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Abstract

The author considers SABR (stochastic-a3p) model which is a two factor stochastic volatil-
ity model and give an asymptotic expansion formula of implied volatilities for this model. His
approach is based on infinite dimensional analysis on the Malliavin calculus and large devia-
tion. Furthermore, he applies the approach to a foreign exchange model where interest rates
and the FX volatilities are stochastic and gives an asymptotic expansion formula of implied
volatilities of foreign exchange options.

1 Introduction

In financial markets, the Black-Scholes formula [2] has been widely used to price European options.
However, several assumptions are inconsistent with real markets. In the Black-Schloes model, assets
are assumed to follow constant volatility log-normal processes. It is a common practice to quote
option prices in terms of ‘implied volatility’. Given a price, the implied volatility is determined
for each call option as the unique value of the volatility parameter for which the Black-Scholes
formula agrees with that price. In the original Black-Scholes model, the implied volatility must be
constant independent of strike rate. But in real financial markets such as foreign exchange options
and stock index options, observed implied volatilities depend on strike rate. They are the lowest
for at-the-money options and progressively higher as an option moves in the money or out of the
money. These phenomena are called ‘volatility smile’.

There are two well-known models to explain these phenomena. The first class of models are
called local volatility models for which the volatility is assumed to depend on time and the spot
price of the underlying (cf. Dupire [5]). The second class of models are stochastic volatility models
such as Hull-White [9] and Heston [8] studied.

In the present paper, we consider a mixture of them which is called ‘SABR’ (stochastic-a/p)
model. This model is popular among practitioners because an accurate asymptotic expansion
formula of implied volatilities is known and is well-fit to the volatility smile. This model was first
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introduced by Hagan-Kumar-Lesniewski-Woodward [7]. They gave the formula in [6], [7] using
singular perturbation techniques.

We will give a mathematically rigorous proof for the formula. Our approach is small volatility
asymptotic expansion based on infinite dimensional analysis called the Watanabe-Yoshida theory
on the Malliavin calculus (cf. Watanabe [17], Yoshida [18] and Kunitomo-Takahashi [10]).

Furthermore, we introduce a new model ‘FX hybrid SABR model’ which is a foreign exchange
model where interest rates and FX volatilities are stochastic. We apply our approach to this model
and give an asymptotic expansion formula for implied volatilities of foreign exchange options.

1.1 Dynamic SABR model

Let (Q,F, P,{Fi}o<i<r) be a complete probability space satisfying the usual hypotheses and T €
(0,00) denotes some fixed time horizon of economy. Let (Wi(t), Ws(t)), 0 < ¢t < T, be a 2-
dimensional correlated Brownian motion with correlation given by p : [0,T] — [—1, 1] such that

AWy, Wa)y = p(t)dt, d(Wy), = d(Wa) = dt,

Let C : R — R4 be a smooth function whose derivatives of any order are bounded. Let o, v be
continuous R -valued functions defined on [0, T]. We consider the following stochastic differential
equation for X and «;

(1.1) das () = ev(t)as (t)dWa(t),
)

Here X, o and v are considered an underlying process, ‘volatility-like’ parameter, the volatility of
volatility respectively. This model is known as ‘dynamic SABR model’ to practitioners.

Under this model, we want to calculate forward values of call options. Since no analytic
formula is known, we will calculate the asymptotic expansion, and furthermore we will calculate
the asymptotic expansion of implied volatilities.

First, we define implied normal volatility. We denote by V (T, K) the forward value of a Euro-
pean call option with strike rate K and maturity 7, i.e.,

V(T, K) = E[(X(T) — K)+].

Since X is a martingale,

Let ¢ : R — R be given by

We define G: R — R, by

G = [ T 2)é)dy, z € .

When we consider the following normal model

dX (t) = cdW(t), X(0) = Xo,

the forward value of a call option is given by

VN(T, K, o) :U\/TG(K_XO).
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Since Vi is strictly increasing in ¢ and
li%VN(T, K,0)=(Xo— K)4,

liTm VN(T,K,0) = +00,

there is an unique oy (K) > 0 satisfying
V(T, K) = VN(T, K, O’N(K)),

which is called implied normal volatility.
In the same way, under the following log-normal model

X0 _ i), $(0) = Xo,

the forward value of a call option is given by the famous Black-Scholes formula
Ves(T, K,o1) = Xo®(d1) — K®(d2)
where @ is the normal distribution function and

P log(Xo/K) + 20T
b2 ovVT '

Since Vpg is also strictly increasing in o and
E?&VBs(T, K, O’) = (X() — K)+,

lim VBS(T7 K, 0’) = 400,
oloo

there is an unique opg(T, K) > 0 satisfying
V(T,K) =Vps(T,K,ops(T, K)),

which is called implied volatility.
The asymptotic expansion of the implied volatilities for dynamic SABR model is the following.

THEOREM 1.1. For each y € R, let K. = K. (y) = Xo + eXny = Xo(1 +eX1y), € € (0,1]. For
any r € [0,00), there is a constant R > 0 such that

on(T,K.) %y m 2 (272 =% 2
. DB fy (), T2 4GS,
(1) . \/T{ +5(2+ 1) y—i—a( B + 2)( Y)
29— M ‘
2 1 21 <23 — .
te ( A 201+03)2n} <&°R, e€(0,1], y € [-r,7]
T,K.) o, A 22— -0 _ G .
2) ‘%——%{Ha(%jucl)mﬂ?(%— o+ C2) (S
27 _ X2 25 1 N1~ ~
“2( s gf ok Z%CHC?’)E?H <e’R, e €(0,1], y € [-r,7].



Here,

T
€ = </0 gz(t)dt) 1/2’ C(x) = b(iC)/I, Y = b(X())O[S, Y = C(X())Ozg,

B _ C'(Xo)Xo . C"(X)Xo
Y1 b(XO)v Y2 b(X()) y M C(Xo) y V2 C(Xo) 9

2 w=g o / o(s)uls)pls)ds) o (1)t — al o / " (s)ds) ol t)plt)at,
(1.3) 0 = g/: (/Ot (/StU(u)z/(u)p(u)du>202(s)d5>02(t)dt

(14) 2= ;/OT(/tT 02(s)ds)2u2(t)dt _ ;/OT (/Ot (/O V() du) 0 (s)ds ) o> (1)
(1.5) 0 = g% OT(/tT 02(s)ds) (/Ot 02(5)(13) V2 (t)dt,

C1 = C1Xo, Cy = C2X3, C3 = C3X3,

In the case o(t) =1, p(t) = p, v(t) = v, these parameters are 1, = 12 = vp, vy = vg = v, and

— 3p2 — 3p?
Ci = g(m)’ Gy = 21510(11(;0)04)27 Cs = 225p<b(XV0)O‘>2.

In the case v =0, i.e. deterministic volatility case, this formula is almost the same as ‘Equivalent
Black volatilities” given in Hagan-Woodward [6].

Furthermore we obtain an another asymptotic expansion using large deviation approach. Berestycki-
Busca-Florent [3] has also investigated this problem in more general settings.

THEOREM 1.2. For any Ko > Xq, the implied normal volatility for SABR model satisfies

JN(T, K) a(K—X()) C

lim su — - = ‘ =0,
clo XonggKo € )1((0 % z(¢)
and the implied volatility for SABR model satisfies
T K log(K/X
15%1 sup ops(T, )_OlOgK( d/;c 0).AC _o,
Xo<K<Kjo € Xo B(x) 2(¢)

where

LT 0 = (G

¢=-2
o Jx, b(2) P
In the case K < Xy, we can apply our approach to the put option and obtain the same formula.

In Remark 3.2, we will show the relation with Hagan et al. [7].

1.2 FX Hybrid SABR model

We introduce a new model ‘FX hybrid SABR model’. We apply our approach to foreign exchange
model where interest rates and volatilities are stochastic. Let (Q, F, P, {F; }o<i<r) be a complete



probability space satisfying the usual hypotheses. Let p;; : [0,T] — [—1,1] (0 < 4,5 < 3) be con-
tinuous functions such that p;; = 1 and the matirix (p;;)o<i, j<3 is non-negative definite symmetric
matrix. We assume p13 = pa3 = 0. Let w; (t), 0 <t <T, 0<1i<3, bea 4-dimensional correlated
Brownian motion with correlation such that

d<WZ, Wj>t = p”(t)dt7 d<WZ>t = dt.

Let C': R — R4 be a smooth function whose derivatives of any order are bounded. Let «; and
0;, i = 1,2, be continuous R-valued functions defined on [0,T]. Let 0y, i = 1,2, o, v and L be
continuous R -valued functions defined on [0, T]. We consider the following stochastic differential
equation for S,r,q and «;
dse 5( ) & 8 € €,0 T
ceany = () =" (@))dt + eat () (H)C(S7°(2)/L(2))dWo (2),
(09(t) — w1 (£)r° () dt + Sy (£) AW (2),
(05(t) — ko (t)g’ (t))dt + Soo(t)dWa(t),

t) = ev(t)a(t)dWs(t).

\_/

(t
r(t)
( )

dos(

We consider P a risk neutral measure, S = S a foreign exchange rate process, r = r’ and ¢ = ¢°

processes for short rate of domestic and foreign economy respectively, and o = a° a stochastic

volatility process of foreign exchange. L is a time-dependent scaling constant. We assume L(t) as

a forward foreign exchange rate at time ¢ as explained below. Piterbarg [15] considered the case

v =0, i.e. deterministic volatility case. In real financial markets, volatilities of short rate processes

are much smaller than that of foreign exchange rates, and so it is reasonable to assume § = £2.

Let P;i(t,T), i = 1,2, be the price at time ¢ of zero-coupon bonds maturing at time T of
domestic and foreign currency respectively. These are given by

3 T
P\(t,T) = E¥ [exp(—/t r(s)ds)|Fe],
and S(7 .
Py(t,T) = E7| S((t)) exp(—/t r(s)ds)|ft},

respectively. The drifts of short rate 6, 63 are chosen so that

P (0,t) = EP [exp(— /Ot r‘s(s)ds)], 0<t<T,

and

- €,0 t
P00 =875 o= [ @) 0<isT,

are coincides the discount factors calculated from the initial yield curve. In particular,

T T
PL(t,T) :exp(*/t r0(s)ds), Py"°(t,T) :exp(*/t ¢"(s)ds), S*°(t) = F(0,1).

We denote by P the measure associated with the numeraire P;(¢,7), 0 <t < T, and by E the
corresponding expectation. This measure P is called T-forward measure. To calculate the value of
a European call option with maturity 7', it is useful to calculate under T-forward measure P. By
Girsanov’s theorem, a 4-dimensional P-Brownian motion W;(t), 0 <¢ < T, 0 < < 3, is given by

dWo(t) = dWo(t) + epi(t)a (o (t)C(S=° (1) /L(t))dt

dW (t) = dW,(t) 4 do (t, T)dt,
AWa(t) = dWa(t) + doa(t, T)pra(t)dt — ea ()a (£)C(S%° (1) /L(t)) p2 (t)dt,
dW3(t) = dWs(t),



with correlation such that
d<W1, Wj>t = pm(t)dt, d<Wl>t = dt

The foreign exchange rate S and zero-coupon bonds of each currency P;(¢,T), 0<t<T, i=1,2
satisfies the following stochastic differential equation;

£,0
S = 1+ 2a* (oS O/ L)W
% = (r°(t) + 6%01 (¢, T)?)dt + by (t, T)dW (t),
dpe,zi 7T _ .
13252"5((75t,:r)) —(4(t) = dpoa()a* (D (O (S () /L()2(t, T) + 6pra(t)on (1, T)o2(t, T) ) de

—+ 60’2 (t, T)dW2 (t),

where

pE0(t) = r°(8) — ¢ () + edpor (1) (1) ()OS (1) /L(t))or (¢, T),

t t
oilt) =exp( [ (o)), wile) = [ i) s,
0 0
0i(t,T) = —oi(t)iO){s(T) — hi(t)}, i =1,2.
Let F(t,T) = F=5(t,T) be the forward exchange rate at time ¢ for maturity 7

S(t)Py(t,T)

FT) = 2o

Then the forward exchange rate F=°(t,T), 0 <t < T, is a martingale and satisfies the following
stochastic differential equation;
dF9(t,T)

O T) ea®()a(t)C (S5 (1) /L(t))dWo (t) — S0 (¢, T)AW1 (1) + Soa (¢, T)dWs(1).

In the present paper, we assume L(t) = F(0,¢). In this model, we are interested in the forward
value of a foreign exchange call option;

V(T,K) = E[(S(T) — K)+] = E[(F(T,T) — K)].

The basic hybrid model is the case C' =1 and o = 1 (cf. Dempster-Hutton [4]). In this case, the
implied volatility of the call option is given by

ops(T,K) = (% /O T(52a(t7 T) + 2:6b(t, T)o(t) + 5202(t))dt)1/ .

where
a(t,T) = o3 (t,T) 4+ o3(t,T) — 2p12(t)o1(t, T)oo(t,T),
b(t, T) = po2(t)o2(t, T)o(t) — por(t)or(t, T)o(t).
In general case, we give the asymptotic expansion formula of the implied volatility as follows.

THEOREM 1.3. For each y € R, let K. = K.(y) = F(0,T)(1 + eXyy), € € (0,1]. For any
r € [0,00) there is a constant R > 0 such that

ops(T,K:) % {Efwd

- FlE

- —+C
€ JT 2

12 2

; 2% —42 -5 C
—‘1-5(%—"-01+E(D1’?1+D2))Zly+82(w 1 )(Zly>2

2% - +2%1 | 1
+52( 2 ’27}1+ Ny +7101+Cg)22}‘ <&*R, £€(0,1], y € [-7,7].



Here, m1, ma, v1,v9, are (1.2), (1.8), (1.4), (1.5) respectively and

Shwa = ([ L0 + 250 T)o (1) + Sae )

0

§= (/0 UQ(t)dt> 1/2’ Sy = C(1)at, 31 = w o c"(1)

o)’ o)’
40?2 +3(n3 — 3n? 202 — 313
Cy = M Oy = 1 (7722 2771)’ Oy = 2 27722’
2C(1)a 24C(1)2%« 24C(1)2%«

Dy = —2—22 /OTb(t,T)dt - ;/OT(/; b(s,t)ds)aQ(t)dt,
D, = ;/OT S0 (H)b(t, T)dt — (6% /OT Zw(t)g?(t)dt) (/UTb(t, T)dt).

2 Dynamic SABR model

In this section, we will prove Theorem 1.1. Since the stochastic differential equation for X can be
written as

b(X+)
b(Xo)

it is enough to prove in the case, « = 1 and b(Xy) = 1. Then %,, = £. First we calculate the
asymptotic expansion of the forward value of call option.

ax() = (“D) (b)) (A5 1),

PROPOSITION 2.1. For eachy € R, let K. = K.(y) = Xo+¢ey, ¢ € (0,1]. For any r € [0,00),
there is a constant R > 0 such that

V(T K.) — 26| Gly) +z1yly) + 22 (eay” = 1) + s ) 6(y)

sup
y€E[—r,7]

+ ?(ci(y“ —6y* +3) +ea(y® — 1) + 05)¢(y)} ‘ <e'R.

Here, we define X, : [0,T] = R, X, : [0,T] = R and X5, : [0,7] — R by

S, (t) = /0 02(s)ds, B (t) = /O V2 (s)ds, Sou(t) = /0 p(s)o(s)v(s)ds, t € [0,T],

and
T
=25 7 / S (D)0 (1),
(’)’2 +~1)€2

T 1 T
2 o2 - 2 o2
5 e / Yo (t) (t)dt+2§4 /0 »2(t)o?(t)dt,

T
o= 2 + 5 [ S

co=ate+ D [ maerns X [ ([ meren)eons 2 [ oo,

2 T
Cy = 25 + 22;1 / Zou( ) ( )dt + ;7/ Zu(t)02(t)dt'

Proof. Let H = L*([0,T],R?) be the Cameron-Martin space. Let D*? (k,p > 1) be the Sobolev
spaces of k-times Malliavin differentiable random variables which norms are defined by;

k
1/
|Fllp = [BIFP + Y BIIDI L1
j=1



We define

p*=() () p**. p>=) |J D"

k>0 1<p<oo k>01<p<oco

The small volatility asymptotic expansion of processes X and « are given by
Xe(t) = Xo + E(egu(t) + €2ga(t) + 3g3(t) + 'r(t,€)),
t t s
af(t) =1+ 5/ v(s)dWa(s) + 82/ (/ V(u)de(u))V(S)dWQ(S) + e%a(t, ),
0 0

0
as Watanabe [17], Yoshida [18] and

CloxE@)] 1t

-5 = /0 o (s)dWV1 (s),
1 0%2X°

ga(t) = % 552“

21 a@)

e=0

o ( [ otwimin) oo + L [ t ([ wwiwa )ty o),
1 9PXe(t)
g3(t) = T

- Vj Ot (/OS (/Ou o(v)dW, (v)>U(U)dW1(U))U(S)dW1(S)

+ ;% Ot ( /O S a(u)dWl(u))QU(S)dW1<3>

N % Ot ( /0 ’ ( /0 ’ V(U)de(ﬂ))U(u)dW1(U))U(3)dW1(3)

+ % Ot( /0 Sg(u)dwl(u)) ( /Osy(u)dWQ(u))g(s)dV[/l(S)

vt ( | ([ vterama)wtama)atsami o).

Then, g; ~ N(0,1) and using formulas in Appendix A, the conditional expectations are given as
follows;

e=0

Elgolg1 = 2] = c1(2* — 1),

Elgslg1 = 2] = Cz($3 —3x) + csz,

Elg3lg1 = #] = (2" — 62° + 3) + ca(a® = 1) + ¢5.
We define
X(T) — X,
(250 = g1+ g2 +%g3 + (T, ¢).

We define a function f: R — R by f(x) = x4. Then the forward value of a call option is given by

Yo =

V(T7 KE) = E[f(XE(T) - KE)]
=eCE[f(Y" —y)].

For every y € [—r,r], we define T, € S'(R) as T,(z) = f(z — y). Since the non-degeneracy of
Malliavin covariance (See Appendix B), we can apply Theorem 2.3 in Watanabe [17]. So there



exist s > 0 such that for every y € [—r,7], T,,(Y®) has the asymptotic expansion in ), _, ., D,*
and

(2.2) sup HTy(YE) —®g(y) —eD1(y) — €2<I>2(y)HD;S= O(®), 1 <p< oo,

yE[—r,7]

where

0
Do(y) = Ty(91), P1(y) = %Ty(gl)g%
0 1 92
Do (y) = %Ty(gl)gs + Q@Ty(m)gi

Here, we will remark the uniformness in (2.2). In the proof of Theorem 2.3 in Watanabe [17], we

can find a positive integer m and a bounded function ¢,(z) on R which is 3-times continuously

differentiable in (z,y) with bounded derivatives up to 3rd order such that T, = (1 + 2% — A)™¢,,.

Then we can prove (2.2) in the same way as the proof of Theorem 2.3 in Watanabe [17].
Therefore there is a constant R > 0 such that

Sup ]\E[Ty(Ys)] — B[®o(y)] - eE[®1(y)] - e*E[®2(y)]|< *R.

Since
1o} H?
%Ty(ax) = 1(0,00)(517 —v), @Ty(ﬂﬂ) =4(y),

we can calculate each terms explicitly as follows;
E[®o(y)] = G(y),
El@1(w) = | Eloslor = alo(o)ds = euyoly)
y

Bl@a)] = [ Elgslos = alotado+ 5 [ Elgdlos = e~ p)ola)ds
= (e2s® = 1)+ ea)0y) + S (" = 6% +3) +caly® = 1) + 5 ) 6 ().

We define

J(e,y) = Gy) + eeryoly) + & (ea(y® = 1) + ) 6(y)

+ % (cf(y‘l —6y* +3) +ca(y® — 1) + C5)¢>(y)-

Then from above asymptotic expansion, we have

sup
yE[—mr,7]

BIf(Y* ~y)] - J(e,y)| <R

Therefore asymptotic expansion of call option price is given as follows;

sup VT K2) = €[ 6(0) + ceryo(y) + 2 (ealy? = 1) + ca)otw)
ye|—nr,r
+ (0 - 602 4 3) + e - 1) + 05 )o(w)]| <R
5\l Yy cy(y e )o(y)|| < e R.
Thus we have our assertion. O

To calculate the implied normal volatility, we need inverse function of V.



LEMMA 2.2. Let H(z;y) = 2G(y/z), then, there is a smooth function L(z;y) : Ry — R such
that

H(L(z;y);y) =«

and H(zp;y) = xo then

d 1

—L xZ; =0 — 7 7. \?
do = = G
d? y? 1

dr @ Yle=ro = 5 50 s

Proof. Since d%H(z;y) = ¢(y/z) > 0, H is strongly increasing in z. Therefore, from implicit
function theorem, H has a smooth inverse function L(z;y) : R — R such that

H(L(z;y);y) = .

Let L(xo;y) = zo. Then we have

d2 2
@H(Z;y) = %fb(y/Z)

We can calculate L’ and L easily. O
Finally we will prove Theorem 1.1.

Proof of Theorem 1.1. Since

VN (T, Xo + &€y, 0) = a\/T-G(UEij) = H(oVT;ely) = EfH(US\éT§y)7

the implied normal volatility can be written using L as follows;

% (V(T;%EKs);y)_ iL(J(s,y);y)

vT
Since J(0,y) = G(y) = H(1;y), we have

L(J(0,y);y) = 1.

Using Proposition 2.1 and Lemma 2.2, the Taylor expansion of L(J(g,y)) around € = 0 is given by

O’N(K) =

272 — 73 272 — i C
Lo y)iy) = 1+e(5 +Cr)ey+ 2 (B + Go) ey + 2 (L + 22+ Gy) e,

€€ (07 1]7 Yy S [770770}7
where

C
o =-144

2 T

25—t 1 2, G
CQZ—T'F?(CQ—BCl"‘E),
22— mC 1 3, ¢ cs
Cs=——5; 2 +§2(02+c‘3+201 s t3)

This implies our assertion (1).

10



Next we will prove the asymptotic expansion for implied volatility. Apply the above formula
to the log-normal case i.e. C(x) = x, we obtain

efy 1 g2¢?

Efy 2 UN(TvKt') 3
ra= (1o 20, ey 22 o
UBS( ) 2X0+3(X0) XO ( +24X(%+ (6 ))
€ { M 1 2202 — N A+2C1 o o
- l+e(L+0, — — RN o, T
Xo\/T —|—€(2 + C1 oX )€y+8 ( 2 + Cs 1X, )5 Y
292 =71 |, G }
2 1 2
+el (5 + +Cg+24X2)§ +0(%)
Thus we have our assertion (2). This completes the proof of Theorem 1.1. O

3 Large deviation approach

In this section, we will prove Theorem 1.2. We consider the original SABR model (i.e. p and v
are constant). Let (W (t),Z(t)), 0 <t < T, be a 2-dimensional standard Brownian motion. We
consider the following stochastic differential equation for X and «;

dXE(t):sae ()b(XE(t)) (V1 — p2dW (t) + pdZ(t)),
do’(t) = eva®(t)d ( ),
X5(0) = Xo, “(0) = a.

We calculate the asymptotic expansion of density function of X under original SABR model. Since
X € D* and non-degeneracy of Malliavin covariance, using Watanabe [17] we can define

pe(tiy) = E[0(XE(t) —y)].

We consider the following associated ordinary differential equation;

df(t; h

f(d£ ) (t h \/ 1-— h1 —|— phg )

da(t; h)

S = vt Wi (),

f(0,h) = Xy, a(0,h) =

We define
= inf{= / s)%ds; f(T,h) =y}, y € R.

The function e is called ’energy’ and e(0) = 0. Let

a.(y) = ()2 (T ) exp(D2), y e R

Then from Watanabe [17] and Kusuoka-Stroock [12], there exists a bounded function ¢ : R — R
such that

lima.(y) = a(y) > 0.
el0

In particular, we have
e(y) = lime*log p°(t, y).
el0

In this model, we can calculate the energy term explicitly.

11



THEOREM 3.1. In SABR model, the energy term is

— _ i’ 2
dK):QVlQTlOg(m Pty HUK))

1—p 2T
where

v (X dz
<<K)=‘a/X0b<z)-

See Appendix C for the proof.
Using this theorem, we can calculate the asymptotic expansion of the implied volatility to the
first order.

Proof of Theorem 1.2. We will calculate the forward value of a call option

VE(T,K) = /OO (y — K)+p°(T,y)dy

— 00

=Ve(T,K) + R.(Ky),
where

rR) = [ = K@y = [ = K) () e 0y,
R (o) = [y~ KTy = BX(T) - K. X7(T) > 266

Ko

We define g : R — R as

o) = L),
then ¢ satisfies
22
elg@)) = =

Then

- g7 (2Ko) 1 12 _ 2 9e? ,
VLK) = [ gl) - K () e gl (o)
g~ H(K) 27e

Let A.(z) = ac(g(x))g (x) and Ko = g~ (2K,) — g~ '(K). Putting 2 = z + g~ ' (K), we have

/OK() (g(z +g*1(K)) B K)( 1 )1/2 exp(f 2;2 zg*l(K)

5~ Lo A+ g (K))dz

sup Ac(2)
2me? ze[o,gfl(m)}‘ S

We will estimate the 1.h.s. from below. Since there isa 0 < <1,
“K)-K
gt (K))

=g (0gz + g LK) > inf "(z
z€[0,Ko] z 9 9 (K] = z6[079‘1(2Ku)]g )

12



therefore

g '(K)?

S V(T K)

exp(

e? 2 -1
1 (172 z 29 HK), . 1
> C —_— = f A K))d
_/0 z(27r52> exp( 92 2:2 )ze%(l)l,l%o] (z+9g (K))dz

1 g YK) Ce i)1/2

> [ Sl P
> exp(—3 55 (5

Since e(K) = g~ *(K)?/2 and A. is bounded, we have

|e?log V(T, K) + e(K)| < cA, Xo < K < K.
For any 6 > 0
BIX*(T); X*(T) > 2Ky
< BIX*(T)°PP(X°(T) > 2K,)'~°,
and so

11%152 log R.(Ko) < 1111852(1 —68)log P(X*(T) > 2Ky) = —(1 — 6)e(2Ky).

Since e(2Kp) > e(Ky),
hﬁ)lg? log R°(Ky) < —e(Kjp).
£

Therefore

lim sup |e*logV*(T,K) +e(K)| = 0.
el0 Ke[Xo,Ko]
On the other hand, the forward value of call option under the normal model is given by

(K_XO)Q)/OO - exp(— - ) ex (_(K_XO)*x)dx
2e202T 0o V2me202T PAT o2 g2/ P g202T ’

Therefore, for any 0 < og < o1 we have

VN(T,K,eo) = exp(—

. K — Xy)?
lim su 2logVy (T, K, e +(7 =0.
€l0 KE[XOF,)KU]‘ & N( U) 202T ‘
o€lop,o1]
In the log-normal model, we can calculate in the same way;
. log(K/Xo)?
lim su e?log Vs (T, K,e0) + ——L—="_| = 0.
€l0 Ke[XOI,)KO] & BS( ) 202T |

o€log,o1]

Since K € [Xy, Ko], there exist oo, o1 € Ry such that g < on(T,K) < 01 and 09 < ops(T, K) <
o1. Noting

VN (T, K,sw) = VT, K),
and
Vas(T, K,EM) =Ve(T,K),
we have
lim  sup _M‘: m e(K)—M’:
O KelXo, Kol 2(2UD) Pl =10 ke ko) o(2zs))?y
This implies our Theorem 1.2. O

13



Finally, we show the relation with SABR formula in Hagan et al. [7]. We will investigate more
in the forthcoming paper [14].

REMARK 3.2 (SABR FORMULA). In the case o(t) = o and v(t) = v, the implied normal
volatility for SABR model is given as follows using Theorem 1.1;

on (T K) = b(Xo)a{1+2( T+ 2 (-2 ) ) (K - Xo)

2 2 b(Xo)Oz
29 — 42 2—3p? Vo2
2 1 K — X 2
+e( o T e ) o)
272 — 73 pr1b(Xo)a 2 -3p?
2 1 2 2 2 3
+e (724 b(Xo)*a® + = 4 =y )T—i—O(E )}.

On the other hand, if K — Xy = O(¢), then the Taylor expansion of o (K) around X, in Theorem
1.2 coincides the first two terms, i.e.

ca(K —X0)< ¢
Kodz o \3(Q)

Xo b(2)

) ~oxo)a{t+=(G + 5 (ge) ) (6 - Xo)

o202 =77 | 2-3p? Vo \2 2
+5( 2 T (b(Xo)a))(K Xo) }

Therefore, as € | 0, the implied normal volatility for SABR model is given as follows;

o (T, K) = m}f o (fcfo)

Xg b(w)

2 - 3p? 2|2 3
51 V:|ET—|-O(€) .

270 — 3 1
{1 + [WM%@%Q(XO) + EPVOK“Ylb(Xo) +

Similarly, the implied volatility for SABR model is given as follows;

ops(T,K) = = lo;g((fZXO) (ﬂi))

2y9 — 42 +1/X2 1
{1 + { 12 =71+ 1/ X a®b*(Xo) + EPVCWlb(Xo) +

2-30" 5] 5 3
o1 V:|€T—|—O(€) .

Xo b(x)
24

These are the SABR formulas.

4 FX Hybrid SABR Model

In this section, we will prove Theorem 1.3. Since the stochastic differential equation for S can be

TR s ¢ C(S()/L1)

o

—= = p(t)dt —)(aC(1)o(t)) (——7——=)dWy(t

it is enough to prove in the case, « = 1 and C(1) = 1. Then X, = £. First we calculate the
asymptotic expansion of the forward value of a call option.

PROPOSITION 4.1. For each y € R, let K. = K.(y) = F(0,T)(1 + e€y), € € (0,1]. For any
r € [0,00), there is a constant R > 0 such that,

V(T K2) = 2P (0, T){Gly) + 2lery + di)oy) +(ealy? = 1) + e + day)o(y)

~—

&2
+ 5(c§(y4 —6y* +3) +ea(y® — 1) +cs

Ay~ 1)+ dy + 2011 (" — 3y) + 2day) 6ly) }| < R, e € (0,1], y € [-n1],

14



where

T

o1 = 715 e / Sow(t)o?(t)dt,
_ (72+71)€2 n (" e
_?Q?/o Yo (t)o ()dt+2§4/0 %2, (t)o? (t)dt,

T
=28 1 / Sou (D02 (1) dt,

1 e
=g+ 12 [ sweoas L [ ([ moren)ton k[ oo
05—7%25 2;1 / Do (t)o ()dt+€i2 / S, (o2 (t)dt,

- giz /0 b(t, T)dt
dy = 2/0Tb(t,T)dt - 7152 ! /OT (/Ot b(s7t)ds)02(t)dt,

1 T
ds = ~ / olt, T,
& Jo

T 1 T
dy = % b+ / Sow (1)b(t, T)dt,

T
N =14+C"(1), 2=C"(1)+2C'(1), £ = /O o?(t)dt.

Proof. We can calculate the asymptotic expansion in the same way as Theorem 1.1. We define

Fei(t,T)
F(0,T) "’

R(t):/0 Ul(s,T)dVVl(s)—/O oa(s, T)dWs(s),

10 = [ o6 ([ wortami)as - [ exto) ([ eatwostransn)as

Since we assume & = 2, the small volatility asymptotic expansion of X% up to O(e?) is

XE0(t) =14 E(egu(t) + 2ga(t) + 3g3(t) + 6hy(t) + edha(t) + 7(g,0)),

X0(t) =

where
a(t) = 26)(;;“) . 92(t) = 21582);:@ . g3(t) = 61583);::;() £,6=0’
€.
hi(t) = %8)(55 ) e —%R<t),
2 ye,

— ' ' S S ,yl_l 2SO'S S S
- /0 [(s)dR(s) — 5 PR (3) + 7 /O ()1(s)dW (s),

1 aQXsé
ha(t) = 2 902 |5, 2% /
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Since § = 0 means deterministic interest rate, g1, gs, gs is (2.1) replace v by 1+ C'(1), 2 by
2C'(1) + C"(1). Then, g; ~ N(0,1) and conditional expectations are

Elg2lgi = 2] = c1(z® = 1),
Elgslg1 = 2] = c2(2® — 3z) + 3,
Elglg1 = 2] = ci(a! — 6% +3) + ca(a® — 1) + 5.

We need to calculate
E[m|g1 = 2], Elhalg1 = z], Elhigz|g1 = =], E[h|g1 = x].
These conditional expectations are given by

FE llgl = .Z‘] = dlx,

[h
Elhs|gy = z] = da(2® — 1),
E[hf|gy = ] = di(2* — 1) + ds,
E[gohi|g1 = x] = c1dy (2 — 3x) 4 dya.
Putting 6 = &2, we define
X (T) — 1
ve= if) = g1 +e(g2+ h1) + (g3 + ha) + €% (T, 2),

and y = kg—_él Then the forward value of the call option is given by
V(T,K.) =eF(0, T)SE[f(Y* —y)].
Then as in (2.2), there exists R > 0 such that

sup |E[T,(Y9)] — E[®o(y)] — eE[®1(y)] — e’ E[®2(y)]| < ’R,

yE[=rr]

where

@o(y) = Ty(01), B1(0) = ~-Ty(01) g2 + ).

2
Dy(y) = 2Ty(gl)(gs + hg) + :

0 2
Ep E@Ty(m)(gz + hy)*.

We can calculate each term explicitly as follows;

B[, (y)] = / Elgs + halgy = 2lé(@)de = (cry + dn)(y),

[e%) 52 [e%)
E[®y(y)] = / Elgs + halgr = z]o(a)dz + = / El(g2 +h1)?|g1 = 2]d(z — y)¢(x)dz
Y —o0
2 € (a4 2 2
= (el — 1) + s + day) 9ly) + S (0" — 6y° +3) + ealy® = 1) + 5
+ a2y~ 1) + ds + 201y — 3y) + 2day ) ().
This implies our assertion. O
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Proof of Theorem 1.3. As in the proof of Theorem 1.1, the implied normal volatility is given by

on(T, K.) = EgF\;%T)L(

From Proposition 4.1, there is a constant R’ > 0 such that

V(T K.) .
e€F(0,T) y)

AR O L < S

Using the Taylor expansion given in Lemma 1.2, the implied normal volatility satisfies

T,K.) F(0,T 22 24 dy — 3c1dy +d
O'N(E &) (ﬁ)i{(1+€d1_s21 23)+5(%+Cl+g 5 cz | 4)£y
2v2 — 73 272 =71, Ch ‘

2 1 2 2 2 1 2 < 3 /.
T (712 +Cz)£y -l—z:‘( TR +03)§} <R

Therefore, there is a constant R > 0 such that the implied volatility satisfies

ops(T, K.) 13 {( 2d?  e%ds 7 -1 )

= > (14ed — — —) ( C) D —1)+D

) E T + edy 5 + 5 + e 5 +C1 )&y +e°(D1(y — 1) + Do)éy
279 — 2 —3 4 C 279 — 2 4+ 1 C

+52( 2 7112 i ——21 +Cg)§2y2+62< ik 211+ +7121 +03)§2}‘§53R,

where

Dy = f% /OTb(t,T)dt - ;/OT (/Otb(s,t)ds>c72(t)dt,

= ;/OT S (b(t, T)dt — (% /OT Sou(t)o?(t)dt) /OT b(t, T)dt.

Since Y fq is given by

D,

_ & e2d? £y 3
Efwd_\/T(l—i_Edl_iQ +72 +O(5 ));

and y1 =14 91, Y2 = 2 + 271, we have

ops(T, K.) £ {wad (71 9 -
IS\t Re) S [Zfwd | (N 0) (D D)
‘ 8 T ¢ +¢ 2—|— 1)€y+¢€ 171 + D2 )&y

2% - -5 C 29, =32 +2% . (1+7)C
= L NIE A T

This completes the proof of Theorem 1.3.
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A Conditional expectations of Wiener chaos

LEMMA A.1. Let {(Wo, W1, Wa, W3),0 <t < T} be a 4-dimensional correlated Brownian mo-
tion with correlation given by p;; : [0,T] — [—1,1] such that

d<Wz, Wj>t = pij(t)dt, d<Wz>t = dt.

Let q, q1, q2 and g3 : [0,T] — R be deterministic functions and we assume

T
/ ¢ (t)dt = 1.
0

Then conditional expectations of Wiener chaos are

B[ [ ([ etz a@ano)| [ aans =z| = a6 -,
E :( / a(s)am (o) ( / qa(s)ia) / a(s)imi(s) = 4 = aa(a® 1) + s,

B ( /0 t( /O ) a2 (u)dWa(u) ) ar (s)dW: (5)) ( /0 ()W (s))

= dy(2* — 32) + do,

B|([ ([ wtaws)asam o)’
:_dg(;lc4 — 622 4 3) 4 dy(2® — 1) + ds,

/ () dWo(s) =z

/ " (s)dWos) = 1

(
/Os (/Ou qg(v)Q(v)Poz(v)dv> T (U)qg(u)p12(u)du> 01(3)q(s)po1 (s)ds
(

/Os /Ou qz(v)q(v)poz(v)dv) C]2(U)q(u)p02(u)du) q1(5)2ds,

o= [ ([ w? e

See Nualart-Ustunel-Zakai [13] for the proof.
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B Non degeneracy of Malliavin covariance

In this section, we will show the non-degeneracy of X in the sense of Malliavin. Let {(W1(t), Wa(t)),0 <
t < T} be a 2-dimensional standard Brownian motion. Let C': R — R be a smooth function
whose derivatives of any order are bounded. Let o, v; and v5 be R -valued continuous functions
defined on [0,7]. We consider the following stochastic differential equation for X; and Xo;

dX1(t) = Xo(t)o (t)O (X1 (t))dW,(t),
dXo(t) = vy (1) Xo(£)dW1 () + va(t) X2 (£)dWa(t),
X1 0) =ux1 >0, XQ(O) =x9 > 0.

When we assume v (t) = p(t)v(t), va(t) = /1 — p(t)?v(t), the distribution of (X1 (T), X2(T)) is
same as (X(T),a(T)). We will calculate the Malliavin covariance v;” = (DX*(t,x), DX/ (t,x)).
We define V; : [0,T] x R? — R? (i = 1,2) as follows

%(t7$):(x20(x1)a(t)>’Vz(t’m):( 0 )

Tol/q (t IQI/Q(t)

Then, V1(0,Xo) and V2(0,Xo) are linearly independent. Let Y(t) be defined by Yi;(t,z) =
(0X?/027)(t,z). Then the Malliavin covariance I'; = (,”) is given by

.. 2 t 3 j
=) / (VYW (X)) (VY V(X)) ds.
r=1 0

We denote by A(¢) the minimum eigenvalue of T'y. Then, from Kusuoka-Stroock [11] and Shigekawa [16]
Theorem 6.7, A(t) satisfies
E[X(t)7P] < o0, p>0.

> t(é)n (o) 22,

E[(y") "] < oo.

Since

we have

Then we can show that X;(7T) is non-degenerate in the sense of Malliavin.
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C Solution of Hamilton equation

We use the relations between Euler-Lagrange equation and Hamilton equation, please see Abraham-
Marsden [1] for the details. We define B : R — R as

0 (t) = B(f(t:h)), q2(t) = a(t; h), k = B(K).

Then ¢, g2 satisfies the following ordinary differential equation;

And define

dqclit = )(V/1 = p2ha(t) + pha(t)),
d .
qfhf RGN

71(0) =0, ¢1(T) =k, ¢2(0) = cv.

We define Riemanian metric on R? as

ds® = Z gz] dqdeJ7

3,j=1

where (g;;) is inverse matrix of (¢*/) and

<9H(Q) 912((1)> _ ( a3 pqu?)'

9% (a) ¢**(q) pra3 Va3

Then, We can interpret F(y) as the square of minimum geodesic distance between the point
{(¢1,92) = (0,)} and the line {g; = k}. We define an action functional S as

T
S(q.d) = / Lq(t). d(t))dt,

where L is a Lagrangian given by

Llat), i) = 5 3 gus(al®)iu(t)is ).

4,5=1

The first variation of S to the direction £ is given by

T
VeS= [ VLlad)g + Villa, Déudt.
0
Then function ¢ minimizing S(q, ¢) satisfies the following FEuler-Lagrange equation;
. d .
VeL(g,q) = 7 Vil(a.4) =0,
\Y

qL<Q7 q)El =0.

Let p(t) = V4L(q(t),q(t)). Since & = 0, we have p?(T) = 0. Let us consider the following
Hamiltonian

= 3 S @pips = a1 + 2o (pa(0) + P pa(0)),
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and the associated Hamilton equation

dq1 (t)
dt
dQQ (t)
dt
dp1 (t)
dt
dpg (t)
dt

with boundary conditions

(C.1) q1(0) =0, (1(T) =k, q2(0) = ¢, p2(T) = 0.

We can easily check that H, p; and p1q1 + p2q2 are the first integrals of this Hamiltonian system
i.e.

= q2(t)*(p1(t) + vpp2(t)),

= q2(t)*(vpp1 (t) + v*pa(t)),

=0,

= —q2(t)(p1(t)* + 2vpp1 (t)p2(t) + v7p2(t)?),

SH().(0) =0, (1) =0, Smi0a () +p(0)as() =0

We denote Hy = H(p(t),q(t)), P = p1(t) and I = p1q1 + p2qe. First, we solve ps and calculate
pQ(O).

(C.2) dp;ilft) = —(p1(t)* + 2vpp1 (t)pa(t) + v pa(t)?) /2 (2H,) /2,

Using the following indefinite integral

log [2az + b+ 2+y/a(ax? + bz + ¢)
/\/ax2—|—b33—|—c NG &l I
we can solve (C.2) as follows;

C _ mm
(C.3) V2pa(t) + vpPr + 1/\/P12 + 2upPipa(t) + v2pa(t)? = 567 2Hovt,

where C' is an integral constant. By Equation C.1, we have

_VBELT _ pr1>0
€ - 2(1+ﬂ)P1V fPI <0

From (C.3), we can calculate p2(0) as

(©4) pa(0) = 1~ 220

On the other hand, since T = py(t)q1(t) + p2(t)g2(t), we have

(C.5) I =py(0)a = Pik.

Let X = P;/C. Then from (C.4) and (C.5), we have the following quadratic equation,

(C.6) (1 —pQ)XZ—i—(g +§)X— L

Put ¢ = —vk/a. Then we have the solutions of (C.6)

X:fp+C:t\/1—2p§+C2 1
1

—-p 2(1+pv
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Therefore

o~ VLT _ \/1—20<+C2ip:|:4.

L1Fp

Since e~ V2HorT < 1,

o~ VZHWT _ V1=2pC+C?4p—(
- }

p

We see that

VBT pgy
L+ .

1
Hy = 9,272 {log( P

Finally the action functional § is given by

4 1
Slad) = [ Hodt = 5zl

VBT gy
L+ |

p

This completes the proof of Theorem 3.1.
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