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ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS

TAKASHI TSUBOI

ABSTRACT. The group of real analytic diffeomorphisms of a real analytic man-
ifold is a rich group. It is dense in the group of smooth diffeomorphisms.
Herman showed that for the n-dimensional torus, its identity component is
a simple group. For U(1) fibered manifolds, for manifolds admitting special
semi-free U(1) actions and for 2- or 3-dimensional manifolds with nontrivial
U(1) actions, we show that the identity component of the group of real ana-
lytic diffeomorphisms is a perfect group.

TITRE EN FRANGAIS: Sur le groupe des difféomorphismes analytiques réels.
RESUME. Le groupe des difféomorphismes analytiques réels d’une variété analy-
tique réele est un groupe riche. Il est dense dans le groupe des difféomorphismes
lisses. Herman a montré que pour le tore de dimension n, sa composante de
I’identité est un groupe simple. Pour les variétés U(1) fibrés, pour les variétés
admettant action semi-libre special de U(1), et pour les variétés de dimension
2 ou 3 admettant action non-triviale de U(1), on montre que la composante
de l’identité du groupe des difféomorphismes analytiques réels est un groupe
parfait.

1. INTRODUCTION AND THE STATEMENT OF THE RESULT

Let Diff* (M) denote the group of real analytic diffeomorphisms of a real an-
alytic manifold M. The group Diff (M) is an open subset of the space of real
analytic maps Map® (M, M) with the C* topology. The group Diff* (M) with the
C! topology has a manifold structure modelled on the space X (M) of real ana-
lytic vector fields on M. Hence Diff* (M) is locally contractible (see Proposition
11.9). It is well-known that Diff (M) is dense in the group Diff>*(M) of smooth
diffeomorphisms in the C*! topology (See Corollary 11.8). Hence Diff“ (M) is a huge
complicated group.

Let Diff* (M) denote the identity component of Diff* (M). For the n-dimensional
torus 7", Herman [11] in 1974 showed that Diff*(7™), is a simple group. For 30
years since then, there are no new results on the simplicity of the groups of real an-
alytic diffeomorphisms. However, Herman conjectured and we may still conjecture
that for any compact connected manifold M, the identity component Diff (M)q of
the group of real analytic diffeomorphisms is simple.
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Now, in this paper, we change the question. If an infinite group is simple,
then it is perfect. Hence we may ask a weaker question and may try to show the
perfectness of the group of real analytic diffeomorphisms. Note that, in the case
of the group of smooth diffeomorphisms, the perfectness implies the simplicity ([5],
see also [2]), however, we cannot apply this argument to the group of real analytic
diffeomorphisms.

For this question, our present results are as follows.

Theorem 1.1. Let M be a real analytically U(1) fibered real analytic closed man-
ifold. Then the identity component Diff* (M )y of the group of real analytic diffeo-
morphisms of M is a perfect group.

We consider other manifolds with well-understood U (1) actions. Let N be a com-
pact (n— 1)-dimensional manifold with boundary ON. Let M be the n-dimensional
manifold obtained from N x U(1) by identifying {z} x U(1) to a point for z € ON.
This M has a real analytic structure with the obvious real analytic U(1) action. We
call this U(1) action a special semi-free U(1) action. Spheres and direct products
with spheres admit special semi-free U(1) actions.

Theorem 1.2. Let M be a real analytic manifold which admits a special semi-free
U(1) action. Then the identity component Dift* (M)q of the group of real analytic
diffeomorphisms of M is a perfect group.

If the dimension of M is 2 or 3, we can show the perfectness of Diff (M), if M
admits a nontrivial U(1) action.

Theorem 1.3. Let M be a real analytic manifold of dimension 2 or 3 which admits
a nontrivial U(1) action. Then the identity component Diff” (Mo of the group of
real analytic diffeomorphisms of M is a perfect group.

These theorems are shown in the following way.

First, we show the perfectness of the group of orbit preserving diffeomorphisms
for the U(1) bundles (Theorem 2.2) and a similar result for the orbit preserving
diffeomorphisms for the manifolds admitting special semi-free U(1) actions (Theo-
rem 5.1). These theorems for orbit preserving diffeomorphisms are proved by using
the famous Arnold theorem [1] for the Diophantine rotations and a similar theorem
5.3 for the rotations of concentric circles, which we prove in Section 10. We also
need certain explicit orbitwise actions of elements of SL(2; R), and the existence
of such nice actions gives the restriction to the U(1) actions for which we can show
our results by now.

To show our main theorems, We perturb the given U(1) action by real analytic
diffeomorphisms and obtain finitely many U (1) actions such that the tangent space
T, M™ of any point x of the manifold M™ is spanned by the generating vector fields
of the resultant U(1) actions.

For n = dim(M™) and U(1) actions generated by the vector fields &1, ..., &, we
have the determinant A = det(&;;) with respect to an orthonormal frame — for
Lj
- 0

87]. (121,...,71).

J
On the open set where A # 0, a diffeomorphism sufficiently close to the identity
can be written as a composition of orbit preserving diffeomorphisms. In fact, we

a real analytic Riemannian metric on M", where & = E &ij
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show that for real analytic diffeomorphisms f such that f — id are divisible by
a certain power of A, f can be written as a composition of orbit preserving real
analytic diffeomorphisms. This is done by an inverse mapping theorem for real
analytic maps with singular Jacobians (Theorems 6.7 or 6.12).

Now we need to decompose a real analytic diffeomorphism sufficiently close to
the identity as a composition of real analytic diffeomorphisms which satisfy the as-
sumption of Theorems 6.7 or 6.12. This is done by using the regimentation lemma
7.1, which replaces the fragmentation lemma ([2], [19]) for the smooth diffeomor-
phisms.

Then we use the perfectness of the group of orbit preserving diffeomorphisms
of U(1) bundles (Theorem 2.2) or a similar theorem (Theorem 5.1) for manifolds
admitting special semi-free actions, to show our main theorems (Section 8).

Our method can treat the real analytic manifolds with a little more general U (1)
actions. We say that two elements of a group are homologous if they represent the
same element in the abelianization of the group. In Section 9, we show that, if the
manifold admits a nontrivial U(1) action, any real analytic diffeomorphism isotopic
to the identity is homologous to a diffeomorphism which is an orbitwise rotation
(Proposition 9.1). Then we show Theorem 1.3 by showing Propositions 9.2, 9.3 and
Theorem 9.4.

We think that Diff (M) is perfect if M admits a nontrivial U(1) action. But
for the moment we need a structure theorem for the orbifold M /U (1) in the con-
struction of a nice multi-section outside of a codimension 2 suborbifold to show
that orbitwise rotations are homologous to zero.

2. ORBIT PRESERVING DIFFEOMORPHISMS OF U(1) BUNDLES

As we mentioned, for the n-dimensional torus 7", Herman [11] in 1974 noticed
that the result of Arnold [1] implies Diff“(7T™)q is a simple group. Hence it is
perfect.

We note that Herman’s proof ([11]) uses the fact that the commutator subgroup
[Diff” (T™)o, Diff* (17 )o] of Diff* (17™)y is its dense subgroup. In fact, for the group
Diff (M) of C*° diffeomorphisms of a smooth manifold M, its identity compo-
nent Diff>*(M)g is perfect by the result of Thurston ([26], [2]). Since Diff* (M) is
dense in Diff>(M), the commutator subgroup [Diff* (M), Diff* (M)o] is dense in
Diff* (M )o.

For the real analytic diffeomorphisms of 7", Arnold [1] already noticed the fol-
lowings.

Theorem 2.1 (Arnold[1]). Let a € R" satisfy the Diophantine condition. For a
real analytic family ®(w) (w € W) of analytic diffeomorphisms of T™ close to the
identity, there is an analytic family (Y(w), A(w)) € Diff*(T™)o x T™ such that

@(w) = R/\(w)—a o W’LU) © Roz o ¢(w)_1;
where R, denotes the rotation by x on T" = R"/Z".
Here a real vector o € R" is said to satisfy the Diophantine condition if there
exist positive real numbers C' and § such that |a e n — m| > C|n|~° for any

ne Z"\{0} and m € Z.
Since R) can be written as a commutator in

PSL(2;R)" = PSL(2; R) x --- x PSL(2; R)



4 TAKASHI TSUBOI

depending real analytically on A\, ®(w) can be written as a product of 2 commutators
depending real analytically on w € W.

This means that for a compact manifold N and the product N x T™ with the
product foliation F = ({*} x T™) (¥ € N), the group Diff*(F)y is a perfect group,
where Diff (F) denotes the group of real analytic diffeomorphisms mapping each
fiber of the projection N x T™ — N to itself and the subscript ¢ denotes the
identity component.

We first generalize the perfectness result for the group of orbit preserving diffeo-
morphisms of a U(1) bundle.

Theorem 2.2. Let p: M — B be a real analytic principal U(1) bundle over a
closed manifold B. Let Diff” (F) denotes the group of real analytic diffeomorphisms
mapping each fiber of the projection p : M — B to itself. The identity component
Diff (F)o of Dift*(F) is a perfect group.

3. PROOF OF THEOREM 2.2

Proof of Theorem 2.2 for trivial U(1) bundles. Theorem 2.2 for the trivial U(1)
bundle is just a reformation of Arnold’s theorem 2.1. In this case, M = B x U(1)
and F = ({*#} x U(1))xep. An element of Diff(F) is written as the real analytic
family @(w) (w € B) of real analytic diffeomorphism of U(1). It is enough to show
that @(w) near the identity can be written as a product of commutators.

Take a Diophantine rotation R, in the direction of the fibers of the U (1) bundle.
The element @(w) near the identity is written as

D(w) = Ry(w)—a © (W) 0 Ry 0 tp(w) 1.

Here, A(w) is determined uniquely by the condition that the rotation number of
R_x\(w) © (Rq © @(w)) coincides with that of R,, a mod 1. In the proof in [1] of
Arnold’s theorem 2.1, the conjugating diffeomorphism (w) is obtained uniquely
so that the base point 1 € U(1) is fixed (¢»(w)(1) = 1). Thus ¢(w) (w € B) is
a real analytic family of real analytic diffeomorphisms. In the expression @(w) =
R,\(w)_aow(w)oRQO’gb(w)_l, R (w) can be written as a product of two commutators
in Map® (B, SL(2, R)) by the following lemma 3.1. Thus Theorem 2.2 for trivial
U(1) bundles is shown. O

Lemma 3.1. A rotation <X _)3'/> (X2 +Y? = 1) close to the identity can be

written as a product of 2 commutators using products of rotations and diagonal
matrices.

Proof. We notice the following equality:

0 X 1
) o )y (e
Y X 0 o 2a°Y b% 0 a
at—1
2a%Y

X 0
0 9 a4—1 @ 1
a 2a°Y b% 0 o

at—1

o | =
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(8- CA ) (S %) st
Then .
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2
X -Y .
Hence (Y X ) can be written as a product of 2 commutators. Here note that

1 1 1 1
woz\_ (V& | (w+z o NG
zow)= | 00T w0
V2 V2 V2 V2
and this shows the lemma. O

Proof of Theorem 2.2 for non-trivial U(1) bundles. We choose a family of
trivializing neighborhoods for the U(1) bundle. On each trivializing neighbor-
hood, we can write ®(w) as a family of real analytic diffecomorphisms. Then we
take a Diophantine rotation R, and ®(w) near the identity can be written as
D(w) = Ry(w)—a © Y(w) 0 Ry 0 9(w) ™! on the trivializing neighborhood.

Now note that, for any U(1) bundle, the rotation in the direction of the fiber is de-
fined. Hence the Diophantine rotation R,, is globally defined. Moreover, since A\(w)
is determined uniquely by the condition that the rotation number of R_ ) ,)®(w)
coincides with that of R,, @ mod 1, and this condition does not depend on the
choice of local trivialization of the U(1) bundle, A\(w) is well defined as a real ana-
lytic function on B.

On the other hand, ¥ (w) on a trivializing neighborhood is unique only up to
composing rotations on the right. However, the Lebesgue measure along the fiber
is well defined, and among these ¥ (w), there is a unique element 1 (w) € Diff* (F)q
such that

/S () ~ id)(6)d0 = 0.

In fact, for a given ¥ (w), put
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/ () 0 B ~ 0)(6)d0
:/Z (Y(w) o R_g(w) — ¥(w) + ¢ (w) —id)(6)do

1

== [ (Bsou) ™ ) O)a0+ [ (ww) ~id)@)a0 = 0.
By replacing the given 1 (w) by 1 (w) o R_g(,), the new v (w) satisfies the above
condition, and the conjugating diffeomorphism v (w) taken for the trivializing neigh-
borhoods for the U(1) bundle match up on the intersections.

Thus we can write $(w) = Rj(y)—a © ¥(w) 0 Ry 0o Y(w)™ (w € B). This
means that any element of the abelianization Hy(Diff(F)g; Z) is represented by
an element of the group Map“(B,U(1))o of diffeomorphisms which are fiberwise
rotation.

Rotations near the identity can be written as commutators in PSL(2; R) or
SL(2; R), however we need a trivialization of the circle bundle to make PSL(2; R)
or SL(2; R) act on the fiber.

We will show the following proposition, which completes the proof of Theorem
2.2 for non-trivial U(1) bundles.

Proposition 3.2. Fach element of Map“(B,U(1))o can be written as a prod-

uct of commutators of the group of real analytic orbit preserving diffeomorphisms
Diff” (F)og.

For the proof of Proposition 3.2, we carefully choose a finite family of trivializa-
tions of the circle bundle over the complements of submanifolds D;’s. We decompose
an element of Map®”(B,U(1))o into elements which are the identity over D;. We
see that there is an analytic action of Map” (B \ D;, SL(2; R)) on p~1(B\ D;). The
action of certain elements of Map®” (B \ D;, SL(2; R)) extends to that of elements

Proof of Proposition 3.2. Let p : M — B be a real analytic principal U(1)
bundle. Let pg : E — B be the associated complex line bundle. The space of real
analytic sections of E is a real vector space.

We use a finite set of real analytic sections s, : B — E (i = 1, ..., k; 2k >
k

n+1=dim(M) + 1) transverse to the zero section such that ﬂ 57 1(0) = 0. Then
i=1

the bundle M — B has k trivializing open dense sets B\ s; '(0) which form a
covering of B.

We consider a real analytic Hermitian metric for £. Then the square of the
absolute value |s;|> : B — R (i = 1, ..., k) is a non negative real analytic
function on B. -

For r € Map®(B,U(1))o near the identity, let 7 : B — U(1) be the lift near the

—~—

identity, where U (1) is the universal covering group of U(1).
Put

mm:@#m/émwwygﬁ
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—_~—

where the product in U(1) = R is written additively. Let r; be the element of
Map®(B,U(1))o defined by 7;. Then as an element of Map“ (B, U(1))o,

T:T12"'Tk:2,

where the product in U(1) is written multiplicatively. Note that r; is flat along
s;1(0) which is divisible by |s;|*.

For a real analytic section s : B — E transverse to the zero section, s~1(0) is
a codimension 2 submanifold of B. The restriction of the bundle M|(B \ s71(0))

s(b) 1 the
50)] Then th

is trivialized by using the section e : B — M given by e(b) =
coordinate transformation is written as follows. First,

M|(B\ s;7(0)) — (B\'s; 1(0) x U(1)

. Hence we have the coordinate

is given by x — (p(x), ), where e; =

. ei(p(z)) |:()|
transformation

(B\s; '(0)) x UML) D (B\(s;(0)Us;(0)) x U(1)

|
(B\'s;1(0)) xU(1) > (B\(s;'(0)Us;(0))) x U(1)
e;(w)
)

ej(w)”

We would like to make a certain element of Map®” (B \ s; *(0), SL(2, R)) act on
p~Y(B\ s; '(0)) in such a way that this action extends to an element of Diff* (F)j.

1+ |Si’2 0
Let A; : B\s; '(0) — SL(2, R) be the map A; = 0 1 which
1+ |s;]?

acts on U(1) = SO(2) identified with the oriented lines through the origin on the
plane. For a neighborhood N of b € s 1(0), there is a real analytic coordinate

N 3w — (u(w), pc(si(w))) € R" ™ x C,
where u: N — R"™ % and p¢c : p5'(U) — C = {x+yy/—1}. On this coordinate,

given by (w, z) — (w, z

1+ 22 + 92 0
Ay (w) = 1
0 1+ 22 4 y?

In order to see whether this extends to an element of Diff* (F)y, we need to look

at the action on another trivialization. If N C B\ sj_l(O), we have
T

T — (p(x),m) : M|[N — N x U(1)

and
T

z— (p(@), )t MI(N'\ 5;7(0)) — (N \ 5;7(0) x U(D).
ei(p(x))

ei(w)

ej(w)

ically conjugate to (u,,y, z) — (u,z,y, R(z,y)e2™v T4 (W2) Here t;;(u) is real

analytic function on u, for a neighborhood D of 0 € C = R*, R: D\ {(0,0)} —

These trivializations are related by (w, z) — (w, 2 ), which is real analyt-
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. . 1 A VAN .
SL(2; R) is the map given by R(z,y) = ——— ( ) in the real coordi-
Vez+y2\Y T

nates. Thus we need to check whether R~'A;R is real analytic on N.
Lemma 3.3. Let R : D\ {(0,0)} — SL(2; R) be the map given by R(z,y) =
1 _
— (" TY). Leta=(" 91 , where a = a(x,y) is real analytic and
02 2 \Y @ 0 a
a(0,0) = 1. If a(x,y) — 1 is divisible by 2% + y?, then R AR is real analytic at
(0,0).

a 0
Proof. For A = (0 a_1>’

1 _
RUAR—T = vy (e O (T YY) g
24+y2\-y z/\0 a y
_ L (fla=Da*+(at = 1)y’ (—a+a )y
B (—a+a )y (! = 1)a? + (e — 1)y?

a—1 ar? —y? —(1+a)xy
a(z? +y?) \—(L+a)zy —a®+ay® )’

Hence if a(z,y) — 1 is divisible by 22 +y? then R~!AR is real analytic at (0,0). O

By Lemma 3.3, A; extends to an element of Diff*(F),. We will use A; to
write r;2 as a product of commutators. For this we look at the way to write
rotations as products of commutators in SL(2; R) and the extension question on
the commutators.

Lemma 3.4. Assume that
(Fm alz,y) = 1+k(z, y)(2®+y*)™  (k(0,0)#0) and Y = L(z,y)(a*+y*)*"
for real analytic functions k(x,y) and {(x,y) and a positive integer m. Then when
2
-Y

we write the the rotation (ii X (X2 +Y?2 = 1) as a product of two com-

mutators as in Lemma 3.1, using the products of rotations and diagonal matrices,
W + Z — 1 in Lemma 3.1 are divisible by (2 + y*)™

Proof.
I s
a*—1 wa(+)( +1)(2% +y*)™
— ({E ) (m2+y2)m
k(z,y)(a+1)(a®+1)
and

W+27-1
1 44 1)2y2 2a%Y
= (Vl_Yz_\/l_mj)Q = 4a )
\/1 (a +1)2Y?2 (a* —1) a* —1
G
4a*Y?
1 ( (a* —1)2 N 2a2Y)
4 _
\/1_ (a4—|—1)2Y2 m+\/1_ (a4—|—1)2Y2 a 1

(=17 (=1
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are divisible by (z? + y?)™. O

Using Lemmas 3.3 and 3.4 for m = 1, we obtain the following lemma.

2

‘)}f -y (X2 +Y?2=1) can

be written as a product of two commutators which are analytic at (x,y) = (0,0)
after conjugated by R.

Lemma 3.5. Assume (x)1 in Lemma 3.4. Then (

Proof of Proposition 3.2 continued. For r;, we use the trivialization
M|(B\ s;'(0)) — (B\s;(0)) x U(1).

1+ ’S¢’2 0
We use the diffeomorphism of (B\s; *(0))xU(1) given by A; = 0
1+ |sif?
X, -v\°
Then r;%2 = (Y-Z X-Z> can be written as product of 2 commutators in Map(B \

s71(0),SL(2; R)) by Lemma 3.1. Then for N C B\ sj_l(O), by Lemma 3.5, the
elements appear in the commutators are real analytic on the fiber of s, L(0)

This completes the proof of Proposition 3.2 and the proof of Theorem 2.2 for
non-trivial U(1) bundles. O

By using Theorem 2.2, we have the following corollary.

A closed manifold n-dimensional M is multi U(1) fibered if there exist n oriented
circle bundle (U(1) bundle) structures with the tangent spaces of fibers spanning
the tangent space T, M of M at each point x € M. For example, compact Lie
groups and the 7 dimensional sphere S7 are multi U(1) fibered.

Corollary 3.6. Let M be a real analytically multi U(1) fibered real analytic man-
ifold. Then the identity component Diff* (M)q of the group of real analytic diffeo-
morphisms of M is a perfect group.

By using the following Proposition 3.7, Corollary 3.6 follows from Theorem 2.2.
Proposition 3.7. Let p1 : M — By, ..., pp : M — B, be real analytic U(1)
fibrations and let Fy, ..., F, be the bundle foliations. Assume that

TFH&---®TF,=TM.

Let Diff” (F;)o denote the identity component of the group of real analytic diffeomor-
phisms of M mapping each fiber of p; to itself. Then for an element f € Diff (M)
close to the identity, there are elements f; € Diff(F;)o such that f = f1o0---0 f,.

Proof. For each U(1) bundle p;, we fix the vector field &; generating the U(1)
action as the flow @tz) (t € R/Z). We look at the real analytic mapping F :
R" x M — M x M given by

1 n
Fltr,.. tasz) = (1) 00 97)) (@), 2).
By the assumption that 7'M is the Whitney sum of T'F;, the tangent map T{g ) F" :

ToR" x T,M — T, M x T, M is an isomorphism for = € M. Hence by the (real
analytic) inverse mapping theorem 6.5, a neighborhood of {0} x M in R" x M
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and a neighborhood of the diagonal set of M x M are C“ diffeomorphic. Thus
an element f € Diff¥( M)y close to the identity can be written as (f(x),z) =
F(ti(x),...,ty(x);x). Fori=mn,n—1,..., 1, define f; by

Fil(fixr 00 fu) (@) = i, 00 ") ()

and we obtain the desired decomposition. O

Remark 3.8. Such decomposition was suggested by Sergeraert to the author in early
1980’s. In the literature, we refer the readers to [10].

4. ORBIT PRESERVING DIFFEOMORPHISMS OF MANIFOLDS WITH LOCALLY FREE
U(1) ACTIONS

For a locally free U(1) action, we can also show that any orbit preserving real
analytic diffeomorphism close to the identity is homologous in Diff*(F)y to an
real analytic diffeomorphism which is an orbitwise rotation. Here we say that two
elements are homologous if they represent the same element in the abelianization
of the group Diff* (M)j.

Proposition 4.1. Let R : U(1) x M — M be a real analytic locally free action
on a real analytic manifold M. Let F denote the orbit foliation and Diff” (F)g, the
identity component of the group of orbit preserving real analytic diffeomorphisms.
Then any orbit preserving real analytic diffeomorphism close to the identity is ho-
mologous in Diff (F)g to an real analytic diffeomorphism which is an orbitwise
rotation.

Proof. For any point x € M, let GG, denote the isotropy subgroup at x:
Go={9€UQ)|g-z=u}

Then there exists a positive integer m called the multiplicity of the orbit through =
such that G, = Z/mZ. When m = 2, we call the orbit through x a multiple orbit
of multiplicity m. There is an injective homomorphism h : Z/mZ — O(n — 1)
(O(n—1) is the orthogonal group) such that a neighborhood N of the orbit through
x is described as follows.

N = (B x U(1)/ ~,

where B"~ ! is the (n—1)-dimensional ball of radius 1, (w, z) ~ (h(k)w, e>™V=1k/m )
(k € Z/mZ) and the action of U(1) on N is induced from that on the U(1)
component.

An orbit preserving diffeomorphism @ of N near the identity induces a unique
orbit preserving diffeomorphism @(w) near the identity of B"~! x U(1) which is
Z /mZ equivariant.

Let o € R be a Diophantine number and let

P(w) = Ry(w)—a ©¥(w) 0 Ry oW (w)™"  (w € B)

be the expression given by Arnold’s theorem 2.1. Since ®(w) is Z/mZ equivariant,
?(h(k)w) = Ry /m o P(w) o R_j/p,. This implies A(h(k)w) = A(w). By substituting
h(k)w in the above expression and using A(h(k)w) = A(w),

D(h(k)w) = R(w)—a © ¥ (h(k)w) o Ry o W (h(k)w)™".
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By the Z/mZ equivariance,

D(h(k)w) = Ry j, 0 P(w) 0 R_j 1y,
= Rx(w)—a © (Rijm 0¥ (w) 0 R_j /1) © Ro 0 (Rpyjm 0 W (w) 0 R_jyym) ™"

If ¥(w) is chosen such that /(L.U(w) —id)dé = 0, then

/((Rk/m oW (w)o R_j/p) —id)df = 0.
By the uniqueness of such conjugating diffeomorphisms, we see that

that is, ¥(w) is also Z/mZ equivariant. Thus ¥(w) induces an orbit preserving
C% diffeomorphism ¥ of N such that

D= Ryw)-a©¥oRy0¥ ™",

where R; corresponds to the action of e2™V/ =1t and Ry (w) is an orbitwise rotation
which is a C* diffeomorphism of N.

We take the invariant neighborhoods for the multiple orbits and regular orbits
to obtain a covering of M. On each invariant neighborhood, we obtain the conju-
gating diffeomorphism ¥ and the orbitwise rotation Rj(,). They match up on the
intersection of the neighborhoods and gives the global diffeomorphism ¥ and the
orbitwise rotation Ry, (w € M/U(1)). Thus the proposition is proved. O

5. ORBIT PRESERVING DIFFEOMORPHISMS OF MANIFOLDS WITH SEMI-FREE U(1)
ACTIONS

When we treat manifolds with special semi-free U (1) actions, we need to look at
orbit preserving diffeomorphisms and groups of orbitwise rotations.

Let M = (N x U(1))/~ be the manifold with a special semi-free U(1) action.
There is a map s : N — M, transverse to the orbits in int(/N) x U(1) and s(9N)
is the fixed point set. The normal bundle of s(0N) is trivial and the action of U(1)
near s(ON) is the product of rotation of R* and trivial action in the direction of
s(ON).

Let Diff*(O, s(ON)x) denote the group of the orbit preserving diffeomorphisms
f of M such that f —id is divisible by (2% + y?)¥, where (z,y) is the coordinate
normal to s(ON) along s(ON) where the U(1) action is the rotation.

We have the following theorem for the orbit preserving diffeomorphisms of M
with a special semi-free U(1) action.

Theorem 5.1. Let M = (N x U(1))/~ be the manifold with a special semi-free
U(1) action with the fized point set s(ON). Then f € Dift*(O,s(ON)s2) can be
written as product of commutators in Diff (O, s(ON)o)

The proof of this theorem uses the following theorem 5.3 of Arnold type for the
Diophantine rotations of concentric circles on the plane. Theorem 5.3 is a spacial
case of Theorem 10.1 which we prove in Section 10.

We consider the following situation. Let
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Let U be an open neighborhood of 0 € R* and @ : U x (Ac N R™) — R? be a
real analytic map such that

(®1(x1, w25w))? + (P2(z1, T2;W))? = 217 + 227
We write z = x1 + vV —1x2, Z = 1 — v/ —1x2 and

D(z,Zz;w) =P(x1 + V—1x9, 21 — V=125 W)
=&y (x1, 205 w) + V=1 (21, 25 W).

Since &(x1, z9;w) is real analytic, it is written as a convergent series in 7 and o,
hence ®(z,Z; w) is written as a convergent series in z and z, with analytic parameter
w.

For the differential D@ in the direction (z1,z2) or (2,%), assume that D®g,,,) =
id. For a Diophantine number «, we consider the rotation by 2w« which is the
multiplication by e2mV=la The question is whether e2mV—lag ig conjugate to the
rotation by 2mv/—1a. The obvious necessary condition is that the rotation number
is constant for the concentric invariant circles.

Remark 5.2. For each circle, this is the case by Arnold’s theorem ([1]) provided that
e2™V=12g ig close to the rotation by 2mv/—1a. Since Arnold showed his theorem
with real analytic parameter, it is true on U \ {0}. On the other hand there is the
theorem by Siegel ([25], [21]) for the holomorphic diffeomorphism germ, and there
also is the parametrized version.

Theorem 5.3. There are real analytic maps X : U x (Ac N R™) — R (A\(z,7Z;w)
depending on (2Z,w)) and h : U x (AcNR™) — U (h(z,Z;w)h(z,Z;w) = 2Z) such
that
e—27r\/—71/\w(z)627r\/—71a¢(z,2; w) _ hw(€2ﬂ—\/jlahw_1<2)),
(

where Ay, (2) = M2,Z;w) and hy(z) = h(z,Z;w).

We assume the above Theorem 5.3 for the Diophantine rotations of concentric
circles and prove Theorem 5.1.

Proof of Theorem 5.1. The proof goes as in the proof of Theorem 2.2 for trivial
U(1) bundles. We consider the Diophantine rotation along the orbits of the U(1)
action, that is, the action of e2™V=1® ¢ [U(1). f is thought as an real analytic
family of real analytic diffeomorphisms @(w) (w € N) which are near the identity.
Then in a neighborhood of an interior point w € int(N), ®(w) is written as ®(w) =
Ri(w)—a 0 ¥(w) 0 Ry 01p(w) ™!, where A(w) is uniquely determined by the condition
that R_y(,)®(w) has the rotation number o mod 1. Since we have the section
s: N — M, ¢(w) is also determined uniquely by assuming that 1 (w) fixes points
of s(IV). For a neighborhood of a point w € N, by Theorem 5.3, ¢(w) is written
as

D(w) = Ryw)—a © (W) 0 Ry 0 th(w) 1,
where ) is a real analytic function on 22 + y? and w € N, and ¢ (w) is a real ana-
lytic diffeomorphism sending each orbit to itself. The diffeomorphism v (w) on the
neighborhood of a point w € ON is also unique by assuming that 1 (w) fixes points
of s(N). Thus ¥ (w) determines an orbit preserving real analytic diffeomorphism
¥ of M and Ry, determines a real analytic diffeomorphism A of M which is an
orbitwise rotation. Since f —id is divisible by (z?+%?)2. X is divisible by (z?+?%).
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We would like to use Lemma 3.1 to write A as a product of commutators.

We use an orbit preserving action of the diagonal matrix A = (8 agl), where
a is a real analytic function of 7% = 2 4 y2.

a 0
0 a!

2% +y? and a(0) = 1. Then the map A preserving concentric circles given by

AG)=1G)naG) /1)

is real analytic at (0,0).

Lemma 5.4. Let A = ( ), where a = a(x,y) is a real analytic function on

Proof. Note that

I <:1:> V42 <a(i:fy>

y /0222 + a—2y2
and
1'2 + y —1 2 . y_2)
a2z? + a2y a2’
Since a(z,y) — 1 is divisible by 22 + 32, A is real analytic at (0,0). O

Now we can finish the proof of Theorem 5.1.

We take a real analytic function a on the double DN of N such that a = 1
along ON, a > 1 on DN \ ON, a is invariant under the involution on DN, and the
second derivative normal to N is nontrivial. Then we have a real analytic map
N — SL(2; R) given by w — (a((z)u) a(u?)
Lemma 3.1, A can be written as commutators in SL(2; R) outside of s(0N) and by
Lemma 5.4 these elements used in commutators extends to s(0NN) as real analytic
diffeomorphisms.

Thus we proved Theorem 5.1. O

_1). Using this diagonal matrix, by

6. INVERSE MAPPING THEOREM AND ITS SINGULAR CASE

We already used in showing Corollary 3.6, the real analytic inverse mapping
theorem. To show our theorem we need an inverse mapping theorem for the real
analytic maps with the Jacobian matrices being not regular.

Real analytic maps between real analytic manifolds are defined by taking the
local coordinates. In fact, the definition of the real analytic manifolds relied on the
real analytic inverse mapping theorem.

Before reviewing the real analytic inverse mapping theorem, we review the fun-
damental lemma.

Lemma 6.1. Let U € RN be an open set and (T,m), an interval with the prob-
ability measure m. If f : T x U — R is real analytic in x € U, then F(x) =

/ ft,z)dm(t) is real analytic in x.
T



14 TAKASHI TSUBOI

Proof. For each (t,z) € T x U, there is a neighborhood I x V of (t,z) and f|(I x V')
has a complexification (f|(I x V))¢ : I x V€ — C. We can cover T x {z} by
finitely many such neighborhoods and f|(T x {z}) has a complexification f€ :
T x W€ — C. Since f€ satisfies the Cauchy-Riemann equation with respect

to z € WC, FO( / fC(t, z)dm(t) satisfies the Cauchy-Riemann equation as
well. Hence the restriction F(x) of F© is real analytic. O

Lemma 6.2 (Hadamard Lemma). For a real analytic function f defined in a neigh-
borhood of the origin of RY , there are real analytic functions g1, ..., gy defined
in a neighborhood of (xz,x) € R*N such that

fly) — f(z) = Z(yi —xi)gi(w,y).

Proof.
t=1
1) - 1(0) = |ttty = ) + o)
t=0
[ T et -
. B, tW- x)+a)\Y
N
= ) a9 —x)+tx dt
;(y @ >/0 D, (Hy=o)+2)
0 . o
and %(t(y_w)ﬂc)dt is real analytic in z and y. |
0 i
Corollary 6.3. For a real analytic function f defined in a neighborhood of the
origin of RY , there are real analytic functions hij (i, =1, ..., N) such that
N
fly) = flz)=> (v — (x) + Z —xi)(y; — xj)hij(z,y).
=1 2,j=1

We also need the following lemma given by Cartan ([3]). This is usually referred
as the closure of modules theorem (see also [8], [9]).

Lemma 6.4. Let f; be a sequence of real analytic functions on U C R"™. Assume
that f; is divisible by a real analytic function u(x) and the complexification f;€
converges uniformly to the complexification of a real analytic function foo on a
complezified neighborhood of U. Then fo is divisible by pu(x).

Now we review the real analytic inverse mapping theorem.

Theorem 6.5 (Inverse mapping theorem). Let f : U — V be a real analytic
map between open sets in R". If the Jacobian matriz D f(,y al x is invertible, then
there is a neighborhood W of f(x) and a real analytic map g : V. — U such that
g(f(z)) ==z, go f is the identity on g(W) and f o g is the identity on W.

Proof. There are several ways to prove the real analytic inverse mapping theorem.
By the usual (differentiable) inverse mapping theorem, f has a differentiable
inverse map g : W — U. We need to show that f is real analytic.
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f : U — V has a complexification f€ : U¢ — V¢, where U€ and V© are
neighborhoods of U and V in C" = R" &+/—1R". The Jacobian matrix (D f°),)
ofi

of € is the same matrix as Dfy = (a—)wzln considered as a complex matrix.
l‘ .

j
Now we look at the pull-back of dz;. Then we have

(fC)*dz = dz;.
=1 8xj J

This is equivalent to the Cauchy-Riemann equation for f€ = u; + /—1v;.
By the usual (differentiable) inverse mapping theorem, there is a mapping g€
W€ — UC. Since the Jacobian matrix D(g€)((z)) is the inverse of (D f€),), it

n considered as a complex matrix.

.....

0g;
is the same matrix as Dg(r(z)) = (a%)w 1
j
Then we have

(99)"dz =

Thus g€ also satisfies the Cauchy-Riemann equation. Since g is the restriction of
g€ to R", g is real analytic. O

Remark 6.6. There is a little more direct way to prove and it is more important for
its generalization to the case where D f(,) = 0.

The usual proof of the differentiable inverse mapping theorem considers the
fixed point of G(y) : © — = + D[y '(y — f(z)). This fixed point can be

obtained as the limit of the points {z¥}s>0, where 2° = 29 2! = G(y)(2°) =

2+ Df(ao)~ (y — f(2%)), 2% = G(y)(a"**) (k > 2). Then
G(y)(@*) = Gy)(a*) = 2® — 2" 4 D fpo) " (f(@"71) = f(2")).

Since
0 afl 0
filz) = filx )— 8 - (20) (T Z hijo(z, 2°)(z; — 2 i) (e —z9)
7. 0=1
for some real analytic functions hjje(z, 2°),
Ofi
k=1 i PRl Lk
fz(il? Z 61’] (z0 ) j —:Cj)
+ Z hije ,:::'0)(:1:;c - m?)(w?‘l —29)
],E 1
- Z hije(x®, 2° :)3 — )(arf—xg)
7,4=1
and
Gy) (1) — Gly)(a*) = D fpoy ( S hupelaF=,a%) (@b — ) (! — )
=1
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Each component of vector given as the parenthesis (o> is estimated by
i=1,...,n
€ max |x§€ — x;‘f—l] with arbitrary small ¢ as 2* tends to z°. In fact,
J

n
> hige(a® %) (@ = 29) (0 — af)

j0=1
n
- Z hije(a®,20) (@ — 29)(xf — a7)
j =1
n
=) {hgje(a" 1, a0) = hije(a®, 20) (@b = af) (@ - 2f)
j0=1

+ 3 hije(a®, 2O {2yt = af) (@ — af) — (af — 2l (2f — D)},
§.e=1

and formulas

n
hijo(z"~ 1, 2%) — hyjo(2¥, 2%) = Z R A 1 C L L)

m=
k—

[y

: : / 1 ..k ,0
for some real analytic functions A, ("7, 2", 2”) and

(41— af)(@h ™! —af) — (a} — af)(af — a?)
—{(@ ! — 2t — af) - (@F a9t - af)
Hk —a)(af ! ) = (ot o) 0 — )}

:@?_ —ah)(zy _Iz)+(x§—$9>(xlz_l_xlec)

imply that G(y) is Lipschitz with small Lipschitz constant in a neighborhood of z°.

Now we look at the same proof in a complexified neighborhood of 2°. Then G(y)
is holomorphic on y and z* are also holomorphic on a neighborhood of z°. Since this
converges uniformly on this neighborhood the limit G(y)€ is holomorphic. Hence
its real part G(y) is real analytic.

Now we look at the case we are interested in. The following theorem treats the
case where the Jacobian matrices of real analytic mappings are singular.

Theorem 6.7. Let M be a closed n-dimensional real analytic manifold. Let v,

.+, Yn be real analytic functions on M. Let (x1,...,x,) be a coordinate around a
Jy;

point x € M. Let A(x) = det (6—5) be the Jacobian. Let f : M — M be a real
j

analytic diffeomorphism of M close to the identity such that f —id is divisible by
A(z)" (r € Z, r > 3). Then there are real analytic diffeomorphisms f1, ..., fn
such that

f=fiowofu,

where

yi((fr oo fu)(@) = yr(x), -, yr((fr oo fu)(2)) = yr(2),
Yrr1((fr o0 ) (@) = yra (f(2)), s yn((fr 0o - 0 fu) (@) = ya(f ().

Moreover, f; —id (i =1, ..., n) is divisible by A(xz)"~*.
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Remark 6.8. For another choice of coordinate (z7,...,x},), we have

8yl o ayz 833']
o (5) = (50 (5

and hence the condition that f(x) — x is divisible by the r-th power of A =

Jy;
det (%) is independent of the choice of the coordinates.
J

Proof. This follows from the following proposition 6.9. We put

w(@) = (@), yk(@), Y (F(@)), -y (F(2)) = (1 (2), -5 yn (7))

and we obtain fi o---o f, as z(x) in the proposition. O

Proposition 6.9. Let U be an open set of R" and V' a compact subset of U. Let
Ayi

y= (y1,---,Yn) : U — R"™ be a real analytic map. Put A(x) = det <6—y(m))
L

and assume that A(x) is not the constant 0. Let u = (uy,...,u,) : V. — R" be a
sufficiently small real analytic map such that u;(x) is divisible by A(x)" (r € Z, r >
3). Then there is a real analytic map z : V. — R"™ such that y(z(x)) = y(x) +u(zx).
Here z(x) — x is divisible by A(x) !

Proof. By Corollary 6.3, we have

"L Qy; n
il Gy 31 78+ D hige(a:2) (25— ) — ),

J,k=1
where h;jj, is real analytic on a neighborhood of (z, z).

dy;
If A(z) = det
(@) = de ( -
mapping theorem 6.5, there uniquely exists z(z) in a neighborhood of x.
For the point xy where A(zy) = 0, the solution should satisfy that z(xg) = x¢.

We would like to know the analyticity of the map z(x).
Jy;
If A(zg) = 0, u(z) is divisible by A(z)" near zg. Put J,) = (8—3:-(9”))' We
j

look at the following functional for real analytic map z from a neighborhood of xz
to R".

F(z)=z+ J(x)_l <u(x) - {J(m)<z —x)+ ( Z higi(x, 2) (25 — ) (21 — xk))z}>’

j,k=1

) # 0 and u(z) is sufficiently small, then by the inverse

where ( ° )Z denotes the column vector. This functional is defined so that the
fixed point z(x) of F is the desired map z(x). Namely, if F(z) = z, then u(x) =
y(2) — y(x).

For u(x) = A(z)"v(x), this functional is rewritten as follows. Note that A(z).J(,) ™"

(Aij(x)), where A;;(x) i

F(2)p =z + Az ZA& < vil) = Y higrlx,2)(z5 — 25) (2n —xk)).
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We are going to find the fixed point by sequential approximation. So we put
20 =z and define z2(™ (m > 1) by 2™ = F(2(™=1D). Then

zél) —xp = Az)"? ZAgi(ac)U x
i=1

If zgm) (x) — x; is divisible by A(z)"~!, then z(m+1)( ) — x; is again divisible by
A(z)"L. For, by putting zfm) —x; = Ax)"~ 1@.( )(:c),

zémﬂ) —xp=F(2"™), —zy

x) ! Z Api(z)v;(z
i=1

~A@) Y Ap() Y (e, 2 A) ™ A ™
i=1 j,k=1

K m
Note that if ({7 < - and ™M <K,

miny o K .
(" £ 5+ Kl A@) K

1
V2K1 K

and on this

for some constant K. If we take x close to xg, then |A(x)| <

neighborhood |¢{™ ™| < K.
Now we would like to show that z(™) converges uniformly on a complexified
neighborhood of zg.

Z§m+1) . Zém) — F(Z(m))g . F(Z(m_l))g
=—A@x)" ) Au(x) Y higr(a, Z(m))(zj(_M) — ) (2™ — )
=1

7,k=1

Y Aale) 32 hagalan AT — )Y )
=1

7,k=1

B Z A(@) Y {(higi(, 2™) = hijr(@, 2" D) (2™ = 25) (2™ = 21)

J,k=1
m— m m m—1 m—1
thiji(e, 2 (™ = ) (2™ =) = @Y =) (Y — ) )

Since

higi (2, 24™)) = hije(a, 2007D) = 3 (2™ = 2Ry (2, 2™, 2(7D)



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 19

for some real analytic functions A/ ikp

)71 Aue) 3 (e ) = il 2N =)

7,k= 1
— 2r 3214& Z Z (m 1)) ijg(x Z( m) Z(m—l))cj(m)glgm)
7,k=1p=1

The absolute value of the right-hand-side is estimated by |A(x)|* ~% Ky K* max |ZI()m) -
P
1
(4K2K2)1/(2r—3) ’

zl()m_l) | for some constant K. On the neighborhood where |A(z)| <

(m—l)‘

1
this is estimated by 4 mex |z](9m) — 2, . Since
2

(2™ =) (2™ = ap) = (Y ) (Y )

= (20 — 2 ) (2™ — ) — "7V 2 (A — ) 1
m—1 m m—1 m—
(Y — )M =) — Y — ) MY — )

= (zj(_m) . Z](m—l))(zl(gm) — ) + (zj(_m—l) . xj)(zlgm) B Z;(Cm_l)),

n n

~A@) Y Au(x) Y (e, 2mY)
i=1 j,k=1
P (5 =) — (Y — ) (Y - )

—~
—
&
3
N r—-
L~
3
:
~—
/\
3
&
N
+
—
3
N}
|
&
<
-
—
—
)
>~
3
)
N—r
Na?

=—A(x)"™ 2214& Z hijr(z, z(m 1))

L R T}

The absolute value of the last expression is estimated by |A(z)|"~? K3 K max \z]()m) -
P

(m D|. On the neighborhood where |A(z)| < this is estimated by

1
(4K3K)Y/(r=2)’
1
- m;xx\zz()m) - zz(jm_l)|. Thus 2™ satisfies ]zlg )| < mzz)xx|z](91)|, and ("™ converges

4
uniformly on a complexified neighborhood of xy. Hence the limit is holomorphic

on the complexified neighborhood and z("™) converges to a real analytic map.
The divisibility of the limit z(z) by A(x)"~! follows from Lemma 6.4. O

Example 6.10. For the unit sphere
S™ ={(zx1,...,2p41) € R" | 2124t aga? = 1),

we look at the map (z1,...,2,): S™ — R". Then on the coordinate
(ZL‘l, vy L1, L1y -« - 7~Tnaxn—|—1)7

2
A(l‘la“'7xk—17xk—|—17~"7xnaxn+l):ixn—i—l/ 1— E LTi .
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Hence by Theorem 6.7, if a diffeomorphism f of S™ close to the identity is divisible
by (zn41)*, then f = f; 0--- o f,, where f; maps an orbit of the rotation in the
T;Tni1 plane to itself and f; — id is divisible by (z,,41)°.

The previous theorem is for one real analytic mapping. Now, we consider fam-
ilies of real analytic mappings. What we did in Theorem 6.7 is similar to showing
that the exponential map of a Riemannian manifold is a diffeomorphism in a neigh-
borhood of the zero of a tangent space. What we consider now in Theorem 6.12
is similar to show that the exponential map induces the diffeomorphism from a
neighborhood of the zero section of the tangent bundle to a neighborhood of the
diagonal set of M x M.

Proposition 6.11. Let €1, ..., £ be real analytic vector fields on an open set

U of R". Let gpti) denote the flow generated by € (i =1, ..., n). For a compact

subset V of U, consider the map @ : R" x V. — V defined by ®((t1,...,t,),z) =

(gpﬁi) o-- -OQO,E:))(x). Let f be a real analytic diffeomorphism from V into U close to

the identity and f—id is divisible by A(x)", where A(z) = det (5(1) e 5(”)) . Then

there are real analytic functions t1(x), ..., t,(z) such that f(x) = @((t1,...,tn), ).
These t1(x), ..., ty(z) are divisible by A1

Proof. We would like to solve

First note that

n n
D((t1,- - stn) @) — T = Zfél)(x)ti + Z Neij (L, )it
i=1 ij=1
for real analytic functions ne;;(t, x), where t = (t1,...,t,).

For the points =, where A(z) = det (5(1) e 5(”)) # 0, by the inverse mapping

theorem we obtain real analytic functions ¢1(x), ..., t,(z) such that f(z) —z =
D((t1,...,tn),x) — x. For the points z where A(x) = 0, the solution should be
(t1(z),...,tp(x)) = (0,...,0) and we would like to show the analyticity of this
solution near x. .

Put = = (¢9)) and AZ! = (A;;), where A;; is the cofactor of fj(-l). Now we
look at the functional

F(t) —t+ E'_l(f(x) — T — {Et + ( Z nZ]k‘(tJ x)t]tk)zzl ,,,,, n}>
Jik=1
=E N (f(@) —x = () mklt2)tte), )
J k=1

Put ¢t = (0,...,0), and define t(™ (2) = F(t(™~V(x)) (m > 1). Since f(x) —z is
divisible by A(x)", put f(z);—x; = A(z)"v;(z). Then tl(l) = A(z)"! Z Aij(x)vj(z).
j=1

If t(-=1) is divisible by A(z)"!, then t*) = F(t(*=1) is also divisible by A(z)" .
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For, if ™ = A(z)"=17{™ (2), then
£ = p(im),
m)r—l ZA&(CB)UZ(CB) . (E—l( Z nijk(t(m)7x)A(x)r—lT](m)A<x)r—17_]§m))i)£
=1

Jk=1
n

2)" Y Agi()vi(x) — A@) Y A(w) > nijk(t(m)vx)Ta‘(m)Tlgm)‘
i=1 i=1

7,k=1

K m
Note that if \Ti(1)| < b and ’Ti( )| < K, then

m K _—
7" < S+ KK A

for some constant K;. If we take x close to the zeros of A, then |A(z)| <

1 (I m—+
(QK K)l/(’f 2) and we have ’Tﬁ( 1)| < K.
1

We show that t("™) converges uniformly on a complexified neighborhood of the
zeros of A(x).

m+1 m m m—
" — 1" = (), — F D),

=—A(z)™? ZA& Z Mg (80, )t )

7,k=1

ZA“ Z Mij( t(m 1) )tg‘m_l)tl(ﬁm_l)

7,k=1

3 ) 3 gt 2) — gt )
=1

g k=1

Since

n

mjk(t(m)’x) _ nijk(t(m_l),x) — Z(t;(nm) (m 1)) ko ( tm) =1 4y

p=1

for some real analytic functions 7;;;.,

ZA& S (et ) — g, )

7, k= 1
— —A(z)>? Z Agi() Z S — D, (10 0D gy ),
i=1 j,k=1p=1

The absolute value of the right-hand-side is estimated by |A(z)|*" 3 K, K? max |t1()m) -
P

1
(4K2K2)1/(2r—3) ’

tl(,m_l)\ for some constant K. On the neighborhood where |A(z)| <

m—1
tim=b]

1
this is estimated by 7 ax |t](jm) — . Since
P

m),(m m—1),(m—1
t;( )gé( ))_ t;( 1?2( ) | (m—1),(m) (m—1),(m—1)
=(t; 7t T =t ) T = ),
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i=1 7,k=1
= —A(@)7" ) Au(x) Z Nie (8, )
=1 7,k=1

m m—1 m m—1 m—1 m—1
(™) = 4D (ymD) _ymeDy o)y

The absolute value of the last expression is estimated by |A(z)|"~? K3 K max \tém) -
2

1
(4K5K)r=2’

1
Zmax\t](,m) - tl(,m_l)\. Thus (™) satisfies |t§m)] < max]tl(,l)|, and t(™) converges
P P

uniformly on a complexified neighborhood of xy. Hence the limit is holomorphic
on the complexified neighborhood and ™) converges to a real analytic map. O

t;m_1)|. On the neighborhood where |A(x)| < this is estimated by

Theorem 6.12. Let M be a closed n-dimensional real analytic manifold in R .

Let €M ..., €M) be real analytic vector fields on M. Let gog) denote the flow
generated by §(l) (i=1, ..., n). Consider the map & : R" x M — M defined by

D((t1, ... tn),x) = (gpg) 0--:0 gogz))(x) Let f be a real analytic diffeomorphism of

M close to the identity and f—id is divisible by A(x)" (r € Z, r > 3), where A(x) =

det (fgj)), €0) = Zﬁzmai in a coordinate neighborhood (U, (x1,...,x,)) and we
T

assume that A(x) is not the constant 0. Then there are real analytic functions

t1(x), ..., to(x) such that f(z) = P((t1(z),...,tn(z)), x)
Remark 6.13. For another coordinate neighborhood (V, (y1,...,¥yn)),

G 9 _ (7)Y O
ZS 61’2 _ikzg ox; 8yk

1=1

and A(y) = A(z) det | 22
ox;

is independent of the choice of coordinate neighborhood.

) Thus, the condition that f —id is divisible by A(z)"

Proof. The expression f(x) = (gpg) go( ))(x) is unique where A(x) is not
zero, and (t1,...,t,) = (0,...,0) on the zero set of A(x). By taking a coordinate
neighborhood, it is real analytic on a neighborhood of a zero point of A(z), Hence
(t1(x),...,t,(x)) is a globally defined real analytic map. O

Here is the same example as before for the application of Theorem 6.12. The
estimates are worse than before but it still works.

Example 6.14. Consider the unit n sphere

Sn:{(xl,..,7$n+1)€Rn+l x12+"_+xn+12:1}.
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Let £09) (1 < i < j < n+1) be the vector field generating the rotation in the
direction of z;x; plane, i.e.,

- 0
(4,5)
f (:cl,...,:zzn+1) ZL'ja +l’lax3
We look at £n+1) (i =1, ..., n) and their time ¢ maps ¢\"" ™). Then A(z) with
respect to the (z1,...,z,) coordlnate is (—xpe1)™, and A(x) With respect to the
(T1y oy The1,Tht1,-- - Tn, Tpt1) coordinate is

txp(Tne1)" = E(xper)"” [1— sz
1%k

Hence if a diffeomorphism f of S™ close to the identity is divisible by (x;,41)

then f= fio---0 f,, where f;o- -0 f,(z) = I(f(z;rl) 0---0 gpi"’(z;rl) and f; maps

an orbit of %(f’"“) to itself. Moreover f; — id is divisible by (z,41)%"~ 1

4(n—1)

7. REGIMENTATION LEMMA

The key tool in the proof of the perfectness of the identity component of the
group of smooth diffeomorphisms is the fragmentation lemma [2] which uses the
partition of unity by the bump functions. Note that we cannot use the bump
functions in the real analytic case. However, we can use the following lemma to
show our Theorems 1.1 and 1.2.

m
Let p1, ..., pm be nonnegative real analytic functions on M such that Z i = 1.
i=1

m J
Put Sy = ux~1(0) and assume that m S = 0. Put v; = ZM (Gj=1,...,m).

k=1 =1
Let

& :[0,m| x M — [0,1] x M
be the map given by

D(t, x) = (v (z) + (¢t = D ppg41(2), 2).
This map is real analyticon [j — 1,j] x M (j =1, ..., m).
Let F be a foliation of [0, 1] x M given by a real analytic isotopy F' : [0, 1] x M —
M, that is, the leaf passing through (¢, x) is

{(s,(F(s) o F(t)"")(x)) | s € [0, 1]}

Theorem 7.1 (regimentation lemma). If F' is close to the constant isotopy, then
O{t} x M is transverse to F for t € [0,m], and ®*F is real analytic isotopy on
each [j—1,j] x M (j=1, ..., m). Thus

F(0)oF(1)™' =G0 0Gy,

where G (j =1, ..., m) are real analytic diffeomorphisms of M such that G;|S; =
idg;. Moreover, G —id is divisible by p;.

Remark 7.2. The fact that a diffeomorphism G near the identity is divisible by a
real analytic function p does not depend on the choice of the coordinate neigh-
borhood. For, let G be written as (g1(x),...,gn(z)) in a coordinate (z1,...,x,)
and g;(x1,...,x,) — x; is divisible by p(z1,...,2,) (i = 1, ..., n). In another
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coordinate (yi,...,Yn), first we have y;(z) —y,(z) = Z(zk —xk)a,k (%, x) with real

k=1
analytic functions a;;(z,z) by the Hadamard Lemma 6.2. Then

n

Yi(91(2(®)s - gu (@) —y5 = > (91 (@ () — 2 (v))aji(9(x(y)), 2(y))

k=1
and if g;(z1,...,x,) — x; is divisible by p(x1,...,2z,) (i =1, ..., n), then
yi(g1(z(y)), - gn(z(y))) — v, is divisible by pu(z1(y), ..., zn(y)).

Proof of Theorem 7.1. This is a consequence of the real analytic inverse mapping
theorem 6.5. A real analytic foliation is defined by a family of local real analytic
submersions, and the induced foliation on [j — 1, j] x M is given by the composition
of real analytic map @|[j — 1, j| x M and the submersion given by the isotopy, hence
it is real analytic. The transversality insures that it is given by an isotopy.

To show the divisibility, we look at the induced vector field on [j — 1,j] x M.

0
Let En + &(t,z) be the vector field on [0, 1] x M defining the isotopy F. The map
D;(t,z) = (vj—1(z) + tp;(x), x) induces the tangent map
(D) : Ti1,2)([0,1] X M) — T, (4,2)([0, 1] x M)
given by
0
Yoy = 5(0) 5 |
)el({t} X T M) = ((vj—1)« + (1), 1d).

If @;*F is defined by % +n;(t, ), then we have

@j)*(% + 05t ) = (@) + {(vj-1)x + tlug) s (2, I))% +1;(t, @)
and this is proportional to % +&(P;(t,x)). Hence
0t @) = (15 () + {(vj—1)« + tls) 3 (8, 2))E(D; (¢, 7).
That is,

(1 @5 (1 ) () + tmj)*})nj(t,m) )

Since £(t, ) is small, 1 — &(P;(t, x)){(vj-1)« + t(1j)«} is invertible, and we obtain
n;(t,xz) as a C* time dependent vector field. Since this vector field is divisible by
j(x), by the following Proposition 7.3, for the time 1 map G, G; — id is divisible
by p;(2). O

Proposition 7.3. Let {(t,z) (t € (—¢,e), € > 0) be a real analytic time dependent
vector field on an open set U of R". Assume that &(t, x) is divisible by u(z). Then
for the isotopy ¢ generated by &(t, x), wy — id is divisible by pu(x).

Proof. The differential equation

i_j = ¢{(t, x) = p(z)n(t, )
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is solved by looking at the integral equation

o(t,x) =x —|—/0 &(p(s,z))ds.

We use the method of sequential approximation. That is, first put ¢(®) = z and

o (t,x) =z + / £(p* 1 (s, 2)))ds

(k>1).
Then the sequence converges uniformly on ¢ and x on a (small) complexified
neighborhood (in z) and the limit is real analytic with respect to .

¢
In fact, define the functional F' by F(p)(t,x) = x + / £(s, p(s,x))ds. Assume
0
that in a d-neighborhood Us(2(¥) = {z | |z; — 2(¥;| < 6} of (0, max|§—£| < K.
7 1’1‘
Then

|[F(p1);(t,x) — F(p2);(t,z)] <nft|[Kimax  sup  [p1; — poil.
v |sI<|t],z€Us

1 1
Hence for |t| < R F'is a Lipschitz map with Lipschitz constant 3" On the other
nis

hand, if m?x|§i(s,x)\ < Ky in Us, mzax|g02(.1) - gpl(.o)] < |t|Ko. Thus if |t| < %KO,
max \go,gl) - 902(0)’ < g Then for z with max |z, — 2@y < g, max |g0§k_1) -z <
o — 3 oh—T implies
max ") — o] = max | F(p" V), — F(p*7),|
= %miax o = el < ;k_l,

and hence max \gpgk) —z29 <5- Then the estimates for o*) hold. Thus for

2.2k"
inKl , 4LKO}’ ©*) converges uniformly on Uy s2- The uniform estimate
holds on a complexified neighborhood and the limit (¢, z) is real analytic with
respect to x for small |t|. By the continuation with respect to ¢, we see that the
limit ¢(t, z) is real analytic with respect to x for ¢ € [0, 1].

Now since &(x) = pu(z)n(x), the sequential approximation p(®) is given by

t
ot 2) = + / (e (s, 2) (s, 5V (s, 2))ds

(k > 1). Note that

|t| < min{

t

pW(t,a) — 2= / pe)n(s, x)ds = p(x) [ n(s,z)ds
0 0

is divisible by ju(z). If ¥~V (¢, z) — z is divisible by p(z) and say =D (t,z) —z =
(@)™~ (t,z), then

t
o ®(t,2) — o = / (e (s, 2)n®D (s, %D (5, 2))ds,
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and by the Hadamard Lemma 6.2, there are real analytic functions «;(x,y) such
n

that u(y) — p(z) = Z(yj — xj)a;(z,y) and

=V (s,2)) = p(z + p(x)n™ =1 (s, )

=) + 3wy s,y (o + ) (5, 2)

is divisible by p(x). Hence ¢*)(t,2) — x is divisible by p(x). Since the limit of a
sequence of real analytic functions divisible by p(x) is divisible by pu(z) by Lemma
6.4, p; — id is divisible by u(z). O

Here is an example of application of the regimentation lemma.

Example 7.4. Let S” = {z ¢ R""! | lz|| = 1}. We have the functions

ui:xi4/2x]~4:5”—>R
J

n+1
such that Z u; = 1. We think about the decomposition of real analytic dif-
i=1
feomorphisms of S™ into regimented diffeomorphisms by Lemma 7.1. Then for a
diffeomorphism f : S — S™ close to the identity, f = fM) o ... o f(**D where
S —id is divisible by p;, i.e., 4-flat along {x € S™ | x; =0} (i=1,...,n+1).

For a diffeomorphism f : S™ — S™ close to the identity, as in Example 7.4, f is
decomposed into a composition of diffeomorphisms which are flat along coordinate
hyperplanes. Then as in Example 6.10, such flat diffeomorphisms are decomposed
into a composition of orbit preserving diffeomorphisms. Then by Theorem 5.1,
these orbit preserving diffeomorphisms can be written as product of commutators
of orbit preserving diffeomorphisms. Hence we obtain the following corollary.

Corollary 7.5. The identity component Diff”(S™)q is a perfect group.

8. PROOF OF MAIN THEOREMS

Proposition 8.1. Let M be a compact real analytic manifold with nontrivial U(1)
action. Let & be the generating vector field for the U(1) action. Then there are
finitely many real analytic diffeomorphisms f;, i =1, ..., N (f1 =id) of M such
that, for any point x € M, there is a subset {i1,...,i,} C {1,..., N} with (f;, ),
vy (fi,)«€ spanning T, M.

Proof. For each point € M, there is a point y close to = where &(y) # 0. Then
there are C'! diffeomorphisms g1, ..., g, of M such that (g1).&, ..., (gn)«& span
T, M. Now we take real analytic approximations f, ..., f¥ of them. Then (f{).¢,
ooy (f3)4€ span T, M and these span T, M for ' in a neighborhood U, of z. We
cover M by these U, and take a finite subcover and obtain fq, ..., fn. O

Proof of main Theorems 1.1 and 1.2. Let M be a U(1) fibered manifold or a
manifold admitting a special semi-free U(1) action.
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We put a real analytic Riemannian metric on M. We use Proposition 8.1 and
obtain U(1) actions generated by &1, ..., &y with the following property. For each
choice k of n vector fields among {&;,...,&n}, we have the determinant A, =
det (fkij) with respect to an orthonormal frame Er at each point, where Kk =

T
feees ,n=dim(M), and &, = i—

depend on the choice of the orthonormal frame and A, is a real analytic function
on M.

Then M is covered by the open sets of the form M \ {A, = 0}. By the regi-
mentation lemma 7.1, any real analytic diffeomorphism f close to the identity is
decomposed into real analytic diffeomorphisms f, such that f, — id is divisible by
(A.)*. Then by the inverse function theorem 6.12 for multi-vector fields, f, can be
written as a composition of orbit preserving diffeomorphisms. For a special semi-
free U(1) action, A,, = 0 along the fixed point set s(ON) and these orbit preserving
diffeomorphisms satisfy the assumption of Theorem 5.1.

Then by Theorems 2.2 and 5.1, orbit preserving diffeomorphisms can be written
as product of commutators in the group of orbit preserving diffeomorphisms. Thus
Theorems 1.1 and 1.2 are proved. O

. By Remark 6.13, A, does not

9. REAL ANALYTIC DIFFEOMORPHISMS OF 2 AND 3 DIMENSIONAL MANIFOLDS
WITH U(1) ACTIONS

In this section, we show that Diff (M), for 2 and 3 dimensional manifolds M
with nontrivial U(1) actions are perfect.

First we note that, by the proof of main theorems, if M admits a nontrivial U (1)
action, any element of Diff* (M), is homologous to a diffeomorphism which is an
orbitwise rotation. Here we say that two elements are homologous if they represent
the same element in the abelianization of the group Diff* (M ).

Proposition 9.1. If M admits a nontrivial U(1) action, any real analytic diffeo-
morphism isotopic to the identity is homologous to a diffeomorphism which is an
orbitwise rotation.

Proof. We note first that by the proof of main theorems, if M admits a nontrivial
U(1) action, using Proposition 8.1 of perturbation, the regimentation lemma 7.1
and the inverse function theorem 6.12 for multi-vector fields, any real analytic
diffeomorphism f close to the identity can be written as a composition of orbit
preserving diffeomorphisms. Note that these orbit preserving diffeomorphisms are
conjugate to orbit preserving diffeomorphisms of the original U(1) action.

If M admits a locally U(1) action, Proposition 4.1 implies that orbit preserv-
ing diffeomorphisms close to the identity are homologous to diffeomorphisms which
are orbitwise rotations. In general, the argument of the proof of Proposition 4.1
together with Theorem 5.3 (and its generalization Theorem 10.1) implies that or-
bit preserving diffeomorphisms, obtained by the regimentation lemma 7.1 and the
inverse function theorem 6.12 for multi-vector fields, are homologous to diffeomor-
phisms which are orbitwise rotations. Here, note that Theorem 10.1 in Section 10
gives

H, (z) _ (21627r\/—_1m1kw(z)’ o ,Zn€27r\/__1m”k“’(z))
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such that @,,(z) = (Ry, (») © R—a 0 Hy o Rq o Hy')(2). This H, can be replaced by
Hy o R_g, (z), where 3,,(2) is real analytic function constant along the orbit. Put

Bu(z) = % / o ()6, then

(Hw o R_g,(2))(2)
— (21627r\/—71m1k;w(Ze—zwﬁﬁw(z))), o ,zneQTr\/jlmnkw(ze—zﬂ—\/Tlﬂw(z)))

and k., (ze~ 27V~ 1Pu(2)) satisfies
/ ke (ze~ 27V 100 (2)) 49

_ j (o (27T E0) _ ko (2) + ko (2)) (0)d8
S

1
__ /S (k™ () + Bu(2) — i~ (2))(0)d0 + /5 u(2)(6)d9 = 0.
Thus the conjugating real analytic diffeomorphisms match up on M as in the proof
of Proposition 4.1.

Since the product of orbitwise rotations is an orbitwise rotation, we showed that
any real analytic diffeomorphisms close to the identity is homologous to an orbitwise
rotation. Since any element of Diff (M)q is a composition of diffeomorphism close
to the identity, it is homologous to an orbitwise rotation. (]

Now we prove Theorem 1.3. This is done by showing following Propositions 9.2,
9.3 and Theorem 9.4.

If the dimension of M is 2, then M with nontrivial U(1) action is diffeomorphic
to the torus T2, the sphere 52, the Klein bottle K? or the real projective plane
RP?. For the torus T2, Diff*(T?) is simple by the result of Herman ([13]). For
the sphere S?, our Theorem 1.2 says that Diff(S5?), is perfect.

Proposition 9.2. Diff*(K?), is perfect.

Proof. For the Klein bottle K2, we have locally free U (1) action with 2 multiple or-
bits of multiplicity 2. By Proposition 9.1, any element of Diff (K?) is homologous
to a diffeomorphism which is an orbitwise rotation. K?2/U(1) is an interval. We
can take a circle transverse to the U(1) orbits which is Z/2Z equivariant, where
Z/2Z C U(1). Using this circle, we can make SL(2; R) act on the regular orbits
so that the induced action on the 2 multiple orbits is the action of PSL(2; R).
Using this we can write orbitwise rotations close to the identity as a product of
commutators of orbit preserving diffeomorphisms. Thus Diff* (K?2)g is perfect. [

Proposition 9.3. Diff*(RP?), is perfect.

Proof. For the real projective plane RP?, there is a U(1) action with 1 fixed
point and 1 multiple orbit of multiplicity 2. By Proposition 9.1, any element of
Diff(RP?)y is homologous to a diffeomorphism which is an orbitwise rotation.
We can arrage so that this orbitwise rotation satisfy that f — id is divisible by
(2% +9?)? at the fixed point. We have the the action of Lemma 5.4 which extends
to the multiple orbit of multiplicity 2, and using it we can write orbitwise rotations

close to the identity as a product of commutators of orbit preserving diffeomor-
phisms. Thus Diff“(RP?)g is perfect. O
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All other closed 2-dimensional manifolds are hyperbolic and does not admit
nontrivial U(1) action. We do not know the abelianization of Diff* (M), for a
hyperbolic closed 2-dimensional manifold M.

Now we consider a closed 3-dimensional manifold M? admitting a nontrivial
U(1) action. Those manifolds with U(1) actions are classified by Raymond ([23])
and Orlik-Raymond ([22]).

In the rest of this section, we show the following theorem.

Theorem 9.4. Let M3 be a closed oriented 3-dimensional real analytic manifold
admitting a nontrivial U(1) action. Then the identity component Diff* (M?3)y of
the group of real analytic diffeomorphisms of M is a perfect group.

First we assume that the action is locally free. If there are no multiple orbits,
then the theorem follows from our Theorem 1.1. Hence we assume that there
are multiple orbits. Then the quotient space M3/U(1) is a 2-dimensional orbifold
with boundary which corresponds to the multiple orbit of multiplicity 2 with the
homomorphism Z/2Z — O(2) sending the generator to an orientation reversing
map. Let ST, ..., S} denote the boundary components.

Other than orbits corresponding to the boundary, there are finitely many mul-
tiple orbits Oq, ..., Oy, where the isotropy subgroups are nontrivial. Let mq, ...,
my be the multiplicity of O1, ..., Op. Let k be the least common multiple of mq,
..., my if the boundary is empty, and k be the least common multiple of mq, ...,
my and 2 if the boundary is not empty.

For the multiple orbit O;, we have a neighborhood N; = (B? x U(1))/ ~, where
(w, 2) ~ (we2™V =1t/ mi ze2nV=Tr/miy ((m; gV =1 and r € Z/m;Z).

For the boundary component S} of M/U(1), we have a neighborhood N! =
([-1,1] x S} x U(1))/ ~ of the component of multiple orbits, where (u,v,z) ~
(—u,v, —2).

For each N;, we take k sections B2 x {e2™V=1i/k} (j =0, ... k—1)in B2xU(1),
and then this gives k/m; disks in N; transverse to the multiple orbit O;.

For each N/, we can take a family of curves ; on S} x U(1) such that +; intersects
{2} x U(1) (x € S}) in k points and is invariant under the translation by e27vV=1/k
in the U(1) direction. We take a family of annuli [—1,1] x 7; in [-1,1] x S} x U(1).
Then, for each N/, this gives a family of annuli transverse to each multiple orbit in
({0} x S} x U(1))/ ~ at k/2 points.

The quotient space X = M /U (1) is an orbifold which is topologically a connected
surface of genus g with ¢ marked points and possibly with the boundary. Then the
projection M — X = M/U(1) has a multi-section on each N;/U(1) and N//U(1).
We try to extend the multi-section over Y. Put ¢’ = 2g¢ if the surface X is orientable,
and put ¢’ = g if the surface X is nonorientable.

If the boundary is empty, we choose arcs Ay, ..., A¢_1, By, ..., By on X =
M/U(1) connecting N;/U(1) so that the complement of O(N,-/U(l)) U e[j A; U
y i=1 i=1
U B; is simply connected. We extend the multi-section over these arcs, and then
i;el have a multi-section along the boundary of the simply connected region. We
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have the obstruction to extend this multi-section to the simply connected region,
which is the Euler class.

If there are multiple orbit O; and the boundary is not empty, we also choose
arcs Ay, ..., Ar—1, By, ..., By on ¥ = M/U(1) connecting N;/U(1) and arcs C;

¢
connecting Ay to N//U(1) (i = 2, ..., n) so that the complement of U(Nz/U(l)) U
i=1

n /—1 g’ n

U (N!/U(1))u U A; U U B;U U C; is annulus with a boundary component being
i=2 i=1 i=1 i=2

St. We choose a multi-section on each N;/U(1) (i = 2, ..., ¢) and on each N!/U(1)
(i =2,...,n). Weextend the multi-section over these arcs, and then we can extend
it to the whole X' = M/U(1).

If there are no multiple orbits other than the boundary, we take arcs C; (i =

2, ..., n— 1) connecting N//U(1) (i = 2, ..., n) so that the complement of
n n—1

U (N!/U(1))U U C; is annulus with a boundary component being St. We choose
i=2 i=2

a multi-section on each N;/U(1) (i = 2, ..., {), we extend the multi-section over
these arcs, and then we can extend it to the whole X = M/U(1). If the boundary
is the circle St, then X is the disk or the Mobius band, and we have multi-section
(k=2).

Now we need to know that we can choose the multi-section real-analytically and
invariant under the action of Z/kZ, possibly outside of several regular orbits if the
boundary is empty.

Consider M = M/(Z /kZ). For each multiple orbit O;,

Ni/(Z/kZ) = (B*/(Z/m:Z)) x (U(1)/(Z /kZ)),
where B%/(Z/m;Z) is a cone of angle 27 /m;. For each boundary component S},
N//(Z/kZ)=[0,1] x S* x (U(1)/(Z/kZ)).

Then the action of U(1)/(Z/kZ) is free on M. The multi-section we took corre-
sponds to a section of this U(1)/(Z/kZ) bundle M — X.

For the cases where there is a multi-section for M — Y we approximate this
section for M — X, by a real analytic section and the inverse image of it under
M — M is the desired real analytic multi-section for M — Y. Note that, for the
real analyticity around the cone points and the boundary, we understand as follows.
A function f on B%/(Z/m;Z) is real analytic if f is induced from a real analytic
function on B? invariant under the action of Z/m;Z. A function f on [0,1] x S} is
real analytic if it is induced from a real analytic function on [—1,1] x S} invariant
under the map (u,v) — (—u,v).

If there are obstructions to construct multi-sections, we proceed as follows. Let
E be the C bundle over X = M/U(1) associated to M — Y. We consider real
analytic sections of £ — .

We divide into two cases according to the uniformizability of ¥ = M /U(1). We
treat the case where X' = M /U(1) is not uniformizable in a different way later.

If ¥ = M/U(1) is uniformizable, there is a finite branched cover

Y —Y/F=Y=MUQ),
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where F'is a finite group acting on the real analytic surface Y. This map Y — X
is covered by the C' bundle map Fy, — E. First, take a smooth section which is
not zero on B%/(Z/m;Z) (i = 1, ..., £) and is transverse to the zero section of
E — Y. This gives an F' equivariant smooth section of F'y;, — Y. Let s be a real
analytic section of F'y;, — X which approximates the smooth equivariant section.

1
Then we take the average by the action of F'. That is, let ¢ = m Z v-so~T L

yeF
Then o is equivariant and still not zero on the preimages of B%/(Z/m;Z). The
section o is transverse to the zero section because the maps v-so~y~1 (v € F) are
close to each other, each zero of ¢ is near a zero of v-so~~! (y € F) and the
tangent maps of v - s o~y ! near the zero of o are close to each other. Thus this o
induces a real analytic section ¢ of £ — 3.

Outside the zeros of g, o gives a real analytic section of M — Y. Now we take
the inverse image o of o(X \ Zero(o)) under M — M. This ¢ gives the desired
multi-section outside the zeros of o.

Now we have necessary real analytic multi-sections ¢ when the boundary of X
is not empty or X is uniformizable.

Let SL*(2; R) denote the k fold covering group of SL(2; R). Using this section,
we make the diagonal matrices of S”EI“(Q; R) act along the orbits.

If there is a real analytic multi-section o over X, then we make SNL’“(Q; R) act
along the orbits. By Lemma 3.1, orbitwise rotations close to the identity can be
written as a product of commutators of orbit preserving diffeomorphisms, and the
theorem of this case is shown.

If Zero(o) is not empty and there is a multi-section only over X \ Zero(o), we
need a multi-section version of Lemma 3.3, which is proved by looking at the k fold
covering along the fiber and lift the maps appearing in the proof of Lemma 3.3 to
the k fold covering.

Lemma 9.5. Let R: D\{(0,0)} — SL(2; R) be the map given in Lemma 3.3. Let
A= (a agl)’ where a = a(x,y) is real analytic and a(0,0) = 1. If a(z,y) — 1 is

divisible by x? +y?, then R™' AR lifts to a real analytic map Ay : D — gi’“@; R)
such that Ay (0,0) = id.

We note that Lemma 3.4 can be applied to the lifts of the actions of the rotations
and diagonal matrices and this together with Lemma 9.5 implies the following
Lemma.

Lemma 9.6. The orbitwise action Map(D\ {0}, SL*(2; R)) which is the lift of the
action given in Lemma 3.5 extends real analytically to the fiber on 0.

By using real analytic sections o whose zero sets are disjoint, we can write an
orbitwise rotation as a product of orbitwise rotations such that the condition (x);
of Lemma 3.5 is satisfied as in the proof of Proposition 3.2. Then by Lemma 3.1,
using the action of elements of SL*(2; R), we can write an orbitwise rotation close
to the identity, as a product of two commutators in Map® (X'\ Zero(o), ﬁk@; R))o.
Then by Lemma 9.6, the diffeomorphisms appearing in the commutators are real
analytic on the fibers of Zero(o).
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If M/U(1) is not uniformizable, ¥ = M /U (1) is the 2-dimensional sphere S? with
1 or 2 cone points. In this case, M is a lens space L(p, q) for coprime integers (p, q).
The lens space L(p, ¢) admits a U(1) action such that L(p,q)/U(1) is uniformizable.
O The lens space L(p,q) is given as the quotient space of S by the Z/pZ action
defined by £ - (21, 20) = (e2™/PV =12, e2™a/PV=14)) for ¢ € Z /pZ. Thereis a U(1)
action (actually a U(1)/(Z/pZ) action) induced from the diagonal U(1) action
of {€2™V=Tt1 on the unit sphere S3. For this action X = L(p,q)/U(1) is the 2-
dimensional sphere without cone points (p = 1) or with two cone points of angle
2r/p (p # 1). Thus X is uniformizable and we can apply the previous argument.

It the fixed point set is not empty, we need the following lemma which is
SLF(2; R) version of Lemma 5.4.

Lemma 9.7. . Let A: C — C be the map given i Lemma 5.4 preserving
concentric circles, where we identify R* with C and a = a(w,w) is a real analytic

function on ww and a(0) = 1. If a — 1 is divisible by (ww)*, then the map Ay :
C — C satisfying (Ar(w))¥ = A(w”) is real analytic at (0,0).

Proof. Put z = w* and in the coordinate (z, %), the map A given by

) A ()

—1
Y a’x? + a2

is written as follows:

;1(2>_ NS (az+§ lz—z)
\/2<z+z>2_i<z—z>2 2 a2
Ty a2 4
2z 1 1. _
s ] | T (§(a+—)z+§(@—5)z)
2 - 2 2, =2
\/5(a1+;1zz+11(a —1a—2)(z +z°)
1,5, 1 1, , 1,22+72
\/5(“ tE @
L la-1F Tla-Dat1)
_ 2 _a 2 a '
\/1+1(a—1)2(a—|—1)2 1(a—1)(a+1)(a® +1)2° +2°
2 a? 4 a? 2Z

If a — 1 is divisible by (22 + y?)* = (ww)* = 2z, Then A(z) is divisible by z and
written as the convergent series

A(z) = z(1+ Z a;j2' 7).
The map Ek is written as

gk(w) = </wk (1 + Z aijwkiwkj) =w ’\“/1 + Z aijwkiwkj

and it is real analytic. U
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If the fixed point set is not empty, X' = M/U(1) is a surface of genus g with
boundary and with ¢ marked points. It is always uniformizable. Since X = M /U (1)
is uniformizable, we proceed as before and we obtain multi-section of M —
M/U(1) outside the boundary. For the boundary components corresponding to
fixed point set, we have k fold multi-section. By using this multi-section we make
act A\k along the orbits. Since we can arrange the orbitwise rotation f obtained
by Proposition 9.1 to satisfy that f — id is divisible by (22 + 32)%*. We take a
real analytic function @ on X such that a = 1 on the boundary 90X, and a > 1 on
Y\ 0%, a— 1 is divisible by (22 + 3?)* along the boundary X but the (2k)-th
derivative is not trivial. By using the real analytic map X~ — 31'“(2; R) which
lifts w — (“(w) 0

0 a(w)
identity can be written as a product of two commutators. Then by Lemmas 3.4
and 9.7, the diffeomorphisms appearing in the commutators are real analytic on
the fixed point set.

Thus we proved Theorem 9.4. O

), by Lemma 3.1 the orbitwise rotation f close to the

10. APPENDIX 1: PROOF OF THEOREM 5.3

Theorem 5.3 is a special case (n = 1) of the following Theorem 10.1. Before
stating Theorem 10.1, we clarify the situation.

We consider the complex vector space C™ with the coordinate (z1,...,2,). Let
U be a neighborhood of the origin 0. Let @ : U — ¢(U) C C" be a real analytic
diffeomorphism fixing 0 such that Top = idz,cn.

Then the component ¢;(2,z) (i =1, ..., n) of &(2,2) = (v1(2,2),...,pn(z,2))
is written as a convergent series in the variables (z,2) = ((21,.-+,2n), (Z1,---,2n));
0
and satisfies 8i = 0;; and 8 (0) = 0. Hence the linear term of ¢; is z;.
Z .

Zj
Let U(1) x C” — C" be the U(1) action given by

(627“/_”, (zl, o ;Zn)) N 627r\/—1t.(zl, o ;Zn) — (627r\/—1m1tzl, o ,627r\/—1mntzn),
where (my,...,m,) is a primitive integer vector called the type of the U(1) action.
Any effective real analytic U(1) action on C™ with the unique fixed point set {0}
is real analytically conjugate to this action for some (mq,...,my,).
Assume further that &(z,%) is on the orbit of z. Put
v;(2,7) Z QMZJ ZJ )
k>0,0>0
k+£>1
where gie are convergent series on
((21, 2 L R S P 7Zn)7 (21, N ,Ej_l,EjH, ce ,En))

Since ¢(z, %) is on the same orbit of z, ¢, (2, 2)p;(2,%Z) = 2;Z;. Since p;(z,2)p;(2,Z)
begins with
(91 OZJ ‘l‘go 17 T )(91 OZJ ‘l‘go 175+ )
=01 096,177 + (91,0910 + 96,190.1)2%5 + 901 T1,0%5° + -
and this coincides with z;z;, 91705071 =0, 91,051,0 + 90715071 =1 and 9871510 = 0.
Here g1 ((0) = 1 and hence it is nonzero on a neighborhood of 0, g3, = 0 and
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‘g{,0| =1. If gg’Q, EERE 96,2—1 is 0 and gg’z # 0, theg the coefficient of Zﬁ“ of
0i(2,2)pj(2,Z) is gy 4. Since p;j(2,2)p;(2,%) = 2;Z;, gy, = 0. Thus all the terms
of p;(2,%7) contain z; and ¢;(z,7)is written as ¢;(2,%2) = z;u;(z, %), where u;(z,%)

is real analytic, u;(0,0) = 1 and u;(2,%)u;(2,Z) = 1. Then by putting u,(z,%z) =
1 —v,(z%) and

— 2 v;(z,2)"
2m _lui<z7z) = 10g(1 - 'Uj(z7z)) = Z Ji',a
i
i=1
@;(z,%) is written as ¢;(2,%) = zje2”\/__1“i(z’z), where p;(z,%) is real-valued if the
value of the variable Z is the complex conjugate of z.
Now since ®(z,z) = (z1€2™V"1m(=2) o 27V=Tun(232)) ig on the same orbit
as z=(z1,...,2n), and p1, ..., p, are small near the origin,
2V —1pi(2,2)/m; =20V =1 (2, Z) /My
holds where |z;| - |2;| # 0. This means that the real analytic functions p(z,%)/m,
vy pn(2,Z)/m, defined on a neighborhood of 0 coincide on the open set where
|z1| -+ |zn| # 0. Hence there is a real analytic function u(z,%) defined in a neigh-
borhood of 0 such that p1(z,2) = miu(z,2), ..., pn(2,2) = muu(z,z). Thus the
orbit preserving map @ is written as follows:

@(Z,E) — <21€27r\/—71m1u(z,2), o ,Zne%r\/jlmnﬂ(z,z))_

We show the following theorem.

Theorem 10.1. Let A¢ be the polydisk of radius (. Let o € R be a Diophantine
number. Let ®(z,Z;w) = (p1(2,Z;w), ..., pn(2,Z;w)) be a real analytic family of
real analytic diffeomorphisms of a neighborhood U of 0 in C" which sends each
orbit the U(1) action of type (mu,...,my) to itself, and T(g)yP,, = idr,cn, where
Dy(2) = P(2,Z;w) and w € Ac N R™. Then there are real analytic maps X :
Ux(AcNR™) — R (A\(z,Z;w) is constant along each orbit) and H : U x (A¢ N
R™) — U (H(z,z;w) is on the same orbit as z) such that

e—27r\/—_1)\w(z) ) 627r\/—_1a . @w<z) _ Hw(e27r\/—_lo¢ -Hw_l(z)),
where Ay (2) = Ay (2,Z;w) and Hy(2) = H(z,Z;w).

For the proof, we rewrite the equation. By replacing H,, ~!(z) by z, the equation
is written as follows:

6—27T\/—_1)\w(Hw(Z)) _627r\/—_1a '@w(Hw(Z» _ Hw(e27r\/—_1a . Z).
Since @,,(z) sends each orbit to itself, we have the real analytic function p.,,(z) =
u(z,Z; w) such that
Dy (2) = (zle%\/_—lml’““('z), e ,zne%\/__lm”“w(z)).
We are going to find H,(z) such that ToH,, = idp,cn. If Hy(2) is on the same
orbit as z, then there is a real analytic function k,(z) = k(z,Z; w) such that
H, (Z) _ (Z1627r\/—_1m1kw(z), o ,ZnGQW\/__lm”k“’(z)).
If A\, is constant along each orbit, A\, (Hy(2)) = Ay(z). Then the i-th coordinate
of the above equation is written as follows:
6—27r\/—_1m¢)\w(z)627r\/—_1mia(ZieQTr\/—_lmikw(z))BZW\/—_lmiuw(Hw (2))
— ZieQW\/—_lmiozeQﬂ'\/—_lmiuw(62"‘/__1°‘~z).
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Since Hy,(0) = 0 and k4 (0) = Ay (0) = 14 (0) = 0, we have the following equation.

tw(Huw (2)) = Aw(z) = kw(e%\/__la - 2) = ku(2)
Hw(Z) _ (Zl€2ﬂ\/jlm1kw (z)7 el ZnQQﬁﬁm"kw(z)).

We use the Kolmogorov-Arnold-Moser process to obtain the sequence converging
to the solution.
Put

G E) (2,73 w) = pup(Hup(2)) = Au(2) = (R (€771 2) = ko (2)).
We are looking for A, and k,, such that G(\y, ky)(z,Z;w) = 0. The question is:

“If we have an approximation ()\ k) of the solution, how can we make a
better approximation (\ + Nk + k:)’”’

In principle, for an appropriate norm || - ||, we have
1G4+ Ak + k) — GO\ k) — DGy (A )| < const (A + [|&])%.

Thus for the given (\, k), take (/):,E) so that G(\, k) + DG(Ayk)(X,%) is small, then
(A + Nk + %) should be a better approximation.
First we investigate the terms which we need to estimate.

Put
21/ —1m1 60
.

.y Zne

,Uw(Zl,...,Zn’e) :luw<2;1€ 27T\/—_1mn0).

Then

(’Mw a,uw
0 = ; (27?\/ mlzl - - 2V —1m;z; —— oz, )

The differential DG 1) is computed as follows:

DG sy (0 F) = 2 (B, (2)E(2) - A(z) — (R 2) — R(2)).

00
Then
GA+MNk+k)— G()‘Lk> DGy, k)()\ k)
- Mw(zle%\/—_lml(kw(sz (z)) n o2V —=Tmy (ku (2) 4K (z)))
— b (Z1€27r\/—_1m1kw(z) 7Zn€27r\/_mnk (z))
g/; (Z 6271\/_m1k (z) 7zn€27r\/—_lmnkw (2) )E(Z)
Hence
~ ~ PN 52 ~
(10.1) |G+ Nk +k) — G\ k) — DG (N E)| < sup |a—9'l;|(sup I%))2.
0% -~ 2
Here W = (Z; 277\/ 777le‘Z ' — 2TV — mzzl az, )) L
Put
kw(zla sy Rmy 0) - kw(ZlﬁQﬂ—\/jlmle, Ce ,Zn627r\/—71mn9).
Then

Oky
50 = Z (27?\/_m zl

=1

—2mv—1m;z;

a- 82)'
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. Oku _ T
Now put k(z) = (1 + W(z))E(z), where E(z) = E(z,z;w). By substituting this
to the differential of G(\, k),
~ Ok,
DG iy(A (L + —27)E)

_ O K

K A
L (Ho () (1+ 52 () B(=) — A(2)
0k

— <(1 + aaiew(e%\/__la : z))E(eQW\/__lO‘ z)— (1+ W(z))E(z))

Since

GMNE) =pw(z1, oy 20, 0+ kw21, 20,0)) — M21, .0, 20)
—(kw(z1y - oy 2n,0 + @) — ky(21, ..., 20, 0)),

G\, k)
0

Hence we have

G\, k)
a0

(2) = %"(Hw(z))u + a"j—“’(z)) - (aaig“(e%“‘_l“ "2) = ak—”(»%))-

(B() = 22 (1, (2) (1 + e (2)) B(2)

Thus

For (A, k), we would like to solve

GO\E)—A=(1+ %ié“(e%ﬁa ) (BT 2) — B(2)).

That is

E(e27r\/—_1a . Z) . E(Z) _ (1 + a@iew(e%rx/—_la z))_l(G()\Jﬂ) — 3\\)

To find FE, it is necessary that

/@+%}Mwﬁwaf%mx@—mwzo

Since A is constant on each orbit, this is rewritten as

Ok, - B R ok, ) )
/ (1 + W((gQw\/_lOé . z)) 1G()\7 k)dG = )\/ (1 + W(eﬁr\/_la ) Z)) 1d(9



37

ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS
. NN a]'Cw
With these (A, k = (1+ W)E)’
Ok,
G\ k) + DG(/\JC)()\ (1 + W)E)
Dy OGO\ k
=G\ k) + DG()\ k)( (1 + W)E) — %(Z)E(z)
OG(\ k
+ 2858 (e
(10.2) 00 Ok, R
=G\Ek) - (1+ 22 TG V=l ) (BT ) — B(2) - A
OG(\ k)
T(Z)E(z)
OG(\ k)
= T(Z)E(Z)-
Ak
It is important that since G(\, k) is small, %(z) is small.
Thus by (10.1) and (10.2),
~ OG(\, k 0 fhao 2
GO R k4 B <sup | 290 E) ) fup ()] + sup | S s Rl
We treat the equation
k _ ~
E(€271'\/—_104.Z)—E(Z>:(1+%(62ﬂ'\/—_104.2)) 1<G<)\,k)—)\>
for the given (A, k), where \ is already determined.
Assume that
sup  |G(\ k)| <e, and
Ap XAy X Ag
su ak(z Zyw)| < 1
AnxAprc o0 - 22
- ~ 94
Then by the equation determining A, sup  |A] < 3¢, hence
Ay XAy X Ag 3
Ok, —1 ~ 4 52
su 1+ e2mV-Ta GO\ E) =N < =26 < 2%
Anmfm(“ SRS 2) (GOk) =N < 55
Here
= 6k 2ﬂvﬁia -1 N
v(z,Zw) = (1+ —= 50 (e -2)) (G k) = A)
= Z Ay ipky - kn (’U))lel “‘annzlkl "'Enk"
F1reerdnk1yeekin
satisfies aj,...j, gy ok (W) = Ay ooty gy ejn (W) AN Qg oy ke, =0 if Zmljl =

Z m;k;. The reason for the latter is as follows: Since the integral of v along the

=1



38 TAKASHI TSUBOI

orbit is 0,
/V(e%ﬁe 220 2 ) dg

= g /eQTF\/—l(Zi:1 miji—y iy miki)ezljl . Z,ﬂ"?lkl . Enk"dﬂ
jl,'“ajn7k:15"'7kn

. . _
- Z Ajy ek ky (w)zljl sz 2 2 = 0,
2?21 mz‘jz‘:ZLl mik;

Since it vanishes as a function on (z, Z; w), the coefficient satisfies a;,...5, ky .-k, (W) =

=1 =1

2%
. . 2
Since  sup  |v(z,Zw)| < 2%, |aj, gk ok, (W)] < ST OST by the
AT] XAn XAC ’]’] i=1 i=1
Cauchy inequality.
For the series v(z,z;w) = g Wy ooy by (W) 21 2 I R P

J1seeesdn K1,y kn

n
With ajy .oy, (W) = Qhyookey gy g, (W) and ajy.j gk, (W) = 0 for Zmiji =
i=1

n
Z m;k;, put
i=1

. - .
B(z) = E : bjroejipber oy (W) 2170 e 2T 2
jl?"'7.j’rb7kl7”'7kn
and we can solve

E(e%\/__lo‘ -2z)— E(z) =v(z,Z;w).

Since
E(82m/_1a 2)— E(z2) = E (6277\/—104(2?:1 miji—2 20 miks) _ 1)
G1seeordins K1y okin _ - .
by egin oy, (W)217Y e 2y In R
b - N (w) _ ajl...jnkl...kn(w)
JuanELin e2mV/—1a(327 miji—327 miks) _ |
Thus
] ins k = k
E(z) = E Djyovginkoredon (W) 2171 o 272 P 2,
j17~~-7jn7k17~~~7kn
_ Z Ay ooy -ben (W) 21 g g kg e
6271'\/—10((2?:1 mljz—Z:L:l mzkz) _ 1

F1reeerdin K1y kin
This E(z) is real if the value of the variable Z is the complex conjugate of the value

of z and satisfies
v(z,z;w) = E(e™V71 . 2) — B(2).
Note that by the Diophantine condition,

|2V~ Ta(X i, magi =iy miki) 1) > Cp

_— n n
’ Z m;ji — Z miki}Hﬂ
i=1 i=1
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. 2%¢
Since [aj, ... j, ky-kon (W) < SRS Syl

) } Zmz’ji - Zmz’ki’H—B
2 i=1 =1

holds. Then, for |z] < (1 —a)p (0 <a < 1),

D S R ()| EFE LT LN MY

7i>0,k; >0
22 n n ) ‘ i |
S Z C—;‘ Zmljl - Z m@k’l‘l—i_ﬁ(l — a)zi:1 .7i+zi:1 ki
7i>0,k;>0 i=1
22¢ n -l-ﬂ +ﬁ . 0 g
Sl Z C—B(Z| Z‘Z—k’ a) iy Jit i ki
7i>0,k; >0 i=1
Here
Z (Z |ji — kz")HB(l — a)z?:l Jit22iy ki
7i>0,k; >0 =1
n
= > (Y G+ k) (1 — g B it R b

520, ki >0, 7 i+ 7 k>0 i=1
2n —1+/¢ 1+ﬁ Vi
<2 ( on — 1 )g (1-a)
>1
< 92n—1 Z£2n+ﬁ(1 o a)é‘
>1
In the second inequality above we used the following inequality:

2n—1+0)2n—2+4)---(14+¢) 1 1 1 1

1 2n—1
(2n—1)(2n —2)---1.¢2n—1 _(Z Qn—l)(z+2n_2)"'( +-)<2 ‘

1

|-

Then by using the equalities

/00 x2n+56—’}’9€dx: /OO( )2n+5 —wd(f) F(2n+1+ﬁ)
0 0 Y ¥ 72n+1+ﬂ

with v = [log(1 — a)| and the inequality |log(1 —a)| >

S (Xl - k) - @) Sk < 2%—1”2” t1th).

147
jiZOinzO =1 a?n
Thus
S Bk ) [217 Iz

§i20,k;>0

2% v 148, 0n_1 (20 + 1+ B)
SC—B(Z’WI) 2 .

=1
Cp i q2nt1+8"

=1
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This implies that E is real analytic on A _gq), X Aq_q), X A¢ and

22n+1r oIn+1 "‘ﬂ n 18 -
wp (e e D (Y

A —ayn XA —ayn X A¢ Cﬁ P a2n+1+8"
Since
OF n n
o0 =2V Y Qo madi— Y maki)
VARTEEDS TnK1ye-es k, =1 =1
jrovgnks ke, (W)2171 -z dnzy Rz B
for |z;| < (1—a)p (i=1,...,n),
225 n . n b R
‘89‘<27T Z C—|Zmiji_zmiki’ (1 —a)&i=1JiT2u=1 P
§i>0, k>0 P =1 e

23 n n . L § |
< Cﬂg Z <Z ‘mi‘)2+ﬁ<z |Ji — ki|)2+/8(1 — a)zz:l it ki
=1

6 ]1>0 k >0 i=1

) > (S0 + k)P (1 — a)Zim gt i ks

Ji20, k; >0, i=1

3 n
< 2°me ( Z |mi|)2+ﬂ22n—1 Z£2n+1+,3(1 o a)ﬁ
=1

) CB n £>0
Ve 2489n_11 (2n+ 24 ()
- (Z |ml|) 2 a2n+t2+8 .
Thus
wp (gl = R ) s
A X Ay X B Cﬁ i=1 a2n+2+5
22n+11‘1 2 2 n
Thus by putting C = <g+ ) and M = Z |m;|, we have
B -
C’BM1+[3€
sup E S =
Aq—ayn XA —ayn X A¢ | ‘ 2 titp
and
’ } 27TC’EM2+55
sup ghy s ©
A(l a)"]XA(lfa,)nXAC 80 a2n+2+/@
’\ Ok
en 10or ( + 89 )
~ 50’5M1+ﬂ5
v Ikl < e

A—ayn XA —ayn X A¢
If a holomorphic function f on A, x A, x A¢ satisfies — sup  [f(z,Z,w)| < K,
Ay XAy xXA¢
then for

gg(z Z,w) = 121(27T\/_m1Z1_‘_2 7 —1m;z; j),
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sup ’ (z,Z,w ’ )| and sup ‘ (z E,w)} are estimated

A(l—a)nXA(l—a)nXAC 82’0 A(l_a),,xA(l_a),,xAg az’t

K
by — by the Cauchy formula, and
arn

of  _ 22(1 — a)rK & 221K &
su 5% Zw)| £ ————— mi| < M.
A(la)nXAgamXAc‘ae( ) a z::| | a ;| |
For
0*f - 9.\’
w(z,z,w} Z(27r\/ mZzZ : —27r\/ 1m; zZ e V| f
i=1
5 02 9 5 0
(ZmZ Zig +z, a7 ——) +mi*(Z 8zi+zi 821-2)
82 0?
—1—2 m m]zlz]6 6 +mzmjzz Zjiaziazj)

7] 92 92
— Z m; mjzlzja 07 + MM 2325 o= 97,07, ))f
J J

1,

by the Cauchy formula,

a
=1
1—a)?
—|—2Z!mlm]]( 2) K+2Z!mlmjl( 2) K>

i#£] i,J

- 1 1 2 1 2

<227T2(2Z‘m1‘2( a | 2a) )K+4Z|mzmﬂ( Qa) K>
’L:1 7/7]

ok 1
Thus if su 2,2, W , then for
A ><AprC 39( I < 22
62k 0 | 0k
202 (z,Z,w) g (27— mlzla - —2mV— mﬁla )89
0%k T — M
su —(z,Z,w)| < — m;| = —.
A(l—a)nXAE—amXAc ‘892( )‘ a ;| | “

ok 9k ok OE
VR4 (14 2222

Since 55 = 2 £+ (L+ 55) 55
M C’éMHBg 5 QWCIBM2+/B€ 227TC;3M2+[35

sup —| < b <
A(l—a)nXA(l—a)WXAC|80’ a @ tits 4 aPrtts a?n 2o
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Assume that  sup  |u| < €&’. Then for
Ay XAy X A¢

02 o\’
8—0/; = (2(271'\/ mzzz—_ — 2w/ — mzzz 57 )) I,
82 / 233 2M2€/
sup ‘— < 2%7%. Z Im;])? 7T72
A—ayn XA —ayn X A¢ 00? a
Thus
~\2
( sup ) ( sup |k\)
A(lfa)nXA(lfa)'qXAC ‘692 ‘ A(lfa)nXA(lfa)nXAC
23302 M2’ 5C} Mg s 3 5271'20/52M4+255/€2
— a2 4a2n+1+ﬁ o 2qin+4+2p
Since  sup |G(\ k)| <e,
Ay XAy XA
OG(\ k) 227TM8
sup ‘ é Z |m;|)e
Aa-aynXAa-ayn X A¢
and
OG(\ k) 225 Cl M2+Be2
O L /2] et
Ay X A(—ayn X A Ay X A(—ayn X A a
We assume further that
3- 527TC”5M2+55’ < 23
and we have
~ ~ 237TC£3M2+ﬁ 5
sup IGON+ Nk + k)| < g el

Ar—ayn XA —ayn X A¢

Now we put A\g = 0 and kg = 0. Then G(\g, ko) = G(0,0) = pu(z) and assume
that

23
<e=¢'< .
A0 nE)lse=e< 352, M2TD
1 1
Put 1 = (5 + ?)n and 9 = ¢, we have
sup |G()\0,k‘0)| S €o-
Apg X Apg X A¢
Note that
1 L 1
9 41
Ne = 776—1—21 2 1 = ne—1(1 —ap_1)
2 T ar
1
41
where ay_1 = 12 T > 2£+1 for ¢ > 1.
2 : 2 ok
Then we have (Xo,%o (1+ 6—90)E0 Ey) such that

G(Xoy ko) — ho = (1 + 8;90( 20V =10 )Y (Eo(e2™V7192) — Eo(2))
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and 5
~ ko
ko(z) = (1+ W( z))Eo(2),
where
R 4
sup Aol < 5€0
Ay X Ay X Ac 32
5C} M1+5
sup ko < —F—7—
1 XAm XAC | | 4& 2n+1+ﬁ
2 Oko 0) < 227r0’5M2+f3
sup < £0.
Ay, X Ay XA ag?n+2+h
Then for Ay = Ao + Ao and ky = ko + ko,
GO, k)l < TP
sup LR S — 7755 €0
Ay XAy, X A agintitas

< 237TC/BM2+522(4n+4+25)602
For (Mg, k¢), assume that

sup  |G(Ag, ke)| < o
Ay XAy, XA

~ o~ k
Then we get (Mg, ke = (1 + %)Eg) such that

Gy ke) — Ao = (14 8;;( 20V (By(e™V7102) — By(2))

and
~ Oky

ke(z) = <1+W( 2))Ee(2).

where
4

~ 2
sp [l < Zey
Apy XAy, X Ac 3

5C! M1+P
ke < W

8/2;Z 227TC” M?2t8

sup

Aﬁn+1 ><A,7n+1 X A¢

Ay XSXB+1 ‘ ‘ - 2n—|—2+ﬁ e
Put App1 = A¢ + 3\5 and kpy 1 = kp + /]50 Then
237TC’£3M2+5 )
Anys XSXEH X A¢ (G, hern)] < Tagntares ot
< 23Oy MHA2(nA2) (Int4420) ¢ 2,
Moreover,
ok .
Annﬂxsgiﬂmc‘ n+1} e M2+ﬁ(m R aﬂ”ﬁ '

43

We will show that Ay and k, are defined successively and (Mg, ky) converges
to (A, k) which are holomorphic on A, x A,/s X A¢, and then we will have

G\ k) =0.
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Put N = 237TC%M2+622(471+4+26), and we have

61 < Neo?, g9 < N2WH4F28.2 o1 < Non(n+i+20) 2

< 1w <1 i< !
S Nodnrarzpe WeN &1 S o iag) LSS N D@Entatan)’

If we take gg

1
then o1 < N2(£+2)(4"+4+25)' Then

2 A p248 ot
2°mCM (a 2n+2+6 +oot a 2n+2+5)

) - 92(2n+2+p) 9(£+2)(2n+2+0)
/

<2 WC/BM (N2(4n+4+2ﬁ) ot N2E+1)(4n+4+20)
227TC/’3M2+3 1

- N (1 +ot W)
237rC/g,M2+5 237TC%M2+6 1 1

= N - 237TC/BM2+522(4n+4+25) = 92(4nt4128) = 927

and

sup ‘ 6kn—l—l

<5
Ann+1 XAC 2

is satisfied.
Thus the construction of the sequence (A, k¢) is performed. Since Z&g con-

verges, A = Z/):g is holomorphic on A, /5 X A, 5 x A¢. Since
=0
) 9(£+2)(2n+1+0) 1
Z a2 148 - Z No(+1)(dn+ateB) Z N22+£(2n+3+8)

converges, k = 27{7\@ is holomorphic on A, /5 X A, 5 X Ag.

=0
Thus (A, k) satisfies G(\, k) = 0 on A, /9 X A, /5 X A¢ and this is the desired real
analytic solution.

11. APPENDIX 2: PRELIMINARY ON THE REAL ANALYTIC DIFFEOMORPHISMS

In this section, we review several fundamental facts on real analytic manifolds,
real analytic maps and diffeomorphisms. Basic references are Cartan [4], Grauert-
Remmert [8].

Let A be the sheaf of germs of real analytic functions on a real analytic manifold
M. Analytically coherent sheaves are defined as follows. A sheaf S on M is analyt-
ically coherent if there is a neighborhood U of x, such that Sy is finitely generated
over Ay and for y € U, S, is represented as follows:

S, = (Ayer + -+ Ayer)/{f = Zazyel\ Zb%zy_o (G=1,...,0}

for some basis {ey, ..., ex} and bi ;- € Ay. In other words, there is an exact sequence
of sheaves:

(Ap)" — (Ap)* — Sy — 0.
It is fundamental that if S, is finitely generated over A, then there is a neighbor-
hood U of x where Ay is finitely generated over Ay .



ON THE GROUP OF REAL ANALYTIC DIFFEOMORPHISMS 45

Let H™(M;S) be the n-dimensional cohomology group with coefficients in S.
Then, Theorems A and B of Cartan are stated as follows ([4]).

Theorem 11.1 (Theorem A). For any analytically coherent sheaf S, H°(M;S) —
S, 1s surjective.

Theorem 11.2 (Theorem B). For any analytically coherent sheaf S, for n > 0,
H"(M;S) =0.

Let M be a real analytic submanifold in RY. Let Zy; denote the sheaf of the
real analytic functions on R which vanishes on M. Then, we have the well known
proposition.

Proposition 11.3. Z,; is coherent.

For a real analytic submanifold M of R” , the sheaf Aj; of real analytic functions
on M is identified with the quotient .A/Zy;. Proposition 11.3 and Theorem B of
Cartan (Theorem 11.2) imply the following proposition.

Proposition 11.4. For any real analytic function f on M C RY | there is an
extension f on RN .

Proposition 11.5. Any compact real analytic manifold M is defined by f = 0 with
fe HYRN;A).

Proof. Let SN ¢ RN™! be the unit sphere in RV 1. Since SV — {x} = RY
real analytically, M is real analytically embedded in SN ¢ RN 'L It is sufficient

to show that there is a real analytic function f on SV defining M.

By Theorem A of Cartan (Theorem 11.1), for z € M, the defining ideal (Zps),
ko

is generated by Fl(x), e F,g:) € H'(R"*';Z),). Then G = Z:(Fi(gc))2 is
i=1
a real analytic function on R™T! such that G = 0 on M and G*) defines
M on a neighborhood U, of z. For y € SN \ M, (Zp), is generated by any
F® ¢ HY (RN, T)s) such that F®) = 0 on a neighborhood U, of y.
Now take the covering {U, }zenr U{Uy }yesv\ar of SV Since SV is compact, we

P
have a finite subcovering {U,, }j—1,... pU{Uy, }¢=1,....q of it. Then the sum Z G@i) 4
j=1

q
Z(F (we))2 is the desired defining function of M on SN. O

(=1

The defining function fj; obtained by Proposition 11.5 is positive and bounded.

By taking a function like (1 — ?M)m, we obtain the following corollary.

Corollary 11.6. For any € > 0 and 6 > 0, there is a real analytic function f on
RY which is 1 on M and f < € out of the § neighborhood of M.

Now we look at the topology of the set of real analytic maps (see Royden [24],
Hirsch [18]).
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It is shown by Grauert [7] and Morrey [20] that an n-dimensional real analytic
manifold M™ is real analytically embedded in the (2n + 1)-dimensional Euclidean
space R*"*1,

Let M; and Ms be compact real analytic manifolds. Let Map"(M;, Ms) and
Map®(Mj, M3) be the set of C" maps (1 < r < co) and real analytic maps from
My to Ms, respectively.

Proposition 11.7. For compact real analytic manifolds My and My, Map® (M, Ms)
is dense in Map" (M7, M3) in the C" topology.

Proof. Using the real analytic embedding theorem, this is shown as follows.
Let M; and M, be real analytic submanifolds of R™ and R™?, respectively. Let
f: My — M be a C" map. Then the C" map f extends to a C" map f
Uy, — My for a neighborhood Upnr, of My in R™M . Then by the Weierstrass
approximation theorem, this f is C" approximated by a C* map f Uny, — RN,
Here, the trouble is that f (Ml) may not be in Ms. Let pps, denote the normal
bundle projection for My ¢ R™? which is defined in a neighborhood of M, and C¥.
Then pyy, o fis a C* map to Ms which is C" close to f.

For the group of real analytic diffeomorphisms of a compact real analytic mani-
fold M, we have the following corollary.

Corollary 11.8. For a compact real analytic manifold M, Dift* (M) is dense in
Diff" (M) (1 <r < o0) in the C" topology.

Proof. Since Diff (M) is open in Map® (M, M) in the C" topology, if f is a
diffeomorphism then pjy, o f in the proof of Proposition 11.7 is a C*“ diffeomor-
phism. Thus Diff* (M) is dense in Diff" (M) in the C" topology. For r = oo, the
C'> topology is given as the projective limit topology.Hence Diff (M) is dense in
Diff>*(M) in the C*° topology. O

Proposition 11.9. For a compact real analytic manifold M, Diff (M) is locally
contractible.

Proof. Let M c R, and let p : vM — M be the projection of the normal
bundle of M to M. For a real analytic diffeomorphism f in a C! neighborhood
of the identity idys, take fi(x) = p((1 —t)x + tf(x)). Then fi(x) is a C¥ path in
Diff (M) from the identity idys to f. O

Proposition 11.10. For a compact real analytic manifold M, Diff (M) is homo-
topy equivalent to Diff" (M) (1 <r < oo).

Proof. Given a continuous map S* — Diffl(M ), it is approximated by a C*!
map S¥ x M — M such that {*} x M — M are diffeomorphisms. Then it
is approximated by a C% map S¥ x M — M such that {¥} x M — M are
diffeomorphisms. Since Diff* (M) is open in Map* (M, M), m, is surjective.

Given a continuous map f : S¥ — Diff*(M). Assume that f : S¥ — Diff* (M)
extends to a continuous map F : DFt! — Diff'(M). F is approximated by C*
map DFt! x M —— M such that {*} X M — M are diffeomorphisms. Then
this is approximated by a C* map F . D' x M —s M. Thus we have F :
Dkt — Diff(M). Now consider the map S* x [0,1] — Diff*(M) given by
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pav o (LF + (1 —t)f) and we attach these 2 maps along S¥ = dD*+1 to obtain a
map D**! — Diff (M) bounded by f. O

Proposition 11.11. Let L C M be a closed submanifold. If f € Diff (L) extends
to F € Diff* (M) then f € Diff* (L) extends to F € Diff* (M).

Proof. We may assume that M is a real analytic submanifold of RY. First we
approximate F' by a real analytic map Fy : M — M. The C! norm of Fy|L — f :
L — RY can be made arbitrarily small. Let pp; be the normal bundle projection
on a neighborhood in R of M to M. In the product M x [0,1] ¢ RY x [0,1], we
consider the submanifold

{(par (1 = )Fi(z) = tf(2)),t) | z € Lt € [0,1]} € M x [0,1],
which is C¥ diffeomorphic to L x [0,1]. We have a vector field

Opa (1 — 1) F1(x) — tf(x))
( 5 1)

along this submanifold. Then by Proposition 11.4, we can extend this vector field
to a C* vector field on R™ x [0,1]. The second component of the vector field is
always taken to be 1. Now we take the restriction of this vector field on M x [0, 1]
and take the image by ((par)«,ids«) of the restriction. Then we have a C* vector
field ¢ on M x [0,1], and for « € L, {(pa((1 — t)Fi(z) — tf(z)),t) | t € [0,1]} is
the integral curve of £. Let ¢ : M — M be the time one map of £, then this is a
diffeomorphism extending f o (Fy|L)~!. Then ¢ o F} is a C* extension of f. O

Corollary 11.12. Let Ly C My a closed submanifold. If f € Diff* (L x M)
extends to F' € Diff' (M} x My) then f € Diff* (L1 x My) extends to F' € Diff (M x
Ms).

This corollary means the following. Given a C* map f : S¥ — Diff*(M).
Assume that f : S¥ — Diff“(M) extends to a continuous map F : DF*! —
Diff' (M). Then f extends to a C* map F : D' — Diff* (M).
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