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Abstract

We propose a discretized Tikhonov regularization for a Cauchy problem for an
elliptic equation by a reproducing kernel Hilbert space. We prove the convergence of
discretized regularized solutions to an exact solution. Our numerical results demon-
strate that our method can stably reconstruct solutions to the Cauchy problems even

in severe cases of geometric configurations.

1 Introduction

In this paper, we consider a classical ill-posed problem, the Cauchy problem for an elliptic

equation: Given h, g; and go, find u inside of Q or dau|po\r Where

Au = h, x € Q,
ulr = g1, (1)
daulr = g2,
In (1), the domain Q C R™ is a bounded domain whose boundary 95 is of C? class, I is
an arbitrarily fixed open subset of 0f2, and
Au(z) = Zn: Oi(asj(x)0ju(x)) + c(x)u, =€,
ij=1

v = v(z) is the unit outward normal vector to Jf2 at z,

n

Oau = Z a;j(x)(0ju)v;.

1,7=1
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Moreover, we assume that a;; = aj; € C1(Q), 1 < 4,j < n, ¢ € L>®(Q) and that there
exists a constant yg > 0 such that

n

Z azy(gj)glgj 2 /7025]27 HS ﬁv 517"'a£n € R.

ij=1 j=1

This problem appears in many applications for example in the cardiography, the non-
destructive testing, etc. Stable and efficient numerical methods are of high importance.
However, it is well-known that the Cauchy problem for an elliptic equation is ill-posed
without any a priori bounds of u (e.g., Tikhonov and Arsenin [53]). However, under a
priori bounds of u, we can restore the stability (see section 5) and, for stable numerical re-
constructions of solutions, we can use regularization techniques. There are a large number
of works devoting to stable numerical methods. We cannot list all works completely and
the following is a partial list of papers which contain numerical tests as well as relevant
analysis: Berntsson and Eldén [6], Bourgeois [7], Cheng, Hon, Wei and Yamamoto [9], Engl
and Leitao [13], Falk and Monk [14], Hao and Lesnic [22], Hon and Wei [25], Klibanov and
Santosa [34], Lattes and Lions [37], Lesnic, Elliott and Ingham [39], Qian, Fu and Xiong
[47], Reinhardt, Han and Hao [48]. In particular, [34] uses the quasi-reversibility method
as regularization and establishes error analysis for regularized solutions.

See Baumeister [5], Engl, Hanke and Neubauer [12], Groetsch [19, 20], Hofmann [23,
24], as monographs concerning regularizing techniques. Moreover, as for the theoretical
results of the uniqueness and the conditional stability in determining u on Q, see Isakov
[27], Klibanov and Timonov [35], Lavrent’ev, Romanov and Shishat-skii [38]

For stable reconstruction, we use the conventional Tikhonov regularization and have
to discretized it for numerical calculations. The novelty of the paper is the use of the

reproducing kernel Hilbert space for the discretization and we can list up the advantages:

(i) We can flexibly set up the accuracy of discretization. Since our problem is ill-posed,
we have to choose the discretization size carefully for a noise level in data ( e.g., [5,

p.109-111]). In particular, it is often that fine discretization breaks stable numerics.

(i) With a more generous a priori choice strategy of the regularizing parameters, we
can prove the strong convergence of the regularized solutions, although a general

discretization scheme can guarantee only the weak convergence.
(iii) Our methodology is widely applicable to various linear inverse problems.

(iv) The structure of the numerical programming is simple. In particular, thanks to the



reproducing kernel Hilbert space, the calculations of the Tikhonov regularizing terms

are very fast.

The general theory itself of the reproducing kernel Hilbert space originates for example,
from [2], and we can refer to [50], [55] as up-to-date monographs.

In particular, methods by the reproducing kernel Hilbert space are very feasible for the
computations of functions from empirical data, and the corresponding numerical method
is effectively executed. Our numerical results is satisfactory for the Laplace equation as is
seen in section 7.

To the authors’ best knowledge, there is no previous work treating the discretized
Tikhonov regularization by a reproducing kernel Hilbert space. For other interesting
approaches to the Tikhonov regularization for inverse problems, one can see Asaduzzaman,
Matsuura and Saitoh [3], Saitoh [50, 51], Saitoh, Matsuura and Asaduzzaman [52]. A
special case of a reproducing kernel Hilbert space is the radial basis functions. It often
gives accurate and fast numerical solutions for well-posed boundary value problems. See
Franke and Schaback [16], Kansa [31], Kansa and Hon [33], Ling and Schaback [41], for
example. For applications of the radial basis function to inverse problems, one can see Li
[40]. Thanks to the generalized aspect of the choice of V,,,, our method can be as flexible
as the radial basis functions method.

This paper is composed of 8 sections. In section 2, we give general results for discretized
Tikhonov regularization. Our numerical method fully relies on the reproducing kernel, and
in section 3, we give a brief introduction of a reproducing kernel Hilbert space. In section
4, for a general inverse problem, we formulate a discretized Tikhonov regularization by
a reproducing kernel Hilbert space and prove the convergence of the method. In section
5, we state the conditional stability up to the boundary for the Cauchy problem and the
proof is given in appendix. The boundary estimation result for the variable coefficient
case (1) is not found in the existing works. In section 6, we show our algorithm for the
Cauchy problem (1) for the elliptic equation, and section 7 gives numerical results. Our
conditional stability up to the boundary in section 5 interprets numerical results in section
7 in comparison with the existing interior conditional stability. Section 8 gives concluding

remarks.



2 Discretized Tikhonov regularization

Many inverse problems can be reduced to a linear ill-posed operator equation

Kf=gy,

by suitably choosing Hilbert spaces V' and W and a linear compact operator K: V — W.
Henceforth (-,-)y means the inner product in V', and by || - ||y we denote the norm in V
if we need to specify the space V. Henceforth we do not assume the injectivity of K.

We aim at the reconstruction fj satisfying

K fo= g0

by means of noisy data g5 satisfying

llgo — gsllw < 0,

where 0 > 0 is a noise level. We assume that the value of § is known a priori.

In order to stably reconstruct fy from some noisy data gs, we consider the Tikhonov
regularization [53] and the following discretization. Let Vj,, be a finite dimensional linear
subspace. Let { f;”}lgjgm be a linearly independent set of V,,,. We denote P, to be the
orthogonal projection of V onto V,,,. We consider the Tikhonov regularization on the finite
dimensional space V,,,:

Join 1K f = gslliv + ol fI7 (2)
where o > 0 is called the regularization parameter. The formulation (2) corresponds to
a Ritz approach in [19] where V;;, C V41 is assumed. However such monotonicity of V,,
may be inconvenient because the monotonicity may make the discretization too fine in the
Tikhonov regularization where one usually need to control the accuracy of discretization
suitably for the noise level (see e.g., pp.109-111 in [5]) and too fine discretization may not
yield the convergence of the regularized solutions. Therefore we should develop the Ritz
approach for the Tikhonov regularization without the monotonicity of V;,,, which will be
done in section 2-4.

Henceforth when we will not mention, the stated results are standard and we can refer
for example to Baumeister [5], Bukhgeim [8], Engl, Hanke and Neubauer [12], Groetsch
[19], Hofmann [24], Isakov [27], and Tikhonov and Arsenin [53].

We know that there exists a unique minimizer f, ,, s of (2) for any a > 0, 6 > 0 and

m € N. Moreover, the minimizer is given by
fams = (K K + al) ™ Ky g5,
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where K, = KFP,,. We denote the minimizer when 6 = 0 by f,,,. With some a prior:
choices of @ and m for given 4 > 0, we can prove the convergence of the Tikhonov
regularized solutions.

The dicsretization of the Tikhonov regularization is similar to the Ritz approach (see
[19, Chapter 4]) , but our point is the use of the reproducing kernel Hilbert space. On the
other hand, our idea for the discretization can be regarded as a linear version of the reduced
basis method, e.g., for an optimization problem subject to a nonlinear constraint (e.g., Ito
and Ravindran [28]). Thus we naturally expect that we can extend our method to a stable
numerical method for solving nonlinear inverse problems such as the determination of
coefficients in partial differential equations by boundary measurements and we will exploit
in a forthcoming paper. As for other references concerning the reduced basis method, see
Barrett and Reddien [4], Ito and Ravindran [29, 30], and Porsching and Lin Lee [46].

In order to state the convergence results, we need notions for solutions of the equation

Kf=y.
Definition 1. Let K: V — W be a bounded linear operator.

1. f €V is called a least-squares solution of K f = g if | Kf —g|| = inf{||Kf—gl; f €
V1.

2. f €V is called & minimum norm solution of K f = g if

(a) f is a least-squares solution of K f = g, and
(b) ||f|l = inf{||h||; h is a least-square solution of Kh = g}.
The minimum norm least-squares solution is uniquely determined if g belongs to a
dense subspace D(KT) := R(K) + R(K)"-. We denote such a unique minimum least-

squares solution by Ktg. If K is injective, we have f = KTg ([19, 12]).

We can now prove the convergence of the minimizer (2) to the solution KTgy. Let
Tm = ||K(I - Pm)”
We begin with the following lemma.

Lemma 2. Suppose that lim ||[(I — Py,)f|| =0 for all f € V. Let m(6) € N and «(0)
satisfy (%1:% m(d) = oo and (%I_H)El) a(0) =0. Let Fs = fo5),m(5) — fa(5),m(s)-
If v = O(/@) and 6 = O(y/«), then %iH(l)(Fg, 2)y =0 forall z € R(K*K).



Proof. The proof can be found in [19] where the monotonicity of the finite dimensional
subspaces {V;,,} is assumed.

By our assumptions, there exists a constant C' > 0 such that \/% < C for all
d > 0 which is sufficiently small. Let z € R(K*K). Then there exists y € V such that
z = K*Ky. Since %i_)n% m(d) = oo, we have rr}1—1>noo (I —Py,)f|| =0forall feV. Hence, for

any ¢ > 0, there exits g € N such that

||(I - Pm(é))yH <&, \% ()4(5)5 <e 0<eg,

for all 0 < § < §p.
On the other hand, we have

‘(Ffﬂz)‘ < ’(F57K*K(y_ Pm(é)y))’ + ‘(F&K*Kpm(é)y)’ =5+ 1.
By [19, Lemma 4.2.7], for all m € N, a > 0 and § > 0, we have

0
— < —.
Hfa,m fa,m,éH > \/a

Thus, for all § < §g, we have

0

I <
L a(d

|IK*K|le < C||K*K|le.

~—

On the other hand, by [19, forumla

—

10) on p. 78], we have

a(fa,m - fa,m,éypmy) + (K(fa,m - fa,m,é)a KPmy) - (95 -9, KPm?J)y

for all m € N, @ > 0 and 6 > 0, and for all y € V. Hence, for all § < dg, we have

Iy < a|(Fs, Po@syy)| + (95 — 9, K Prsyy)| < (lyll + 1Ky l)e.

Thus we complete the proof. O
Unlike [19], we do not assume that V,,, C Vj,,41, m € N, so that we do not have n}gnoo Ym =0
(cf. Lemma 4.2.1 in [19]). However the proof of the Theorem 4.2.4 in [19] valid and gives:
Suppose that 771121100 Ym = 0 and 771121100 |(I = Pp)f||=0forall feV. Let nlgnoo am = 0. If
Ym = O(y/aum), then W%gnoo fomam = Kigoin V.

In the case where date g5 is contaminated with noise with level § and we do not choose

a monotone family {V}, }men, we can prove the weak convergence:

Proposition 3. Suppose that lim ~,, =0 and lim |[(I — Py,)f|| =0 for all f € V. Let
%iné m(d) = oo and (%ir% a(0) =0. If v, = O(Va), 6 = O(y/«), then %ir% fo(8),m(8),6 = K'go
weakly in V.



Remark 4. See Theorem 4.2.13 in [19] when the monotonicity of {Vin }men is assumed. If
we replace § = O(y/a) by 6 = o(\/a), then we can prove the strong convergence (Theorem
4.2.8 in [19)).

Proof. In the following, we do not indicate the dependence on ¢ in the notations.
Let fo = (K*K + o) 'K*g and let fo, = (K}, Ky, + ) LK}, g, where K, = K Pp,.
By [19, Lemma 4.2.7], we have

Hfmm,é - fa,m” <

Bk

Moreover, by [19, Lemma 4.2.3]

[l < Mfall+ (2 +22) "1 = Pn) Sl

By vm = O(V @), we have
”fa,m” < COHfa”’

Here and henceforth, C; denote constants which are independent of a,m, and 6. Let

{vj,uj, uj}tjen be the singular system: Kv; = pju; and K*u; = pjv;. Then,

o¢]
_ Hj AV
fa= ; ram Gl

so that
) 0o 2
Hj - (9,45)
Ifal? = > (g, uy) Z 5
j=1 (“J T a) j=1 '“J + a)? Hj
o0 o [oe)
(g Kf07u
< Y 2 =3 5 = (fo,vy)? = N ol
= M =1 =1
Since 6 = O(y/a), we have
[ fa,mIl < Coll fol, (3)
and
amsll < lfamll + ~= < Coll foll + ~= < C 4)
amoll > [|Jam \/a >~ LollJo \/a >~ L1.
Since fq m,s is the minimizer, by (3) we obtain
1K foms = 9slI° + all famsll> < (1K Pofa — gslI” + all Pm fal®
< |KPpfo— g5l1* + aCF | fol >



On the other hand,

I1EPnfa—gsl < IKPnfo—=Kfall + 1K fo = Kfoll + 1K fo — gsll
< K@ = Po)l[llfall + 1K fo = foll +6
Cymllfoll + 1Kl fo = foll + 6.

A

IN

Hence,
1K fams — g5l < Cymllfoll + 1 Kl foa — foll + 6 +VaCol foll,

and we have

HKfa,m,é - Kf()” - ”Kfa,m,5 — 95+ 95 — Kf()” < HKfa,m,é - 95” + ”95 - gOH
< Cymllfoll + 1Kl fa = fol + 26 + VaCol| foll-

By [19, Theorem 2.1.1], we see that lim0 || fa — foll = 0. Hence,
o—
lim K foms = K fo.
—0
Choose a subsequence ft;,m, s arbitrarily. By (4), we can extract a subsequence flm s such
that
(%ir% foms=Ffo weakly in V.
We have %i_% K[l s =Kfy in W because K is compact. Therefore, K fj = K fo.
Next, we prove that fJ/ = KTg. Firstly, we observe that

6, - KTg = (,)/ - f(z,m,é + f(z,m,é - ftlxl,m + f(z,m - KTg
From [19, Theorem 4.2.4], we know that in_% Hf&m—KTgH = 0. For the proof of f = Ktg,

it is sufficient to show that

y_n)%)(ftlx/,m,é - (Z,mv Z) =0, (5)
forall z € V.
When z € R(K*K)* = Ker(K) C V, we have %iH(l)(f&mﬁ— oms> %) = 0 by [19, Lemma

4.2.12] in which it is assumed that V;,, C Vv if m < m/, but the proof is valid without it.
On the other hand, when z € R(K*K) C V, by Lemma 2, we see that

y_n)%)(fg,m,é B (Z,mv Z) = 0.

Since the subspace R(K*K )+ R(K*K)* is dense in V, by the Banach-Steinhaus theorem,
(5) is valid for all z € V.

Thus, an arbitrary subsequence f&m’é of fam,s contains a subsequence that weakly
converges to the unique limit KTg. Consequently, the original sequence fom,s itself con-

verges weakly to KTg. O



3 Reproducing kernel Hilbert spaces

In this section, we introduce a reproducing kernel Hilbert space. One can refer to [2, 43,
49, 55] for detailed treatises.

Let E be an arbitrary non-empty subset of R?. We call a symmetric function ®: E x
E — R a kernel. A kernel ® is said to be positive definite (respectively, positive semi-
definite), if for all N € N and all sets of pairwise distinct points X = {z1,...,any} C E,

the matrix [®(x;,x;)]; ; is positive definite (respectively, positive semi-definite).

Definition 5. Let H be a real Hilbert space with the inner product (-, -) whose elements
are some real-valued functions defined in £. A function ®: E x E — R is called a

reproducing kernel for H if
1. ®(-,xz) e H forall z € E,
2. f(x)=(f,®(,2))n. for all f € H and all z € E.
We define the norm by || f||x = (f, j’)?%1

A Hilbert space of functions which admits a reproducing kernel is called a reproducing
kernel Hilbert space (in short, RKHS). The reproducing kernel of a RKHS is uniquely
determined. Conversely, if a symmetric positive definite kernel ® is given, then one can
construct a unique RKHS in which the given kernel acts as the reproducing kernel (see
[55] for details). The construction of the RKHS from a given positive definite kernel ® is
achieved as follows. We define a pre-Hilbert space Fg(E) by

Fg(E) := span{®(-,z);z € E},

with inner product (-, )¢

N M
Z Z O‘jﬁk<1> Zj, yk

Jj=1k=1
for functions

N
f=Y 0;®(.x;), g= Zﬂk@ ,yk) € Fo(E).
j=1 k=1
By taking a completion with respect to the norm of Fg(FE), we can define the RKHS H
with the inner product (-, )y = (-,-)a. See [55] for details of the construction.

For later convenience, we collect fundamental properties of RKHS:

Proposition 6 ([55]). (i) For all x,y € E, we have ®(z,y) = (®(-,z), P(-,y))x.



N
(ii) For all f € H in the form of f = Zak@(-,xk) with xy, € E, we have
k=1

N N
£ =D > ana®(ay, z)).

k=1 j=1
(iii) Fg(F) is dense in H.

(iv) If a sequence {fn}22, of H converges to f weakly in H, then {fn(x)}52, converges
to f(x) for allz € E.

(v) Suppose that @ is bounded on E x E. If a sequence {f,}5>, of H converges to f in
H, then {fn}o2 uniformly converges to f on E.

(vi) Suppose [, ®(z,z)dp < co. Then a RKHS has a continuous linear embedding into

L?(E, 1) where p is a measure on E.

For a finite set of points X := {x1,...,zn} and f € H, we define s; x () by

N
srx(r) =Y apd(z, ),
k=1
where the coefficients {oy }Y_, are determined by the conditions
spx(@r) = flzr), 1<k<N.

Since the matrix [®(z;,x;)]; ; is positive definite, {ay}2_, are uniquely determined.

We define a subspace by
Vx :=span{®(-,z);x € X} C H,
and an operator Px: H — Vx C H
Px(f)(@) = spx(x).
Then we have

Proposition 7 ([55]). Px is an orthogonal projection of H onto the closed subspace V.

Define the fill distance hx of X by

hx,p = sup min |z — x;|.
zeE T €X

10



We choose some finite sets of points X, m € N of E such that hx,, g > hx: g for all
m <m’ € Nand lim hx, gp=0. We set

m—0o0

Vm = VXm and Pm = Pvm.

In general, we cannot guarantee that the union J;°_; V;, is dense in H nor lim ||f —
m—00
P,.(f)|ln = 0. However, with a moderate assumption on the kernel ®, we can prove these

properties, which are crucial in our regularization method.

Lemma 8. If the reproducing kernel ® is uniformly continuous on E x E, then we have

Tim [[f = Pl =0 for all f € M.

Proof. For any f € H and any € > 0, by the density of Fg(FE), there exist a finite set of
points X = {z1,...,zn} of E and f; x € Vx such that ||f — f. x|ln < e. Here f- x € Vx

is of the form

fex(@ Zakq) T, Tp)

with some oy € R.
Since ® is uniformly continuous on Q x €, there exists 6 > 0 such that if |x — y| < 4,
then

P - » 1)~ HNV2) 22
§2§| (2:2) = (2, 9)] < (| max Jajar] +1)7'( V2)

Let B(xo,d) = {z € R% |z — 29| < d}. Since lim hy,, g =0, there exists mg € N
such that X, N B(xg,d) # 0 for all m > mg, m € N and for all z; € X. Thus, for each
x € X and for all m > myg, we can pick at least one point y = y(zx) € X,,, N B(zg, d).

For m > myg, define g,, € V,,, by

N
=Y a®(z,y(zx))
k=1

Then, by Proposition 6 (i) and (ii), we have

N N
Ifex = gml3e = D ax®Crmn) = > (-, y(a))
k=1 k=1 H
N N N
= Z ajar®(z;, xr) + Z ajor®(y(z;), y(zy)) — 2 Z ajar®(z;, y(xy))
k=1 k=1 k=1
N N
< Z ajo®(xj, xp) — Z ajor®(z),y(zy))
k=1 k=1

N
Za]ozk<1> zj,y(zr)) Zajozkfb y(xj),y(zr))

7,k=1 7,k=1

11



< N? : ® —®
< 1§1§{%>§<N|ajak|ilelg| (z,71) (@, y(zk))|

2 2
+N 1;;.}2@!%%!:22!@(%,%) = ®(y(z;), )| <€

Hence, we have
”f - gmHH < ”f - fE,XHH + ”fe,X - gm”H < 257

for all m > myg. Since || f — P (f)|ln < |If — gl for all g € V,,,, we have that

1f = Po()lln S I — gmlln < 2e

for all m > mg. O
If we choose ® and F suitably, then the reproducing kernel Hilbert space H realizes usual

1
Sobolev spaces (e.g., [50, 55]). For example, H = H(R) if ®(z,y) = 3 exp(—|z — yl).

4 Discretized Tikhonov regularization by reproducing ker-

nel Hilbert spaces

In this section, we apply the general results in section 2 to the case when V' is a RKHS.

Let E be a subset of R%. Let (E,F, 1) be a measure space on E. Let ®: Ex E — R be
a reproducing kernel. We assume that ® is uniformly continuous on E x E. We define a
RKHS H on E generated by the kernel ®. Let K: H — W be a linear compact operator,
where W is a Hilbert space. We consider the problem of finding the solution fy € H in
K fo = go by means of noisy data gs satisfying ||g — gs|lw < 9.

We choose finite sets of points X,,, m € N of E such that "%Enoo hx,,. 5 = 0. We set a
finite dimensional subspace V,,, := Vx,, and the projection P, := Py;,. By Lemma 8, we
have W%Enoo (I —Py)f|| =0 forall feH. Set v, = |K(I— P,)|. Henceforth we assume
that "%13100 Ym = 0, which is satisfied by many reproducing kernels [55].

Let fa,m,s be a unique solution of (2) when V' = H and let f,,, be a unique solution

of (2) when the data gs = go. Thanks to the reproducing kernel Hilbert space, we can

strengthen the convergence of the discretized Tikhonov regularized solutions:
Theorem 9. Under the above settings, we have:

1. Let lim oy, = 0. Suppose sup ®(x,x) < co.

m—00 z€E

If ym = O(Voum), then lim || fo,,m — Kol e () = 0.
2. Let (%iné m(d) = oo and (%iné a(8) = 0. Suppose [ ®(x,x)du(zr) < co.

If ym = O(Va), 6 = O(y/a), then lim I fas)me)6 — K90l () = 0.

12



Proof. Part (i) follows Theorem 4.2.4 in [19] and Proposition 6 (v). We will prove part
(ii).
From Definition 5 and Proposition 3, we have
%li% ’fa7m75(x) - KTQO(‘T)’ = (%I_I% ’(fa,m,& - KTQOa (I)(ax))H‘ - 07
for all z € E.
On the other hand, since a weak convergence sequence is norm bounded, we have
[ fams(@) = Klgo(@)* = |(fams = K'g0, @, 2))2”
| fam.s — KTg()H%{(I)(x,x) < CO(x,x)

A

for all z € E with a positive constant C' which is independent of {f, ,}. By assump-
tion, ®(z, x) is integrable. Hence, we have %iH(l) | fam,s — KTQOHLQ(E) = 0 by the Lebesgue

theorem. 0

Since fo,m,s € Vin, it can be expressed by

famo = > M@ (-, ),

k=1
with some {\;}}" ;. By the property of a RKHS, the minimization problem (2) is equiva-

lent to minyegm J(\), where

TO) = SIS MK @) — aallfy +a > D @, ).
k=1

k=1 j=1
. o0J .
We can reduce the minimization for J(\) to W()\) =0, k=1,...,m. This leads to the
k
system
(A+ aB)X\ = Gy, (6)

where A, B and Gy are defined, respectively, by
Ai,j = (K(@(,x,)),K(CI)(,x])))W, B,’J’ = (I)(a;,-,a:j), Z,] = 1,...,m,
and Gy is defined by

Gsi = (K(®(,2)),95)w, i=1,...,m.

)

As is stated in section 1, the structure of our numerical programme is simple. That is,
(1) the discretization of the function in V' by the RKHS. (ii) a computation for K (®(-, zx))
which corresponds to well-posed problems. (iii) the Tikhonov regularization of the result-

ing finite dimensional system (6).
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5 Conditional stability

In this section, we show the conditional stability estimates for the Cauchy problem (1).

The following is proved and see [27, Theorem 3.3.1].

Theorem 10. (interior conditional stability) Let Qo be a domain such that Qo C QUT.
Then, there exist constants C > 0 and k € (0,1) such that
lull 200y < CD + [l ik, D) ™)
where
D = ||| z2¢0) + llgrll @y + g2l L2y

Estimate (7) guarantees that [lug2(q,) is small if data F' is small, provided that
|l () is @ priori bounded, and (7) is called a conditional stability estimate.

In Isakov [27], only the first order term [|u| g1(q,) is estimated. We can follow the same
argument in [27] with the help of Lemma 17 stated below to estimate also [|u|| g2(q,)- The
theorem is an interior stability estimate that is valid only in g as long as 92y does not
touch 90\ I" and so does not give any estimation of u on 9Q \ T

As for interior conditional stability for the Cauchy problem for an elliptic equation,
there are many works and see, for example, Fursikov [17], Han and Reinhardt [21], Kubo
[36], Lavrent’ev, Romanov and Shishat-skii [38], Payne [44, 45].

In practice, such as determination of corrosion damages (e.g., Fasino and Inglese [15],
Cheng, Choulli and Yang [56]), we have to estimate boundary values of u on 99 \ T
which is the inaccessible subboundary. There are only a few papers on such boundary
estimation and see Cheng, Choulli and Yang [56], Cheng and Yamamoto [10], and Eller
and Yamamoto [11]. The paper [11] treats the stationary anisotropic Maxwell’s equations,
and the paper [56] discusses only the case where the principal part of A is A, and in

particular, [10] depends essentially on the analyticity of w.

Theorem 11 (boundary conditional stability). Let n > "TH For 0 < kg < 1, there exists
a constant C > 0 such that
—ro
! +1
og—— .
lgillzzry + g2l 2y + 1Pl 22 1w ()

The theorem says that if the norm |g1|[z2r) + llg2llz2ry + l|hllL2(q) of data tends

[l oo aonr) < Cllullam) <10g

to zero, then |[ul|Lo@o\r) approaches 0 provided that we know an a priori bound for
||| grn (). The rate of convergence of [|u||p(sa\r) is logarithmic. The boundary estimate
in Theorem 11 is much weaker than the interior estimate in Theorem 10. The proof is

based on a Carleman estimate and is given in appendix.
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6 Reconstruction method

We assume that the problem (1) admits a unique solution ug € H %(Q) for g1 and ¢o.
In this section, we show a reconstruction method by means of the discretized Tikhonov
regularization proposed in section 4. We assume that Q C R? for simplicity. We also

assume that there exists a C'>° map
IT: [0,1] — 9Q\T
such that IT is injective and II([0, 1]) = OQ\I'. Set X := 9Q\I'. Let
O(x,y): [0,1] x [0,1] = R

be a positive definite kernel on [0, 1]. Let H be the RKHS on [0, 1] generated by the kernel
®. We denote p(I171(x)) by ILp(x) for ¢ € H and z € X. For m € N, we define a
set of points X,, C [0,1]. We define the finite subspace V,, by V,, := Vx, and P, by
P,, := Py, respectively.

We pose the following two assumptions on the positive definite kernel that is satisfied

by many type of positive definite kernels [55].
Assumption 12. We assume that the kernel ® is uniformly continuous on [0, 1] x [0, 1].

Assumption 13. Suppose there exists a function p: Ry — Ry satisfying lir%p(r) =0
r—
such that the estimate holds

If = PfllLee0,1) < p(hx, )| f I

for all f € H. Here hx, := sup min |x — zy]|.
z€[0,1) ThE€Xm

Firstly, we construct an approximation to d4up|x of the solution of (1). After obtaining
the approximation, we solve a boundary value problem which is well-posed and obtain an
approximation to the solution of (1). Thus it suffices to approximate dgug|s.

We define a Hilbert space on Y by
Hy :i={IL.p: ¥ =R | ¢ € H},
equipped with an inner product

(H*QOl, H*§02)H2 = (Qola ¢2)H7

where p; € H. It is easy to check that Hy is a RKHS generated by the kernel ¥(z,y) :=
(I (2), T (y))-
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Let Iy be a relatively open subset of I". Let ug denote the unique solution of (1). We
assume that daug(TI(t)) € H. Suppose that the noisy data g and g3 satisfy

g1 — 9(15HL2(F) <9, and /g2 — QSHLQ(F) <.

We first consider the direct problem

Au = h, x €,
Oauly, = b1, @)
U’FO - 927

daulp\r, = 03,
for 6, € L*(X), 6, € L*(Iy) and 6; € L*(I'\I'g). We denote the solution of (8) by

’Lb(el, 927 037 h)
Let L and ¢° be defined, respectively, by

Ly = U(QO, 0,0, O)’F\Fo 95 = g(15 - U(O, g(lsa gga h)’r\f‘o .

Note that the map ¢ € L*(X) — u(g,0,0,0)|mr, € L*(I'\I'g) is compact and injective. In
fact, the injectivity follows from the unique continuation (e.g., Isakov [27]). The compact-
ness is seen as follows; the map ¢ — u(¢p,0,0,0) is continuous from L?(X) to H'(Q) by
a variational formulation or the Lax-Milgram theorem (e.g., [42]). Since the embedding
H %(F \ Ty) — L%\ Iy) is compact, we see from the trace theorem that the map is
compact. Moreover, the RKHS Hy is continuously embedded into L?(X). Therefore, L
is a linear and injective compact operator from Hy to L*(I'\I'g). Let K be defined by
Ko := L(Ilyp). Tt is clear that K is a linear and injective compact operator from H to
L?(T'\I'g). Also, we have g5 € L?(I'\I'g). We set

90 = g1 — u(0, 91,92, h) |y -
Lemma 14. Let ¢ € H. Then K(¢) = go and Il.p = daug|y are equivalent.

Proof. Let v := u(Il.g, g1, g2, h) — ug. Suppose K(¢) = go.

Then, we have

vinr, = (I, 0,0,0)[mp, +u(0,91,92,h)|r\r, — %olr\ry
= K(¢) +u(0,91,92,h)|mr, — 91 = K() — go = 0.

On the other hand,

0av|mr, = 92 — g2 = 0.
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Therefore, by the unique continuation theorem (e.g., [27]), we have v = 0 in Q and
H*(,D = aAuO|2.

Conversely, suppose 11, = dqugly. Then, we have

K((ID) = U(H*€07917927h)’1—‘\1—‘0 _u(07917927h)‘1—‘\1—‘0
= u(aAu07glng7h)|F\Fo - U(0791792,h)|r\1“0
= g1 —u(0,91,92,h)|r\r,

= 9go-

Thus, the proof is completed. O
From Lemma 14, the problem of finding d4ug |y, from g‘f and gg is equivalent to the problem
of finding the solution ¢ € H in K¢ = gy from g5. We solve the problem by the method
introduced in section 4; that is, we expand the data g3 in terms of {K (®(-,z1)); 2% € X}
on L?(I'\I'p). In order to circumvent the instability of the inverse problem, the Tikhonov
regularization is applied

. 2 2
gonelgrln 1K (0) = gsllz2(m\rg) + il

where o > 0 is a regularization parameter. We know that there exists a unique minimizer
which we denote by ¢q m 5. BY ¢a,m, we denote the minimizer when gs = go.

We can apply Theorem 9 in section 4, we show the convergence of @q 5.
Theorem 15. Under the above settings, we have:
(i) Let lim a,, =0. If p(hy) = O(y/am). Then, we have
m—0o0

lim |[TL@a,m — Oauollr2(x) = 0.
m—o0

(i1) Let (%ing] m(d) = oo and %in% a(6) =0. If p(hy) = O(va) and § = O(y/«). Then, we
have

%12% [T pa,m,s — Oauollr2(s) = 0.

Proof. Part (i) follows directly from Theorem 9 (i). We only prove (ii) and we do not
indicate the dependence on ¢ in the notations bellow. We first show that there exists a

constant C' > 0 such that v, < Cp(hyx,,) for all m € N.
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Let ¢ € H with [|¢||x < 1. We set g = (I — P,,)p. By Assumption 13, we have

I (I = Pl F2ryrg) = LT = Prn)g, 0,0, 0)[1 72 py )
< C||TL(I = P)ll2(s,
:C’/Z|g(H_1(:1:))|2dS
< Clgl3ry < CP(hx,,).

Therefore, we have lim ~,, = 0. Hence, from Theorem 9, we have
m—oQ

lim {lpam,s — K'gol 2y = 0.

Since K is injective, then by Lemma 14, we have
K'gy = K™ 'go = auo(TI(-)).

Consequently, we have %iné ITLepa,m,s — Oaoll2(sy = 0.

We solve the boundary value problem

Au = h, x € Q,
dauls = ypa,m,s,
U‘Fo - g(f’

daulrr, = 99,

We denote a unique solution of (9) by uq m.5. BY ta,m, we denote the solution obtained

by using ¢q,m and the noise-free data g; and go in (9).

The function ug — uqm,s satisfies (8) with 01 = daug — o ms, b2 = g1 — g‘f and

03 = go — gg . Hence, by Theorem 15, we have

(%li% [uo — ta,m.sllL2(@) = 0
Corollary 16. Under the above settings, we have:

(i) Let lim a,, =0. If p(hy) = O(y/am). Then, we have

lim ||lua,, m— UOHL2(Q) =0.
m—00

(i1) Let (%ing] m(d) = oo and %in% a(6) =0. If p(hy) = O(Va) and § = O(y/a). Then, we

have

Jim [ltcms = woll 2oy =0

18



For given data gg , g‘f and a finite set of points X, of [0, 1], the minimizer ¢4 m s € Vin

can be written in the form:

m
Pams = Y AP (-, ).
k=1

The coefficients {\;}}*, are obtained by solving the linear system

aJ(\)
By

=0, k=1,...,m,

where . .
T = 1K M@ (xn)) = g8l 2oy + ll D M@ )34
k=1 k=1

It is easy to check that the resultant system is

(A+aB)\ = Gs. (10)
In (10),

[Ali; = . K(®( ) K(®(, 2;3))dS,  [Blij = (i, ),

Gl = F\FOK(<1>(-,xi))g(;dS.

In our numerical computations, the integrals in A and Gs will be approximated by

some quadrature rule with P nodes {z,} C I'\I'y and corresponding weights {wp}, i.e,

.
[Alig ~ Y wpK (0, 20)) (2p) K (R, 7)) (2),
p=1

- (11)
[Gs]i ~ ZWPK((I)('7 :))(2p)9s (2p)-
p=1
Thus, system (10) is changed to the following system
(V*V +aB)\ = V*Gs, (12)
where [V, ;j = JopK(®(-,2))(2p), for 1 <p < P, 1< j <m. We note that
K(®(,2z;)) = LUL®(-,x;)), 1<i<m
is the trace on I'\I'g of the solution wu; of the following direct problem
Aui =0 in Q,
oAU, :@H_l-,g}i,
s = 111 (), ) »

ui|Fo = 07

8Aui|p\p0 =0.
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The direct problem can be solved numerically by using a conventional method such as a
finite element method, a finite difference method, a boundary element method, the method
of fundamental solution or the Kansa’s method [32], etc.

We conclude this section with a brief explanation on the method for the case when

OO\T is composed by piecewise smooth parts, i.e,

J
> =J%,
j=1

with injective C* maps IIV: [0,1] — ¥; such that II/([0,1]) = ¥; for j = 1,...,J.
For simplicity, we may assume J = 2 without loss of generality. Firstly, we choose a
positive definite kernel ® and define the corresponding RKHS H on [0,1]. We define the
reproducing kernel Hilbert spaces Hy:; and the operators I: H — Hy, for j = 1,2 in the
same way. For finite sets of points X, C [0,1] such that W}E)HOO hx,,.o = 0, we define the
finite subspaces V;,, and the projection P,, on H in the same way.

For ¢ = (¢1,¢92) € H x H, consider the direct problem

Au=h in Q,

Oauly, =IHp;, j=1,2,
Auls; ©jy ] (14)

u|F0 = 9(157

daulrry = 93,

and denote the solution by u(y, g?, ¢, h). Define K: H x H — L*(I'\I'g) and g5, respec-
tively, by
K((,Dl, (702) = u(Hi(pb Hi@% 07 07 0)7

9s = ’LL(O, 079(157937 h)7

for (v1,¢2) € H x H. For any (mq,ms2) € N x N, we construct
{KLL®(-,2"),0), K(0,I12®(-, 22)); ' € X, 2% € Xy, }-

Then, we seek the unique minimizer of the Tikhonov functional,

2
Pam,s =arg min  [|K(p) — 96”%2(1“\1“0) + az ||%H%{
PEVing XVimgy )

The minimizer ¢, s in the space Vi, x Vi, is of the form

mi m2
Po,m,s = (Z )\i,lﬂi@('a le)7 Z )\i,2H§(I>('7 xzz))
i=1 i=1
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The coefficients {\; ;}, 1 < i < mj, for j = 1,2, of the minimizer is obtained by solving
the system VJ(\) = 0 where J is given by

2

mi ma mj
JO) = 1KY M@z, S Ao 02) — gsl2ary + @ SIS Ay, )
=1 i=1 j=1 i=1

7 Numerical experiments

In this section, we verify the numerical efficiency of the proposed method for the Cauchy
problem (1). We reconstruct an approximate solution to (1) for any given m in X,,. We
only focus on the case when A = A and h = 0, i.e, the Laplace equation. Firstly, we give
an approximation to daug|s. Then, by using such approximation, we solve equation (9) or
(14) to obtain an approximate solution to (1). The regularization parameter « is chosen
by the L-curve method (e.g., [12]). We summarize the numerical procedure in Algorithm

as follows.

Algorithm 1 Pseudo-code for generating an approximation to uy.

Choose the reproducing kernel ®(¢, s).
Choose m € N and set X,,, := {%, %, 1)
Define the matrix B by [B];j = ®(x;,2;). Set the nodes Zp := {z1,...,2p} € I'\I'g
and the weights {w;,...,wp} for P € N in (11).
for k=1,...,m do
Solve equation (13) to construct K(®(-,xx)), zr € Xon.
Define the matrix by [V, := \/wp K(®(-, 21))(2p) for p=1,...,m.
end for
For any given data {g?,¢3} on I', compute 95(2p) == g‘f(zp) — u(O,g‘f,gg,h)(zp), for
p=1,...,P to obtain Gy in (11).
Choose a regularization parameter « by the L-curve method.
Solve system (12) to obtain { g} ;.

Set Pams = 2 opeq MeP(, k) and solve equation (9) to obtain an approximation solution

Ua,m,s to (1).

We consider a two-dimensional case where 2 = [—1,1] x [0,1] and two cases of I": (i)
AO\T = [~1,1] x {1} and (i) T = [~1,1] x {0}.

We fix the boundary I'y = [—0.1,0.1] x {0} in all the cases. In all numerical experiments,
the nodes for the integral approximations in (11) are taken to be Zp = {z1,22,...,2p} C

I'\I'g such that |zp1; — 2| = 0.02 for all 1 < k < P. The weights {w,} are always chosen
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to be uniform: w, = 1.

We choose the following functions as test examples:
Example 1 ug(z,y) = 2% — 3zy? + €?Y sin 2z — ¢ cos .
Example 2 ug(x,y) = cos mx cosh my.

In Klibanov and Santosa [34], the quasi-reversibility method is applied for reconstructing
the same function in Example 2 in the case of I' = [—1,1] x {0}.

We use two positive definite kernels among ®; and ®s:
Kernel 1 ®(t,s) := exp(—10[t — s|?).
Kernel 2 ®y(t,s) := ¢(|t — s|), where ¢(r) := (1 —7)3(3r + 1) and ¢t = max{t,0}.

Each kernel satisfies the Assumption 13 with p(r) = Cy exp(—%) for the Kernel 1 and
p(r) = Csr3 for the Kernel 2, respectively, where Cy, Cy and C3 are positive constants
[55, Section 11.4].

For the case (i) I' = [—1,1] x {0}, the boundary ¥ = 9Q\I" is composed by three
segments: ¥q := {(s,1);s € [—1,1]}, 3o := {(~1,s);s € [0,1]} and X3 := {(1,s);s €
[0,1]}. We define maps IT;: [0,1] — ¥;, i =1,2,3 by II;(t) = (—1,¢), IIa(t) = (-1 + 2¢,1)
and II3(t) = (1,t) for t € [0,1].

We take two finite sets of points Xj9 and Xgo in [0,1]. The fill distances of both
IT; (X10) and II3(X70) are equal to that of ITa(Xag).

The noisy data {g‘f, gg} are obtained by adding random numbers to the exact data

{91, 92} = {wolr, dauo|r} by

5 .
9:(€) = 9i(&) + g5 maxgi(2)|rand(€), i =1,2,

for £ € T', where rand(&) is a random number between [—1,1] and 0% € {0,1,5,10} is the
noise level.

For all given noisy data {gf‘f ,gg} with various noisy levels, we apply Algorithm to
obtain an approximate solution to ug in each example. We denote by ug, the approximate
solution obtained with using the kernel ®;, i = 1,2 in Algorithm. For the numerical error
estimations, we compute the relative error of ug, over the whole domain 2

luo — wa, [ 2(q)
luoll 20

E (ug,) =

for ¢ = 1,2. Table 1 shows the relative errors for Example 1 and Example 2. In Figure

1, we show the solution ug in Example 2 for the comparison to approximate solution ug,.
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Examplel Example2
Noise E.(ug,) Er(us,) FErlus,) E-(ug,)
0% 0.0428  0.0338  0.0919  0.0667
1% 0.0507  0.0606  0.1099  0.0781
5% 0.2449  0.2340  0.3055 0.3186
10%  0.2797  0.2682  0.3410  0.3149

Table 1: The relative errors ug, ¢ = 1,2 on the whole domain €2 when the Cauchy data

are given on the boundary I' = [-1,1] x {0}.

The solutions ug, obtained by using different noisy data with noise level § = 0,1,5,10 are
given in Figure 2 - Figure 5, respectively.
In order to study the error profiles of our numerical solution to ug,, in Figure 6 and

Figure 7, we draw the absolute error

Ea(a:,y) = \uo(aj,y) - uc1>2(x,y)\, (xmy) €.

In this experiment, the noise level is set to be § = 10 and both Example 1 and Example
2 are tested. We observe that the errors becomes larger near the boundary ¥ in the both
examples. This corresponds to the conditional stability estimate up to the boundary as
we stated in Theorem 11 where the rate of the convergence to the exact solution is only
logarithmic. By the interior conditional stability in Theorem 10, we may expect that the
accuracy of the numerical solution will be improved in a small part of the subset w C €2
whose boundary dw does not touch X. In [34], the reconstruction was done in a subdomain
w for the same Cauchy problem for the Laplace equation. For comparisons, we choose the

same subdomain w:

2
wi={(@,y)iy+0.6 (%) —0.6<0, y>0}
and consider the relative error in w

luo — us, || 12
er(ug,) = L7 W)

i=1,2.
lwollz2 ()

In Table 2, we can see that all the accuracies have improved.
Finally, we compute the numerical approximate solution to ug when the Cauchy data
is given on the boundary ¥ = {(z,1);x € [-1,1]}. Table 3 and Table 4 show the relative

errors in each domain respectively.
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Examplel Example2
Noise e, (ugp,) er(ua,) er(us,) er(ug,)
0% 0.0044  0.0040 0.0023  0.0019
1% 0.0041  0.0074  0.0072  0.0052
5% 0.0717  0.0677  0.0638  0.0786
10%  0.0879  0.0830 0.0768  0.0763

Table 2: The relative errors ug,, ¢ = 1,2, in the interior part w where the Cauchy data is

given on the boundary I' = [—1,1] x {0}.

Examplel Example2
Noise E.(ue,) Er(us,) FEr(us,) Er(us,)
0% 0.0069 0.0043 0.0037  0.0044
1% 0.0153 0.0106 0.0166 0.0046
5% 0.0375 0.0218 0.0361 0.0198
10%  0.0414 0.0425 0.0539 0.0292

Table 3: The relative errors ug,, ¢ = 1,2, on the whole domain 2 where the Cauchy data

is given on the boundary I' such that 0Q\I' = [—1,1] x {1}.

Examplel Example2
Noise e, (ugp,) er(uap,) er(us,) er(ua,)
0% 0.0012  0.0010  0.0034  0.0037
1% 0.0078  0.0054  0.0078  0.0046
5% 0.0176  0.0098  0.0276  0.0115
10%  0.0207  0.0200 0.0406  0.0138

Table 4: The relative errors ug,, ¢ = 1,2, in the interior part w where the Cauchy data is

given on the boundary I" such that OQ\I' = [-1,1] x {1}.
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8 Conclusion

In this paper, we propose a reconstruction numerical method for solving the Cauchy prob-
lem for elliptic equation. The method is the discretized Tikhonov regularization by the
reproducing kernel Hilbert space. The convergence of the method is proven. Numerical
examples demonstrate that the method is robust against data noises and reasonably ac-
curate as a solver for the ill-posed problems. The method is non-iterative. Furthermore,
the method is applicable to other inverse problem that makes the method practical to
handle real-life problems. We also give the conditional stability estimate at the bound-
ary. The argument in our proof can be extended to establish such stability estimates for
other inverse problems; for example, the non-characteristic Cauchy problem for parabolic

equations which we will study in a forthcoming paper.

Appendix Proof of Theorem 11

Proof. First we show a key Carleman estimate:

Lemma 17. Let ¢ € C%(Q) such that |V| # 0 on Q. Then, for sufficiently large A\ > 0,

there exist constants sy > 0 and C' > 0 such that

1 n
/ - E 0;0;ul? + s|Vul® + s3u? | exp(2se*)dx
Q\ %, 7=
7.]_1

< C/ | Au|? exp(2s5e*?)da
Q

for any s > s and any u € H3(Q).

As for the proof, see Hormander [26], Isakov [27] and Klibanov and Timonov [35]. In
[27], the second order terms on the left hand side are not estimated, but we can easily
include 9;0;u by means of an a priori estimate for the Dirichlet problem for A(ues¥) = h
(e.g., Gilbarg and Trudinger [18]).

We set

M = [Jull gm0, n> 22

D = |lgillzr 0y + llg2ll 2y + 1Pl 22()-
Without loss of generality, we can assume that A > 1. Again, C; > 0 and C > 0 denote
some generic constants. Both constants are independent of choices of 2o € 992\ I and the

parameter s > 0 in the Carleman estimate (Lemma 17).
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For y € R™ and r > 0, we set
Br(y) ={z € R"; [z —y[ <r}.

Since 90 \ I satisfies the uniform interior sphere condition, we can choose a ball B, (yo)
such that B, (yo) \ {zo} C Q for any xg € 9Q \ I'. We can choose r > 0 uniformly for
xo € 02\ T'. We set

Q= J Brw)\ Brpalwo),
o€\

and we see that O C Q.

We apply Theorem 10 in 21, so that
ull 20y < C(D + M'™"D") < CM'™"D" = CDy. (15)

We can assume that Dy < 1 because we can assume that D > 0 is sufficiently small by

the homogeneity of (1) in u with respect to the scalar multiplication. Let us fix

{ n+2}
max 2’T <m <n.

By the interpolation inequality (e.g., Adams [1]), we have

% ’71_*22
lll s ) < el o, 12l e - (16)

Therefore, (15) implies
n—m

lull g 0,y < €Dy M

n1—2
n—2
The Sobolev embedding theorem (e.g., Adams [1]) yields

luller @y < Cllullm )-

Hence,
n—m

n1—2
n—2

Let us fix 29 € 90 \ I arbitrarily. By some suitable rotation and translation, we may

assume that B.(0) \ {zo} € Q and xg = (1,0, ...,0). We set

E=B,(0)n {a; = (21,...,py) €ER" 1 > 2}

We will apply Lemma 17 in E. First, by the Sobolev extension theorem (e.g., Adams [1]),
we can find v* € H?(E) such that

*

u =wu, Jsu’ = 0su on FozaEﬂ{gjlzﬁ},
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and
[u [ z2(m) < Clullgsre gy + 10aull gi2my)) < Cllullg2@y)-

By the definition of €y, we have 'y C 7 and (17) implies

n—-ni

1w || 2y < CDy" 2 M : . (18)
We set
Y(x) =1 — [z’ pz) =N,
and
E(0) ={z € E; ¢(x) > 6},
with § > 0. We note that E(0) = F and |V¢| # 0 on E because 0 ¢ E.
Now, we take y = x5 € C*°(R"™) such that 0 < y <1 and
1, x € E(2)),
0, x € E\ E(9),

and

C
Ixllc2@mny < 52 (20)

In fact, we can choose a function ¥ € C*°(R) such that

Set x(z) = X <w(x6)_6>. We can readily verify that (19) and (20) are satisfied.
We put v = x(u — u*). Then, v € H3(E) and

Av = x(h— Au") Z bij(x (u—u") (21)
i,j=1
+ Y (b (2)(@i05x + & (2)9;x) (u — u*)
ij=1

xX(h — Au™) + Q(z).
If x(z) = constant, then Q(x) = 0, that is,

Q(z) #0 onlyif xz € E\ E(29). (22)
Moreover, by (20), we have

Q@) < S (IV(u—u")(@)] +[(u = u?)(@)]), =€ E\E(20). (23)



We apply Lemma 17 to v with (21), so that (22) and (23) yield

1 n
/ - Z 0,00 + 5|Vo|* + s%0* | e*%da
E S

i,j=1

SC/ \X(h—Au*)Fe%“Dda:—kC/ Q2 e**%da
E

s 1

gC/E(\h]2+]Au*\z)e%“”da:—kCezse 54(\\uHH1(E + w13 )

for all large s > 0. By (19), we obtain

1 n
[ 3 00— )P sV =) s = P | oo
E(36) )
2xs 1

< CeP(IllZ2 () + 10 iz (m) + Ce ™ 53

5 (M? + w1 )
Hence, it follows from (18) and (19) that

Cs —28/11 M2 @

-2 2
54 546 Dy, 5 2 50,

ull?r2 (m@ay) < Ce“ D3 + —;
where we set
n—ni n—2

1
pp =€ — e 50, Dy = Il 2 () + Dy M=,

Similarly to D; we can assume that D is small. Since

se—su1<i:71 <i s>0
= 62)‘5(6>‘5 ) 2o’ =
we have
C _ c _
||UH%{2(E(35)) S C’ecng + ge SM1M2 + ge sung, S 2 S50- (24)

Replacing C' by Ce®*0, we have (24) for any s > 0. We choose s > 0 such that ecng =
e SMM?, that is, s = ﬁmlog DMZ, so that by Dy <1 and M > 1,

lullg2(B@s)y) < (SEMMWDC“1 + (SCM#HCDC*‘”D
2

< %MDQC*“.
02

We assume that 6 < 1. Moreover, since

i 62)\5(6)\5 _ 1) 6)\5 -1 %)
= > > —
CH+pmpm CH+e2EeM—1) " C+e3r— Oy

1
and Dy < 1, we have DQCW1 < D2026. Hence, changing 39 to ¢, we obtain

T — (;—MDCWS 0<5<1. (25)
2
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We have

In (26), we have (% + 22£,0) € E(d(t)) where d(t) 1—(3+ %)2) r? and
r o 3rt
o (5+28.0)| < Clulln < Cllullm oy
n—mniy n1—2
<

C”uHH2(E (d(t))) ”uHH7I(E(d(t)))

by the Sobolev embedding and the interpolation inequality (16). Therefore, by (25), we

obtain

n—n1

n—2
o1u (f + ﬁ70> ‘ < CM 7, C]WE) D2C'2d( )
4 4 d(t)2

CM Cod(t)(n—m1)

n—2

<

5(n—m1)

d(t) 2(n—2)

Now, we choose 77 such that max {2, "TH} <m <nand

5(n —m)

— T =09<1.
2(n —2)

Noting that
3(1—1t)5+ 3t 2> 19 15
44 16

Z(1-tr?, 0<t<l,

and D; < 1, we have

r  3rt CcM C3(1—t)
o5+ 50) | < gt 0<esn

Hence, (26) yields

lu(zo)| <

IS
A/~ I/~

=13

[en}

1
1 Cs(1-t)
—i—C'rM/O (1—t)9D2 dt

1
+CrM /0 ¢ %exp <—(13 <log D%) 5) dé¢
+CrM /0 ¢ %exp (—03 <log D%) §> d¢

1-6
1
+CrMI'(1—0) | ——— .
( )<C’310gDL2>

IN
IS
o

[ B T = B S S B

IN
S
©

IN
S
©

—— —— ~—
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On the other hand, by (25), the Sobolev embedding, the interpolation inequality and
d(0) = 1272, we have

2n—n—1 n+1

|
()] = Ml gy <1

2n—m—1

c<1D9”> YoM
T

IN

Hence, (28) yields

1-6
Cor? 20t 1
lu(zo)] < CMD, +CrMT(1—0) [ ——r
03 log D>

IA

1-6
1
Do

In the last inequality, we used the fact that the first term is bounded by the second term
for fixed n and r. For any kg € (0,1), we can choose 71 > 0 satisfying (27). Then, there

exists a constant C'(kg) > 0 such that
1\
lu(zo)| < C(ko)M | — .
log D;
Here,

n—mni —2

n
Dy = |hflg2 + Dy M=

— —2
= |Ihllp2) + (M*FD¥) 2 M2 < D" 4 MD* < 2M D™

with k1 € (0,1), because D < 1 and M > 1. Hence,
1 1
T = 1 1
log 5 k1log 15 +log 577
¢
log % + log % '

Finally, by the interpolation inequality and the trace theorem, we have

g1l g0y + g2l 12
2n—4 3 2n—4 1

< Cllall it lonl77y |+ el 25 o7 %

2n—4 2n—4

< Cllar |25ty Mo + ool 2y M71-3

Thus, the proof of Theorem 11 is completed. O
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Figure 1: Surface plot for the function ug(z,y) = cos mx cosh my in Example 2.
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Figure 2: Numerical approximate solution ug, to the solution of Example 2 using noisy

data when 6 =0
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Figure 3: Numerical approximate solution ug, to the solution of Example 2 using noisy

data when when 6 =1
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Figure 4: Numerical approximate solution ug, to the solution of Example 2 using noisy

data when 6 = 5
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Figure 5: Numerical approximate solution ug, to the solution of Example 2 using noisy

data when § = 10
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Figure 6: Absolute error |ug(z,y) — us,(z,y)|. Here, ug is the test function of Example
1 and ug, is an approximation constructed by using the kernel ®, from the Cauchy data
on I' = [-1,1] x {0} for noise with level § = 10.
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Figure 7: Absolute error |ug(z,y) — us,(z,y)|. Here, ug is the test function of Example
2 and ug, is an approximation constructed by using the kernel ®, from the Cauchy data

onI' = [—1,1] x {0} for noise with level 6 = 10.
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