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ABSTRACT. We completely describe the (g, K)-module structures
of the principal series representations of SU(2,2).

Introduction. The purpose of this paper is to describe completely
the (g, K)-module structure of the principal series representations of
SU(2,2), parabolically induced with respect to the minimal parabolic
subgroup Pin.

This is motivated by the problem of the determination of the precise
formulas for various spherical models of the standard representations
of SU(2,2). Among others we are interested in the Whittaker models
(Bayarmagnai [1], Hayata [3], Ishii [4], Miyazaki-Oda [6]).

Our method of proof is similar to that of a recent paper of Oda [5],
which describes the (g, K)-module structure of standard representa-
tions of Sp(2,R). Namely we utilize the concept of simple K-modules
with marking, to overcome the problem of multiplicities in K-types.

Our main results are Theorem 3.6 and Theorem 3.7 which are shortly
explained below. The template of the formulas is the following:

Cle xS = STy Ly

Here S(™ is the matrix consisting of elementary functions in the rep-

resentation identified with a closed subspace of L*(K), Clt,+:4] 18 a

matrix with entries either in p™ or in p~, and [+ +,4) is a constant

matrix whose entries consists of linear forms in the parameters of the

representation. The last is called a matrix of intertwining constants.
Let us recall the Casimir equation for the Casimir operator C :

Cv =(C)v,

where 7 is the infinitesimal character and v is a differential vector. Our
formula is a ”covariant” analogue of this. The details of each symbol
is explained in the text.

In the section 1 we have collected the necessary facts of SU(2, 2), re-
lated subgroups and Lie algebras. The marked basis of each continuous
simple K-submodule of the principal series representation of SU(2, 2)
is introduced in terms of the elementary functions in the section 2.

We begin section 3 by computing the Clebsch-Gordan coefficients of
1



2 G. BAYARMAGNAI

finite dimensional representations of K (Proposition 3.2 and Proposi-
tion 3.3). Then we introduce our main result concerning the gc-module
(Theorem 3.6 and Theorem 3.7), and finally give some examples.

According to this way, the case of real symplectic group of rank 3 is
also due to Miyazaki [7].

Acknowledgment: I would like to express my thanks to my teacher
Professor Takayuki Oda for presenting this subject and valuable advice.

1. PRELIMINARIES

In this section, we recall some definitions and results which will be
needed in the sequel. For more details, for instance, we refer to [3].

1.1. Basic notions. Let GG be the special unitary group defined by

B 1
SU(2,2) = {g € SL4(C) | 'glaog = Ira, Izp = < 2 _12)}

and K be a maximal compact subgroup of G given by the fixed part
K = GY of the Cartan involution §(g) =g~ ', g € G :

K =S(UQ)xUQ) = {(g 2) . a,b e U(2),det(ab) = 1} .

Let g=€t@p (p = g7% be the Cartan symmetric decomposition
associated to the involution 6. For x € My(C) we set

pe)= () p) amdp= (7 0

Let H; = pi(es) +p—(ei) (¢ = 1,2), where e;; the matrix unit Ms(R)
with 1 in the (¢, j)-entry and zero elsewhere. Then the space a spanned
by Hi, Hy over R is a maximally abelian subalgebra of p. Let {A\, A2}
be a basis of the dual space a* such that \;(H;) = &;;. Then the
restricted root system for ®(g, a) is of type Cy, namely

@(g, a) = {:t/\l, :t)\g + 2)\1, :]:2)\2}

Choose A; — Ay and 2\, as simple roots of ®(g, a). Denote by E;; the
matrix units in My(C) for 0 < 7,5 < 4. Then the corresponding root
spaces of dimension two and one are given by

9>\1—>\2 = R . El EBR . E2 and 92)\2 = R . Eo,
with Fy = H_1E24/€, E = /ﬁ}_l(Elg —E43)/€ and Fy = /ﬁ)_l(iE12+iE43)l€.
. 1 12 12 . .
Here k = ﬁ( il il ) with i = +/—1.
We put A = exp(a), M = Z4(K), and choose a minimal parabolic
subgroup P,,;, with Langlands decomposition P,,;, = M AN with the
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unipotent subgroup N :

1 o 1 ny N2
_ 1 1|ny n ny,ng € R
_ 1 2 N3 1,13 ;
N =9~ 1 1 no,n2€C
—ig 1 1

1.2. The K-modules. The group K = SU(2) x SU(2) x U(1) is a
twofold covering of K with a projection given by
pT(QD 92; U) = diag(uglv u_ng)a

where g1, g2 € SU(2) and u € U(1). The kernel of this homomorphism
1s

Ker(pr) = {£(1s,12; 1) }.
Let (7., Vi) be the m-th symmetric tensor representation of the group
SU(2). Then the unitary dual of K can be parameterized by the set
K = {(Tpmame; 1) Vinims) | mi,me € NUO, 1 € Z, my+mg +1 € 2Z}.

Here V,,,,m, is the outer tensor product of the spaces V,,,, and V,,,, and
if g1,92 € SU(2) and uw € U(1), then the action is

Timama; (1, g2; 1) = sym™ (g1) @ sym™2(gs) ® u'.

We fix now a basis for ¢ = Lie(K)c:
(1, 0N,. (h O\ . (00
bﬁ_(o —12>h _(0 o>’h ~\0 h)”
1 €4+ 0 2 O 0
ei(o o>’ei(o ei)’

1 0 01 0 0
Whereh—<0 _1),e+—<0 0) ande_—(1 O)'

Using these basis, we write the action 7, my 00 Vipym, explicitly .

Lemma 1.1. Let {fi}o<i<m, be a basis of Vi, as SU(2)-module for
J=0,1. For a given K-module (T, my)s Vinim,) the set

g i foa = Fr® f, 0<p<my,0<q<my}

forms a basis of Viyym, as K-module and the infinitesimal actions of K
on Vim, are expressed by

hl(qu) = (2p — 1) fpq h2<qu) = (29 — m2) fpq,
e}i-(fPQ) = (m1 — p) fpr1.00 ei(qu) = (M2 — q) fpq+1,

el (fpg) = Dfo-1.0: 2 (fpa) = afpa-1;
D2 fpg = Ufpg-
Proof. 1t is a well known standard fact. Il

For a simple K-module 7, we can normalize the one dimensional
space of K-homomorphisms of 7 onto itself, by the following definition.
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Definition 1.1. A simple K-module 7 equipped with a canonical ba-
sis 1s called a marked simple K-module or a simple K-module with
marking.

1.3. Iwasawa decomposition. The set {E; jio, Eiro,; | i,j = 1,2}
forms a basis of the 8-dimensional vector space pc and one has

Eigj=piley) and  Ejjo=p_(ey),
where 7,7 =1, 2.
Lemma 1.2. Put
Foy. = k B3k, E} =k 'Euk, E} = k' Egk
2\ — 13K, Loy, 1, = 1af, Ly, N, = 43",
-1 2 -1 2 -1
E’2>\2 = K E24[§;7 E)\1+>\2 = K E23Ii7 E>\l_>\2 = K ElQK/.

Then we have

p+(ei) = 5(2V=1Ea, + H; £ 3(I22 — €(i) (" = 1?))),

o A , 6Z o it (4)
p(ey) = 5(—e( B}, _\, FV=1E} ;) —€(i) § 97
e—e(i)7 if (_)
where €(i) := sign(—1)" (i # j, 1,7 € {1,2}).
Proof. We can show this by direct computation. U

1.4. Principal series representations. Let P,,;, be a minimal para-
bolic subgroup of G’ with Langlands decomposition P,,;, = M AN with
M = Z,4(K). In particularly, the subgroup M of P,,;, is identified with

M ={[e"""lY |6 €R,j=+1}
where v = diag(1,—1,1,—1) € G and
[eﬁe] _ diag(eﬁ97e—ﬁ07€ﬁ97 e—ﬁe)'

For an integer s and a character e of the group s, we define a unitary
character of M by

Us,e([eﬁehj) = e(_1>jeﬁ98~

Let p be the half sum of the positive roots and define a character e
of A:

" (a) = e(ptp)log(a) (1t = (ju1, p2) € Lie(A)).
We extend it to a character of AN so that the restriction to N is trivial.
Define an admissible character of P,,;, by tensoring these characters.
Then we get the induced representation (7, H,) usually denoted by m =
Indf = (0,.®e'*?®1y) and called the principal series representation
of G. By definition the representation space H, of G can be realized
on the Hilbert space

L2 (K)= {fel(K)
f(mk) = o,(m)f(k) for me M,k € K, a.e.}
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with G-action defined by

(m(9)f) (k) = a(kg)"™* f(k(kg)), k€ K. g € G,

where kg = n(kg)a(kg)m(kg)k(kg) is the Iwasawa decomposition of
the element kg.

2. THE STRUCTURE OF K-TYPES OF THE PRINCIPAL SERIES
REPRESENTATION

In this section we express the K-isotypic components of H, in terms
of the elementary functions obtained from the tautological representa-
tion of SU(2). Combining it with Lemma 1.2, the K-module structures
on HX is described explicitly.

2.1. Elementary functions in L?(K). Let us recall the parametriza-
tion of the unitary dual of SU(2). Let S(x) (x € SU(2)) be a square
matrix function associated to SU(2) given by

S(z) = ( 51(2) 32("@)) | with det(S(z)) = 1.

—52(1’) 51(I)
Then we have S(zy) = S(z)S(y) and s;(—z) = —s;(z) for i = 1,2.
Consider S(z) as a linear transformation from (X,Y") to (X', Y”), i.e.,
ARV 81(513) SQ(ZL')
XUY) =(X,Y - _
= (30 20)

where X, Y are independent variables. For each positive integer n > 2,
there is a linear transformation

Sym(S(x)) = {57’ (1) }osis<n
between the homogeneous forms of (X,Y) and (X', Y”) of degree n via
(X" (XY, (Y)™) = (X" XYY, L, Y - Sym™ (S ().
First recall the following well-known observation without proof.

Lemma 2.1. The n+1 entries of each i-th row vector of Sym™ (S (z))
make a canonical basis of the irreducible right SU (2)-representation of
dimension n + 1 in L*(SU(2)). In particular, we have

1. Sym™(S(zy)) = Sym™(S(x))Sym™(S(y)), x,y € SU(2),

2. Sym™(S(z)) = diagogign(eﬁt(n_%)) if & = diag(eV™T, VT
with t € R.
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2.2. Elementary functions in L?*(K). Fix positive integers mq, ms
and an integer [. Put m = [mq, mo;[]. For each quadruple (7, 7,p,q) €
Zi such that ¢2,p < m; and j,q < ms, we define a C-valued function

on K by

Siipa(g1, 92, 0) = siy" (g1)s55™ (g2)
where ¢1,92 € SU(2) and u € U(1). For a fixed pair (7,7), a space
I/Vijm) generated by
{Sij,pq | 0<p<m,0<¢< mz}
is a K-module with the action 7,,, defined by

Tin (91, 925 1) Sij.pg (T, Y3 0) = Sijpa (291, ygo; vu1)
for g1, ge,x,y € SU(2) and u,v € U(1). Note that for each pair (i, j),
we have that (7,,, W) 2 (7, Wi]m)) and the 7,,-isotypic component

in the right K-module L?(K) is just the sum of all spaces I/Vigm), where
0<i<m,0<j<ma.

2.3. K-isotypic components of the principal series representa-
tions. For x € SU(2), Lemma 2.1 implies that

Sym™(S(~x)) = (~1)"Sym™ (S(z)),

hence Sj;pq(k) = Sijpg(— (12, 12; 1)k) for k € K when my +msq+1 € 27.
Therefore in this case the functions S;;,,(k) are well defined on K i.e.,
we may say that

K = {7, WY | = [ma, ma; 1), my +mg + 1 € 27},

Note also that Lemma 2.1 shows S;;,4(k) = 0, at the point k = 14.
This property will be used several times later.

Set o = 0. Since L2(K) C L*(K), as a right unitary representation
of K, it has an irreducible decomposition of K x K-bimodules

Loy(K) = &, i {7 )o@ 7}

by the Peter-Weyl theorem. Here (7% | M)[o™!] is the o~ !-isotypic
component in 7* |p;. Hence one can explicitly describe the K-isotypic
components of the principal series representation .

Lemma 2.2. (cf. [3,3.4]) Assume my +my >| s | and | = 2my +
s+1—e(—1) (mod 4). Then the T,,-isotypic component H.(7,,) in the
principal series representation w is isomorphic to

B, W™ with v = (t, (my +ma +5)/2 — 1)),
where t runs over integers satisfying,

0 <t < min(my,ms), if s < min(m; — mg, My — my)
(my —mo+5)/2 <t <my, if s>max(ms—my,mg—my)
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and when min(my — mg, my —my) < s < max(ms — meg, My — M)

0 <t < min(my, my), if my; > meo
(m1—ma+s)/2 <t < (myg+me+s)/2, if my <ma.

Extending the notion given in Definition 1.1 slightly, we can define a
set of markings for each isotypic companent of L?(K).

Definition 2.1. For each possible pair (i, j), the marking on the simple
K-module (Tm,W-(m)) specified by the basis {Sijpg | 0 < p < my,0 <

q < may} is called the marking by elementary functions.

Conventions. Fix 7 and a marked simple K-module 7, in 7 |g
with m = [my, mg;l]. Denote by I(m,7,,) the set of all v such that
v = (t,(m1+mg+s)/2—t)) as in Lemma 2.2 and W™ occurs in 7 |k
Then the multiplicity m(m,7,,,) of 7,, in 7 | is the cardinality of the
finite set I(m, 7).

When + € I(r,7,), there is a K-isomorphism from V,, onto WA™
by sending the set of marked basis onto the set of marked elementary
functions and hence denote this K-isomorphism by [v].

3. (g, K)-MODULE STRUCTURES

In this section we investigate the action g = Lie(G) (or gc = g® C)
on the subspace H, k of the K-finite vectors in the representation space
H.. Because of the Cartan decomposition g = € & p, it is suffices to
investigate the action of p or pc.

3.1. Clebsch-Gordan coefficients. The adjoint representation of K
on p¢ splits into two irreducible components, i.e., the holomorphic part
p+ generated by the set of matrix units {E;; | i = 1,2,5 = 3,4} over
C and the antiholomorphic part p_ generated by the set {E;; | i =
3,4,7 = 1,2} over C.

Lemma 3.1. (cf. [3,3.10]) We have the K-isomorphisms
(Ad,p;) = 119 and (Ad,p_) = 71159
given by
(E23,E13, E247E14) - (fooyfu), — for, —fn),
(Ea1; E31, By, E32) — (foo, for, —fi0, — f11)-

Let (T, Vin) (m = [mq, ma;1]) be an irreducible representation of K.

p,-side. By the well known Clebsch-Gordan theorem and Lemma
3.1, the irreducible components in the K-module p, ®c 7, are precisely
the K-representations

{ Timitermoten; 142 | €1,€2 € {£1}},
and we will denote these by 74 +.4] Or T, ¢,.4) respectively.
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When 74 +.4) is non zero, we now express the canonical basis vectors
of 74 +,4] in terms of the basis vectors of p, ®c 7, induced from those of
ps and 7. In this case, denote by Ij4+ +.4] a generator of the vector space
Hom g (Tie, e9:4], P+ ®c Tm), Which is unique up to constant multiple.

Proposition 3.2. The image of the (p, q)-th canonical basis vector Joa
Of Tiey eni+] under the K-homomorphism I, .,.1) is given by

i. If (e1,e2) = (—1,—1) then
Eo3 ® fpr1g+1 — E13 ® fpgr1 + Baa @ fpr1g — E14 ® fiq
ii. If (e1,e9) = (+1,—1) then
(1 —cp)(Eas ® fogr1 + B2 ® fog) + (B3 ® fo1g41 + B ® f1g),
iwi. If (e1,e2) = (—1,41) then
(1- Cz)(Elii ® fpg — E23 @ fpr14) + C?,(E24 ® fprig-1 — E14 ® fpg-1),
w. If (e1,e2) = (+1,41) then
—(1- 03)((1 - C;;)Ezfs ® fpg + C;El?, ® fp—1q)
+¢(1 = ¢)) B ® frg1 + ¢, E1a @ fr14-1)

with the coefficients expressed as follows

cl — p 2 = 4q
p m1+1’ q m2+1

where 0 < p <mqy +e; and 0 < g < mg + €9, respectively.

Proof. Denote by w,, the element in p, ®c¢ 7,,, defined in our Propo-
sition. To prove Ij, e,;1)(fy,) = Upq , it is enough to show that the
correspondence f,, — U, is a K-module homomorphism by utilizing
the infinitesimal representation of K. Note that the algebra generated
by h',h? and I, form a Cartan subalgebra. We first claim that the
weight of the vector w,,, —1m,-1 is identified with

Ess @ frngms + E13 @ fing—1me + F2a @ frime—1 + E14 @ finy—1my—1

is the same as the weight of f,,, 1 m,—1 in 7— _.4j. It is obvious that
Lo Uy —1my—1 = (I + 2)Upmy—1my—1. By Lemma 1.2 and Lemma 3.1, it
follows that

Rl By ® fma—1ma—1
h' B3 ® frma—1ma

(1+2(my — 1) =m1) By @ frny—1ma-1,
=(1+2(m1 —1) =m1)E13® fin,—1mo
h' - Fot @ fryme—1 = (=14 2my — m1)Eay ® frnima-1,

B! Eo3 @ fryms = (M1 + 1 —2)Ea3 @ frnyms-

Hence the eigenvalue of t, 1m,—1 under k' is just m; — 1. Similarly,
one can check that the eigenvalue via h? is equal to msy — 1. The next
claim is

el_-u

p

P,q

Up—1,4 =
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for all possible values of (p,q). By using Lemma 1.2 and Lemma 3.1
again, we obtain that

el Fy3 @ friigr1 = (p+ 1) B ® fogr,
el “E3® fogr1 = Ea3 @ fpgr1 + PE13 @ fpgr,

el - Fy ® Jorig = 0+ 1)Eo @ fpq,
61_'E14®qu =Eu @ fpq+ D0 E1a @ fpq

Hence the claim follows from the above. Similarly, for all possible
indices (p, ¢), we can show that uy,—; = €* -u,,/q. Therefore the natural
correspondence fp, — Uy, gives a non zero K-isomorphism. Il

p_-side. Since (Ad,p_) = 7p1.1,—9), the tensor product p_ ®c¢ 7,,, has
four irreducible K-components:
{ Tmi+e1,ma+ez;l—2] | e1,e2 € {£1}}

and we will denote these by 7y, c,,—) respectively. Let I, .,..] be a
generator of the vector space Hompg (7, ey;—], P— @c Tm) When 7, ¢,
is non zero. Now similarly as Proposition 3.2 we have the following:

Proposition 3.3. The image of the (p, q)-th canonical basis vector Joa
Of Tiey eni—) under the K-homomorphism I, .. is given by

i. If (e1,e9) = (=1,—1) then
En ® fprigr1 + Ei2 @ fogr1 — E51 @ fpr1q — E32 @ fpq
“. If (e1,e2) = (+1,—1) then
(1—c})(B31 ® fog — Bt @ fogi1) + €p(Eao ® foo1g01 — B2 ® foo1g),
iii. If (e1,ez) = (—1,41) then
(1 =) (Baz ® foq+ Bt @ fpiag) + (B3t ® fprig-1 + B2 ® frq-1),
w. If (e1,e2) = (+1,41) then
—(1- Ci)((l - C;I;)E41 ® fpqg — CII,E42 ® fp-1q)
_Cg«l - CIIJ)E31 ® fpg-1— C;E32 ® fp-19-1),
with the coefficients czl, and CZ described in Proposition 3.2.

Proof. The proof is quite similar to the proof of Proposition 3.2.  [J

3.2. Matrix form of the Clebsch-Gordan decompositions. For
the further convenience, it is useful to describe the K-isomorphisms
Ije, e,:+) described in Proposition 3.2 and 3.3 in terms of the canonical
basis of V,,.

To the set of all canonical basis { f,, | 0 < p < my,0 < g < my} of the
simple K-module V,,,, we associate a row vector of size (my+1)(ma+1)
with entries f,, given by

FT = (f007 fOl'“a mez; flOa f117 ceey f??’n,mQ*l’ fmlmg)-
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pt-side. Define a matrix Ci_ _.4) = {Cj;} of size (mims) x (mq +
1)(mgy + 1) with entries consisting of elements in p* by

Crnaptgt1,(mat Dptgtl = —FE,
Crmapta+1,(ma+1)pta+2 = —ls,
Crmapta+1,(matD)p+1)+a+1 = Las,
Cm2p+q+1,(m2+1)(P+l)+Q+2 = Eas,

for each 0 <p <m;—1and 0 < ¢ < m—1, but all other entries are 0.
Define a matrix Cpy. —.4) = {Cj;} of size (m1+2)mg x (my+1)(ma+1)
with entries consisting of elements in p* by

_ 1
Cm2p+q+1,(m2+l)p+q+l - (1 - Cp)E247
_ 1
Cm2p+q+1,(mz+1)p+q+2 - (1 - Cp)E23=
C, =cF
map+q+1,(m2+1)(p—1)+q+1 ﬁ; 14,
Crmaptat1,(mat1)(p-1)+g+2 = CpEs,

for 0 <p<m;+1and0<g<my—1, but all other entries are 0.
Define a matrix C_ 1,4 = {Cj;} of size my(mo+2) X (mq +1)(me+1)
with entries consisting of elements in p* by

Clma+2)p+q+1,(mat1)ptq+1 =(1- Cg)El?”
C(m2+2)p+q+17(m2+1)p+q = _C2E14’
Clmgt2)p+a+1,(met)(p+1)+a+1 = —(1— Cg)Ezza,
C(m2+2)p+q+1,(m2+1)(p+1)+q = C2E24v

for 0 <p<m;+1and 0<q<my— 1, but all other entries are 0.
Define a matrix Cy 4,4) = {Cy;} of size (mq + 2)(mg + 2) X (mq +
1)(msg + 1) with entries consisting of elements in p* by

C(m2+2)p+q+1,(mz+1)p+q+1 = —(1 - Czl))(l - Cg)E%’
Clma+2)p+a+1,(mat1)ptq = (1 - C}a)CiE%
Clima+2)pta+1,(mat ) p-1)+q+1 = —C,(1 — €5) B,
Clma+2)p+a-+1,(ma+1)(p—1)+q = CzljcgEl‘lv

foreach 0 < p <m;+1and 0 < g < mo+ 1, but all other entries are
0. Then Proposition 3.2 reads as the following proposition .

Proposition 3.4. Let C, c,:4), I be as above. Then for each pair
e1, ex the simple K-module Vi, c,.4) 15 generated by the entries of the
matrix C[ehe%HtFT. Moreover, these entries make a set of canonical
basis.

Proof. Note that for the (i, j)-th entry of Cj, ¢,.4], the index 4 indicates
the i-th coordinate in Fg, e,.4] and the index j indicates the j-th co-
ordinate in F.. The i-th coordinate in Fg, ¢,:4) is uniquely expressed
as

i=(me+1+e)p+qg+1

for some pair (p, q) so that 0 < p < mj+e; and 0 < g < my+ey. Hence
it is just the (p, ¢)-th canonical basis vector in 7y, .,,1+] by definition of
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Cle1e0:4]- Similarly, the j-th coordinate in F, corresponds to the (p, ¢)-
th basis vector in 7. Thus the proposition follows from Proposition
3.2. g

p_-side. Define a matrix Ci_ _,.j = {Cj;} of size mymgy x (my +
1)(mg + 1) with entries consisting of elements in p~ by

Crnaptat1,(mat Dptat1 = —Fj39,
mop+q+1,(ma+1)p+q+2 - E427
Cm2p+q+1,(m2+1)(P+1)+Q+1 = —FE31,
mapta+1, (mo+1)(p+ D) 4g+2 = Fai,

for 0 <i<my;—1and 0 < qg<my— 1, but all other entries are 0.
Define a matrix Cp; —,_) = {Cj;} of size (m;+2)mg x (m1+1)(ma+1)
with entries consisting of elements in p~ by

Cm2p+q+1,(m2+1)p+q+1 = (1 - C};)Ezﬂa
Crnapt-q+1,(ma+1)p+q+2 = —(1—c})Eu,
Crmaptat1,(mat1)(p-1)+q+1 = _C;:E32’
Cm2p+q+1,(m2+1)(p—1)+q+2 - C110E42’

for0 <p<m;+1and 0<q < my— 1, but all other entries are 0.
Define a matrix C_ 4, = {Cj;} of size mi(mo+2) x (mi+1)(ma+1)
with entries consisting of elements in p~ by

Clma+2)p+g+1,(mat+1)pta+1 = (1= Cg)EQ’
C(m2+2)p+q+1,(m2+1)17+q = C2E327
C(m2+2)p+q+1,(m2+1)(p+1)+q+1 = (1 - Cg)E41’
C(mz+2)p+q+1,(m2+1)(p+1)+q - CZE31’

for0 <p<m;—1and 0 <q < my+ 1, but all other entries are 0.
Define a matrix Cpy 4, = {Cy;} of size (m1 + 2)(ma +2) x (mq +
1)(mg + 1) with entries consisting of elements in p~ by

p+q+1 =—(1— C;i))(g - 03)E41,
p+q = —1(1 — C%)Cqul,
p—1)+g+1 = Cp(1 — cq)E427

for each 0 <p <m;+1and 0 < g < msy+ 1, but all other entries are
0. Then Proposition 3.3 reads as the following proposition .

Proposition 3.5. Let C, e,;—), I be as above. Then for each pair
e1, ex the simple K-module Vi, ,.—) 1s generated by the entries of the
matric Cie, e, Fr. Moreover, these entries make a set of canonical
basts.

Proof. The proof is similar to the proof of Proposition 3.4. U



12 G. BAYARMAGNAI

3.3. The Dirac-Schmid operators. In this subsection we discuss
the main result of this paper, that is, to compute the matrix forms of
intertwining constants explicitly.

p.-side. Note that the homomorphisms [y] with v € I(m,7,,) de-
fined in the section 2 form a basis of the vector space Hom g (7,,,, Hx (7))
and hence we fix this basis for each 7, in m. Take an element 7 €
Hom g (Tyn, Hy(Tm)), then the (g, K)-module property of HX gives us
the canonical surjective K-homomorphism

p—f— ®(C Tm — p-i-Im(Tm)

For the K-module 7, c,.4), by composing this K-homomorphism with
the injection T, ¢,.4] C P+ ®c Ty, , We obtain a C-linear map ¢

(b : HomK(TWH HW(Tm>> = HomK<T[61,ez;+}7 HW<T[61762;+}))7

which is determining the action of p, on HX.
Our goal is to determine the matrix representation I'¢, ¢,.4] of ¢ i.e.,
to find a matrix I, ¢,.4) such that

¢< Z h]):( Z [7/]>XF[61,62;+]7

~YEI(T,Tm) ~'el(m,T,,)

where m’ = [ey, e2; +]. Therefore we have to compute the image (under
¢) of the K-isomorphism [y] : T, — W™ for each v € I(m, 7.y), that
is, to express the K-homomorphism ¢, in the commutative diagram

Tler,eai+] —— P+ Q¢ T

o > o M

py W™ —— Ho(Tiey e0:4])

Diagram 1.

in terms of the fixed basis [y'] with 7 € I(7, Tie, e0:4])-

Set v = (my; + mg + s)/2. For each 7, we regard the vector
space Homg (7,,, H: (7)) as a subspace of the v+ 1-dimensional vector
space Hom g (7,,, @7W§m)) with 4 running over all positive integer pairs
(t1,12) such that ¢, +ty = v and hence define I, .,.1] as a matrix of

size (v+ 14 (e1 +€2)/2) X (v+1).

Remark 3.1. The size of the matriz U'e, ,.4] 15 defined by the mul-
tiplicities of T, and Ty, epir).  The explicit formula of m(7, T, eq:4])
seems to be involved. Therefore here we define that multiplicity as the
cardinality of the set 1(m, T,,).

Fix a K-module 7, with m = [my,mg;l]. Set r = (s +)/2 and
m’ = [my+eq, ma+eg;1+2]. In the following list, we use the coefficients
c; and cg defined in Proposition 3.2.
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1. Define a matrix I'_ .4 = {as; }o<i<v—1,0<j<p Of size v x (v + 1) so
that its all non zero entries are given by

ar—1p=a; if (t,v—t) e l(m, 1), (t—1v—1t) € I(m 1),
agy = by if (t,v—1t)el(m, ), tv—t—1)€ I(m, 7).

where

1
at:§(,u2+1—l—m1+r—2t),
1

bt:—é(,ul—l—mqur—Qt),

for vy = (t,v —t) € I(m, 7).
2. Define a matrix I'iy 1.4 = {a4; fo<i<vt1,0<j<v Of size (v +2) x (v+1)
so that its all non zero entries are given by

Ay = if (t,v—t)el(m ), (t,Lyv—t+1) € l(m 1),
a1 =0, if (t,v—t)el(m, ), t+1,v—1t)€ (7 7).

where

1
ar =52+ L+ mu 7= 20)(1 = ¢})el_pp,

1
by = —§(M1 +3+2my+mo+1r— 2t)C%+1(1 - Cz%—t>’

for vy = (t,v —t) € I(m, 7).
3. Define a square matrix I'i_ ;.4 = {aij fo<i<v0<j<p Of size (v + 1) x
(v + 1) so that its all non zero entries are given by

ai—1p=a; if (t,v—t)el(m, 1), (t—1v—t+1)€l(m 1)
agy = b if (t,v—1t)€el(m,m), (t,v—1t) € I(m, 7).

where

1 2
a; = 5(;@ +14+my+r—2t)c, 4y,

1
b= g+ 1 my 1= 20)(1 =€} ,),

for vy = (t,v —t) € I(m, 7).
4. Define a square matrix I'ty _.4) = {ai; fo<i<vo<j<p Of size (v + 1) x
(v + 1) so that its all non zero entries are given by
ary = if (t,v—t) € l(m ), (t,v—1t) € I(m, Th),
agp1p =0, i (Lv—t)el(nm, ), t+1Lv—t—1)€ l(m 1y).

where

1
a; = 5(,u2+1—|—ml +7r—2t)(1 —c}),

1 1
by = 5(,u1 +1+2my —my+r— 2t)ct+1)

for vy = (t,v —t) € I(m, 7).
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Our main result is these constructions of I, ¢,.4. In the following, we
show that these matrices are the desired ones.

Theorem 3.6. Let (e1,e2) be a pair so that e;,eo € {£1}. Then the
matriz Ui, e,:q) defined above is the C-linear homomorphism between
the vector spaces Homp (T, Hy (7)) and Hom g (Tie, eoi41s Har(Tier e0:4]))-
Proof. We only consider the case (e1,e5) = (—1,—1), because the re-
maining cases are proved similarly. Set m' = [m; —1,my — 1;1+ 2] and
fix a basis vector [y]. From the K-equivariant property of ¢. induced

from [y] in the Diagram 1, the image of a fixed basis element fé;n ) in
Vi can be expressed as

ol = X erSi),
v €l (mm’)
Note that we omit the index (m) of basis vectors for only 7, i.e., write
fpq instead of f;%n ). Consider the above expression at x = 14, by using

Sy pq(14) = 0, g, We then get
Oy (f5 ) (1) = ey, if v/ = (p,q).
On the other hand, the commutativity of the Diagram 1 and Proposition
3.2 imply that ¢.( £y is equal to
E23S%(p+1q+1)(k) - E13S%(pq+1)(k) + E24S%(p+1q)(k') - E14S%(pq)(k)-

Note that XS, (k) = 0 for any X € n. By considering the Iwasawa
decomposition of E;; (i = 1,2,7 = 3,4) given Lemma 1.1, one can
calculate that

1 1
(ElSS%(pq))(14) -5 <H1 + _(]2,2 + - h2)> S%(pq)(k) |k:14

2 2
1
= Z(2M1 +6 41+ (2p —m1) — (29 — m2)) S, (pg) (14),
1 1
(B21Sy,00)(11) = 5 ((Ha + 5 (B2 = B+ 1)) S50 (k) i1,
1
— 1 (2122 1= 2p =) + (20— m2) ) S, (L)

(E14S%(pq))(14) = _eisv,(pq)(k) |k:14: (q - mQ)SV,(p,q+1)(14)a
(E23S%(p,q))(14) = el—S’y,(p,q)(k) |k:14: pSm(p*Lq)(h)-

Combining these observations, we obtain that ¢-( f,Eg’L /))(14) is equal to

1
§(M2+C]—p+

ml—mg—l—l

5 )57,(p+1,q>(14) + 55 ) (14) X

1 mg —my + 1
<—§<M1+2+p—q+%>+p+1—(q—m2)>

Using S, p4(14) = 0, p, again, one has

7' is equal to v — (1,0) or v — (0, 1)
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and hence the corresponding coefficients ¢,/ are just

1 s+1
C,y/ :§|:M2+1+m1+7—2t:|
and
1 l+s
Cy :—§[u1—1—m2+7—2t],
respectively when v = (t,v —t) € I(m, 7). It shows the coincidence of
[ 4 with ¢. O

p_-side. By the same computation as the case p,-side we obtain
similar results for the matrix form of the C-linear map

F[€1,82;—] : HomK(TWH H7T<Tm)) - HomK(T[61,e2;—]7 Hx (7[61,62;—]»'

1. Define a matrix I'i_ .y = {a;; }o<i<v—1,0<j<p Of size v x (v + 1) so
that its all non zero entries are given by

ar = if (t,v—1t)el(m,mm), t,v—t—1)€ (7, Tp),
a1 =0b i (t,v—t) e (m,7,), (t—1Lv—1t)e (m Tw).

where
1
a; = §(u2+1—m1 —r+2t),
1
by = —§(u1—1—2m1—m2—r+2t),
for v = (t,v —t) € I(m, 7).
2. Define a matrix I'ty 1, = {ay; fo<i<v+1,0<j<v Of size (v +2) x (v +1)

so that its all non zero entries are given by

A1t = Q¢ if (tal/_t) S [(WaTm)a (t_'_ 17V - t) € [(WaTm’)a
ais = by if (t,v—1t)el(m,mm), (t,yv—t+1)€ I(m,Tp).

where
ay = %(MQ +1—my—r+2t)e (1 —c)y),
by = —%(Ml +3+my =1 +2t)(1 — ¢p)e) 1,
for v = (t,v —t) € I(m, 7).
3. Define a square matrix I'i_ ;.| = {a;; }o<i<v0<j<p Of size (v 4 1) x

(v + 1) so that its all non zero entries are given by
agr = ay if (t,v—t)el(m,mm), (t,v—1t) € I(m, To),
a1 =0 if (t,v—t) e l(n, 1), t—1,v—t+1) € I(m, m).
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where

1
a; = 5(;@ +1—my—7r+2t)(1— cz_t),

1
by = §(u1 +1—2my +my —71+2t)c2_,1,

for vy = (t,v —t) € I(m, 7).

(v + 1) so that its all non zero entries are given by
arp1e=a¢ if (v —t)el(m, ), t+1Lv—t—1)¢€ I(m 1),
are = by if (t,v—t)el(m,m), (t,v—1t) € I(m, T).

where

1
a; = §(u2 +1—my —r+2t)c,
1
by = §(u1 +1—my—1r+2t)(1—c}),
for v = (t,v —t) € I(m, 7).
Thus we have the following results similar to that of p,-side.
Theorem 3.7. Let (e1,e2) be a pair so that ey, es € {£1}. Then the
matriz Ui, e, defined above is the C-linear homomorphism between
the vector spaces Homp (T, Hy (7)) and Homg (Tie, e0i—1s Hr(Tier e0i-1))-

Proof. Set m' = [my +e1, ma+ey;1—2] and fix a basis vector [y]. From
the K-equivariant property of ¢, induced from [y] in the Diagram 1,
the image of a fixed basis element f]g;n ) in V,, can be expressed as
o (e = D eS@).
~y'el(m,m’)
The commutativity of the Diagram 1 and Proposition 3.3 imply that
o, (Fi)) is equal to
EqSy,p+10+1) (F) + B2y, (pg+1) (k) — E515y p419) (K) — E32.55,(pg) ().

Combining the fact XS, ,,(k) = 0 for any X € n and the Iwasawa
decomposition of Ej; (i = 1,2,j = 3,4) given Lemma 1.1, one can also
calculate that

1 1

(BsiSyp0) (10) = 5 (Hi = 5 (T + b = 1)) S, (k) i,

1
= 72 +6 = 1= (2p —ma) + (20 = M2)) S, pq(La),
1 1
(BiaSyp0) (10) = 5 (Ha = 5(Toz = B + 1)) S (k) =,

1
= Z(ng +2—-1+ (213 - ml) - (261 - m2))5%pq<14)a
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(E323%pq)(14) = _eismpq(k) |k:14: (p - ml)S%qu(Ll),
(E415%pq)(14) = QQ—S%pq(k) |k:14: (Q + a2)5%pq—1(14)-

It follows that ¢.(fi"))(14) is equal to

1 me — mq + 1
(“(Ml +q—p— ;> +q+my — P) Sy p1q(14)

2 2
1 ml—mg—i-l

—5(,&2 +tp—q— 9 )S%pq+1<14)-

As seen in the previous lemma
7' is equal to v — (0,1) or v — (1,0)
and hence the corresponding coefficients ¢,/ are just

1
CV/:§[M2—|—1—m1—T+2t:|

and

1
C,y/:—§|:lu1—1—2m1—m2—7"+2t:|,

respectively when v = (t,v —t) € I(m, 7). It shows the coincidence of
F[elve%_} with ¢. O

3.4. Matrix representations. We now describe the relations between
the matrices Cp, e,;+) and D', c,:4) in terms of the marked elemen-
tary basis functions in the K-isotypic component of 7. Fix 7, with
m = [my,ma;l]. For a pair (i,7) such that i +j = v and i,j € Z,,
EZ;)) of size 1 x (my 4+ 1)(mgy + 1) with entries
in the set of all marked elementary functions of W/i(jm) introduced in

Definition 2.1 as follows

we define a row matrix F

ngm) = (S'y,OO> S’y,Ol--~> S’y,Omg; S’y,lO; S’y,lla ceey Sfy,ml(mgfl)a S’y,mlmg)
with v = (4,7). To the K-isotypic component of 7, in = we associate
a matrix S of size (m; + 1)(mg + 1) x (v + 1) such that the non
zero columns are those thm) with entries in the K-isotypic component
H,(7,,), that is,
S( ) - [tF(O,l/)7 ...,tF(V7O)],
where the symbol ? is the transpose and F(Vm) =0 when v & I(7, Ty,).

Now we are in a position to state the main result which includes all
results in this paper.

Theorem 3.8. Let T, ¢,.4+] be a simple K-submodule of the K-module
P+ Q¢ T for a given simple K-module T, and the K-module (Ad, pL).
Then we have that

C[ehe%i]s(m) — S([617€2;i])r[81’e2;i],
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where the product of the entries of matrices of the left hand side is the
differential operation.

3.5. Examples of contiguous relations and their composites.
Here are some examples of contiguous relations along the multiplicity
one K-types in a given principal series representation m. We refer the
reader to [5] for further reference and contiguous relations.

Let T = T, moy) be a K-submodule of 7 =Ind% (0, ® e @ 1y).
Then Lemma 2.2 implies that [7 |g: 7] = 1 if and only if

| s |=my+mgand [ =2my + s+ 1—e(—1) (mod 4).

Hence, in this case, we may assume that the size of the matrices
Iy -4, Iy —4) are just 1 x 1 4,e., they are constants and ' 4,4 is
of size 2 x 1, because the other entries are zero. Although there is no
' —.4), since 7|_ _.4) does not occur in 7.

Note that H.(7) = W™ if s > 0 and H(7) = W((%)) if s <0.

(m1,m2)
Put
l+m1—m2 l+m2—m1
Vl:# and 1/2:#.

Formula 3.9. Assume s > 0. Then we have

T

1 Ty .
C[+,*;+]tF(m1,m2) - _(’ul +1+ l/l)tF([:v;)ﬂ’

2
. 1 _
C[_v+;+]tF(m1,m2) - §(ILL2 + 1 + VQ)tF([_vi)ﬂL]’
r 1 Trp i
Cttmint F gy gy = 2 + 1 =12 T,
T 1 .
C[—7+;—}tF(m17m2) — 5(#1 —+ 1 - I/l)tF([*,ij ].

Here the symbol (&, £) means (m; & 1,my & 1), respectively.
Formula 3.10. Assume s <0 and set n = (0,0). Then we have
Cy,—)'F, = %(m 14 ) F
Clorin)'F, = %(m + 1+ vy F
Co i F), = %(M + 1 —y)tF ]

T 1 T .
Cri)'F, = 5(#2 +1—u)'F
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