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ABSTRACT. We prove for a two dimensional bounded simply connected domain that the
Cauchy data for the Schrédinger equation measured on an arbitrary open subset of the
boundary determines uniquely the potential. This implies, for the conductivity equation,
that if we measure the current fluxes at the boundary on an arbitrary open subset of the
boundary produced by voltage potentials supported in the same subset, we can determine
uniquely the conductivity. We use Carleman estimates with degenerate weight functions to
construct appropriate complex geometrical optics solutions to prove the results.

1. Introduction

We consider the problem of determining a complex-valued potential ¢ in a bounded simply
connected two dimensional domain from the Cauchy data measured on an arbitrary open
subset of the boundary for the associated Schrédinger equation A + ¢. A motivation comes
from the classical inverse problem of electrical impedance tomography problem. In this
inverse problem one attempts to determine the electrical conductivity of a body by measure-
ments of voltage and current on the boundary of the body. This problem was proposed by
Calderén [7] and is also known as Calderdén’s problem. In dimensions n > 3, the first global
uniqueness result for C?-conductivities was proven in [23]. In [21] the global uniqueness
result was extended to less regular conductivities. Also see [12] as for the determination of
more singular conormal conductivities. In dimension n > 3 global uniqueness was shown
for the Schrédinger equation with bounded potentials in [23]. The case of more singular
potentials was considered in [3], [21]. The case of more singular conormal potentials was
studied in [12].

In two dimensions the first global uniqueness result for Calderén’s problem was obtained
in [20] for C%-conductivities. Later the regularity assumptions were relaxed in [4], [3] and
[1]. In particular, the paper [1] proves uniqueness for L>°- conductivities. In two dimensions
a recent result of Bukgheim [5] gives unique identifiability of the potential from the Cauchy
data for the associated Schrodinger equation. As for the uniqueness in determining two
coefficients, see [8], [16].

In all the above mentioned articles, the measurements are made on the whole boundary.
The purpose of this paper is to show the global uniqueness in two dimensions, both for the
Schrodinger and conductivity equation, by measuring all the Neumann data on an arbitrary
open subset T of the boundary produced by inputs of Dirichlet data supported on I. We
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formulate this inverse problem more precisely below. Let Q@ C R2 be a simply connected
bounded domain with smooth boundary, and let  be the unit outward normal vector to 0S2.
We denote 2% = Vu - v. A bounded and non-zero function () (possibly complex-valued)
models the electrical conductivity of 2. Then a potential u € H'(2) satisfies the Dirichlet

problem
div(yVu) = 0in Q,

(1.1) u’m _

where f € H %(89) is a given boundary voltage potential. The Dirichlet-to-Neumann (DN)
map is defined by
ou
1.2 A(f) = —’ .
This problem can be reduced to studying the set of Cauchy data for the Schrodinger
equation with the potential ¢ given by:

(1.3) .= 2

val

More generally we define the set of Cauchy data for a bounded potential ¢ by:

(1.4) C, = {(um,% m) [(A+q@u=00nQ, ue Hl(Q)}.

We have 6’; C H2(09) x H™2(9Q).

Let I' € 09 be a non-empty open subset of the boundary. Denote I'y = 0\ I.

Our main result gives global uniqueness by measuring the Cauchy data on . Let q; €
CHe(QQ), j = 1,2 for some o > 0 and let ¢; be complex-valued. Consider the following sets
of Cauchy data on an I

0
(1.5) Co = {(uh:, a—:j’f) | (A+gj))u=00nQ, ulp, =0, ue HI(Q)}, j=12.

Theorem 1.1. Assume C, = Cy,. Then q1 = qo.

Using Theorem 1.1 one concludes immediately as a corollary the following global identifi-
ability result for the conductivity equation (1.1).

Corollary 1.1. With some o > 0, let v; € C3t(Q), j = 1,2, be non-vanishing functions.
Assume that v; = vo on 02 and

Ayu=A,uin r for all u € H%(F), suppu C .
Then v1 = 7s.

To the authors’ knowledge, there are no uniqueness results similar to Theorem 1.1 with
Dirichlet data supported and Neumann data measured on the same arbitrary open subset of
the boundary, even for smooth potentials or conductivities. In dimensions n > 3, [6] proves
global uniqueness in determining a bounded potential on with Dirichlet data supported on
the whole boundary and Neumann data measured in roughly half the boundary. The proof
relies on a Carleman estimate with a linear weight function. This implies a similar result for
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the conductivity equation with C? conductivities. In [18] the regularity assumption on the
conductivity was relaxed to C3/?* with some ¢ > 0. The corresponding stability estimates
are proved in [13]. As for the stability estimates for the magnetic Schrodinger equation with
partial data, see [24]. In [17], the result in [6] was generalized to show that by all possible
pairs of Dirichlet data on an arbitrary open subset I', of the boundary and Neumann data
on a slightly larger open domain than 92 \ I';, one can uniquely determine the potential.
The method of the proof uses Carleman estimates with non-linear weights. The case of the
magnetic Schrodinger equation was considered in [9] and an improvement on the regularity
of the coefficients is done in [19]. Stability estimates for the magnetic Schrodinger equation
with partial data were proven in [24].

In two dimensions the first general result was given by the authors in [15]. It is shown
that the same global uniqueness result as [17] holds in this case. The two dimensional case
has special features since one can construct a much larger set of complex geometrical optics
solutions than in higher dimensions. On the other hand, the problem is not formally overde-
termined and therefore more difficult. The proof of our main result here follows the same
broad outline of [15] and is based on the construction of appropriate complex geometrical
optics solutions by Carleman estimates with degenerate weight functions. However, we need
a much more delicate analysis of the solutions.

This paper is composed of four sections. In Section 2, we establish our key Carleman
estimates, and in Section 3, we construct complex geometrical optics solutions. In Section
4, we complete the proof of Theorem 1.1.

2. Carleman estimates with degenerate weights

Throughout the paper we use the following notations:

Notations

i =1, 21,02, &1,6 € R, 2 = a1 + ix9, ( = & + i€y, Z denotes the complex conjugate
of 2 € C. We identify z = (z1,72) € R? with 2 = 2y +ix, € C. 0, = %(&El —10y,), Oz =
3(0u, +10y,), H'7(Q) denotes the space H'(Q) with norm [[v]|31.- ) = |03 ) 72011720
The tangential derivative on the boundary is given by 0, = Vga%l — 1/18%2, with v = (14, 112)
the unit outer normal to 9Q, B(Z,0) = {z € R?||zr — Z| < 6}, f(z) : R* — R!, f” is the
Hessian matrix with entries 89‘?3%. L(X,Y) denotes the Banach space of all bounded linear
operators from a Banach space X to another Banach space Y.

By using a conformal map, thanks to the Kellog-Warchawski theorem (see e.g. p 42, [22]),

without loss of generality we assume that Q = B(0,1).
Let ®(2) = (1, 22) +it(z1, 15) € C?(Q) be a holomorphic function in  with real-valued

@ and -
(2.1) 0:P(z) =0 in Q.
Denote by ‘H the set of critical points of a function ®

H = {z € Q[0.®(z) = 0}.
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Assume that ® has no critical points on the boundary, and that all the critical points are
nondegenerate:

(2.2) HNON = {0}, O*®(z)#0, VzecH.
Then we know that ® has only a finite number of critical points and we can set:
(2.3) H={z1,...,7}.
Consider the following problem
(2.4) Au+qu=f inQ, ulp, =y,

where v is the unit outward normal vector to 9€2 and
Ly ={z € 09|(v,Vy) =0}.
We have

Proposition 2.1. Let gy € L*>°(Q). There exists o > 0 such that for all |T| > o there exists
a solution to problem (2.4) such that

—T —T —T 1
(2.5) Jue™ N2 < CUIfe ™20/ + lge™ ™ |l L2re) /77)-

For the proof, see Proposition 2.2 in [15].
Let us introduce the operators:

(517 52) (517 52)
0-'g = 5= / dCANdC = /Q d§d&s,

o (—z (—=z
1, 9(&1,&2) (51752) ==
0ty =— 271'2/9 C s T2 g NdC = — 7T/Q o T2 dEdEy = 071,

See e.g., pp.28-31 in [26] where 9. ' and 9! are denoted by T and T respectively. Then we
know (e.g., p.47 and p.56 in [26]):

Proposition 2.2. A) Let m > 0 be an integer number and o € (0,1). The operators
oz, 071 € L(C™H(Q), O™ Fetl((QY)).

z 17z

B) Let 1 <p<2and1<~y<zZ Thend;' 07" € L(L(Q), L7(2)).

We define two other operators:
(2.6) Rep,g=¢ T(®(2)— NP (ge® (2)7@))’ E@,Tg — (@)~ *ED g1 (geT (@(2)7@))_
Proposition 2.3. Let g € C*(Q) for some positive a. The function Rerg is a solution to
(2.7) O=Rp g — 7(0.9(2))Ro,g =g in Q.
The function Eqwg solves
(2.8) 0:Ro -9+ 7(0:9(2))Rorg =g in Q.

The proof is done by direct computations (see the proof of Proposition 3.3 in [15]).
Denote
O, ={z € Qldist(x,00) < e} ={x € B(0,1)|]1 —e < |z| < 1}.
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Proposition 2.4. Let g € C'(Q) and g

0. =0, g(x) #0 for all x € H. Then
(2.9) [Rorg(@)] + | Rorg(2)] < Cmax|g(x)|/7

for allx € O.pp. If g € C*(Q) and gl = 0, then

(2.10) |Ro-g(x)| + | Rerg(x)| < C/7°

for all x € Ojs.

The proof uses the Cauchy-Riemann equations and stationary phase (e.g., Section 4.5.3
n [11], Chapter VII, §7.7 in [14]). See also the proof of Proposition 3.4 in [15].
Denote
r(z) = i_,(z — ) where H = {Zy,...,T}.
The following proposition can be proved and see Proposition 3.5 in [15]:
Proposition 2.5. Let g € C*(Q) and glo, = 0. Then for each § € (0,1), there exists a

constant C(0) > 0 such that
(2.11)

|Bo(r(2)9)l|z2) < CONglora /|71 [ Rar(r(2)9)l20) < CO)lgllery/ |71

Henceforth we set ¢y = Red,® = 0,,¢ and ¢y = Imd.® = 0,,19. We also need the
following proposition, which we can prove by Proposition 2.1 in [15] and noting that

O, (e7TVD)e"™ = 0,0 — iTthyv
and
Dy (e7TV0) '™ = 0,0 — iTY1 7,

etc. which follow from the Cauchy-Riemann equations.

Proposition 2.6. Let ® satisfy (2.1) and (2.2). Let f € L*() and ¥ be solution to the
problem

(2.12) 20.0 — T(0.9)0 = f in Q

or v be solution to the problem

(2.13) 20-0 — 7(0:®@)0 = f in Q.
In the case (2.12) we have

Wu@%wmﬁmn—7/<v%ww&w

o9
(2 14) +R€/ Z 1% i — v i 7{}/ E/do. + ||a (e*i‘rl/)’,l‘}’)”22 — Hf”22
. o9 20w, 0wy 2 L2(%) L2(Q).
In the case that v solves (2.13) we have

. 0 0 —
O, (€7TVD) || L2 —7'/ Vo, v Ezda—i—Re/ i((—y — +v —) '17> vdo
o (™Dl — 7 [ (To.0)f (v + e

(2.15) 182, (€T 0) 172y = 1 F1172(0)-
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We have

Proposition 2.7. Let g € C?(Q),glo. =0 and gl3y = 0. Then

1
=0 (—) as || — 4o0.
12(Q) T
1
=ol|—]).
(Og) -

1
=0 (—) as |7| — 400,
12() T

where x;1 € C§5°(Q) and xi|a\o,,, = 1. Denote w = X1Ro.g — 55 Here we note that
5L € C(Q). This follows from (2.2), g € C'(€) and g|3; = 0. Then (2.8) and g|o. = 0 yield

>3 9

Re » Re g —
&9 + 9 70.D

+
L2(Q)

(2.16) ‘

70,P

Proof. By (2.2) and Proposition 2.4

(2.17) ||E¢,Tg||0(o )

Therefore instead of (2.16) it suffices to prove

+ le‘i@;g -

X1 -9 + '
L2(Q)

(2.18) ‘

_9
70,P 70,P

(2.19) d.w~+ 7(0,P)w = —0, (Tagq)) + (8ZX1)}~%¢,TQ in Q, w|gpg =0.
Note that by (2.2) and the fact that gl = 0, we have:
9 09 g 029 C
2.20 8. — — 2| < .
( ) (@@) ‘ 2,2 0,20,0| ~ IIL_, |z — T

Consider the cut off function x € C§°(£2) such that
X 20, xlpoy =1

By (2.20) and Proposition 2.2 B),

1
3)

¢
(2.21) EQT <Z X((x —7g) In|7])0, (é)) —0 in L*Q) as |7| — +o0.

k=1

In fact, fixing large |7|, small § > 0 and p > 1 such that p — 1 is sufficiently small, we apply
Proposition 2.2 B) and (2.20) to have

Ror (;i (z — 7)) In|7))0. (%)))

¢

cglLﬁyﬂwammmw

2

L2(Q)

p
g
@(@¢>
l

1 1
< 04 / Tz —x)Inl|7T p—NdJ?SC”/ 1 1= P o,
9 BENNCEESTEIg [ tom s rar

k=1

IN

dx

Thus we see (2.21) by the Lebesgue theorem.
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By Proposition 2.5, we obtain

(2.22) ﬁcpﬁ ((1 - Zx((x — T) ln\7'|)> 0, (%)) — 0 in L*Q)as |7| — +oo.

Therefore (2.21) and (2.22) yield

(2.23) ‘ R, 0- (i) =o0(1) as7T — +oo.
0:® ) |l 2@
Denote w = w + %Xlﬁq)ﬁ&z(azi@).
By (4.17), it suffices to prove
~ 1
(2.24) @] 20 = 0 (;) as |1| — +oo.

In terms of (2.19) and (2.8), observe that
(2.25) o, w + T(@Z(I))ﬂ}/ =f in €, ﬂ}/|ag =0,
where f = 1(0.x1)Ro.-(0:(3%)) + (0:x1) Ro.-g- By (4.17) and (2.17),

1
(2.26) [ fllz2@) =0 (;) as |7| — +oo.

Noting w|sq = 0, applying Proposition 2.6 to equation (2.25) and using (2.26), we obtain
(2.24). As for the first term in (2.18), we can argue similarly. The proof of the proposition
is completed. O

3. Complex geometrical optics solutions

In this section, we construct complex geometrical optics solutions of the Schrodinger equa-
tion A + ¢; with ¢; satisfying the conditions of Theorem 1.1. Consider

(3.1) Liv=Au+q¢u=0 in Q.
We will construct solutions to (3.1) of the form

(3.2) uy(z) = eT(I’(Z)a(z) + 67@@ + e™Puyy + e Pure,  uplr, = 0.
The function ¢ satisfies (2.1), (2.2) and

(3.3) Im ®|r, = 0.

The amplitude function a(z) is not identically zero on  and has the following properties:
(3.4) acC*Q), 0:a=0, Realp, = 0.

and the function wuy; is given by

(35) wn = —3¢™ Ba(e1(05 (0q1) — Mi(2)) — 3¢ Ry (ea(07 (@l2)ar) — Ms()
e (07 agqr) — Mi(2)) eV ea(8 (a(2)ar) — My(2))

T 40,0 T 40D

= wie ¥+ wee 77,
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where the polynomials M;(z) and M3(z) satisfy
(3.6) o0z (aq) — My(2)) =0, x€H,j=0,1,2,

(3.7) (07 (@q)(z) — M3(Z)) =0, ze€™H, j=0,1,2

e, ea € C™(Q) are constructed such that e; +e; = 1 on Q, ey vanishes in some neighborhood
of ‘H and e; vanishes in a neighborhood of 02, and we set

w1 = =5 R (010 ag) — M) — 2 R (e1(05 @) - My(2)
and B L
w0y — _£ ea (0 (aqy) — Mi(2)) B £62(6;1<G(Z)ql) — Mg(E)).

T 40,9 T 40,
Then, noting 0:® = 0,P, (2.7) and (2.8), we have
Aw; = 40,0zun
= =00, Ry (e (07 (aqr) — My(2))) + (10:9)e™ Rap o (e (9 (aqr) — My(2))
— 0.(7"0:Ra,(e1(0(aqr) — M5(2))) + (10.8)e™ Ro,—(e1(9 (@) — Ms()))
= —0:(e™"e1 (0 (ag) — Mi(2))) — 0.(e7"er (9, (@q) — My (2))).

Moreover
Awy = 40,05ws
= —0:(™ (€20 (aqn) — Mi(2))) — D:(7 es(0; (@ar) — M;(2)))
. <e2<a;1<aql> - M1<z>>> N <e2<a;1<@@ - M3<z>>) |
470, P 470,
Therefore
(3.8) Aue™) = Alwy +wy) = —age™ — age™®
TN <e2<a;1<aq1> - M1<z>>> A <e2<a;1<@g - M3<z>>) |
470.P 470,9
By (3.4) and (3.3), observe that
(3.9) (€*@a(z) + e *@a(2))[p, = 0.
By Proposition 2.1, we can define u5 as a solution to the inhomogeneous problem
(3.10) A(uipe™) + qruige™ = —qruye™ + hie™  in Q,
(3.11) U1g = —uy;  on Ig,
where
(3.12)  hy=€™A (62(821(03221)@— M1(Z))> LA (62(321(@2;— M3(7))> ,

Then, by (3.4) and (3.8) - (3.12), we see that (3.1) is satisfied.
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By Proposition 2.1 there exists a positive 7y such that for all |7| > 7, there exists a solution
to (3.10), (3.11) satisfying
(3.13) el r2) < C/75.
This can be done because
lqiuis + Pl r2y < C(6) /7170 W8 € (0,1); [Jun 20 < C/T

and (Vip,v) = 0 on ['y. The latter is seen as follows: On 9Q = {z € R?||z| = 1}, the
Cauchy-Riemann equations imply

(V(,D, V) = xlaﬂilsp + mQaﬂCQQP = mlaﬂm,@z) - $28$1¢7

which is the tangential derivative of v = Im ® on 9f2. By (3.3) we see that the tangential
derivative of 1) vanishes on I'y.
Consider the Schrodinger equation

(3.14) Lov =Av+qgu=0 in Q.

We will construct solutions to (3.14) of the form

(3.15) v(z) = e ™Fa(2) + e T*Pa(z) + e o + e Py, vlp, = 0.

The construction of v repeats the corresponding steps of the construction of u;. The only
difference is that instead of ¢; and 7, we use g2 and —7 respectively. We provide the details
for the sake of completeness. The function vy, is given by

(3.16) w1y = —ie”wﬁ@,7(61@1((12@(2)) — My(2))) - i@”wRé,r(el(azl(qQa(Z)) — My(2)))

+6_i”¢’ e2(0z ' (aga) — Ma(2)) 4 e ey(07 (a(2)q2) — Mu(%))

T 40, T 40D ’

where
(3.17) ¥ (0- agy) — My(2)) =0, x€H, j=0,1,2,
(3.18) (07 (@q)(2) — My(2)) =0, ze™, j=0,1,2.

Denote

: 9; ' (a(2)g2) — My(2)) : e2(0; M (a(2)g2) — Mu(2))
ho — —T’L’I,Z)A 62( z T’L’I,Z)A z )
2= ( 470.® e 470D

The function wvq5 is a solution to the problem:
(319) A(U12€7T¢> + q2'l}12677@ = —q2U11€7T§0 — hgeiﬂp in Q,
(3.20) V12|, = —V11|ry-
such that

(3.21) vzl 2y < /7.
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4. Proof of the theorem.

Proposition 4.1. Suppose that ® satisfies (2.1),(2.2) and (3.3). Let {Z1,...,T;} be the set
of critical points of the function Im®. Then for any potentials q1,q € C*T(Q), a > 0 with
the same Dirichlet-to-Neumann maps and for any holomorphic function a satisfying (3.4),
we have

(4.1) Qi T q|a| (Zr)Ree
Pt |(det Im®") (z3,)|2

2ir Ima (zy)

1 O (aga) — Ma(2) | 07" (qoa) — My(z)
1), (qa oo T % ) o
1 (07 '(aq) — Mi(2)) | (9. ' (aq) — Ms(%)) -
— Z/Q(qa 0.0 + qa 0o de =0, 7>0,
where we set
q=4q — Q2.

Proof. We note by the Cauchy-Riemann equations that {Z;1 + iZ1 9, ..., Te1 + T2} = {2z €
Q] 0.Im ®(z) = 0}. Let u; be a solution to (3.1) and satisfy (3.2), and uy be a solution to
the following equation

AUQ + oy = 0 in Q, u2|aQ = ’LL1|aQ.

Since the Dirichlet-to-Neumann maps are equal, we have

Vus = Vu; onT.

Denoting u = u; — ug, we obtain
. ou
(4.2) Au+ qpu=—qu; inQ, ulsg= 5\f =0.

Let v satisfy (3.14) and (3.15). We multiply (4.2) by v, integrate over © and we use
vlr, = 0 and 2% = 0 on I to obtain [, quivdz = 0. By (3.2), (3.13), (3.15) and (3.21), we
have

Oz/qulvdx:/q<a2 +62+|a|2€T(¢—6)+|a|2€T($_q>)
Q Q
tug e (ae”™® + ae"®)

— 1
(4.3) +(ae™ +ae™ vy e )dr + o (—) ., 17>0.

T

The first and second terms in the asymptotic expansion of (4.3) are independent of 7, so
that

(4.4) /Qq(a2 +a@?)dr = 0.
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Using stationary phase (see p.215 in [11]. cf. [14]), we obtain

_ _ R 2rilm @(3,) 1
(45) / q(|a|267(<1>—<1>) + |a|267(<1> <I> -9 Z 7TQ|Q| ZBk ee o <_) .
Q

7|(det Im®") ()| 2 T

Here by the Cauchy-Riemann equations, we see that sgn(Im ®”(z;)) = 0, where sgn A
denotes signature of the matrix A, that is the number of positive eigenvalues of A minus the
number of negative eigenvalues (e.g., [11], p.210). Moreover we use (2.2) and the Cauchy-
Riemann equations to see that

det Im ®"(2) = —(95,04,0)” — (02,0)* # 0

by 928 = —202 ¢ — 210,05, # 0 in H. We compute the two remaining terms in (4.3). We
get:

(4.6) /qunew(ae@+aeﬂ’)d:c
0

= —ELQ{GTCI)E@,T(Q(@%%)—Ml(z))) + e Ry, (e1(07" (@qr) — Ms(f)))}(@eﬂur
e e3(0 " (aqr) — Mi(2)) | e® ea(07 (a(2)qn) — M3(2)) I

_ /Q<T 109 + - 55 )q(ae +ae "")dx

- _i/(qaRm(ﬁ(a Yaqr) — My(2))) + qaRe,—-(e1(8; ' (@g) — Ms(z))))dzx
Q

- i/(qaRq)T(el(@ Yag) — My(2))e™ @ + qaRe (e (07 (aq) — M3(z)))e ™) dx

Q

"= Gey (97 (aqy) — Mi(2)) | €@ aey (971 (a2)q1) — M3(2))

N /Qq< T 49,D T 49, B )dm

aex(0z (aq) — Mi(2)) | @ ex(0:  (a(z)qn) — M5(2))
- /Qq<7 10,0 I 19,0 o

= [1+12+]3+I4.

We compute I; and Iy separately. By Proposition 2.7, (3.6) and stationary phase (e.g.,
p.215 in [11]), we obtain

(4.7) I, = —i/ﬂ(qaR@T(el(ﬁ (aq) — Ml(z)))eT(fb—@)

+ qaRe_-(e1(07 (aq) — Ms(2)))e ™ @) dx

1 1 ,
— —Z/Q(elqa 8(13(6 1(aq1) Ml(z))62171m¢+61qa

()0

By Proposition 2.7, we obtain

a

e ™) d
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(48) L= _% e (qa(az_l(aquq: My (2)) +qa(3zl(ﬁqu(; Ms(i))) dr + o (%) _

Using stationary phase again and (3.6) we conclude that

(4.9) L= o (1> |

Similarly

(4.10) / quie " (ae™® + ae”®)dx
Q

= 1 [ {e T R0 (am) — M) + ¢ R (05 0) — Ma() } ™ e
e 605 (agy) — My(2))) | e T a0 (@) ~ Mi(2) | e,
+ /Qq< T 40,9 + - 10,3 )(ae +ae’™)dx

- _%1 /Q(qaR@ (e1(07 (aga) — My(2))) + qaRs +(e1(0; ' (Ag2) — Ma(Z))))d

B i/ﬂ[qaf@ (R, —(e1(05" (ags) — Ma(2))) + gac™ ™ Ry - (e1(9 " (@ge) — Ma(3)))]dx
) ey (3 (ags) — Ms(2)) | P aen(07 (aZ)n) — M(3)

* /Qq< T 10,0 T 17,0 )dx
a es(95 ' (age) — My(2))) | @ea(9; ' (a(2)ge) — Ma(2))

" /Qq <r 10.® s 10.0 ) o

= J1—|—J2+J3+J4.

By (3.17) and Proposition 2.7, we have

1 0N ag) — My(2)  _07Yagy) — My(2) 1
(4.11) Jp = yym Qel (qa 00 +qa X ) dx + o <;) :

The stationary phase argument, (3.17) and Proposition 2.7 yield
(4.12)
1

Jo = —Z—l/ﬂ[qae @) Ry (e1(05 (agz) — Ma(2))) +qae™ ) R - (e1(0;  (aga) M4(2)))]dx—0(%>-

By the stationary phase argument and (3.17), we see that

(4.13) Js =0 (%) .
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Therefore, applying (4.5), (4.7), (4.11), (4.12), (4.9) and (4.13) in (4.3), we obtain

m(glal?)(Zx)Re p2itIma(@y)
|(det Im®") (%) |2

M-

b
Il

1

1 0z (a(2)gp) — Ma(2) 0" (qa(2)) — My(Z)
_ 4 —  Z d
i 4 \/Q (qa azq) " e ZCI) !
1 0z ' (q1a) — My(2) 07 (qa) — M;(2)

4.14 —= E a—= dx = o(1).
(1.14) [ (= SRR v =o()
as T — +oo. Passing to the limit in this equality and applying Bohr’s theorem (e.g., [2],
p.393), we finish the proof of the proposition. O

Now we start the construction of the weight function ®. Let y1,...,y,, € . Denote by
R = (R(y1),-..,R(Ym)) the following operator:

R(Yr)g = (w(Yr), O, u(Ys), Or, w(Yk): Oy u(Yr)),
where
(4.15) Au=0 inQ, ulp,=0, ulg=y.
We have
Proposition 4.2. RC(T) = RY™,

Proof. We note that RCS°(T') = R*™ if and only if the closure of RCS®(T) is equal to R¥™.
Our proof is by contradiction. Contrarily suppose that

RCE(T) £ RY™,

Then there exists a nonzero vector A = (AL, AL AL AL, .. A A™ A™ AT) € R*™ from
the orthogonal complement of RC°(I"). Let function p be a solution to the boundary value
problem

m

(4.16) Ap =) (AGS(x — Gi) — AjOr,6(z — ) — A300,0(x — ) + ALy00, 00,0 (x — i),
k=1
plaa = 0.
Let the function u be a solution to problem (4.15). Since
/ 22 gdo = (Rg, A) =0,
)

Qal/

we have ap|F 0. By the Holmgren theorem, we have suppp C {91, ..., ¥m}. Since p is the
distribution, this means that p = >3}, >, <) CraD*0(2 — Yi).

Since pay < Ap, ¢ >py=p@y < Ps Ad >p(q) for any ¢ € D(€2), we see that equality (4.16)
is possible only if A = 0 which is a contradiction. O

Now we finish the proof of Theorem 1.1.
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Proof. Let T be an arbitrary point from . We will construct a complex geometric optic
solutions of form (3.2) where ® and a satisfy (2.1), (2.2), (3.3) and (3.4), a(Z) #0, T € G =
{r € Q|0.Im®(x) = 0}, In®(Z) # ImP(x) if v € G and x # Z. The construction of a is
as follows: We choose Rea as a harmonic function in €2 with zero boundary condition on I'y
and some boundary condition on I' such that Rea is smooth on 8 and Re a(%) # 0. Then,
since () is simply connected, we construct the complex conjugate function to find a.

For the function ®, we first construct its imaginary part. By Proposition 4.2 there exists
a harmonic function u such that u|r, = 0 and u(z) = 0,u(z) = 0, and detw”(Z) # 0. In
general the function u may have a critical points on the boundary. By Proposition 4.2 from
[15] we can construct a harmonic function p such that u + ep does not have a critical points
on 0N for all sufficiently small € and p|p, = 0. Denote by H, the set of critical points of the
function u + ep on Q. By the implicit function theorem, there exists a neighborhood of Z
such that for all small € in this neighborhood the function u + ep has only one critical point
Z(e), this critical point is nondegenerate and

(4.17) F(e) — 7.

Let us fix sufficiently small €;. Let He = {xx . }1<r<n(e). By Proposition 4.2, there exists a
harmonic function w such that

Wlry, =0, w(xpe,) # w(xje,) for k#7, Ow

wly,, # 0.

He, =0, Onyay
Denote s = u + €1p + dw. For all sufficiently small positive §

He, C Gs = {x € Q|Vis(x) = 0}
and

’QD(;(.’L') 7é wé(y) Vw,y S He17 x 7é Y.

Since () is a simply connected domain, we construct a function ¢s(x) such that ®5 = ps+1is
is holomorphic in €2. Let us show that for all small positive d, critical points of the function
®; are nondegenerate. Let T be a critical point of the function u + ep. If = is nondegenerate
critical point, by the implicit function theorem, there exists a ball B(z,d;) such that the
function @ in this ball has only one nondegenerate critical point for all small §. Let = be a
degenerate critical point of u + ep. Without loss of generality we may assume that x = 0.
In some neighborhood of 0, we have 0.®5 = > 77 cx2*P — § 577 bp2" for some integer
positive p and some b; # 0 and ¢; # 0. Let zs € G5 and z5 — 0. Then either zs = 0 or
28 = 0by/e1 + 0(8). Therefore 92®(zs) # 0 for all small §. Hence we can apply Proposition
4.1. According to this proposition

Z q(:L‘)C(I’)GQiTImq)(S(gC) —0.

r€Gs

v (4.1) c(z(e )) is not equal to zero. Also Im®s(Z(e)) # Im®Ps(x) for all x € G5 such
that Z(e) # x. Since the exponents are the linearly independent functions of 7, we have
q(Z(e)) = 0. Thus (4.17) implies ¢(Z) = 0. O
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