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THE DIMENSION OF THE SPACE OF SIEGEL EISENSTEIN SERIES OF
WEIGHT ONE

KEIICHI GUNJI

ABSTRACT. In general, it is difficult to determine the dimension of the space of Siegel modular forms
of low weights. In particular, the dimension of the space of cusp forms are known in only a few cases.
In this paper, we calculate the dimension of the space of Siegel Eisenstein series of weight 1, which is
a certain subspace of a complement of the space of cusp forms.

1. INTRODUCTION

Let p be an odd prime number. In this paper, we determine the dimension of the space of Siegel
Eisenstein series of weight 1 associated with the principal congruence subgroup I'9(p) of level p, degree
g. More precisely, let M1 (I'9(p)) be the space of holomorphic Siegel modular forms of weight 1, degree
g > 2, and let EY(I'9(p)) be a complement of the space of all functions which vanish at all 0-dimensional
cusps.

Theorem (Theorem 3.1). For g > 2, we have

“(p9 _
dim EO(19(p)) = 4 3P T1) p=3modd

S| =

p =1mod 4.

In other words, we may take as EY(I'9(p)) the space of theta functions of quadratic forms of level p.

The representation theory of the finite group Sp(g,F,) is crucial in our proof. The representation of
Sp(g,F,) on EY(I'9(p)) is isomorphic to a sub-representation of the induced representation of a certain
character of the subgroup Py, which is the image of the Siegel parabolic subgroup Py of Sp(g,Z)
(Lemma 3.2). Moreover, each irreducible component of the induced representation is generated by the
elements of Ey(I§(p),v) for some Dirichlet character 1. Thus Theorem 3.1 is reduced to computing
the dimension of Ey (I (p), ).

Proposition (Proposition 3.4).

0 otherwise.

dim EY(I§ (p), ) = {

The structure of the boundary of the Satake compactification of I'j (p)\Hs is very simple: there are
g — 1 one-dimensional cusps and g zero-dimensional cusps. We prove Proposition 3.4 by using this fact
and properties of elliptic modular forms of weight 1, which we consider in §2.

We remark that if g > 3, J.-S. Li already determined the dimension of M7 (I"?(p")) ([L]). Moreover,
by the theory of singular series, studied by Resnikoff ([R]) and Freitag ([F1], [F2]), we know that
M, (I'¢(p), ) is generated by theta functions of quadratic forms, if g > 3. Thus the essential part of
our result is the case of g = 2. We also remark that Weissauer asserts that the space S1(I3(N),1) of
cusp forms of weight 1, degree 2 is generated by theta series ([W, Theorem 4]).
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2 KEIICHI GUNJI

Notations: Let H, = {Z € My(C) | 'Z = Z, ImZ > 0} be the Siegel upper half space. We put
e = Splg,2) == {y € SL(20,2) | 'vJy7 = Jy} for J, = ( 0l

1 0 ) The congruence subgroups
g
I'9(N) and I§J(N) are given by

C D
For a function f on H, and v € I, we put (f|xv)(Z) = j(7v,2) ¥ f(v(Z)), here j(v, Z) = det(CZ + D)
and 4(Z) = (AZ + B)(CZ + D)~" for = g v

the space of Siegel modular forms of weight k as:

I'I(N):={yelY|y=1yymod N}, I§(N):= {fy— <A B) ’C_OmodN}.
. For a congruence subgroup I'" C I'Y we define

My (I'") = {f : @ holomorphic function on Hy

fley = fforall v e I,
f is holomorphic at each cusp if g =1

We define the Siegel ®-operators for 0 <r < g—1 by

. . .0
e"(f)(zr) := lim f (ZO iAlg_T> . 2z € H,,

and define the space of cusp forms Sy, (I") := {f € Mx(I") | @97 (f|xy) =0 for all v € '9}.

2. ELLIPTIC MODULAR FORMS

First, we recall the classical theory of elliptic modular forms. Some of the facts in this section are
first proved by Hecke (cf. [H]). We mainly refer to the book of Schoeneberg [Sc, Chapter VII].
Let p be an odd prime number, and a = (ay, as) € Z?. For z € H; and s € C, we define

¢;(Z,S) = Z (m12+m2)_1|m1z+m2\_5.
mi,ma€Z
(m1,m2)=(a1,a2) mod p

If Res > 1, the infinite sum of the right hand side converges absolutely for every z € Hj.
It is easy to see that

¢1—a(za 5) - 7¢zla(za 5),
(2.1) bi(2,8) = b (2,5) if a=b mod p,

31, 2) 7 ea(1(2), 8) = 15(7,2)| 0 (2,5), with a’ = ay, v € SL(2,Z).

Theorem 2.1 (Hecke). The function ¢L(z,s) is continued meromorphically on the whole s-plane and
it is holomorphic at s = 0. Moreover, ¢L(z,0) is holomorphic in z.

We put el(z) = ¢L(z,0). From (2.1), we see that el|;y = el for v € I''(p). In order to show
el € My (I''(p)), we write down the Fourier expansion of e} explicitly. For this we put

5((1)_ 1 if a =0 mod p,
p) o otherwise,
((s,0) = Z n+a)™® ackR.

n>-—«o

The right hand side of {(s,«) converges absolutely for Res > 1, and is continued to the whole s-
plane as a meromorphic function, which has a simple pole only at s = 1 with residue 1. Notice that
C(s,a+1) =((s,a) and, for 0 < o < 1, we write

((s,0) = ((s,0) := ) (n+a)™".

n=0

This is the usual Hurwitz zeta function.
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The Fourier expansion of e} is given as follows ([Sc, (27) §2, Chapter VII|:

oo
2(2) = ay(p, )™ r,
v=0

oot = (5 ) e (4 3) =2 (%)}
(2.2) ‘7;{5<0’62> _E(O’_i’l)}’

27 )
a,(p,a) = o Z (sgnm)e™i@2m/P for y > 1.

mlv
v —
7 =a1 mod p

where

In particular we have el € M (I (p)).
Let 9 be a Dirichlet character modulo p such that ¥(—1) = —1. We put

M) = { £ () | flor = viars, o= (0 0) e}
It is easy to show that

(2.3) MLV (p) = B MU D).¥),

P(=1)=-1

where I} (p) = {(CCL Z) € SL(2,7) ‘ a=d=1mod p, CEOmOdp}.

There are two cusps on I} (p)\H corresponding to 15 and J;. For f € My (I} (p),), the O-th Fourier
coefficients of f and f|1J; are called the values of f at the cusps oo and 0 respectively.

Now we define
p—1lp—1

)= wluef

u=1v=0
Clearly f, € My(I{(p), ).

Lemma 2.2. For¢(—1) = —1, fy takes non-zero values at both cusps oo and 0. In particular f, # 0.
Proof. First we consider the cusp co. Since 6(%) = 0 for all (u,v), the 0-th Fourier coefficient co(fy)

of fy is
Frvf(e) <6-3)
eofeo) <65}

€(0,a) = —By(a) = 3@
where Bj(x) is the first Bernoulli polynomial. Then

=n ot (1‘p>

271'1 27
Z blwu=="B1y.

The value By is called the generalised Bernoulh number and it is well-known that B; , # 0 for
1(—1) = —1. Thus we have ¢o(fy) # 0.

S

We use the formula
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Next we consider the cusp 0. Notice that

p—1
5 p—1

fib =2 Z Z w(u)eéu,v)

u=1v=0

by (2.1) and #(—1) = —1. From (2.1) we have

2tp-1

folih =23 ) b(wlel .

u=1v=0
and, by (2.2), the value of fy; at 0 is given by

b1 p—1

2 o {¢(s2) (-2} S v e (0-2) 2 (02))

u=1v=0

The second term is 0, since (0, ) = (0, a + 1). For the first term, since ¢(—1) = —1, we have

p—1

Fm o o3)ro-oe(c252)

- Lot (57)

=2L(1,4).
Here L(s, 1) denotes the Dirichlet L-function and it is well-known that L(1,%) # 0 for any non-trivial
Dirichlet character . Hence we complete the proof. O

We fix a decomposition
(2.4) Mi(I'(p)) = Si(I (p) ® Ex(I (),

where E1(I''(p)) is a complement space of S1(I''(p)) and we assume that it is closed under the action
of I'". Such a decomposition exists since I'' /"' (p) = SL(2,F,) is a finite group. We write E1(I'} (p)) =
My (It (p)) N EL(I'(p)) and E1 (I} (p), ) = Mi(I}(p),v) N E1(I'(p)). It is known that

1
dim E, (I} (p)) = 3 X {the number of (regular) cusps of I'} (p)\H,;} = %(p —1).

By (2.3), we have the following theorem.

Theorem 2.3. Let 1) be a Dirichlet character modulo p such that 1¥(—1) = —1. Then E1(I'§(p),) is
one-dimensional, and the basis fy of E1(I'}(p),1)) takes non-zero values at both cusps oo and 0.

3. SIEGEL MODULAR FORMS OF DEGREE ¢

Let p be an odd prime number. In this section we always assume g > 2. We put G = Sp(g,Fp) ~
I'?/T'9(p) and consider the action of G on My (I'9(p)) as follows: for v € G and f € My(I'9(p)), G acts
on the left on My (I'9(p)) via (v, f) — flgy~ !, here ¥ € I'Y is a lift of ~.

The space My (I'9(p)) is decomposed as

Mip(I*(p)) = Sk(I(p)) ® B{™ (I'(p) @ -~ @ BT (p)),

where EJ(I'(p)) is the subspace of a complement space of Si(1(p)) ® Q}Z .1 E"(I'9(p)) consisting
of those elements f such that ®"(f) € Sp(I"(p)). We assume that all EJ(19(p)) is closed under the
action of I'Y, or equivalently, under the action of G = Sp(g,F,). This decomposition exists because of
the complete reducibility of the representations of finite groups.

Our main result is:
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Theorem 3.1. For g > 2,

—(n9 1 = 4
dim EY(I' (p)) = (p? +1) p=3modd4,

S| =

p=1mod 4.

Remark . If g > 3, we already know the dimension of M7(I'%(p)) by the theorem of Li ([L]). His
result is

1
0 p=1mod 4,

where h(p) is the class number of Q(y/=p). One can show that M;(I'%(p)) is generated by theta
functions of quadratic forms of level p (see Proposition 3.7). Thus our result follows from the theorem
of Li if g > 3, however the case of g = 2 is the essential part.

dim M1 (I (p)) =

In order to prove the theorem, we need some preparations. We define for 0 <r < g —1,

ap 0 [ by b2 \ 17
. . az aq | bz by lg—r a1 b _
P.=<~= o 0 [d dy |1r € Sp(g,Z) (61 dl) € Sp(r,2), dy € GL(g — r,Z)
0 0] 0 ds lg—r

Let w,: P, — {£1} be the character of P, defined by v — det(ds). We define homomorphisms
7 P.— Sp(r,Z) and v,.: Sp(r,Z) — P, by

aq 0 bl b2 a 0 b 0

. as ag b3 b4 ai bl . a b 0 19_7- 0 0
AT 0 [d 4 | T <01 d1>’ b (c d) e o0 [d o
0 0|0 d 0 0 |0 1,

We decompose 'Y into double cosets by I'?(p) and P,
rv =1[re@m;p,
I

(assume that 15, € {M]},). Each representative element M, corresponds to an r-dimensional cusp of
I'(p)\Hgy. We fix the above decomposition and we write @, (f) = @"(f|xM},) for f € My(I'"(p)). It is
easy to see

(3.1) " (fle) = ur (1)@ (f)lemr(v)  for v € P

Lemma 3.2. The representation of G on E(I'%(p)) is isomorphic to a sub-representation oflnd%O (uk),

where Py is the image of Py under the natural map I'Y — G.

Proof. The proof is given in [G, Proposition 5.2], but we recall the proof here. First we assume that
there exists f € E}(I'Y(p)) such that ®°(f) =1 and ®),(f) = 0 for M) # 155. We put f,, = f|x(M])~",

then f, € EY(I%(p)) and
1 p= po,
(I)g(fuo) = { e

0 w# po.

By definition, {f,}, form a basis of EY(I'9(p)).
Now since { M)}, is a representative system of I'(p)\I"? / Py, {(M}))~"},, is a representative system
of I'(p)Po\I'9. Fix v € I'Y, then for each u there exists ' such that

(1) (M/(j)ilfy = "Ep,u(M/[L)/)71 LS Fg(p)a Pu € PO
and, when p runs through the representative system, p/ also runs through the system. We have

Fulky = Fle(M) ™y = flepu (M) ~". Since {p, M)}, is a representative system of I'Y(p)\I'? / Py,

O(flrpp) = uo(po)*  if M) = 1u;
0 otherwise.

@, (flrpp) = q)(f|k(puM,3)) = {



6 KEIICHI GUNJI

Thus f|xp, = uo(pu)* flx and we have
(2) Suley = UO(pu)ka"
k

This shows that the representation of G is isomorphic to Ind%) (ug) in this case.

In general, we consider the C-vector space V spanned by the free basis {f,} and induce the action
of I by (1) and (2). We define a morphism ¢: EY(I'9(p)) — V as follows: for f € EY(I'Y(p)) such
that @2(}") = ay, put o(f) =3, aufu. Then ¢ is injective by the definition of EY(I'9(p)) and, by the
construction of ¢, ¢ is a homomorphism of G-modules. Hence the representation of G on E2(I'Y(p)) is
isomorphic to the sub-representation of Ind%0 (uk). O

b3 2)<d

be a subgroup of G. For a Dirichlet character v modulo p, we put 12(7) = 1(det D) for v € H.

Let

Lemma 3.3. We have a decomposition of the representation of G:

mdg (uf) = P IndF).
Y(=D=(-1)*
Proof. The condition ¢(—1) = (—1)* means that ¢ |5, = ug- Thus we have a non-zero H-homomorphism
Y — Indg0 (uk), by the Frobenius reciprocity law. However [H : Pg] = (p — 1)/2 and the number of
Dirichlet characters 1 such that 1(—1) = (—1)¥ is just (p — 1)/2 for a fixed k. Hence we have

mi b= @
Y(=1)=(=D*
by comparing the dimensions of both sides. Now our lemma follows from the associativity of induced

representations.
(]

Now we put

My (I (p), ) = {f € Mp(T?(p)) | fle(v) =M, 7 € I5 ()},
and E}. (I (p), ) = Mx(L§ (p),v)NE}(I'Y(p)). Notice that H is the image of I (p) under the canonical
map I'9 — G. Thus by the Frobenius reciprocity law we have

(32) EQ(I (p), ) ~ Homp (E)(I'(p)), ) ~ Homg (EQ(I (p)), Ind (¢))).
By Lemma 3.3, our problem is reduced to considering the space EY(I(p), ).
Proposition 3.4. Let ¢ be a Dirichlet character modulo p such that ¢(—1) = —1. Then:

1 v?=1,
0 otherwise.

dim BY (I (p), %) —{

To prove the proposition, we investigate the structure of the boundary of Satake compactifica-
tion of I'¥(p)\H,. We use the following notations: I, = I = diag(1,...,1,0,...,0), E, = EJ =

r g—r
Er IT). Notice that M{ = 155, MY

I E, = Jy and

diag(0,...,0,1,...,1), and M, = MY = < g
—— —

g—r

M, € UkZT P.

Lemma 3.5. (1) A representative system of the double coset I§(p)\I'9/Fy is given by {M,},
0<r<g.
(2) A representative system of the double coset I'§(p)\I"9 /Py is given by {M,}, 1 <r <g.
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Proof. In both cases, it suffices to consier H\G/Pg or H\G/P;. For simplicity, we shall write A, (resp.
C.,) for the left-upper (resp. the left-lower) g x g-block of v € G.
é g) € G,z € Hand p € Py, Cyyp is of the form UCV with
UV € GL(g,Fp), detV = £1. Thus we can take suitable x and p such that Cy,, = —I, for some
0<r<g. Ifr=0,then zyp € H. We assume r > 1. Then A,,, is of the form A’ = (a1 0>’

az a4
(1, T . (a1 ‘as
(O 1g)€H w1thT<a3 0 )
1, S

0 1,
we have a decomposition G = U0<r<g HM, Py. Since C, and Cj., have the same rank for any v € G,

First we consider (1). For v =
a1 = ‘tay € M,(F,). If we put

then Ay.yp = E,. Finally we can take a suitable ¢ = < ) € Py such that yzypg = M,. Hence,

x € H and p € Py, the above decomposition is a disjoint union. This proves (1).
Next we prove (2). For v € G we put r = rankC,. If r = 0 then v € H; if r = g, it is easy to see
that v € HM,P;. We assume that 1 < r < g — 1. By considering zy for suitable z € H, we may

assume that C, is of the form <2 CO"> for u e My_11(Fp) and C" € My_(F,). Next we consider yyp

for y € H and p € Py such that

D"’<(1) 8>’AP((1) 3) UV € GL(g = 1,F,), detV = 1,

then we may assume that C; is of the form

0 0 |0\ 11
c| =110 |Ir
0 0 |0/ 1lg—r—1

The left-lower (g —r —1) x 1 block is zero, since rank C., = r. Moreover we consider g for ¢ € Py such
that

A 0 1 0 0 !
q= 0 tA-1l)> A= —c | —1, 0 Ir
0 0 1y lg—r—1

we may assume that

000\ 11
(%) c,= 0[]0 |1~
000 )1g-r-1

Then the lower-right g x g block D., of v is of the form

di | 0 |ds 11
dy |ds | ds |17 , ds ="ds.
d7 | 0 | dg lg—r—1

We remark that it does not happen d; = 0 and d7 = 0; indeed if d7 = 0 then v € P,41(F,), thus

* ‘ * Ir+1
0 0 di 0 71 € Sp(r+1,F,),
0 -1, dy ds Ir

this shows dy # 0. Hence we may assume d; # 0 by exchanging low vectors of C, and D, again C is
of the form (x). We take p € P; such that

(1, 0 fd7t o
=2 0) =% o)
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then
11 0 |0
Cop=1| *|—-1,]0
0 0 |0

Take a suitable ¢ € Py, then we have Cypq = Ir41. Finally by the same process as (1), we can change
7 of the form M, by multiplying suitable « € H, p € Py. This shows that I'Y = J/_, HM, P;.

We show that this is a disjoint union. Assume that hM,., = M,.,p for h € H, p € P;. By comparing
left-lower g x g block, we have —V1I,, = —-I,,A, + E,,C, = —I,,A, for V € GL(g,F,), hence r; < rg;
since h_lM,.2 = ,,lp_l, also we have ro < 7y, thus 7y = r5. This complete the proof. O

We put N, = M, for 1 < r < g; 0-dimensional cusps are represented by M’s, and 1-dimensional
cusps are represented by N’s. Then the structure of the boundary of I'J(p)\H, around 0 and 1-
dimensional cusps is described as in the figure.

Ml Mg
M No Ny

My My Mgy

We explain the figure more precisely. The lines N,. (1 < r < g) are modular curves I'(p)\H;, with

r9(p) = J, ' 5 (p) g = {v = (é g) € Sp(g,2Z)

The points M, (0 <r < g) are 0-dimensional cusps of I}y (p)\H,. Also M,_; and M, are cusps of N,
corresponding to J; and 15 respectively for 1 <r < g.

We fix a decomposition My (I (p)) = Sk(I' (p))DEK(I (p)) as in (2.4), and we write Ey (I'%(p), ) =
My (I'%(p), ) N Ex(I'*(p)). We consider the map:

BEOmodp}.

g g

U E)IY (), ) — [ B ), 07 Y), f— [ a(@H(1)),
r=1 r=1

where ®1(f) = ®L(f|xN;), and q: My (I'0(p), ) — Ex(I'V(p), ) is the projector. Then W is injective

by the definition of EY, and the image of ¥ is contained in M), where OM}, is the subspace consisting

of those elements (h,)1<r<, which satisfy the following condition: if we write ¢1(12)N, = M, p; and

11 (J1)Nrp1 = yMype with z,y € I (p), p1,p2 € Po, then

(3.3) U(x) " g (pr) 20 () = W (y) " uo(p2) TR0 (hrga).

This value is called the value of (hy)r at cusp M,. For ¥(f) € OM}, the value of (3.3) coincides with
3(f)-

Lemma 3.6. Assume that ¢¥* # 1. Then any element of My(Iy(p),v) takes value O at the 0-
dimensional cusp MY for1 <r <g—1.

Proof. We assume that zMJp = MY for some x € I (p) and p € Py. Then ®2(f) = ®(f|pM,) =
U(x)uo(p)*®2(f). Hence for the character 1, (y) = (M, y(M,)~!) on (M) I (p) M., if o, tuf # 1
on Py N (M) 1 T¥ (p) M., then ®Y(f) = 0 for any f € My(I§(p),). We see that

ay as b1 bQ I'r

1 _ _ az a4 | bg by lg—r b1 as _
(Mr) PoM, =y = 1 ¢ | d do 1r ‘ (d3 ) = 0e MQ(Z) mod p o,
c3 ¢4 |dy dy ) 1g—7

and

B = (der ().
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Thus for v € Py N (M) T (p)M,, O Y ug()k = v(det(ar) det(dy))tug(y)*. Since ¥(—1) =
(—=1)* and {£1} > ug(y) = det(d;)det(ds) mod p, we have ug(y)* = 1 (det(d;)det(ds)). Therefore

D(v) " tug(7)F = (det(ar) "t det(dy)) = (det(dy))?, since 7 is of the form (V T

0 ty-1) This proves

the lemma.

Proof of Proposition 3.4. By Theorem 2.3 and (3.3), we see that dimdM; < 1 from the structure of
the boundary of Iy (p)\H,. If ¢»? # 1 then dim dM; = 0 by Lemma 3.6, thus dim E?(I'Y (p),) = 0. If
1?2 =1 then p = 3 mod 4 and (z) = (%) with Legendre symbol (). Now we define

z -
p p

0o(2)= > expriTr('NQNZ), QG " +11) /2>
NeMs 4(Z)

then 0 (Z) € M1(Iy(p),v) and ®°(Ao(Z)) = 1. Hence we have dim EY(I'Y (p),v) =1 for *=1. O
In order to prove Theorem 3.1, we review the theory of theta functions of quadratic forms.

Proposition 3.7. Let Q € M,,(Z) be a symmetric positive definite matrixz with even diagonal entries,
and let g be a level of Q, that is, the minimum positive integer such that qQ~"' is integral with even
diagonal entries. We put T9(Q) = {T € Mp4(Z) | QT = 0 mod ¢q}. We define for Z € H, and
T e 19(Q),

1 1
06(Z2)= > expmiTr (t(N +-T)Q(N + T)Z) .
NEMom,q(Z) q q
Then 05(2) € M,,/2(I'9(q)). Moreover the following properties hold.

05((4 1) (2) =057 (Z) for V € GLy(Z).

05((§3)(2)) =expmi Tr (qlthQTS> 05(2).

= (det Q)~9/%(det(—iZ))™/? Z exp2m’Tr<ql2tTQT’> eg(Z).

T'eT?(Q)
mod q

For the proof, see [A, Proposition 1.3.14, Exercise 2.2.3].

For p = 3 mod 4, we put Qg = (% (p +11)/2>. Then the level of Qg is p, and
a; € Z} .

g . ai ao ‘e ag
a0 ={(5, 5 )
Let V be the vector space spanned by {QTO} for T € T9(Qp). Obviously V| is closed under the action
of I'Y. Since 950 = 9{2?, we have dim V' < (p? +1)/2. We write T1, ..., T(p941)/2 for the representative

elements of {T9(Qo) mod p}/{=£1}.
'S = S} .

We put
1, S
U= Sy=1(79 )ng
{v() (0 1,

Then V' is decomposed into the eigen space by the action of U. Actually,

2mi d a a
T T _ 1 _
00,17(5)(Z) = exp » Tr(- g 1aiajsij>0Qo(Z), for T = (—2(11 _229), S = (845)-
2)‘7:

Thus 95”0 and 05"0 are contained in relatively distinct eigenspaces for i # j. In particular dimV =
(P9 +1)/2.
Lemma 3.8. The representation of G = Sp(g,Fp) on V is irreducible.
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Proof. First notice that for a character £ of U, the projector of V' to each eigenspace V, of U is contained
in C[U]. Indeed we write &1, ...,&, for all the characters of U. If we take elements u; of U such that
&1 (us) # & (w;) for 2 <4 < n, then []_,(u; — &(u;)) € C[U] maps elements of Vg, to 0 for 2 < i < n,
and acts on Vg, by non-zero scalar multiple.

Now take 0 £ v € V. Let W be the subspace of V' generated by v as G-module. We shall show that
V = W. By the above remark, at least one non-zero element, say ve, € Vg, is contained in W. Then
by Proposition 3.7, for all £ such that V¢ # 0, the V¢ components of vg, |J, are not zero. Thus again by
the above remark, we see that all Ve C W, hence V = W. Il

Proof of Theorem 3.1. By Lemma 3.3, (3.2) and Proposition 3.4, EY(I'Y(p)) = 0 if p = 1 mod 4, and
contains only one irreducible representation corresponding to EY(I§(p),+) if p = 3 mod 4. However
by Lemma 3.8, this representation is isomorphic to V, thus dim EY(I"9(p)) = (p? 4+ 1)/2. O

For the rest of this paper we remark for some results. First the following lemma follows from the
proof of Theorem 3.1.

Lemma 3.9. Let Q € M3(Z) be a symmetric even matriz of detQ = p. Let Vi be the subspace of
M (I'Y(p)) spanned by 95. Then the the representation of G on Vg is irreducible and the equivalence
class is independent on the choice of Q.

Lemma 3.10. Let ¥ be a Dirichlet character modulo p. If ¥2 # 1 then Indg({pv) 18 a irreducible
representation of G.

To prove the lemma, we use the following Mackey’s criterion.

Theorem 3.11 (Mackey). Let H C G be finite groups. For a representation p of H, Indg(p) 18
irreducible if and only if the following two conditions hold;

(1) p is irreducible.

(2) For s € G~ H we put H, = sHs™' N H, and p° is the representation of H, defined by

p(z) = p(s~txs). Then, Hompy, (p|u.,p*) = 0.

Proof of Lemma 3.10. In our case, condition (1) is obvious. For the condition (2), it suffices to consider
s in H\G/H. By Lemma 3.5, we put s = M, for 1 <r < g. By a direct computation we have

tdfl 0 0 b Ir
t j—1
s _ _ a3 ‘dy | by by |lg-—r
A =q7= 0 0 |d do |1r ’
0 0 0 dy lg—r

and () = ¥(det(dy) det(dy)), ¥*(7) = P(det(dy )~ det(dy)). Thus ¢ = ¢* if and only if 2 =1. [
For k > g + 2, we define
EXe(2) = > ()i, 2)7F,
YEPONM T (p) MAM T (p) M,

with ¢" (z) = h(M,zM;1). This summation is well-defined if )2 = 1 or 7 = 0,g. In theses cases, the
infinite sum converges absolutely and uniformly on V(d) for any d > 0, where

V(d)={Z =X +iY € H, | X = (zi;), |zij| <d, Y >d '1,}.
Then E, = Eﬁ}fﬂk(/\/lr)*l € My(L§(p),v). Moreover, since
Jim [j(7,iM1,)[7F =0 if v ¢ R,

one sees that F, takes value 1 at 0-dimensional cusp M, and takes value 0 at the other 0-dimensional
cusps.
By the above discussion and (3.2) shows the following lemma.

Lemma 3.12. If 2 =1 then Indg(zz) contains g + 1 irreducible representations with multiplicity.
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In the case of g = 2, all the irreducible characters of the group Sp(2,F,) were determined by
Srinivasan ([Sr]). Using this result, we can decompose the representations explicitly.

Lemma 3.13. (1) The representation of Sp(2,F,) on EY(I'*(p)) is the sub-representation of
03 @© 0, ® P9 @ @ 2 xs(l) if k is odd, p = 3 mod 4;
—

G2 GAD2 e LSIS08)/2 (i) (p241)
EB 2xs(1) if k is odd, p = 1 mod 4;
1<I<(p—3)/2
Ind% (uk) _ l:odd ‘ ‘
° ¢ ® \92/ ® 01 @ @ 2xs(1) if k is even, p = 3 mod 4;

pp+1)2/2  ppr+1)/2  1SISE=3)/2

le®Og® 611 O3B 04D Py @ 2xs(l) if k is even, p = 1 mod 4.

1<I1<(p—3)/2
l:even

X

s and define a Dirichlet character 1, modulo p by

(2) We fix a generator & of the cyclic group F
,(/}l(é“a) — eQﬂ'ial/(p—l)' Then

_ la ®Oy® 011 1=0;
d§ () = s @0, @By 1= (p—1)/2;
xs([2]) ~(p—3)/2<1<(p—3)/2, 1 #0.
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