (@),
7s/8
Bins) = [ F((s = 2 (w)d
b= [ P - e,
and .
Ii(n,s) = /_ F((s — z)n'/?)®(z)dz.
Note that e
Bns) = [ P =0 )y
Let

R(n,s,y) = ®1(s —n~%y) — (1(s) +n~2ys(s))
Then for y € [0, sn'/277]

|R(n,s,9)| < n'y? [sup ]|<I>3(z)|
zels—n~7,s
< ~1,2 2 o -1,2 2 2y
S Con 'y (1+5)°Pi(s —n7) = Con y (1 + 5)*®1(s) exp(sn n=?7/2)
< Con ' (1 4+ 5)* exp(n~7s)Pg(s).

So we see that
2 k)2

ali(ns) = Y- i) [ atutdo)

k=1

nl/2=

< Co(1+8)*n 2 exp(n™s)( /0 Y2 F (y)dy)®o(s)
T F(y)dy)®o(s) + Co(1+ ) / T YFW)dy)®o(s)

nl/2—vy

+Co(1 + 8)n1/2(/

nl/2—vy

This implies that

2 —(k-2)/2 )
sup  Po(s) Hnli(n,s) — Z n—CIDk(s)/ 2*p(dz)| — 0, n—o0o. (16)
0

s€[1,logn] 1 k!

18



Note that

B 7s/8 T S—1 n1/2
Iy(n,s) = F(snl/Q)/_ (1— E)_QL«L(snle) >CI>1(x)dx

It is easy to see that

&

7s/8 ((8 o I)nl/Z)
sup ]/ L{sni/2) &, (z)dx — 1] — 0, n — 0o

€[(logn)1/4,logn]

Also we see that

7s/8 L((S . x)n1/2)(1)

L(snl/?) 1(z)do

n|L(n, s)| < nF(sn!/2)s° /

—S

Therefore we have

sup  Bo(s)L(n|Iy(n, s)| + nF(sn'/?)) = 0, n — 0o.
s€[1,(logn)1/4]

Thus we have

sup H(n,s) ' nly(n,s) — nF(sn*?)| — 0, n — 0o, (17)
s€[1l,logn]

Note that v/3/2 < 7/8. Then we have
1(7s/8) < (®1(5))*",

and so we have

oy )

nls(n, ) S nsP(n'* )81 (7s/8) < (nF (0! logm)'*(sa () s

Since _
n31/4F(n(1/27’7))
sup sup

n=>3 s€[l,logn] (nF’(nl/Q log ’I’L))l/2

< 00,

we see that there is a constant C' > 0 such that
nls(n,s) < C(nF(sn'/?))Y2®y(s)** < C(nF(sn'/?))Y*H(n, s), n =3, s € [l,logn].

So we have

sup  H(n,s) 'nls(n,s)| — 0, n — 0o. (18)
s€[1,logn]

Also we have B
n|I4(n,s))| < nF(2sn?)dy(s).

So this equation, Equations (16) (17) and (18) imply our assertion. 1

Proposition 19

P(>n_ Xy > snl/?)
sup | =172
s€[1,00) (I)O(S) + TLF(’I’L 8)

-1/ =0, n — 00.

19



Proof. 1t is easy to see that there is a C' > 0 such that
|G(n,5) — (Bo(s) + A(n, s))| £ Cn~V? max{|®4(s)|;k = 3,...,3K}
So we see that

sup H(n,s) '|G(n,s) — (®(s) + A(n,s))| — 0, n — oo.

s€[1l,logn]
Therefore by Proposition 18, we see that

sup |H(n,s)*G(n,s) — 1| — 0, n — 0o.
s€[l,logn]

So by Theorem 1, we see that

sup ’P(Zzzl X, > sn'/?)

-1 —=0 n — o0.
s€[1,logn] H(’I’L,S) ’

Now it is obvious that

sup | -1 =0 n— oo

s€(logn,o0)

nF(sn'/?)
H(n,s)

Then by Theorem 1 in [1], we have

sup |P(ZZ:1 X, > sn'/?)

-1 =0 n — 00.
s€[log n,00) H(na S)

So we have our assertion.

Now let us prove Theorem 2. It is well known that

P(Z Xj, > sn'/?) — ®y(s), n — 0o
k=1

for any s € R. Since both of P(}",_, X3 > sn'/?) and ®¢(s) are nondecreasing in s, and
®y(s) is continuous in s, we see that

sup \P(Z X > snl/?) — ®y(s)| — 0, n — 00.
k=1

seR
So we have 12
PO Xy >
sup | (2t Xi > s 7) — 1] —0, n — o0o.
s€(—00,1] Po(s)
Since nF(sn'/?) An™7
sup | - -1 =0, n — 0o,
$€[1,00) nF(sn / )

we have Theorem 2 from Proposition 19.
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