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Abstract

In this paper, we obtain a refinement of the Young theorem. The Young theorem tells
us that the Fourier transform F sends the L? functions to the L? functions, if 1 <p < 2.
This theorem has a refinement. For example, F : L' — B2, where By, is the Besov
space. In this present paper we shall consider the more refined version of this theorem by
using the amalgams and the Besov spaces.
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1 Introduction

The aim of this paper is to refine the Young theorem. The Young theorem, as is well-known,
asserts that the range of the LP space by the Fourier transform is the v space, whenever
1<p<2

F:LP > L.

Here and below, for definiteness, we define the Fourier transform of f € L' N L? to be
Ff&):= (z) e da.
R’Vl

The above well-known theorem has a following refinement.

. 0

F:.LP — BY,
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where B, is the Besov space whose definition will be recalled later. It is known that B%isa
function space contained in L*. For some related facts we refer to [1, p164]. Let C denote the
space of all bounded continuous functions. Since B ; C C, the Besov space BY; describes the
situation more precisely than the Lebesgue space L°°. However, once the Besov spaces comes
into the play, we hit upon a natural question. How can we make use of the information of ¢ in
the Besov spaces B, 7

In this present paper we give a more refined version of this theorem and show the sharpness
of our result. In Section 2 we give the definition of function spaces to formulate our theorem.
The proof of the theorem is contained in Section 3. Finally in Section 4 we exhibit examples
showing the sharpness of our result.

2 Function spaces

In this section we present the definition of function spaces we work on.

Besov space Following [4, 5], we give a definition of Besov spaces. The definition is somehow
different from those in [4, 5]. However the resulting norms will be equivalent. We use Ny to
denote {0,1,2,...}.

First, given a complex sequence {a;};jen,, we set |la; : 17| := Z la;|7] , 0<q< 0.
jE€No

1
q
We also define ||a, : 19| := ( Z az|‘1> , 0 < q<oofor{a,}.czn. If possible confusion can

zEZL™
occur, we write

Hajts + I [Haz}z = 1]
instead of ||a; : 19|, |la. : 1%||. Similarly, the notation |{a;.};. : 1?| means the [?-norm of
{aj,2}jeNy,zczn. Next, for a sequence of complex valued measurable functions {f;};en,, we

set
1f5 = P =115 = L7 = 7)), 0 <p,q < oo.

If p =00 and / or ¢ = oo, we make a natural modification in the above formulae.

Definition 2.1. Let ¢g, 91 € S be even functions satisfying the following conditions.

X[—2,2]" < @0 < X[—4,4]7s X[—4,4]\[-2,2]7 < 1 < X[-8,8]7\[~1,1]"-
We set ¢;(x) := ¢1 (277 z) for j > 2. For f € &', we denote ¢;(D)f := F (¢, - Ff).
What counts about this definition is to adopt cubes instead of balls. We prefer to use cubes

because we will consider the amalgam spaces. With this preparation in mind, we shall define
the Besov norms.

Definition 2.2. Let 0 < p,q < oo and s € R. Under the notations in Definition 2.1, we define
B, to be the set of the Schwartz distributions f € S’ for which the quasi-norm

If = Bpgll = 1127°¢;(D) f = 19(LP)] (1)

is finite.



It can be easily shown that the definition of the Besov space B, is independent of the
choice of ¢g, @1 by virtue of [4, Theorem 1.6.3].

(Weighted) amalgam space Now we will follow [2, 3] for the definitions. Given a measur-
able set A, we set

1f = L2 = llxaf = L7,

Definition 2.3. Let 0 < p,q < oo and s € R. Set Q, := z+[0,1]" for z € Z", the translation
of the unit cube. For a Lebesgue locally integrable function f we define

1= (L2 10(@ D= 11(2)° - 1= (2] = 1711,
where (a) := \/|a|? + 1 for a € R™. (LP,19((z)®)) is a set of all locally integrable functions f
for which the quasi-norm || f : (L?,19((2)®))|| < co. For brevity we write (L?,19) := (LP,19(1)).

It can be seen that (LP,IP) = LP with norm coincidence. By definition of the norm, the
following multiplication operator is an isomorphism.

Fe@ri1((z)%) = ()" f € (L 19((2)°). (2)
Note that (LP,19((2)%)) C &', if 1 <p < 00,0 < ¢ < oo and s € R. It can be easily seen that
(LP1 17 ((2)™)) € (LP2,1%((2)2))

for p1 > p2, ¢1 < g2 and 51 > s9.

Main theorem With these definitions in mind, we formulate our main theorem.

Theorem 2.4. 1. Let 1 <p <2, 0<qg<ooandseR. Then

For () — By ®

P'q

2. Let 1 <p<2, 0<qg<ooands€R. Then

F:Bj, — (LP’,zq(<z>‘“‘"(5‘9)+)> : (4)

Here and below, for a € R we write at := max(a,0).

Before we come to the proof, we state one more corollary.

Corollary 2.5. Suppose that 2 <p <00, 0<g< o0 and s € R. Then

eon(1-1).

F o (LP,1((2))) = By

In particular,

.7::L°°—>B;j.

Once we obtain Theorem 2.4, Corollary 2.5 is easy to prove: All we have to note is
(LP,17((2)%)) € (L%, 19({2)"))
for 2 < p < .

The rest of this paper is devoted to the proof of Theorem 2.4 and to investigating the
sharpness of these results.



3 Proof of Theorem 2.4

First, we recall the boundedness of the lift operator.
(1-A)%: B3, — Bt (5)
For the proof of (3), (2) and (5) allow us to assume s = 0.

With this preparation our present task is to estimate

“z‘j"(5‘5)+¢j(p)ff : ZQ(LP’)‘ (6)
for f € (LP,19((%)®)). Note that the Young theorem gives
l6;(D)Ff = 27| < llg - F(FS) : L]
Set A; :=supp (¢;) for j € Ny. Then (6) can be majorized by
|2 G s - o).
Since F(Ff)(z) = ¢ f(—x) and the ¢; are even, we have
IF(FF) = LP(Ay)] = ellf = LP(A )]l (7)
N % . N
The inequality Z la;| (571)+ Z |aj|% gives us
j=1 j=1
If = Lr(A)e < 2™ 3) Y LA N Q)1 (8)
zEZ™
If we put (7) and (8) together, then we have
oG g0z = o) < s s asn@a, e o

Given z € Z", from the definition of the A;, there are at most three j such that A; N Q, # 0,
and hence,

Do LA N QI <3S LP(Qa)IN (10)

J€No
Combining (9) and (10), we obtain

"0 g, (D)FF < 19(LY)

S

[

el @l =1 @
This is the desired result.

Next, we prove (4). As before, we assume s = 0. Let |z|o denote max(|z1], 22|, ..., |zn|)-
First, we observe by the definition of the norm,

|71 (e (@)~ "G s e oy e

z€Z"

(27 71]< 2|0 <27 j



where [-] denotes the Gauss sign.

a
7

]

N N
a 1-% .
The inequality E |aj|:’ <N ( ’ )+ E la;] and Young’s theorem yield

=1 =1

3

IN
)

Hff : (L”Zlq <<z>‘"(3‘5’)+>) H EZZJ IFf 0 Q) 10

(297 1)< 200 <27 i
~ s Fr | <clios(D)f = 1) =clf « Byl

This proves (4).

’:c qusj(D)f L 19(L¥)

4 Sharpness of Theorem 2.4

In this section we deduce some necessary conditions. We consider the following problem :

Problem 4.1. Let 1 < p; <00, 0 < py <00, 0< q1,92 < o0 and s1,s2 € R. Under what
condition does the Fourier transform F send (LP*,1%((2)"')) continuously to B2, ¢ That is,
when is the estimate

IFf+ Bpagol < cllf = (L7217 ((2)))] (11)

P2q2
is true ? Find necessary conditions of (11).

First, we prove that the smoothness parameter s cannot be improved.

Proposition 4.2. If (11) is true, then sg < s7.

Proof. Let 7 € S be an even function with xp(1/4) < 7 < Xp(1/2), Where B(r) denotes the open
ball centered at the origin of radius r > 0. We set e; = (1,0,0,...,0), the elementary vector
in R", and define 7(z) := 7(z — 27¢1). Then we obtain

|75 = (LP1 19 ((2))|| ~ 2950 || Fry « B2, || ~ ||29%2.F 1)« LP?|| ~ ||2952F 7 « LP2| ~ 29%2,

Pp2q2

Since by assumption we have || Ff : Bp2 || < cl[f « (L1, 17 ({2)*))| for all f € (LP*,1%((z)")),
it follows that so < sj. |

Next, we discuss how the integrability parameter changes by the Fourier transform.
Proposition 4.3. If (11) is true, then py > pj.
Proof. We use 7 in the proof in Proposition 4.2 again. Consider f(x) := |z|~*7(x). Set § = 1—7
and g(z) := |z|7*(z). It is well-known that

Fr&) +Fg(&) =cle|*™

Since |E[*NFg(€) = F[(=A)Ng](€) and (—A)Ng € L! for N >> 1, it follows that |[Fg(¢)| <
c|¢|72N. From this we deduce

[FFE]~[§]*7" as € — oo



f e (P19 ({z)*1)) if and only if pya < n. Meanwhile, from the definition of the norm,
Ff € B2, forces pa(n — a) > n. Thus it is necessary that o < n/p; implies o < n —n/pa.

From this it follows that n/p; < n — n/ps, which is equivalent to py > p}. I

The restrictions appearing in Propositions 4.2 and 4.3 are natural, if we take into account
F : LP((2)*) — W}, where W, denotes the Sobolev space. It is well-known that

s+e s /
By, " C By, 0<p,q,q <00, >0
and n n
By, C By 0<pi,p2,q <00, 81> 52, 81— o (12)
1 2

Thus, if 51 > s5 or p} < pa, then the situation can be considered degenerate. Next, we explain
the decay of the parameter s in Theorem 2.4 when p < q.

n n
Proposition 4.4. If (11) is true, then sy < sy — — + —.
D2 q1

n n
From this proposition, the restriction sy < s; — — + — in Theorem 2.4 is essential.
b2 q1

Proof. Let ¢; be the function in Definition 2.2.

S1 i(s1+3r S2 js2 . 2 J 824_5%
5 = (LP 1 ((2)*)l ~ 2 (%) ang [Féj « Bpag, Il ~ 1272 F¢; + LP?|| ~ 2 ( 2)-

Pp29g2

As a result the desired inequality follows. ll

We tackle a subtler problem: Can we improve g2 in (11) ? The case when s < min(sy, s1 —
n/p4y + n/q) can be regarded as degenerate and we concentrate on the limit case.
n

"oy ) If (11) is true, then g2 > q1.

Proposition 4.5. Assume so = min (81, 51— —
Do q1

n n
Proof. We consider two cases separately: sy = s1 — — + — and s = s;. By using the lift

2 q1
operators, we may assume s; = 0.

n n
First, we tackle the case so = s1 — — + —. Let {a;};en be a complex sequence as before
Y2 q1

such that a; = 0 if 3 does not divide j. Let f := Z a;¢;, where the ¢; are from Definition
j€No
2.2. Then by the same reasoning as before we obtain

If = (P ~ 250y 19 and | Ff : Bzl ~ 2% a; : 192,

D24q2

From this we deduce ¢q2 > q1.

Now we turn to the case when sy = s; = 0. Then we use the 7; in Proposition 4.2. Let
f= Z a;7;, where {a;};jen, is a complex sequence as before. Then we have
J€No

1 2 (@1~ flay = 0] and [ FF  BYg, | ~ llay : 1%

Thus, we obtain g3 > ¢;. |



Finally we show

Proposition 4.6. Let 0 < g < 2. Then the mapping F : (L*,19) — ng is not a surjection.

Proof. By interpolation, we may assume that 1 < ¢ < 2. Assume that F : (L?,19) — ng is
surjective. Then by duality we would have F : ng, — (L2, lq/) is bijective. This would imply
F: (L2 lql) — ng, is also bijective. This contradicts to Proposition 4.4. il
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