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Abstract

We consider an inverse parabolic problem. We prove that the heat ra-
diative coefficient, the initial temperature and a boundary coefficient can be
simultaneously determined from the final overdetermination, provided that
the heat radiative coefficient is a priori known in a small subdomain. More-
over we establish a stability estimate for this inverse problem.
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1 Introduction
Let us consider a mixed boundary value problem for a parabolic equation

Au(z,t) + p(x)u(z, t) — Ou(z, t) = f(t,x) z€eN, t>0
u(z,0) = a(x) x € (1.1)
Opu(z,t) + qg(x)u(z,t) =0 zel, t>0,

where {2 C R" is a bounded domain and T is its boundary. Here and henceforth 0,
will denote the derivative with respect to the outward normal to I'.

We are interested in the following inverse problem : let T > 0 be given. De-
termine p(x), a(x), z € Q and ¢(x), z € T from observation of final data u(x,T),
x € Q.

This is an inverse problem with final overdetermination and we can refer to M.
Choulli [Chl], [Ch2], M. Choulli and M. Yamamoto [CY1], V. Isakov [Is], A. B.
Kostin and A. I. Prilepko [KP], A. I. Prilepko and V. V. Soloviev [PS], W. Yu
[Yu]. However, in these works the authors consider determination of coefficients or
right-hand sides in partial differential equations, not of boundary conditions. In this



paper, we prove that the final overdetermination can simultaneously determine both
the radiative coefficient p, the initial temperature a and the boundary coefficient ¢
under the extra assumption that p is known in some subdomain U'. We also prove
a stability estimate for our inverse problem.

2 Uniqueness

Henceforth we assume that €2 is of class C%%, for some o, 0 < @ < 1. Let pg € C*(Q)
and a subdomain U C 2 be fixed, we set

P ={C*Q); p=poinU}.

We regard P as the admissible set of unknown coefficients. The definition of P
means that coefficients are assumed to be known in the subdomain U.
We make the following assumptions on the data a and f :
(A) aeC?*Q),a>0,a%0 and its support is compact in €.
(B) feC®/?(Qx]0,L)), for some L > T, f <0,and t € (0,L) — f(-,t) €

L?(Q2) has an analytic extension in a sector Sy, 0 € (0,7/2], of the form
Sg={z€C; 0<|z] <L, |argz| < 0}.

We note (see Proposition B.1 in appendix B) that the assumption (B) is equivalent
to the following one

(B") f e C*/2(Q x [0,L]) N C>®((0,L); L*(Q)) and for each T € (0, L) there
exist two non negative constants C = C(T) and r = r(T') such that

Crkk!
IF® ()] p2@) <

IfpeP,qge Q= CHYT), a and f satisfy (A) and (B), then the initial-
boundary value problem (1.1) has a unique solution u(a,p,q) € C*t*1+e/2(D),
where D = Q x [0,L] (e.g. [LSU]). Moreover, modifying slightly the proof of
Proposition 3.2 in [Ch3], we find

€(0,7), k> 0.

u(a,p,q)(x,t) >0 (x,t) € Qx (0,L]. (2.1)

On the other hand, we know (e.g. [Ou], [Paz] or appendix A) that the operator
A = A+ p, with domain

D(A) = {u € L*(Q); Au € L*(Q), d,u+ q(z)u=0o0onT},

q € Q, generates an analytic semigroup e*4 on L?(Q). Since u(a, p, q) is given by

t
w(a,p, g)(t) = M / CAf( s)ds, t € (0, L),
0

we proceed as in the proof of Lemma 1 in [CY?2] for deducing
t € (0,L) — u(a,p,q)(t) € L*()
is analytic.

Theorem 2.1 Let p; € P, q; € Q and let a;, [ satisfy (A) and (B), i =1,2. We
assume
ur(x,T) = ua(z, T), x € Q, (2.2)

where u; = w;(a;, pi,q;), i = 1,2. Then

a1 = az, p1 = p2 and q1 = qa.

INote that in general the final overdetermination does not determine the radiative coefficient,
see the counterexample in [Is] for the linearized problem.



Proof. Let u = u; —ug, a(x) = a1(x) —az(z), p = p2—p1 and ¢ = g3 —¢q1. Then
a straightforward computation shows that u is the solution of the initial-boundary
value problem

Au(z,t) + p1(z)u(z, t) — Owu(z, t) = p(z)us(z,t) reQ, 0<t<L
u(z,0) = a(x) x € (2.3)
Opu(z,t) + q1(z)u(z, t) = q(x)u(z,t) zel, 0<t<L.

Since p =0 in U, we deduce from the first equation in (2.3)
Owu(z,t) = Au(z,t) + p1(x)u(z,t), x € U, 0 <t < L. (2.4)
This and (2.2) imply dyu(z,T) =0, € U. Therefore (2.4) gives
O*u(z, T) = Adwu(x, T) + p1(z)0u(z, T) =0, z € U.
Repeating this, we obtain
Of"u(xz, T) =0, z €U, meN. (2.5)

Ast e (0,L) — u(-,t) is analytic, (2.5) implies that v =0 in U x (0, L).
We fix € > 0 such that e < T and T + ¢ < L. We know by (2.1) that

ug(w,t) > 6 >0, (2,t) €A x [T —¢,T + €,

for some constant 0. We can then introduce v(z,t) = u(z,t)/uz(,t), (z,t) €
O x [T — €T+ €. We easily prove that v is the solution of the following initial-
boundary value problem

Av(z,t) + B(z,t) - Vou(z,t)

+e(z, t)v(z, t) — Opu(z, t) = p(x) re, T—e<t<T+e
v(z, T —€) = b(x) LAY
Av(x,t) + qg(x)v(x, t) = q(x) xel, T—e<t<T+e,

where B(z,t) = —2Vug(z,t)/uz(x,t), c(z,t) = f(x,t)/uz(z,t) — p and b(z) =
u(z, T — €)/ua(z, T — €).
Since w = dyv is the solution of the following initial-boundary value problem

Aw(z,t) + B(z,t) - Vw(z,t)
+e(z, )w(z,t) — Qpw(z,t) =

-0 B(z,t)v(z,t) — Ope(x, t)v(z, 1) reQ, T—e<t<T+e
w(z, T —e€) =d(x) x e
dhw(z,t) + g(z)w(x,t) =0 e, T—e<t<T+He,

where d(z) = Ab(x) + B(x,T —€) - Vo(z, T —€) + c(x, T — ¢)b(xz) — p(x), we can
proceed as in the proof of Theorem 3.3 in [IY]. We find the following estimate

1Py < CUv(Dllr2@)+ [0l r—er+e)) (2.6)
HOv|| L2 (U x (T—e,7+6)))-

Here C' is a positive constant.
We have seen below that «w =0 in (Q x {T}) U (U x (0,L)). Therefore

v=0in (Q x {T})U (U x (0,L)).
This and (2.6) imply p = 0. Consequently, u satisfies

Au(z,t) + p1(z)u(z, t) — Opu(x,t) =0 zeQ, 0<t<L
u(z,t) =0 relU 0<t<L.



Then v = 0 in Q x (0, L) according to the classical unique continuation property
for parabolic equations. In particular, we have

u=0,u=0o0nT x (0,L),

and then qug =0 1in I' x (0, L). Hence ¢ = 0 by (2.1C§°).
Finally, since u is continuous, we get u(x,0) = a(z) = 0. The proof is then
complete. O

3 Stability

We use the same notations and assumptions as in the previous section. In addition
we assume that there exist two real constants o and (3 such that

pL>a, q >0

For some € to be specified later, we deduce from the analyticity of ¢t € (0, L) —
u(-,t) € L3(Q)

u(a,t) = w(t—wﬁ te (T —eT+e).

m)!
meN
Therefore
oM *u(z, T) OFu(z, T m
u(xat)QZZ( Z t(m_(k)| ) ‘ I(f' ))(t_T) atE(T_€7T+€)7

meN 0<k<m

which implies

=Ry (T 2 R, T 2
[toopar < 32 3 WDl W Dl

meN 0<k<m

te (T —¢€T+e). That is

o u 2 o 2
/U u(z, £)2dz < ( Z [ )||L U)( 2 o Z (07" u( HL ) 2,

(3.1)
t € (T —¢,T+e€). From Proposition A.2 in appendix A we know that there exist
two positive constants M and p such that

07 u(-, T)|| L2y < Mp™m!, m e N,

where M = M(T,0,«,3) and p = p(T, 0, «, 3) are two positive constants. Here 6 is

the same as in the assumption (B). Hence the series in (3.1) converges if € is chosen

such that pe < 1. In the sequel € is assumed to satisfy this condition and it is fixed.
Now we easily derive from (2.4)

0/ u(z,T) = (A+p1)"u(z,T), z €U, meN. (3.2)
We introduce the following new norm for u(-, T') |/
[(A +p1)™ (IE Dlr2w) m
N(u(, T)j)(= No(u( =3 em.?
meN :

2Indeed one can check that the linear space consisting in the functions h € L2(U) such that
(A+p1)™h € L2(U), m € N and

A+ ™h
Ny =3 [I(A +p1) HLQ(U)EM<OO

|
"0 m!

is a Banach space for the norm N.



It follows from (3.1) and (3.2)

lull L2 (U x (T—e,74¢)) < \/ZN(U(',T)\U)- (3.3)
Similarly, we have
10sul| L2 (U x (T, 74¢)) < V2eN((A +p0)u(, T)o)- (3.4)

Then (2.6), (3.3) and (3.4) imply
Ipllz2c) < Clllul, T a2 + N(u(-, T)jr) + N((A +p1)u('aT)\U)]

That is ~
pllz2) < ON(u(-, T)w), (3.5)

where N is the following norm
N(h) = [Ihll () + N (hlu) + N((A + p1)hl).
Next, the estimate

ug(x,T) > v =minuy(y,T) x € Q
yeQ

and the identity
q(x) = Ou(2,T) + qa(x)u(z, T))/uz(x, T)
lead
lalew) < EI0vul- Dl + lul Tller) < E'lluT)ller @), (3.6)

where the constants £/ and E depend only on v and M, M > ||q1]|c(r)-
We now consider y = 0;u. Clearly y = y1 +y2, where y; and y, are the respective
solutions of initial-boundary value problems

Ayq(z,t) + p1(x)y1(x,t) — Oy (x,t) =0 reN, 0<t< L
y1(7,0) = Aa(x) + p1(v)a(r) — p(z)az(z) x€Q
auyl(xvt)+q1(x)y1(x7t):0 CEGF, O<t<L7

and

Ays(z,t) + p1(x)y2(x, t) — Orya(x,t) = p(x)Opus(z,t) reN, 0<t<LL
y2(z,0) =0 x €Q (3.7)
Ovy2(x,t) + qu(x)y2(,t) = q(x)Oyuz(x,t) zel, 0<t<L.

We apply the method of the logarithmic convexity (cf [Pay]) to y;. We find

1—-t/T t/T
ly2 (1)l 220y < 1Aa + pra — pas|| 2y (- DI Ys(ey-

If p1 and as satisfy the following a priori bound
Ip1llc@) + lazlle@) < M,
M’ is some positive constant, then we can find a positive constant § such that
[Aal[z2(q) + llallzz) + [IPllz2@) < 6 (3.8)

implies
|Aa + pia — paz|r20) < 1.



Therefore -
t
lyn (1) 220y < o (D)1 (3.9)

when (3.8) is satisfied.
On the other hand, we notice that once again a minor modification of Proposition
3.2 in [Ch3] gives

[y2( )2 (2) < VLIQlllY2llo@xpo.ny < FlllPlo@ + lallom)
Here F' is some positive constant depending only on A,
A= lpillcm) + ol

Given r > n, we assume
Ipllwir@ < G.

Then a well known interpolation inequality (e.g. [Ad]) gives
||p||c(§) = GliHHPH#(Q)»
where = 2(r —n)/(rn + 2(r — n)). Consequently

ly2(, )l L2y < HIpll72 () + llalle)), (3.10)

H is a positive constant.
From the identity y; = y — y2 = Osu — y2 we deduce

1 T)lle2ee) < [[Au(, T) + pru(-, T) + poua(, T) | 2(0) + y2(, T)llr2(0)
This, in combination with (3.10), implies
ly1( Dlle2e) < H'([ul, Tl r2(0) + 1PI72) + ldlem)),

if [[pllz2() < A, where A and H' are some positive constants, [’ depending on \.
In view of (3.9), we derive from the last estimate

ly1 G502y < H'([ul Dl rz0) + 121E2 i) + lalloa)™ (3.11)

Here H" is a positive constant.
Let N(h) = [|hllm2() + N(h)" + [|2]|c1 ). Then (3.5), (3.6) and (3.11) lead

(D)l L2y < H'N (u(-, T)0)"". (3.12)
Now since 0
a(z) = u(z,0) = u(z, T) +/ y(z,t)dt,
T

(3.5), (3.6), (3.10) and (3.12), imply
T 57 «a
lallzz) < K(lulT)lle2e) + fy N(ul D) dt+[lpl 2 ) + lallom)
7 A
< K(N(u(vT)\U) + fo N(u('vT)|U)t/Tdta

for some positive constant K. Therefore

lallzz(@) < w(N(u(-, 7)),

where we set w(r) = KT(t —1)/InT+ 7, 7 > 0.
We then proved the following stability estimate.



Theorem 3.1 Letr > n and M > 0 be given. There exist two constants § > 0 and
C > 0 with the property that for all, i = 1,2, p; € P, q; € Q, a;, f satisfy (A), (B)
and
lgillom) + Ipillo@) + Ipillwrr@) + llaillc@) < M,
of
llar — azl[2() + [Alar — a2)[[L2(0) + [IP1 — P2llo@m) <6
then y
1 — p2llr2) < ON((ur —u2)(-, 7))

and there exists a constant C, depending on as, pe and qo such that

lar = galleqry < Cll(ur = u2) (5 1)l o1 oy

a1 — az|z2(0) < w(N((ur —u2)(-, T)v),

where w(t) = CT (1 —1)/InT+ 7, 0 >0 and u; = ui(as,pi,q), i = 1,2.

4  An estimate for the norm N

Let us see why the norm N is not very convenient. For simplicity, we assume that
p1 = 0 and we set

E={heL*U); A™h € L*(U) for all m € N}.

E is a semi-normed vector space for the familly of semi-norms :

m

pm(h) =D A% L2 w).
k=0

We define also the subspace Ey of E as follows

Am m
Eo={heE; Y 1a%ulleeane” oy

m!
m>0

where € is a given positive real number. Ej is then a normed vector space for the
norm NN.

In a classical way one can prove that the topology defined by IV is the same as
that induced on Ey by the family of semi-norms (p,,). Moreover, if U is of class
C®, then E = C*(U) topologically according to the L2-elliptic regularity (see for
instance [GT]) and the topology defined by the family of semi-norms (p,,) is the
same as that given by the family of semi-norms (g,,), where ¢, is given by

gm(h) = max _|D%h(z)|.

|a|<m, 2€U

In the present section we establish a logarithmic type estimate for the norm
N (h) in terms of ||h||L2().

We first consider the simple case p;1 = 0. We start with an interpolation in-
equality. Let h € C§°(U) such that [|h[[z2y) < 1. By the Green theorem we

have
/hAhda:z—/ |Dh|*dz.
U U

Then the Cauchy-Schwarz inequality yields

1/2 1/2
IDibll ) < IDA] 2wy < AR IR, (4.1)



Here and in the sequel D is the gradient, D; = 9/dx;, D;; = D? and D;; = D;D;.
Hence

1Dsihl| 2wy < 1ADR)] ooy IDsh | gy = D (A | oty Dl o

We apply twice (4.1). We find

1/4 1/2 1/4
1Dsihll 2y < (AR (o | ABI o 1l ot

Therefore
AR L2y < 0l A2BI| s ARty 7] oy
and then
AR Ly < 02| AR D115 -

As a consequence of the last estimate we have

IA™ Bl 21y < 2| A RIS 1A RISy m > 1,

L2(U) o)y

Using an induction in m, we easily prove

IAPR]| 2@y < 0202 | AT RIS Bty 0 < p < m.

In this estimate if we take m -+ 1 in place of m and p = m then

m 1/(m m-+1
IA™ Bl 2y < n2™ [|A™ RIS D R GTY, me> 0.

We assume that h satisfies the following estimate
IA™h]| 2y < Mp™m!, m >0, (4.2)
for some positive constants M and p. Then

|A™h| L2 )€™

1/(m—+1 m 1-1/(m+1)
- <n —||h\| LD [Mp™ (m + 1))

L2(U) m > 0.

)

Changing p by max(p,1) if necessary, we may assume that p > 1. In this case we
have

||A"Lh||L2(U)6"L

1/(m+1)
ml = *HhIIL/z(U)* [Mp™* (m +1)!]
< pM(m+ 1)(en®p)™ 1] L5, m > 0.

That is
||Amh||L2(U)6m

i < Clm+ 1) R LG, m =0,
m:

L2(U)

where we set ( = en?p and C = pM.
Now we choose € sufficiently small in such way that ( < 1. Let x > 0 be any real
number and N = [z]. Then

Z HA h||L2 U)€

m>0

N
< 3" Clm+ ¢ nl G
m=0

+ >0 Clm+ D¢ al A
m>N+1

( Z Clm+1)¢™ ) Il

IN



+CN+1 Z C(m+1)¢™ (N+1)Hh||1L/(7[rJz)+1
m>N+1

< (> ctm+nem)InlAe

m>0

m>0

a=>» Clm+1)¢™, p=>_ C¢m

m>0 m>0

Let

Then the last estimate gives

5 I 1 o v )
m>0 ’
< (a+ (N+DB) (IRIEGTY + ¢+
< (ot @+ DB) (IRIATY +¢)
< (ot @+ + 1),
ie.
> RO (4 Dt g IS e, 49)

m>0

for all x > 0. If ||h||L2y # O we can take x such that ||h||1L/2((g§1) = ¢*t or
equivalently
lth||L2(U))1/2
In¢ '

This particular choice of x in (4.3) implies

HAthL2 U e
Ny(h) = N(h) = 3 22— < o(hllz=w)).

m>0

sc—l—l:(

Here

1 In7\1/2, (mz)'?
molr) =2(1+ 5) (0 a+8(17 C) yelle) ™

We see that one can find two positive constants ¢y and ¢; such that
Ro(T) < R(T) = co¢ ("D,
provided that 7 is sufficiently small.

Therefore
Nu(h) = N(h) < &(|[h] L2 0))- (4.4)
Note that one can prove that x is non decreasing in a neighborhood of the origin.
Now let h € C*®°(U) satisfying (4.2) and ||h[/z2(y < 1, V an open subset of
Uwith V C Uand ¢ € C(U), 0 < p <1and ¢ = 1in V. Clearly we have
Ny (h) < Ny(ph) and, since k is non decreasing in a neighborhood of the origin,
we have

t([phllL2wy) < k(|| L20))-
But
Nu(eh) < k(llehlz2wr))
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by (4.4). Therefore
Ny (h) < &([[hllL>@))-

We sum up this in the following proposition.
Proposition 4.1 Let p1 = 0 and assume that € is sufficiently small. Then there

exist positive constants co = co(p, M,U,n,€), c1 = c1(p, M,U,n,¢) and 0 = 0(¢, p)
with the property that if h € C>°(U), ||hllz2(q) < 0 and h satisfies (4.2) then

N(h) < &([|Pllz2(@)),
where k() = ¢ (™ Lyr/z
As a consequence of this proposition we have

Corollary 4.1 Let 3, K be two positive constants and let 0 be as in the assumption
(B). Assume that U is of class C*°. Let € be sufficiently small. Then there exist pos-
itive constants o = a(e, 3, T, K,U), co = co(e,3,T,K,U) and ¢1 = ¢1(e, 3, T, K, U)
with the property that for alli = 1,2, q¢; € Q, a;, f satisfy (A), (B)

HfHC(ST;;m(Q))’ laillzoe (@), gillzoe (@) < K
a1 — @2/l (rys lIP2llze()s llar —azllpe@) <o
then
N((ur —u2)(-, 1)) < &(|l(ur —u2) (- Dlullz2(0));

1/2
Y

where k(1) = co¢r(n , up = u1(a1,0,q1) and ug = us(asz, P2, q2).

Proof. Let u = u; —us and h = u(-,T)|y. Note that as we have seen in the begin-

ning of this section that h € C°°(U). On the other hand, according to Proposition
A.2 in the appendix, we have

JA™ Rl 2y < Mp™ml,

for some positive constants M = M(T,0,3,K) and p = p(T,0, 5, K).
From Proposition 3.2 in [Ch3], there exists a positive constant ¢ = ¢(T,, 3)
such that

[uzl L (x 0,1)) < el fllL=(ax(0,1)) + llazll=(a)) < 2¢K,
and, since u solves the initial boundary value problem (2.3), the same proposition
implies
[l Lo @x(0,m)) < € (lar = @2llpoe 0y + IP2]l oo () + a1 — a2l (),

where ¢/ = ¢(T,Q,3,K) is a positive constant. Therefore ||h|] < §, § as in the
previous proposition, provided that

lar — q2llLee(ry + P2l Lo () + llar — a2l L) < o,

for some o = o(e, 3, T, K, U) sufficiently small. The conclusion follows by applying
Proposition 4.1. O

We turn now our attention to the general case. We need the following lemma.
We set L = A + p; and we assume that p; € W22 (Q),

Ip1 w2 ) < @,

for some positive constant ®.
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Lemma 4.1 There exists a constant C depending only on Q and ® such that
1Pl sy < CUlhlle2 @y + LA 2wy + IL2A] 2 (0)
for all h € C*(U).

Proof. Let h € C§°(U). From the classical H? estimate for the Laplace operator
we have

IRl 22wy < CollAR| L2y,
for some constant C depending only on 2. Therefore
1Rl 22wy < CollLhll L2y + [Pl Lo @y IRl L2 0ry)-

That is
[”llg2wy < Crll[Lh| L2y + [l L2 ) (4.5)

where Cy = Cpmax(1, ®).
On the other hand, we have

D;Lh = LD;h + [D;, L],
Dy;Lh = LDy;h + [D;j, L]h.

Here [-, -] is the usual commutator.
We can easily check that there exists a positive constant Cy, depending only on
®, such that

I[Di, L1kl 22wy + [Dij, LIl 20y < Collhll vy
Therefore
ILD;ih||2@wy + |LDijh| 2wy < [|DiLlh||p2@y + | Dij Lh| L2y + Callb g1 ()

This, (4.5) and the following inequality

[”ll sy < NPlla2@) + Z Dbl 2wy + D 1 Dishll 2w

i
lead to the desired estimate. O
Lemma 4.2 Let h € C§°(U) satisfying

IL™h| 2@y < @m = Mp™m!, m €N, (4.6)

for some positive constants M and p > 1. Then

HL U||L2 S?)% ..ﬁcl+%+"+2m T2 —:1+2m ||h IQ/ZLU)’ m e N.

In particular,
1
L™ ull 2y < 3C2am [Pl 750y

Proof. We note that a,,—1 < a, for m € N. For m = 1, by the usual
interpolation inequality

lwllie) < CollwlFs gl aqy, w € HAD),
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and Lemma 4.1, we have

[Lhl 2y < Cillhlla2@)

< Oollhl a0l 320
< Oy + LA ) + L2l 20 Rl s
Therefore . N
|Lull ) < CBaz) Rl La e (4.7)
Thus the case m = 1 is proved. Let the case of m = k be proved. Then (4.7) yields
I Al ey = (LR || 2wy
< CUIL*RI ) + 1L+ Bl ooy + 1L 2Rl ) V2 Bl

1/2 1/2F k=1 1/2(1/24-+1/2%
< 031/2akér2(31/2+ 1/28 o141/2+4+1/2 )1/2ak+1( )||hH
1 /2k+1 k 1/24-41/2FF1 1/2k+1
< YRR L a’k{&-Q / ||h||L/2(U)'

Thus the proof for m = k+1 is finished and the proof of the lemma is complete.
O

Proposition 4.2 Assume that € is sufficienty small. For any p € (9,1), there

exists a positive constant C = C(u, p, M,U,n,€) such that if h € C°°(U) satisfies
(4.6) and ||h||L2@wy < 1 then

N(h) < x([[hll2w)y)-

where

C
A
(In2)
Proof. In this proof C} is a positive constant depending on data. Arguing as before,
we see that the proof can be reduced to functions from C§°(U) satisfying (4.6). Let

then h € C§°(U) satisfies (4.6). For simplicity, we set d = A z2). From Lemma
4.2 we derive

x(1) =

N(h) < 3C?*Mp f: (m + 1) (pe)™d**".

m=1

We further choose e > 0 such that 72 = pe < (1/2)°. Since sup,,cy(m+1)7™ < oo,
we have

[e'S) N e
N(h) < ¢4 Z AmdV2T = 0y < + Z > T B
m=1 m=1 m=N+1
< G (d1/2N n ny) . NeN.

We choose N = [z], where

oo (m2))

(recall that Ingt = In¢/1In2). Therefore

N(h) <Oy (dl/? + w) .

1/20+1
L2(U)
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We have 2% = (Inp 1)". Setting y = In, 3, we have

1 = oyt = < G
Sy
as y goes to co by 1 — u > 0. Moreover
T _ ln2((ln2 %)”) < CE')
T = gina((ma 4)7)
because for fixed v € (0, 1), there exists Cg > 0 such that
Cs
y <« 26
7Y < 2
for any y > 0. Therefore
v G
(g )"
Hence o o 5,
N(h) € — 0+ — & < —T
(n2 )" 23 = (Ins )
by 0 < g < 1. Thus the proof is completed. O

Similarly as before, we deduce from the last proposition the following corollary.

Corollary 4.2 Let 3, K be two positive constants, i € (0,1) and let 0 be as in the
assumption (B). Assume that U is of class C™. Let € be sufficiently small. Then
there exist positive constants o = o(e, 3, T, K,U) and C = C(¢,8,T, K,U, 1) with

the property that for alli = 1,2, p; € P, ¢; € Q, a;, f satisfy (A), (B), p1 € C>®(U)
and
1oz laille=@), lgillr=@) < K
lar — q2llze (), IPr — P2l (), lar —azllpe() <o
then
N((ur —u2)( Dlv) < x([[(u1 — u2) (- Dlullr2e),

where

and U; = ui(ai7pi7qi); 1= 172

Remark 4.1 We note that the estimate in Corollary 4.1 (the case p1 = 0) is better
than that given in Corollary 4.2. In fact, one can see that k(1) < x(7) if T is small
enough.

Appendix

A The semigroup generated by the Laplacian with
Robin BC

If p € L*>(Q) and ¢ € L*>(T"), let us consider the following (bounded) bilinear form

apq(u,v) = | Du-Dvdx + /

puvdac—l—/quv, u,v € HY(Q).
Q Q r
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We note that ay, 4 is the bilinear form associated to the operator —A +p with Robin
boundary condition d,u + qu = 0. We denote this operator by A, , and we recall
that the spectrum of A, , consists in a countable sequence of eigenvalues

1 2 k
—00 < /\pyq < )\p,q < .../\p,q — 400.

We have the following comparaison principle

Proposition A.1 Let p; € L*(Q) and q; € L ("), i = 1,2. Then

p1 <p2andq < g2 (A1)
mmplies
g A< \k E>1
P1,91 — “'P2,92’ -

Proof. Under the assumption (A.1) we have
Apygn (s 1) < apy 4o (u,u), for each u € H(Q).

The conclusion follows by applying Proposition 30 in [DL] p. 126. |
As a consequence of this proposition we have the following corollary.
Corollary A.1 Let « and (8 be two constants. Then there exists a real constant u
depending only on « and B such that for each p € L () and q € L (T") satisfying
p>aandq>f,
n< )\’;’q, for allk > 1.
Proof. In view of the last proposition, we can take u = )\iﬁ. |
When p € L>(Q) and ¢ € L>°(T), the operator —A, , generates an analytic
semigroup (e~*4r.4) in the half plane

II = {z € C; Rz > 0}.

This semigroup is explicitly given by

A —zA k k
e ? p#zf = Z e ((Pp7q7 f)LQ(Q)QDP’Q’
k>1

where (F ) is an orthonormal basis of L?(2) consisting in eigenfunctions, with

@k , associated to AF . and (-,-)12(q) is the usual scalar product on L*(1).

Then an elementary calculations show

qm m%;m? ifpu>0
||7m€_ZAp'qHB(L2(Q)) < (AQ)
dz 2Rz mt iyl < 0
(§Rz)m,7 n= 2 .
Here || - || p(z2()) is the operator norm.

Let A(Sp; L*(2)), 6 € (0,7/2], denote the set of the analytic functions from Sy
into L?(£2), where

Se={2€C; 0<|z| <L, |argz| < 6}.



15

Proposition A.2 Let K be a given constant. Let f € A(Sp; L?(Q))NC(Sp; L?(Q))
and a € L*(Q) such that

||f||C(sT,;L2(Q))v lallz2o) < K.

Then u given by
u(z) = e *raq +/ e Ara f(z —w)dw, z € S
0

is in A(Sp; L2(2)) N C(Sp; L2()). Moreover for any 0 < T < L, there exist two
constants C = C(T,0,u,K) and p = p(T,0, u, K) such that

dm
||%U(T)|| < Cp™ml. (A3)
Proof. We write u = ug + w1, where
up(z) = e *rag and up (2) = / e~ WAva f(z —w)dw, z € Sy
0

Clearly ug is in A(Sp; L*(2)) N C(Sp; L?(£2)). For € small enough we set

ui(z) = /276 e f(z — w)dw.

We can see that u§ € A(Sp; L2(Q)) N C(Sp; L2(Q)) and, using the properties of e*4
and the assumptions of f, we deduce that u{ converges uniformly to u;. Therefore

ur € A(Sg; L*(Q)) N C(Sp; L* ().

The proof of (A.3) follows again from the properties of e
on a, f and a Cauchy formula :

dam m! u(z
uw(T) = [Y (z—;))m“dz’

—#4p.a the assumptions

dz™ T 2
where 7 is a circle around 7" contained in Sy and oriented in the counter-clockwise
direction. ]
B Characterization of analyticity in a sector
Let X be a Banach space. Then we have the following proposition

Proposition B.1 The following are equivalent :
(i) f € C((0,L); X) N C([0,L]; X) and for each T € (0,L) there exist two non
negative constants C = C(T) and r = r(T') such that

k.|
1F® @) < C:nk' te (0,T), k> 0. (B.1)

(i) For each T € (0, L) there exists a sector
SO, T)={z€C; |z| € (0,T) and |arg(z)| < 0}, (B.2)

for some 0 € (0,7/2], such that f has an extension, still denoted by f, in A(S(0,T); X)N
C(S(0,7); X).
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Proof. Let us first introduce the set
Qr,T) = Useo,r)D(t, t/7).

Let S(6,T) be a sector of the form (B.2) and 6§ = arctan(1/r). If z € S(0,T),
t =Rz, s =Sz and ¢ = arg(z) then

s| _ |singl

T oy = |tan¢p| < tanf = 1/r.
Therefore |z — t| = |s| < t/r. That is z € B(t,t/r) C Q(r,T). In the other words
we proved that S(0,T) C Q(r,T).

We assume that (i) is satisfied. Let ¢ € (0,L). Then by (B.1) we deduce that
the series > (z — t)mM converges in D(¢,¢/r). Consequently f has an analytic

m!

extension in Q(r,T) D S(0,T), still denoted by f. Reducing 6 if necessary we can
choose f € A(S(0,T); X)NC(S(6,T); X).

Conversely, we suppose that (i¢) is satisfied. Let T € (0,L) and T" € (T, L).
We can easily see that if ¢ is small enough then the distance from ¢ to 95(0,1") is
attained at a point of the part of the boundary given by {z = re?’; 0 < r < T'}.
That is we can find tg € (0,7) such that dist(¢,05(0,7")) = t/tan6, 0 < t < t.
For 0 < t < ty, we have by applying a Cauchy formula

f(m)(t) = ﬂ/ (z _fESZn—H dz,

20

where « is any circle of center ¢ and radius r, oriented in the counter-clockwise
direction, with 0 < r < t/tan@. Therefore

1™ @) < Mmlr=™, 0 < t < to, (B.3)

where M = max_ g7 Ilf(2)]]. Taking in (B.3) the limit when r goes to t/tan,
we find
£ (@) < M (tan )™ mlt™™, 0 < t < to. (B.4)

On the other, based again on a Cauchy formula, we can derive that for each ty €
[to, T'], there exists a small segment J(t) C R around ¢ and two positive constants
C(t) and p(t) such that

LF (s)Il < C(Op(t)™ml, s € J(t) (B.5)

Since [to, T est compact, there exist ¢y, ... ¢, in [tg, T] such that [to, T] C UY_, J(¢;).
Let C' = max(C(t1),...C(tp)) and p = max(p(t1),...p(tp)). Then it follows from
(B.5)

LF @I < Co™ml, ¢ € [to, T,

and then

L™ @) < CTp)mmlt™ t € [to, T). (B.6)
The desired estimate follows from a combination of (B.4) and (B.6). O
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