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Abstract

We consider the singular limit of the Allen—Cahn type equation with
a periodic nonlinear term. We obtain that several interfaces appear when
the interface thickness parameter (denoted by €) tends to 0. We also
obtain that the interfaces move by the mean curvature flow with driving
force term.
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1. Introduction
We consider the singular limit of the Allen—Cahn type equation of the form
1
u§ — Auf + g(_ sinu® — ea(l +coswuf)) =0 in RY x (0,7T), (1.1)

where a is a given constant. A formal asymptotic analysis says that the internal
transition layer of a solution of (1.1) approximates the evolving interface {I'; };>0
under the mean curvature flow with a driving force of the form

V=-H+A only (1.2)

where V' is the normal velocity, H is the mean curvature of I'; in the direction of
the minus of the normal vector field, and A is a constant determined completely
by the nonlinear term —sinu — ea(l + cosu). If the initial data u®(x,0) =
up(x) € BUC(RY) satisfies

sup |ug| < (2Ko + )7

RN
for some K € N, the internal transition layers stay like as an annual ring. We
shall see that all the internal transition layers approximates the motion of the

interfaces moving by (1.2).
The Allen—Cahn equation

1
uy — Au® + 6—2(W'(u€) —ea) =0, (1.3)
where W (t) = (t> —1)?/2 is the double-well potential and a is a given constant,

was introduced by Allen and Cahn in 1979. It is the L2-gradient flow of the
energy functional

E(u):/<%|Vu|2+8—12(W(u)—5au)>. (1.4)



The convergence of solutions of the Allen—Cahn equation to the mean curvature
flow (1.2) has been proved in various setting, for example, by Chen(1992), Evans,
Soner and Souganidis(1992). Let I'; be a solution of (1.2) and O; be a region
enclosed by T'y. If the initial data u®(x,0) of a solution of (1.3) is positive in Oy
and negative in RY \ (I'o U Oy), then one expects that

1 for O,

(@, t) = { —1 for RN\ (T, UOy) (1.5)

locally uniformly as ¢ — 0. Chen proved (1.5) if T’y is a solution of (1.2) in
the classical sense. By using a level set formulation (see e.g. Giga, Y.(2006))
of the motion of I'; proposed by Chen, Giga and Goto(1991) or Evans and
Spruck(1991), Evans, Soner and Souganidis proved (1.5) globally-in-time by in-
terpreting I'; as the generalized solution of (1.2). The results on above are proved
by the comparison principle and constructing a supersolution and a subsolution
for the estimate of the convergence. Katsoulakis, Kossioris and Reitich(1995)
extended this convergence result to the Neumann boundary condition in a con-
vex domain. A new set theoretic approach to prove (1.5) is proposed by Barles
and Souganidis(1998). Barles and Da Lio(2003) extended the set theoretic ap-
proach to the Neumann boundary problem without the convexity assumption of
a domain. For an anisotropic version of the Allen-Cahn equation and the mean
curvature flow equation, the convergence is studied by, for example, Elliott and
Schétzle(1996, 1997), Elliott, Paolini and Schétzle(1996), Giga, Ohtsuka and
Schétzle(to appear).

The equation (1.1) is the L2-gradient flow of the energy functional of the
form

1 1
F.(u) = / (§|Vu|2 + E—Q(cosu —ea(u+ sinu))) .
We have the similar problem for the equation (1.1). The nonlinear term
fe(u) :== —sinu — ea(1 + cosu)

of (1.1) has a exactly three zeros &7 and some point a. € (=, 7) in [—7, 7],
which play the same role as the zero points of the nonlinear term of (1.3). Since
f= is periodic, one expects that a solution of the equation (1.1) has several
internal transition layers where a solution of (1.1) changes its value from (2k —
1)w to (2k + 1)7. The aim of this paper is to prove for the solution u® of (1.1)
and the generalized solution u of a level set equation of (1.2) with initial data
uf(x,0) = u(z,0) = up(xz) € BUC(RY), we have

u(x,t) — 2k + 1)w

for (z,t) € {(y,s) € RY x (0,T); u(y,s) € (27k,2m(k + 1))} locally uniformly
as e — 0.

We will discuss the existence and uniqueness of a solution for (1.1), the
equation for the traveling wave solution of (1.1) and the level set equation of
(1.2) in Section 2. In Section 3, we verify that the internal transition layer is
generated in a very short time by using the strategy of §3 in Chen(1992). In
Section 4, we shall give a uniform estimate of solutions of the traveling wave
equation. By using this, we shall determine the constant A in (1.2) from the
traveling wave equation. In Section 5, we construct a supersolution of (1.1)



for the estimate of solutions u® by using a signed distance function from the
generalized solution of (1.2). In Evans, Soner and Souganidis(1992), one can find
a way to construct a supersolution which has a layer around an interface moving
by (1.2). However, their method provides a way to construct a supersolution
with single-height layer so that the value of it is, for example, 7 in a domain
enclosed by some interface and —n outside of the interfaces. For our problem,
we need to construct a supersolution with the multiple-height layer. This is the
one of characteristic difficulties. In Section 6, we shall prove a main result by
using a properties proved in previous sections.

In Jerrard, R. L.(1997), the singular limit for the equation (1.1) with a
nonlinear term e~ 17 f. (e 1T%%) for a € [0,1) instead of our nonlinear term
is considered. He shows that a solution of this equation converges to a function
which solves a level set equation of a some interface evolution equation.
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vices. The work of the author was partly supported by the Grant-in-Aid for
Scientific Research, No. 17740091, the Japan Society for the Promotion of Sci-
ence and the 21 century COE program at Graduate School of Mathematical
Sciences, the University of Tokyo.

2. Preliminaries and main result

2.1. Allen—Cahn equations with multiple-well potentials

We consider the Allen—-Cahn equation with the multiple-well potential of the
form

u$ — Auf + 8—12f5(u6) =0 inRY x(0,7) (2.1)
with the initial data
u®(+,0) = uo(-) € BUC(RY) (2.2)
where f. is of the form
fe(u) = —sinu — ea(1 + cosu), (2.3)

a is a constant, and ¢ € (0, 1) is a small parameter satisfying ¢ < 1.
By straightforward calculation we obtain

felw) = =V 1+e2a?sin(u + ;) — ea,

where (. € (0,7/2) satisfies

3 1 in 3 €a

cos ffe = ———, sinff. = ——.

T V1t eta? V1t eta?

The function f; is periodic with f.(u+ 27) = f-(u) and has exactly three zeros
u=—-m, u=—28 = a. and u = 7 in [—m, w]. Moreover we obtain from

straightforward calculation,

fé(iﬂ—) =1, fal(aa) =—-1.

The three zeros £7 and a. play the role of three zeros +1 and 0 in the case of
Allen—Cahn equation, i.e., fe(u) = 2u(u? — 1).



Remark 2.1. In this paper we give the explicit form of nonlinear term f. by
(2.3). However, we note that the argument in this paper is valid for the periodic
nonlinear term of the form

fe(u) = fo(u) +efi(u),
where fo and fi1 are smooth functions satisfying

(i) fo and f1 are periodic with same period, for examples,
folu+2) = fo(u), fi(u+2)=fi(u),

(Z’L) fo(:l:l) = fO(O) =0, fl(:l:l) =0 fo>01in (—1,0) and fo <0 in (0, 1),
(i#i) fi(£1) > 0 and f}(0) <0,

(iv) [ folu)du=0.

We also remark that it is important that the periods of fo and f1 are same. If
the periods are different, then the driving force term of the interface evolution
equation for each internal transition layers are various. We also need more
complicated assumptions for fo and f1 for such a situation.

In this paper we use the following notation

J
d—f?‘ for j =0, 1, 2. (2.4)

Aj = sup sup T

e€(0,1) R

Here we are interested in the case that ug € BUC(RY). Let Ky € N be a
constant satisfying
sup |ug| < (2Ko + 1)m. (2.5)
RN

We remark that we are interested in a situation such that several internal tran-
sition layers appear in a domain. If we would assume that supgw |ug| < 7, then
only one internal transition layer which change the value of a solution of (2.1)
from —m to 7 appears so that it is essentially same as the Allen—Cahn equation
case.

We here and hereafter consider viscosity solutions of (2.1) defined by Cran-
dall, Ishii and Lions(1992). The comparison principle holds for viscosity solu-
tions of (2.1).

Theorem 2.2. Letu and v respectively be an upper and a lower semicontinuous
sub- and supersolution of (2.1) in RN x (0,T). Moreover we assume that there
exists a positive constant M satisfyingu < M andv > —M. If u(z,0) < v(z,0)
for x € R, then u(z,t) < v(z,t) for (z,t) € RN x (0,7).

We shall mention an idea of the proof in a few words. Set A\. = €72\, where
A1 is a constant defined by (2.4). We have that the map r — A, + e 2f.(r)
is monotone nondecreasing. We consider a function @(z,t) := e **u(x,t) and



¥(x,t) := e *tv(z,t). Then we have that % and ¥ are a viscosity sub- and
super-solutions of the equation of the form

1
Uy — At + et <)\€e)‘ftﬂ + E—Qfg(e*sta)) =0 in RN x(0,7), (2.6)

respectively. By applying the arguments as in Theorem 4.1 of Chen, Giga and
Goto(1992) or §8 with the idea as in §5.D of Crandall, Ishii and Lions(1991),
we have the conclusion of Theorem 2.2.

We also have the existence and uniqueness of a viscosity solution of (2.1).

Theorem 2.3. For a given ug € BUC(RY), there exists a viscosity solution
u® € C([0,00); BUC(RYN)) of (2.1) with initial data u®(z,0) = ug(z).

We shall point out the idea of the proof of Theorem 2.3. The existence is estab-
lished by the Perron’s method due to H. Ishii. See Chen, Giga and Goto(1992)
for the Perron’s method and a construction of a solution. For the uniform con-
tinuity of u®, apply the method as in §5.D of Crandall, Ishii and Lions(1992) to
(2.6).

It is convenient for our problem to consider the traveling wave solution of

the form u® = g(¢~'x - e — e~ 2ct) where q: R — R. We have that ¢ satisfies

—¢" —cd + f-(g) =0 inR (2.7)

by straightforward calculation from (2.1). The constant ¢ denotes the traveling
speed of the internal transition layer of the solution of (2.1). Aronson and
Weinberger(1978) show that there exists a unique pair (g, ¢) of a solution and a
constant of (2.7) with boundary condition

q(+o0) = £

In Section 4, we shall give an estimate of such a ¢, and the existence of the limit

lim._g e~ tec.

2.2. Level set equations for interfaces

A formal asymptotic analysis says that the internal transition layer of a solution
of (2.1) approximates the motion of an interface {I';};>¢ which moves by

V=—H+A only, (2.8)

where V' is the normal velocity of I'y, H is the mean curvature of I'; in the
direction of the minus of the normal vector field, and A is a constant determined
by A = —lim._.o e~ 'c of which the existence will be proved in Section 4.

We shall mention the relation of (2.1) and (2.8) globally-in-time whenever
the interface I'; still appears. Therefore we introduce the level set formulation
of (2.8) as in Chen, Giga and Goto(1991) or Evans and Spruck(1991). Let T';
be given by

Ty ={y eRY; u(y,t) = 2}



for some z € R. We obtain the level set equation of the form

Vu
22 AV —0 m RN T). 2.
Vol + } 0 in x (0,T) (2.9)

uy — |Vl {div
The comparison principle for viscosity solutions still holds for (2.9).

A general interface evolution equation including (2.9) is well studied, for
example, by Chen, Giga and Goto(1991), Evans and Spruck(1991). Some result
are obtained when a domain is bounded. However, we have the comparison
principle, the invariance of under change of dependent variables, the existence
and uniqueness of viscosity solutions for the uniform continuous and bounded
initial data in a some domain which includes an unbounded case. See Giga(2006)
more precise properties for (2.9).

2.3. Convergence result

We are now in the position to state our main result.

Theorem 2.4. Let uf be a solution of (2.1) with u(z,0) = ug(x) € BUC(RY).
Let u be a solution of (2.9) with u(x,0) = ug(x). Assume that ug satisfies (2.5).
Then we have the followings for any k € [—Ko, Ko] N Z:

(i) Assume that there exists mg > 0 such that {y € RY; u(y,t) = 2rk—m} #
0 for t € [0, T) provided that m € [0,mg). Then, for any compact subset
K c{(y,s) € RN x (0,T); u(z,t) < 27k}, we have

lim sup u®(z,t) < (2k — 1)
e=0(z ek

(ii) Assume that there exists mo > 0 such that {y € RY; u(y,t) = 2rk+m} #
0 for t € [0,T) provided that m € [0,mq). Then, for any compact subset
K C {(y,s) € RN x (0,T); u(x,t) > 27k}, we have

lim inf w®(z,t) > (2k+ 1)~
c—0 (z,t)eK

It is easy to see the following from Theorem 2.4;

Corollary 2.5. Letu be a solution of (2.1) with u®(x,0) = ug(x) € BUC(RY).
Let u be a solution of (2.9) with u(x,0) = ug(x). Assume that ug satisfies (2.5).
Assume that T¥ # 0 and T¥ £ 0 for t €[0,T). Then we have

ut — (2k +1) in {(y,5) € RN x (0,T); u(y,s) € (2rk,2nw(k + 1))}
locally uniformly as € — 0.
The proof is given in Section 6.
The strategy of the proof is made up by 2 steps. The first step of the proof

is to know a very short time behavior of the solution of (2.1) by using an idea
of §3 as in Chen(1992), which is presented in Section 3. The second step is



to construct a supersolution with multiple-height layer by using the traveling
wave solution. However, the traveling wave solution provides single-height layer
solution and there is no solution of (2.7) with a boundary condition which yields
a multiple-height layer. To overcome this difficulty, we shall pile up several
single-layer solution so that we construct a supersolution with a multiple-height
layer. That is presented in Section 5. In this construction, we need a uniform
estimate of the traveling wave solution with respect to e, which is presented in
Section 4.

3. Generation of interfaces

In this section we see a very short time behavior of the solution u® for (2.1).
The aim of this section is to show that;

Theorem 3.1. Let u® be a solution of (2.1) with u®(x,0) = ug(x). Assume that
ug satisfies (2.5). Then, for any b > 0 and m > 0, there exist positive constants
g =¢&(b,m) and 1o = 19(b) such that, for any k € Z N [—Ko, Ko,

2k +1)m —be  for x € {y; uoly) > 2wk + m},
2k —D)mw+be  for x€{y; uoly) < 2wk —m},

u (z, T0e?| loge|) >
u®(z, €2 loge|) <

provided that € € (0,€).

In the following arguments, we shall mention only on the estimate from below.

For the estimate from above, we consider the equation for #¢ := —u® of the form
1

us — Auc + E—Qgg(ﬂa) =0 inRY x(0,7) (3.1)

with g.(u) = —fo(—u) and @°(x,0) = —ug. The estimate of v° from below

implies the estimate of u® from above.
We adjust the method as in §3 of Chen(1992) to our problem. Let (: R — R
be a smooth cut-off function satisfying

C(u) =0 foru € (—o0,a: — /A1) U [ae + 3¢|loge|, +o0),  (3.2)
Clu)=1 for u € [ae, ae + 2¢|logel], (3.3)
0<¢'(u) <2\ /e for u € (—o0, ag] (3.4)
—2(elloge) ™t < ¢'(u) <0 for u € [ae, +00), (3.5)
where A1 is the constant defined by (2.4). For k € Z, we define
. a. + 2k +¢|loge| — s
(s) = (1 —{(s—2mk))fe(s) + ((s — 27k
Fola) = (1= Cla = 2mk)) () + (s 20 2T, .
for s € [(2k — 1)7, (2k + 1)7].
By the definition of f. we have
fe=fo in | Jloe + 27k + 3¢|logel, ae + 2m(k + 1) — g/Ad]. (3.7)

keZ



Moreover we have that there exists g > 0 satisfying

fe(u) > fo(u) for u € R provided that € € (0, ). (3.8)

In fact, for u € [—m, 7], we have

a: +¢|loge|l —u

Je(u) =(1 = (u)) fe (u) + ¢(u)

| log e
(3.9)
_ 1 felae) — fe(u)
—1:0)+ 60 {2 + (e =) (g + L LD
Let eg < 1 enough small so that we have
1

fl(u) > gfsl(O) for u € [ae — /A1, e + 3¢|logel],

L (3.10)
and — Toge] > §fE’(0) provided that € € (0,¢¢).

For u € [a: — /A1, ], we have

(as_u)< 1 +f5(a5)—fs(u)> Z(as_u)fs(as)_fs(u) >

|loge| o —u Qe — U

€.

By combining this and (3.9) we obtain f. > f.. For u € [a., a. + 3¢|loge|], we
have
ae +¢|loge| —u

Mogel > fe(u).

In fact, we have for u € [ae, e + 3¢|loge]|], there exists 6 € [ae,u] satisfying
fe(u) = fe(ae) + fL(0)(u — ae). Therefore we have for u € [a., a. + 3¢|logel],

ae +¢|loge| —u

/ L
folw) = Jeloe) + £L(0)(u — 02) < 5 IO0)(u — ac) <

by (3.10). This yields

fe(u) = (1 = ¢(w)) fe(u) + C(u) fe(u) = fe(u)

for u € [ae, e + 3¢|loge|]. We thus obtain f. > f. in [—m,7]. This implies
f- > f- in R since f. is periodic whose length is 27.

We here recall the comparison principle of ordinary differential equations,
which is important tool in this section.

Lemma 3.2. Let D C R be an interval. Let F: D — R be a Lipschitz contin-
wous function. Let J C R be an open interval, and u, v: J — D be functions
satisfying

u(so) < w(sg) for some sg € J,

u < F(u), v' > G) in J.

Then
u(s) <wv(s) forse JN|[sg,00).



Proof. See (16,4) Lemma of Amann(1990). O

We prove the revised version of Lemma 3.1 as in Chen(1992) for our problem.

Lemma 3.3. Assume that € € (0,eq), where gg is a positive constant satisfying
(3.10). Let w = w(&,T) be a solution of

W7 + fo(0) =0, (3.11)
w(£,0) =¢. (3.12)
Then the followings hold.

(i) If € € (ae + 27k + €|logel|, (2k + 1)m), then ©(&,7) € (& 2k + 1)m). If
€€ ((2k — 1)m, ae + 27k + ¢|logel), then @(&,7) € ((2k — 1), §).

(i) There exists € € (0,e9) such that, for b > 0, there exists 1o = 7o(b)
satisfying

w(&T)>2m —be  for £ > a. + 3e|loge|, T > To|loge|
provided that € € (0,€).
(i) w e C*1(R x [0,00)) and

we(€,7) >0 forTel0,00).

(iv) For k > 0, there exists L = L(k) > 0 satisfying

‘wsf(& 7)
we(§,7)

provided that € € (0,), where £ is as in ().

L
<=
9

for 7 < k|loge|

We will give a detailed proof of Lemma 3.3 because it is necessary to clarify the
dependence of ¢ for each constants since f. depends ¢.

Proof. In the following arguments, we shall prove Lemma 3.3 only when & €
[—7, 7] since w(&, )+ 27k = ©({+ 27k, 7). By the theory of ordinary differential
equations we have @ € C*1(R x [0, 00)).

(i) We only prove the case that & € (ae + £]loge|, 7) since a proof for the case
& € (—m, o + €| logel) is similar.
Assume that there exists 7 > 0 satisfying

w(E,m) >

Set 7o = inf{7 € (0,71]; @(& 7) > w}. Since ®(£,0) = & < 7w, we observe that
T > 0 and

wE, ) < w forT <, (3.13)



We have that w(¢,7) = 7 is a solution of (3.11) in some neighborhood J of 7,
with initial data (3.14). By the uniqueness of a solution of (3.11) with initial
data (3.14), we obtain

wE ) =7 in J,

which contradicts (3.13). We thereby obtain @(§,7) < w. By similar arguments
we obtain @(&,T) > a. + €|loge|. We obtain

w(&, 1) € (e +ellogel,7) for £ € (ae +¢|loge|,n) and 7 > 0. (3.15)

We next assume that there exists 71 > 0 and € € (o + ¢|logel, €] satisfying
@(&, ) = & and lead a contradiction. By (3.15) we obtain

fe(@(€,7) <0 for 7€ (0,7).

Therefore we obtain
T1 _
§2a(6m) =060 - [ F@(Eo)d ¢,
0
which is the contradiction.

(ii) We first remark that there exists o¢, which is independent of ¢, satisfying
ge(u) := fe(u) —oo(u —ae)(u —m) <0 for u € (ae,n). (3.16)

In fact, we obtain that, for example, oo = (27)~! is a desired constants by
straightforward calculation.
Let € € (a: + 3¢|loge|,m) and @ = @(&, 7) be a function satisfying
wr +og(@—ag)(w—m)=0 forT >0,
{ 0@ - a:)(@ =) s

(‘D(&O) =¢.

By similar argument as in (i) we obtain @(§,7) € (&, 7) for & € (ae,m). By (i)
we also have that @(&,7) € (ae + 3¢|logel|, ). This and Lemma 3.2 yields that

o 1) <@ 7) forT>0and € € (a: + 3¢|loge|, ).

Since w(&, 7) is monotone increasing and (&, 7) > w(a. +3¢|logel, 7), it suffices
to obtain the estimate of 7 satisfying w(a. + 3¢|loge|,7) = m — be from above.
By solving (3.17) we obtain that & satisfies

- 1 o
—ooT +C. = — log d Oia, (3.18)
T — Q. T—w
where ) 211
Gom ol tog——Sellogel
T—a. o m—a: — 3¢|loge|

Let 7 be a constant satisfying ©(a. + 3¢|loge|,7) = m — be. We obtain from a
straightforward calculation

1 ~ 1 —be —
%:—(C’E—i— 1og7T c ozs).
0o T — Qe be

10



Here we fix £ < g¢ satisfying
E<e .
There exist numerical constants C; > 0 and Cy > 0 satisfying

Ce
1 T —be — Q.
log <

T — Qe be

IN

Cilogel,

A

Cs(1+ |logb|)|logel,

provided that ¢ € (0,&). Therefore we obtain

1 - -
< U—O(Cl + C2(1 + |logb|))|logel,

so 70(b) = (C1 + Ca(1 + |logb|)) /o0 is a desired constant.

(iii) By following the method of the proof of Lemma 3.1(ii) as in Chen(1992)
we obtain

We = exp (— /OT fé(w({,a))do) >0 for72>0. (3.19)

(iv) For & # +m, a., we obtain

Therefore we obtain from above,

wee(§,7) _ fiw(&. 7)) — fI(9)

)
we(&,7) fe ()

for £ # +7, a.. (3.20)
We remark that there exists a positive constant Cs satisfying

o )
‘M < (5 for 7 < klloge|.

we(Em, T)
In fact we obtain

Q&E(iﬂﬂ T) — Q&&(gv T) o Zl(aj(iﬂ—v T))((Dg(:l:ﬂ, T) - 1)'

De(£m,7) | embm @e(€,7) F2 ()

We have - -
J(w(Em, 7)) = f(£m) = fI(£n) = —ea.

From (3.19) we obtain

we(£m, 7) = exp(—7) € (0,1].

11



Therefore we obtain -
‘wgg (7, 7) <

e (£, T)

Moreover we remark that there exists ro > 0, which is independent of &,
satisfying

a: <w(& 1) < e + 2¢|loge|

3.21
for £ € (e + ¢|loge| — roe, ae + €| loge| + roe), 7 < k|logel. (8:21)

Here we only prove the second inequality because the proofs are symmetric. We
may assume that ro < |logeg|, which implies that rg < |loge| since € < g9 < 1.
Let w = w(7) be a solution of

ae +¢lloge| —w
loge]

:O’

w(0) = a. +¢|loge| + roe,

where r¢g > 0 is a constant determined later. We obtain
T
w(T) = ae +¢lloge| + roeexp | —— | .
|loge]

Fix ro = exp(—k), which is determined so that ro satisfies ro < |loge|exp(—k).
We have that w(7) < a. +2¢|loge| for 7 < k|loge| and € € (0,e¢). This implies
that w satisfies

wr + f-(w) =0 for 7 € (0,x|loge|).

By Lemma 3.2 we obtain (7, &) < w(7) for £ € (ae +¢|loge|, ac+¢|loge|+1oe)
and 7 € (0, | loge|), which implies the desired conclusion.
We finish the proof of (iv). We observe that there exists 71 > 0 satisfying

(i )
‘M <C3+1 forT <klloge|, £ € (m —rie, £7 +r1e), (3.22)

we (£, T)
and 7 = min(rg,r;). By definition of f. there exists ¢ > 0 such that & €

[—7, =7 +7¢) U (ae +¢|loge| — e, a. + | loge| +7e) U (1 — 7e, ] if f-(€) < ee.
We divide a situation into 2 cases.

Case 1. Assume that ¢ satisfies f.(£) > ¢e. Then we obtain from (3.20),

‘%5(577) @) = FLO| _ 2N
we(€,7) fe(6) ce

where \; = SUP.¢(0,z) SUPR |fL|. We remark that

- 1
2l <M+ ——<A\+1,
|log |

where A is a constant defined by (2.4). Therefore we obtain the desired con-
clusion in this case.
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Case 2. Assume that ¢ satisfies f.(¢) < ce. If £ € [—m, —7+7¢) U (7 — Te, 7], we
obtain the desired conclusion by (3.22). If £ € (ae +¢|loge| —Te, . +¢|loge|+
7€), then we obtain from (3.21) and (3.20)

wee(€,7)
we(§,7)

which includes the desired conclusion. O

=0 for 7 < x|logel,

We will give the estimate of solutions of (2.1) with good initial data.

Lemma 3.4. Let ¢: RY — R be smooth and satisfy
Co > sup |Ve|? + esup |Ap| < oo (3.23)
RN RN
for some constant Cy independent of € € (0,1), Let & be as in Lemma 3.3. We
have that:

(i) there exists a positive constant M such that

o(z,t) = <(p(x) _ @7 i)

e e?
is a subsolution of (2.1) in R x (0, 79e2|logel|) provided that e € (0, ).
(ii) for any b > 0, there exists a positive constant Mo = My(b) satisfying
v(z, 02| loge|) > 7 —be  for x € {y; ¢(y) > ac + Moe|loge|}

provided that € € (0,€).

Proof. See the proof of Theorem 1 in §3 of Chen(1992). O
We are now in the position to prove Theorem 3.1.

Proof of Theorem 3.1. We first prove the case k = 0.
Let m > 0 and x¢ € {y; uo(y) > m}. By the uniform continuity of ug there
exists § > 0 satisfying

m
sup |uop(z) —uo(y)| < o5 (3.24)
|z—y|<d

We remark that ug > m/2 in Bs(zo) := {z; |x — x| < §}. Here we define

22Ky + 1)w +m m
plo) = =S T R g 2 4 2

We have
o(x) <ug(x) for z € RY,

since p(x) < m/2 < ug(zx) for x € Bs(xp) and p(z) < — (2K + 1)1 < ug(z) for
x € RN\ Bs(zo). Moreover we have that there exists 7 > 0 satisfying

o(x) > % for = € B,(x0). (3.25)
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Let 8: R — R be a smooth function satisfying

0(c) = o o> —(2Ky+ 1)m,
TTT 20K+ ) o < —2(Ko+ D,
0'(c) >0 foroeR.

We define

We then have

@(x) < ug(x) for x € RY, (3.26)
P(x) = p(z) for x € Bs(xo), (3.27)
sup |V@|? 4+ esup |Ag| < Cp < +o0 (3.28)
RN RN

for some constant Cj independent of € € (0,1). We now replace £ > 0 smaller
so that we have

ae + Mope|loge| < %

provided that ¢ € (0, &). (3.29)

et

), (3. 27) and Lemma 3.4(ii) we obtain

We define

where M is as in Lemma 3.4(ii). B
for b > 0,

v(x, 02| loge|) > ™ —be for x € B,.(x0) provided that ¢ € (0, ).
Since v(x,0) = @(z) < ug(x) for x € RN, we obtain from Theorem 2.2,
uf (z, 70e%| loge|) > v(x, 2| loge|) > 7 —be for x € B,.(xo)

provided that € € (0, ).
For a general k € ZN [— KQ,KQ] let xf € {x; uo(x) > 27k +m}. We have
uo(y) > 27k +m/2 for y € Bs(xf). Define

22Kq + 1)7m +m + 4wk m
(pk(x):_( 0 )252 |x — 282 + — + 27k,

2
Pr(x) = 0(pr(2))-

We also obtain (3.26)—(3.28) for ¢ and there exists , > 0 satisfying

Gr(x) > 21k + % for = € By, (zF). (3.30)

Here we consider
| - M, t
’Uk(ﬁ,t) =w @k(x,t)—?t,g .

Since w(§,7) = w(§ — 27wk, T) + 2wk and (3.30) implies that @, — 27k > a. +
Moe|loge|, we obtain

M
vk(z,t) =0 <<Pk(33at) — 2k — ?t, 8—2) + 27k

>(2k + 1) —be for x € B, (xf).

14



Therefore we obtain
u(z, 7oe%| logel) > v (z, T0e%|logel) > (2k + 1)7 — be  for x € B,, (xlg)

This yields the conclusion of Theorem 3.1. O

4. Uniform estimate of traveling waves

In the previous section we have the very short time behavior of a solution of
(2.1). That result says that the solution of (2.1) becomes like as an initial data,
which Evans, Soner and Souganidis(1992) introduced, in a very short time.
Hence it is convenient to consider the traveling wave solution to construct a
supersolution for an estimate as in Evans, Soner and Souganidis(1992). In this
section we shall give an uniform estimate and some properties of the traveling
wave solution.

The traveling wave solution of (2.1) is a solution of the form (e ~*z-e—e2ct),
where e € S~ ! and ¢ € R. The function ¢(s) satisfies the ordinary differential
equation

q"+cqd =f(q) inR. (4.1)

We are interested in a solution of (4.1) satisfying the boundary conditions
q(£c0) = =£m, (4.2)
q(0) = a.. (4.3)

Aronson and Weinberger(1978) proved the existence and uniqueness of a pair
(g, ¢) satistying not only (4.1)—(4.2) but also

lg(s)] < © InR (4.4)
¢ > 0 mR, (4.5)
¢ (£o0) = 0 (4.6)

for € > 0. Here and hereafter, we use the notation (g., c.) to clarify the depen-
dence of €.

For our problem, we are interested in the uniform bound of ¢. and the
existence of the limit lim._.g e tec..

Lemma 4.1. Let ¢ be a solution of (4.1) with the conditions (4.2)—(4.6). Then
the followings hold.

(i) There exists €1 > 0 such that, for any R > 0, we have

inf inf ¢. >0
561(101761) [JE7R] G =

~

(ii) There exists a positive constants, C1 = C1(e1) and Cy = Ca(e1) satisfying

lge(s) — m| < Crexp(—Cas) for s> 0, (4.7)
lg=(s) + 7| < Crexp(Cys) for s <0, (4.8)
lgL(s)], |gZ(s)| < Crexp(—Cyls|) for seR (4.9)

provided that € € (0,€1), where €1 s as in (i).
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(iii) There exists the limit A == —lim._ge 'c..

Barles, Soner and Souganidis(1993) discuss the traveling waves for functions v —
f(x,t,u) — ca. However, they assume the existence of the limit lim. .¢e tc.,
and propose the example which fulfills their assumption. They proved that the
pair (g,c) from a map u +— 2u(u? — 1) — ea satisfies their assumption by using
an explicit form of ¢ or ¢. Therefore we need to prove the existence of the
limit lim._,g e~ !c.. Here we shall prove it without using the explicit form of the
solution ¢, or ¢, which is one of the advantages over that of Barles, Soner and
Souganidis(1993). Therefore it is easy to extend our proof to the case of the
traveling waves for the function as in Remark 2.1.

Proof of Lemma 4.1. Let €1 satisfy ;1 < 1 and
—g < e+ B <0, —g <. <0 foree(0,e).

In the following arguments we shall replace €1 to smaller one later, at (4.14)
and (4.22).

1. By multiplying ¢’ to (4.1) we obtain
L) () + ol ()? = £-(ae())d.(5). (4.10)
By (4.2) and (4.6) we have
[ @ ot = oe)? — l(=o)) = .
[ ftatonio = [ ptwrau = ~2rac,

Therefore we have from (4.10),

cE/ qL(0)*do = —2mac. (4.11)
R

Moreover, by integrating (4.10) in (—o0, s) we obtain
1 / 2 ) ! 2 a()
5(15(5) +ce q-(o)°do = fe(u)du. (4.12)

By straightforward calculation we obtain from g. € (—m,7) and € € (0,e1) C
(0,1),

q=(s) o
/ fewdu< [ fou)du

—T —T

=v' 1+ e2a?(cos(ae + B:) — cos(—m + (:)) — ealae + )
<24/1+e2a? + 2meqal < 2v/1 + a2 + 27lal.

Therefore we obtain

1 Qe
§qé(s)2 < el / q.(o)do + fe(u)du < 4w|al + 24/1 + a2,
R -7
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which implies that there exists L1 depending only on a satisfying
¢.(s) < L, for s € R provided that € € (0,¢7). (4.13)

By integrating (4.10) in (—o0, 0) again we obtain

0 Qe
L0 = —c. / Lo+ | f(u)du

> — |cs|/ q.(0)*do + ) fe(u)du
= — 2mlale + V1 4 €2a?(cos(ae + B:) — cos(—m + B:)) — ea(ae + 7).

Since a., B — 0 as ¢ — 0, we replace €1 to smaller one so that we have

—2r|ale + V' 1+ e2a?(cos(ae + B:) — cos(—m + B¢)) — ea(ae + ) >

1
2 (4.14)
provided that e € (0,¢1).

We obtain
¢.(0) > 1 provided that € € (0,e1).

2. We verify (i) and that there exists og > 0 satisfying
/ q.(0)*do > 09 >0 provided that € € (0,1). (4.15)
R

By Proposition 4.2 as in Aronson and Weinberger(1978) we have that |c.| <
supg | fZ] < A1. Let p. = gL. We have from (4.1), (4.5) and (4.6)

pe +cepe = fl(ge)pe in R, (4.16)
ps(o) > 1, ps(—FOO) =0, (4'17)
pe >0 inR. (4.18)

We give an estimate of ¢, = p. in (0, 4+00) from below.
We first verify that there exists o1 > 0, which is independent of € € (0,¢1),
such that r1(s) := exp(—o15s) satisfies

—r{ —cri + (1 +X1)r1 <0 in (0, 00). (4.19)
In fact, we have
—r) —corh + (1 4+ A)ry < (=% + Moy + 1+ M) exp(—sv/2 4+ \p),

which yields the existence of o1 > 0 satisfying (4.19).

We demonstrate that p. > r1 on [0, 00). If not, there exists so > 0 satisfying
pe(s0) — r1(s0) < 0, pL(so) — 71 (s0) = 0, and p{(so) — r{(s0) > 0 since pc(0) >
1 =71(0) and p.(c0) = 0 =r1(00). We obtain from (4.16), (4.19) and r > 0,

0 >pZ(s0) — 77 (s0) + ce(pL(s0) = 71(50)) — f2(ge(50))pe(50) + (1 + A1)r1(50)
>(A1 = fL(g=(50)))p=(s0) + 71(50) > 0
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which is the contradiction. By similar argument with 71 := exp(cgs) we obtain
pe > 71 on (—o0,0]. Consequently we obtain (i).
It is easy to get (4.15). We calculate that

/ qL(o)*do > 2/ exp(—2010)do = — =: 0y.
R 0
Moreover, this yields that ¢, — 0 as ¢ — 0 by (4.11).

3. We verify that, for any p > 0, there exists Ry = Ro(u) satisfying

q(s) > a.+pn for s> Ry, (4.20)
q(s) <a.—p for s<—Ry (4.21)

provided that € € (0,¢1).
Since ¢.(s) > exp(—o1|s|), we obtain for s € R,

s |s]|
10-(5) — g-(0)] = ‘/O o (0)do 2/0 exp(—ala)da:Gil(l—exp(—01|s|)),

which yields the existence of Ry satisfying (4.20).

4. We are now in the position to show (4.7) and (4.8). We prove only (4.7)
since the proofs are symmetric. By (4.4) it suffices to obtain the estimate of ¢,
from below for ¢ > 0.

Fix enough small ¢ > 0. We replace €1 to smaller one so that we have

™
el < & o+ 8 < 5~

4.22)
P 1. p % I (
5o (5) < —going £ (-5) > 355,
provided that € € (0,e1). Then there exists v > 0 satisfying
flu) <v(u—m) forue (g, 7r) (4.23)
f(u) >v(u—m) forue (—7r, —g) . (4.24)

In fact,

is the desired one by (4.22).
We now set 7y = m — 2mexp(—o2(s — Rp)), where Ry > 0 is taken as in
(4.20). We verify that there exists oo > 0, which is independent of ¢, satisfying

—rly —cerh +v(re —m) <0 in (Ro, 00). (4.25)
By straightforward calculation we obtain
—rl — corhy + v(ry — ) = 2n(03 — ceop — V) exp(—0oa(s — Rp)).
By (4.11) and (4.15) we have

27|al

U%—cgag—l/gag—i— o9 — V.

g0
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By solving o + (2r|a|/c¢)os — v < 0, we observe the existence of a constant
o9 > 0 satisfying (4.25).
By definition of ro, we obtain

r2(Ro) = = < ¢ (Ro), r2(00) = 7 = g(00).
Moreover we obtain from (4.23),
—¢Z —ceq. +v(ge —m) 20 in (Ro,00),
which and (4.25) yield
ge > 192 on [Rg,00).
By (4.4) we also obtain

q¢: > —m>ry on [0, Ry,

which implies (4.7).
We also obtain (4.8) by similar arguments with 72(s) := —m + 2w exp(o2(s +
Ry)).

5. We obtain (4.9).

We first give the estimate of ¢/ Since ¢/ > 0, it suffices to give an estimate
of ¢, from above. By properties of f., there exists Ry > 0 satisfying

(m (—m) .
Plae) > LD O g5 gy
For s > 0, we set r3(s) := Ly exp(—o3(s — R1)), where o3 is a positive constant
satisfying
fi(m)

—ry —corh + T 2 0 in (Rq,00). (4.26)
We now verify the existence of such o3. By straightforward calculation we obtain
! 2 U
—ry —corhy + fséw) rg > Ly <—a§ - @ag + @) exp(—o3(s — Ry)).
0

By solving —o2 — (27|a|/o¢)os + fL(7)/2 > 0, we observe the existence of
a constant o3 > 0 satisfying (4.26), since fI(w) > 0 and is independent of
e € (0,e1).

By the definition of r3 we obtain

r3(R1) = L1 < ¢.(0), r3(c0) = 0 = g/(00)
and p. = ¢. satisfies

/
™ .
—pl —cepl + %ps <0 in (Ry,00),
we obtain gL < r3 on [R1,00). Moreover we obtain
q. < Ly <rz on[0,Ry],

which implies ¢, < r3 on [0, c0).
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It is easy to obtain the estimate of ¢/ since

g2 ()] < leellgl(s)] + | fe(g= (s))]

and |f2(ge(s))| < Milg=(s) + 7| for s <0 or |f-(g=(s))| < Ailge(s) — 7| for s > 0.

6. Finally, we verify the second property of (iii). By (4.11) it suffices to see
that there exists lim._o [, ¢.(0)%do. Let qo: R — R be a function satisfying

—qj(s) —singo(s) = 0 fors€eR, (4.27)
qo(£oo) = =m, (4.28)
q(0) = 0, (4.29)

i.e., the solution of (4.1) and boundary conditions (4.2)-(4.3) with ¢ = 0. By
similar arguments as in §4 of Aronson and Weinberger(1978) and on above, such
a function ¢q exists, is unique, and all of properties on above hold for ¢q.

We verify that |g-(s) — qo(s)| + |¢.(s) — ¢((s)| — 0 as e — 0. By integrating
(4.1) and (4.27) on [0, s] for s > 0 we obtain

q.(s) — ao(s) = q2(0) — q(0) — c= /OS q.(o)do + /Os(fs(qs(ff)) — folqo(0)))do,

where fo(u) = —sinu. Therefore we obtain

1€2(5) — ab ()] < 12(0) — gh(0)] + |ec| / 4. (o)ldo + / 72(ae(0)) — Folqo(o)) do

(4.30)
We give an estimate the first term of (4.30). By (4.12) and a similar calcu-
lation for (4.27) we obtain

0 Qe
q.(0)? = — 205/ q.(0)*do + 2 fe(u)du

— 0o —T

0
=—2c / q.(0)*do + 4 — 2za(a. + 1),

— 0o

0
(0 =2 [ folw)du =1

These yield that lim._, ¢.(0) exists and

lim ¢/(0) = 2 = g5 (0).

e—0

We next give an estimate the third term of (4.30). We obtain

|f(a:(5)) — folao(s))] =[fo(g=(s)) — fo(ao(s)) + e f1(ge(s))]
<|fo(ge(s)) = folqo(s))| + €l f1(gs(s))];
where f1(u) = —a(l + cosu). Since |fj(u)| = | — cosu| < 1, we obtain

| f0(ge(5)) = folgo($)] < lge(s) = go(s)|-

Since |f](u)| = |asinu| < a| and fi(7) = 0, we obtain

[f1(ge ()] = | f1(ge(5)) = fr(m)] < lallg=(s) — .
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By (4.7) we obtain

/OS |f1(ge(0))|do < |al /OS |ge (o) — w|do < |a /000 Cy exp(—Ca0)do =: A;.
We thus obtain
/ 1£o(g:(0)) — folao(0))|do < / 4:(0) — aol@)ldo + Ay, (431)
0 0

By combining (4.30) and (4.31) we obtain
|9e(s) = qo(s)| + [al(s) — go(s)] < A= + /OS(|qa(U) — (o) + |¢Z(0) — gh(o)])do,

where A = |¢L(0) — ¢4(0)| + |¢c| f3 |l (o)|do + eA1. We remark that A. — 0 as
¢ — 0. By Gronwall’s inequality we obtain

lg=(5) — qo(s)| + 1qL(s) — qp(s)] < Ac + As/ exp(s — o)do  for s >0,
0
which implies
lim (lg=(s) — qo(s)[ + g.(s) — qo(s)]) =0 for s > 0.

By similar argument we also obtain g.(s) — go(s) as ¢ — 0 for s < 0.
Finally, we conclude (iii). Since lim._,0q.(s) = ¢{(s) and (4.9) we obtain
lim [ ¢.(0)*do = / q6(0)?do > 0.
e—0 R

Therefore we obtain
Ce 2ma

=———— =1—A.0
c=0 € Jz 46(0)%do

Remark 4.2. Heuristically, one attempts to consider the traveling wave solu-
tion with multiple-heights, i.e., a solution of (4.1) with boundary conditions

ge(—00) = —7 , ¢-(00) = 3, (4.32)

to construct a supersolution for the estimate as in Theorem 2.4. Generally,
however, there is no such a solution.

Let a = 0 and assume there exists a solution satisfying (4.1) with the bound-
ary condition (4.32). We then have cc = 0 and so that ¢ = q. satisfies

—¢" —sing=0 inR.

The boundary condition (4.32) yields that there exists sg € R satisfying q(so) =
. By integrating (4.10) in (so, s) for s > sg we obtain

qa(s)
%(q’(s)2 —q(s0)?) = /7T (—sinu)du.

We remark that ¢'(so)?> > 0 since, if not, then we have ¢ = 7 in R from the
uniqueness of a solution of (4.1), which contradicts (4.32). This yields that

q/(S)Q Z C]/(So)Q >0

for s > sq, since f:(s)(— sinu)du > 0 for s > so. This is the contradiction to
(4.32).

21



5. Supersolutions with multiple-height layer

In this section we construct a supersolution with multiple-height layers.
We introduce a signed distance function from an interface. Let z € R. Here
and hereafter in this section, we assume that

Ty = {z; u(z,t) =2} #A0 provided that t € [0,T), (5.1)

where u is a viscosity solution of (2.9), whose driving force term A is determined
by Lemma 4.1 (iii), with initial data u(x,0) = uo. We define the signed distance
function from I'y with same sign as u — z by

d@¢%={ inf{|z — y|; u(y,t) =2z} if (z,t) satisfies u(z,t) > z, 52)

—inf{|z —y|; u(y,t) =z} otherwise.

The following lemma lists some properties of the signed distance function as in
Proposition 2.1 or Theorem 2.3 of Evans, Soner and Souganidis(1992).

Lemma 5.1. Let u be a solution of (2.9), whose driving force term A is defined
by Lemma 4.1 (iii). For z € R, assume that (5.1) holds. Let d(x,t) be a signed
distance function from 'y defined by (5.2). Then we obtain;

(i) d is left continuous with respect to t, i.e.,

lim d(ﬂi, t) = d(xo, to).

r—x0,t to
(i1) d is lower semicontinuous in {(x,t); d(z,t) > 0} and satisfies

dy — Ad — A|Vd| >0,

\Vd| > 1, —|Vd| > _1} in {(z,t); d(z,t) > 0}

in the viscosity supersolution sense.
(itt) d is upper semicontinuous in {(x,t); d(z,t) < 0} and satisfies

dy — Ad — A|Vd| <0,

Vd| < 1, —|Vd| < _1} in {(x,t); d(z,t) <0}

in the viscosity subsolution sense.

Proof. Apply the proof of Proposition 2.1 and Theorem 2.2 in Evans, Soner
and Souganidis(1992) to prove (i), the first inequalities in (ii) and (iii). Here we
shall prove only an estimate of |Vd]|.

Let (2,%) € RY x (0,T) and ¢ € C2(RY x (0,7)). Assume that

d(z,t) — ¢(x,t) > d(&,1) — ¢(&,1) =0 for (x,t) € RN x (0,7).

We now mention only the case d(Z, f) > 0 because the proofs are symmetric.
Let § € {x; d(z,f) = 0} satisfy d(#,1) = |2 — | =: 7. We demonstrate for (&, )
satisfying d(z,t) > 0,

I3
<

Vo(i,t) =

(5.3)

2>
©
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Let p= (2 — 9)/|& — | and ®(s) = (¢ + sp, ). We obtain for h € R,
O(7 + h) — () < d(§+ (7 + h)p,t) — d(§ + 7p, 1) <7+ h — 7 = h.

Therefore we obtain
'(7) = (Vo(@, 1), p) = 1, (5.4)
in particular |[Vi(2,%)| # 0. Moreover we obtain

oz, t) — d(2,1) < d(z,t) — d(&,t) < |z — |
By taking © — & = hV¢(#,1)/|V¢(#,1)| and sending h — 0 we obtain
Ve(z,1)] < 1.
This and (5.4) imply (5.3). O

We next recall the truncating function n as in Evans, Soner and Sougani-
dis(1992). Let n: R — R be a smooth function satisfying

oc—6 o>46/2,
0<7n (o) <Cy, In"(0)] < % for o € R (5.6)

for some (). We remark that this function is convenience to construct a super-
solution for estimate of u® from above. For the estimate from below, we have
two ways. The first one is to apply the way to obtain an estimate of u® from

above to the equations which 4° = —u® or @ = —u satisfy, i.e., (3.1) or
Vi
Gy — |V {divae — AY =0 inRY x (0,7) (5.7)
Val
with 4°(z,0) = @(z,0) = —ug. The second one is to construct a subsolution

directly by using an another truncating function 7 satisfying

_ _f o+ o< =4)/2,
M) =15 o>-o/

0<7(0) < Cyp, [7(0)] < % for o € R.

Since the equations are isotropic, we obtain the estimate from below symmet-
rically. In this paper we shall construct only a supersolution. We next list the
properties that the truncated distance function 7(d) satisfies.

Lemma 5.2. Assume that (5.1) holds. Let w = n(d). Then there exists a
positive constant C' satisfying

C

wy — Aw — A|Vw| > 5

—|Vw| > ~C

in RY x (0,7T),

in the viscosity supersolution sense. Moreover we obtain

— Aw — A[Vw| > 0,
we - dw = AlVw| > m{mjxa%w>§}
Vw| 21, =[Vw| > -1 2

in the viscosity supersolution sense.
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Proof. See the proof of Lemma 3.1 of Evans, Soner and Souganidis(1992). For
more precise calculations to prove the estimate of |Vw|, see Lemma 3.4 of Giga,
Ohtsuka and Schétzle(to appear), with v(p) = |p| and A, = 1, which are the
notations of them. O

Here we construct a supersolution by the signed distance function and the
traveling wave. Let § > 0 and w(x,t) = n(d(z,t)). For b > 0 and € > 0, we
define
w(z,t) + 1t + kb

€

wwwwz%(

where ¢. is a solution of the ordinary differential equation (4.1)—(4.3) and ~1,
2 > 0 are constants.

) + e(y2 + k2b), (5.8)

Proposition 5.3. Assume that (5.1) holds. Assume that k1 € ZN[0, K] ko €
Z N[0, Ky], for some Ky, Ko € N, respectively. For § > 0, there exist by =
bo (6, K1, K2) 71 = 11(0) and v2 = v2(5) such that, for b € (0,bo), there exists
€ = £(6,b) such that ¢ = =P satisfies

K

-t O(1) inRN x (0,7) (5.9)

Yo A+ 5 f0) >

as € — 0 in the viscosity supersolution sense provided that e € (0,€), where K
is a numerical constant.

It is necessary to clarify the dependence of the parameters €, b, k1 or ko for the
estimate of ¥. Therefore we give a detailed proof.

Proof. Let (#,1) € RN x (0,T) and ¢ € C2(RY x (0,T)) satisfy
Y(x,t) — p(x,t) > Y(2,1) — p(@,8) =0 for (x,t) € RY x (0,7).

We take € satisfying & < €1, which is as in Lemma 4.1, so that all of the estimates
in Lemma 4.1 hold. In the following argument we shall replace € to smaller one
later, at (5.10), (5.14), and (5.15).

Since gL > 0 for & > 0, there exists ¢-* € C*°(R). Here we define

P(a,t) = e (p(a,t) — £(y2 + kab)) — it — kub.
Then we observe that ¢ € C?(RN x (0,T)) and satisfies

w(z,t) — Pz, t) > w(i, i) — p(z,) =0 for (z,t) € RY x (0,T),

o(x,t) = ¢ (SB(L ) +glt ha klb) +e(v2 + kab).
By a straightforward calculation we obtain
pr = @(@t + 1),
Vo = @V@
V2 = qigh) VO VE+ @v%,
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where h = h(x,t) = e~ 1(@(x,t) + v1t + k1b). Moreover we obtain

Fe((@,1)) = felo(@,1) = fo(qe(R) + e(v2 + k2b) fL(qL(R)) — €% (72 + kab)? X,

where h = h(,1), and )y is a constant defined by (2.4). Therefore we obtain

1 .
Pt — AQP"_ ?fa('@[]) > 5_210 +5_1I1 — (’72 + kgb)z)\g at (:mt),

where
I = g.(h)(IV@[* - 1),
I = qL(h)(m + @ — Ap — AV + AIV@| + e eo) + (2 + kabd) fL(qe ().

We divide a situation into 2 cases.
Case 1. Assume that (2,%) € {(x,t); d(z,t) > §/2}. By Lemma 5.2 we obtain

¢ — Ap — A|Vg| > 0, }
Vol =1

)

at (Z,1)
which implies

IO :Oa

I >g () (m + A+ e eo) + (v2 + kab) fL(g=(R)).

We set

9

=17

The reason why we set such a v; will be clarify in Case 2, below. We replace €
to smaller one so that we have

At

)
|A+ete] < % =37 provided that € € (0, é). (5.10)

This yields

B> BN G ) ),

By a straightforward calculation we have f'((2j + 1)r) =1 > 0 for j € Z, in
particular, the value is independent of €. Therefore there exist rq € (0,27),
which are independent of ¢, satisfying

1
25+ )mr+7) > §fé((2] + 1)) =119 >0 forje€Zandre (—ropr).

We remark that 1y is independent of j € Z. To apply Lemma 4.1 there exist
R = R(rg,€) > 0 and 11 = 11(€, R) > 0 satisfying

g=(s) < —m+ro for s < —R,
ge(s) >m—ro  for s > R, provided that ¢ € (0, €).
g.(s) > >0 for|s|<R

Take bg small so that

feab < % provided that ks € [0, K2] and b € (0, by), (5.11)
1
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where A; is the constant defined by (2.4). We shall replace by to smaller one
later, at (5.13). We set

_nm _ 16
TN T 32T
There exists K > 0 satisfying
K
e?lp+e ' > — (5.12)

We verify it. If (&,) satisfies b > R, then we obtain from f/(g-(h)) > v and
g >0,
I > voup.

If (2,1) satisfies h < R, then we obtain from kob < 11791 /(8A1) = 72,

M vyt 2riAivi i
— 2’)/2)\1 = — = .

I >
b= 2 8\ 4

Therefore we obtain (5.12) by setting K = min(y2v0, ¥171/4), which implies

—492)3  at (@,1).

o | =

o= Ap+ 3 f0) >

Case 2. Assume that (£,7) € {(z,t); d(x,t) < §/2}. Set v1 and 2 as above,
ie.,

o _nmm

ar TR

We replace by to smaller one so that we have

7=

5
kb < 3T provided that k; € [0, K1] and b € (0, by). (5.13)

This implies that

1 5 ot 0
<= (242 <-Z <o
hg( 2+4T+k1b) 8€<0

We replace € > 0 to smaller one so that we have

)
3 < —R provided that € € (0,¢), (5.14)

which implies that i < —R provided that € € (0,£). By Lemma 5.2 we have

bo— A - AVl > _%’ at (2,1).
Vol < C
This implies for € < €,
Io > — [q/(W|(C* + 1),
I >q.(h) <% — % —A(C+ 1)) + (2 + k2b)vo

>~ ) (§ + A€ 1))
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Therefore we obtain by Lemma 4.1

241 1
6_210 +€_1.[1 > {_% - g (% -l-A(C-l— 1)):| C1 exp (—

C (502)
——e&xp | ——— | +7

@) + Y20
8¢ €

1
= ,

€ 8¢

where C' is a positive numerical constant. Here we replace & > 0 to smaller one
to satisfy

C Ca0 Y2lo .
—Tow(—n ) 2T . 1
- exp( o ) > 5 or e € (0,8) (5.15)
Therefore we obtain
- .1 17 o
ot — AP+ ;fs(lﬁ) > 7;—80 —492)3  at (@,1).

Let K = min(K,v219/2). Then we obtain (5.9). O

We shall construct a supersolution with a multiple-height layer around the
interface. Let by and € be a constant determined from Proposition 5.3 with
K1 =Ky=2Ky+1. Fore e (0,é),be (0,bp) and j =0, 1, ..., 2K, we define

T

)+27T(K0—j)+8(’¥2+(j+1)€). (5.16)
We remark that wj’b is a viscosity supersolution of (2.1) since q(s) := g.(s) +
27(Ko —j) is still a solution of (4.1) with boundary condition ¢(£o0) = (2(Ko —
NESILS
We construct a supersolution, which has twice height of a layer of wj’b, from
wj’b and wj-fl. Let € > 0 satisfy
b be b be
B [ LA I T : 1
q5<48)_7r 4,q5< 4€>_ 7T+4 or € € (0,8) (5.17)

in addition to the condition as in Proposition 5.3. We define

Teb I ACN)) for (z,1) € U;

vy (@t { min{%s"b(a:,t)ﬂ/’;fl(xvt)} for (z,t) € (R x [0,7)) \ Uj,
(5.18)

where

Uj = {(x,t) € RN x [0,T); w(z,t) +y1t > —(j +3/2)b}.

We observe that J}ng is a viscosity supersolution of (2.1). In fact, it is easy to
see that @[?;’b is a viscosity supersolution of (2.1) in RN x (0, T)\ {(z,t); w(x,t)+
nt=—(+3/2)b}. If (x,1) € J;j == {(z,t); w(z,t) +nt € (= +7/4)b, - +
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5/4)b)}, we obtain

U0, 1) <ge (_4£> +2n(Ko — ) + (2 + (G + 1))

<(2(Ko—j)—1)m+e ("/2+ (j—i— Z) b) )

05t 0.0) 20 () + 200K = G+ 1)+ en + G +20)
>(2(Ko — j) — )7+ ¢ (72 + (j + Z) b) :

which implies wj’b < j-fl in J;. Therefore we obtain @[?j.’b = @[Jj.’b in J; so that ¢);
is a viscosity supersolution of (2.1) in a domain including {(z,t); w(z,t)+y1t =

—(j +3/2)b}. Here we summarize the more properties which 1; satisfies:
Corollary 5.4. Assume that (5.1) holds. Let ij’b be a function defined by
(5.18). Then the followings hold.
(i) We have that @[;;’b is a viscosity supersolution of (2.1).
(ii) We have
P50 (@, t) = 950 (1) > (2(Ko — §) + 1)1 + e(y2 + (j + 3/4)b)
for (z,t) € DI, where
DI = {(x,t) e RN x [0,T); w(x,t) + vt > —(j + 3/4)b}.
(ii) We have
G50 t) = 05 (1) < (Ko = = 1) = Dm ey + (G + T/4)h)
for (x,t) € OITL where

OF .= {(x,t) € RN x [0,T); w(x,t) +y1t < —(j + 5/4)b}.

Finally, we construct a supersolution which has multiple-height layers. For
k=0,1,..., 2Ky, We define

Yolx, t) for (z,t) € Uy,
vp(@,t) == (. t) for (z,t) e Uja \Uj, j=1, 2, ..., k—2,
Up_1(x,t) for (x,t) € (RN x [0,T))\ Up_1.
(5.19)

It is easy to see that vy, is a viscosity supersolution of (2.1). We list the properties
of vg.

Corollary 5.5. Assume that (5.1) holds. Let vy, be a function defined on above.
Then the followings hold.

(i) We have vy, is a viscosity supersolution of (2.1).
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(ii) We have
vp(z,t) > (2Ko + 1) + e(y2 + 3b/4)  for (z,t) € D.

(iii) We have
vp(z,t) < (2(Ko — k) — 1)7 +e(y2 + (k +5/4)b)  for (z,t) € OF.

6. Approximation of the motion of interfaces

In this section we shall prove Theorem 2.4. We first prove the following.

Theorem 6.1. Let u® be a solution of (2.1) with u®(z,0) = ug(x) € BUC(RY).
Let u be a solution of (2.9) with u®(x,0) = ug(x). Assume that there exists
mo > 0 such that
{z; u(z,t) =21k —pu} #0
for t € [0,T) provided that || < mg. Then the followings hold.
(i) Form € [0,mo/2] and k € [—Ko, Ko] N Z, we have

@us(x,t) < (2k-1)m
E—>

for (z,t) € {(y,s) € RY x (0,7); u(x,t) < 2wk —m}.
(1) For m € [0,mo/2] and k € [—Ko, Ko] N Z, we have

lim v®(x, t) > 2k + )7

e—0

for (z,t) € {(y,s) € RN x (0,7); u(x,t) > 2wk +m}.
Proof. We now prove only (i) since the proofs are symmetric.
Let m € (0,mo/2) and set
D" = {zx € RY; wu(z,t) < 21k — m}.
For b € (0, bp), there exists € > 0 and 79 > 0 satisfying
uf(z, 10e%| logel) < (2k — 1)((2k — 1)7 + be)xpy + (2Ko + 1)mxr~\ Dy
by Theorem 3.1. Set
7 = {z e RY; u(x,t) = 21k — m},

and define

o (7, 1) = —inf{|z —y|; y e T} if (x,t) satisfies z € D},
mATs b = inf{|z —y|; y € T} if (x,t) satisfies z € RN \ D™,

Let 6 > 0 be a constant satisfying

m
sup |uo(z) —uo(y)| < 5
|z—y|<d
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Take by > 0 enough small so that by satisfies not only the condition as in
Proposition 5.3 but also satisfies

)
2(K() + l)b() < 3I (61)

Let n = ns be a function satisfying (5.5)—(5.6). Set w(x,t) = n(dam (x,t)). For
b € (0,b), we set € = min(&, €), where € is a constant as in Theorem 3.1 and
¢ is a constant satisfying all of the conditions as in Proposition 5.3 and (5.17).
For b € (0,bg) and e € (0,), we define ¢:7° and ¢5° by (5.16) and (5.18),
respectively. We consider a supersolution vg,_j of (2.1), which is defined by
(5.19).

We first demonstrate

VKo—k(7,0) = ((2k = )7 + be)xpy (x) + (2Ko + mxen\py (2),  (6.2)

where xr: RY — {0, 1} is the characteristic function of U C R¥. Since
VKo—k(2,0) > 2k — D)m +e(y2 + (J + 1)b) > (2k — 1)7 + be,
it suffices to see that
Viy—k(1,0) > (2K + 1)1 for z € RN \ DI
To see this property, we first verify that
{y € RY; dopn(y,0) < 20} C {y € RY; wg(y) < 27k —m}. (6.3)

Let z € {y € RY; dayn(y,0) < 28}. For pu > 0, there exists y € D3™ such that

dam (2,0) + p 2 |z —yl,
up(y) < 27k — 2m.

Since dam, (z,0) < 24, we may assume that y € ng satisfies
|z —y| < 260

by taking enough small p > 0. Let z := (z 4+ y)/2. Then we obtain |z — 2| =
|z —yl/2 < d and |y — 2| = |y — x|/2 < §, so that we obtain

m
— =m.
2

+m
2

[uo (%) — uo(y)] < uo(x) — uo(2)] + [uo(z) — uo(y)| <
Since y € D™, we obtain
ug(x) < 2wk —2m +m = 27k — m,

which yields (6.3).
The property (6.3) yields

{y € RY; dan(y,0) > 26} D {y € RY; wo(y) > 27k —m},

which implies for z € {y € RY; uo(y) > 27k —m},

8 b
w(x,0)+b>62 g(K0+1)b0> Z
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by (6.1). Therefore we obtain vg,—_x(x,0) = z/JS’b(x, 0) and
b
vty 1(2,0) > gz (4—) 2Ky +e(93 1 b) > (2K + 1)
for x € {y € RY; up(y) > —m} by definition of &. We thus obtain (6.2).
We give an estimate of u® by using vk,—i. By (2.2) we obtain
u (x,t + 02| loge|) < vi,_i(w,t) for (z,t) € RN x [0,T).
By Corollary 5.5 we obtain
uf (z,t + moe%| logg]) < (2k — )7 + (2 + (Ko — k + 5/4)b)  for (z,t) € O

provided that e € (0, &), where OF is defined in Corollary 5.5(iii).

We now lead the conclusion. Let (xo,t0) € {(y,s) € RY x (0,T); u(y,s) <
2nk — m}. There exists by = bo(m) such that, for b € (0,bp), there exists
€ = £(b) > 0, which are smaller than those we take on above, such that o >
m0e2|loge| and (o, to— 02| loge|) € OF provided that b € (0,b) and € € (0, €).
This implies

u6($0,t0) < (2]€ — l)ﬂ' + E(’Yz + (KO —k+ 5/4)b)

Since the choice of (zg,t0) € {(y,5) € RY x (0,7); u(y,s) < 27k —m} is
arbitrary, we obtain

lim u®(z,t) < (2k — V)7 for (z,t) € {(y,5); u(y,s) < 2wk —m}. O

e—0

Here we remark that the choice of € > 0 for the estimate of lim. .o u®(z,t)
is independent of (z,t) if there exists 7 > 0 satisfying ¢ > 7.

Proof of Theorem 2.4. Let © be a compact subset satisfying
QC {(y,s) € RN x (0,T);u(x,t) < 27k}.
Then there exists v > 0 and m > 0 satisfying

t>v >0,
u(z,t) <27k —m  on Q.

Therefore we obtain the conclusion. O
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