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1. INTRODUCTION

In this paper we shall consider the Cauchy problem for quasilinear parabolic

equations
(1.1) uy = Ag(u) + f(u) in (2,t) € RY x (0,7),
(1.2) u(z,0) = up(x) in x € RY,

where u; = Ju/0t, A is the N-dimensional Laplacian, ¢(&), f(§) with £ > 0 and
ug(z) with z € RY are nonnegative functions. We shall only consider nonnegative
solutions u = u(z,1).

Throughout this paper we assume the following conditions:

(A1)  wug(z) >0, € BC(RY) (bounded continuous functions in RY).

(A2)  9(€). () € C'(R.) N C=(Ry) where R, = (0,00) and Ry = [0, 00);

5(€) >0, ¢#(€) > 0, ¢"(€) > 0 and f(€) > 0 for € > 0; $(0) = 0.

Under these conditions, it is well known that a unique bounded nonnegative weak
solution of (1.1)(1.2) exists locally in time (see [16, 14, 5, 2]). The definition of a
weak solution of (1.1)(1.2) is given in §2.

Moreover, we assume the following blow-up condition which is also a “necessary”

condition to raise blow-up.

(A3)

> d
£

1 f(9)
Remark 1.1. The typical example of (1.1) which satisfies (A2) and (A3) is equation

(1.3) uy = Au™ +u?  in RY x (0,7)

where m > 1 and p > 1.

Under the assumption (A3), the solution u of (1.1)(1.2) blows up in finite time

for some initial data. Namely, if we put

ty(uo) = sup{ T > 0; the solution u of (1.1)(1.2) is bounded in R" x (0,7)},
then t,(up) < oo and
(1.4) lim : (e, )] o vy = o0

1ty (uo

We say that the time t,(ug) is the blow-up time of u.
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For example, if ug(x) = M (> 0) then the solution u blows up in finite time, that
is,

- < Q.

~Ju F©

We note that this solution u coincides with a blow-up solution vy, of the correspond-

ty(M)

ing ordinary differential equation
(1.5) {g?éfi=ﬂi(v), t>0,
with the blow-up time ¢,(M) < co. We also note that vy () is expressed exactly as
follows :
v (t) = GTHG(M) — 1),

where v = G~(n) is the inverse function of n = G(v) and

Glo) = m%.

Let M = ||Jug||peem~y > 0 and let vy be a solution to the problem (1.5). Then,
all solutions w of (1.1)(1.2) satisfy

(1.6) u(z,t) <wvy(t)  in (z,t) € RY x (0,t,(M))
and
(1.7) ty(ug) > ty(M).

Among all solutions u, we are interested in solutions of (1.1)(1.2) whose blow-up
times ¢,(ug) coincide with t,(M). When t,(ug) = t,(M) < oo, we call the time
ty(ug) the least blow-up time and the solution a blow-up solution with the least blow-
up time. The purpose of the present paper is to study blow-up solutions with the
least blow-up time.

Throughout this paper, for M > 0 we define T}, as

m J(6)
and vy a solution to the problem (1.5). We also use notations || - [[oc = || - || oo m),

Bgr(wo) = {x € RY; |z — 2| < R} with 7y € RN and Bg = Bg(0).

The next theorem is easily seen from the definition of a blow-up solution with the

least blow-up time.



Theorem 1.2. Assume (A1)-(A3). Let ug Z ||upl|eo- Put M = ||up||eo and let u be
a blow-up weak solution of (1.1)(1.2) with the least blow-up time Ty;. Then, u has
the following properties:

(i)

(1.8) u(z,t) <vy(t) in (z,t) € RY x (0, ).
(ii)
(1.9) lu(-, )]0 = lim sup w(z,t) =wvp(t) int € [0,Th).

T z|=R

Hence, the initial data ug should satisfy

(1.10) lim sup uo(z) = ||uol|co-
R—o0 [z|>R

(iii) The solution w blows up at space infinity, that is, there ezists a sequence
{(xp,t,)} € RN x (0,Ty) such that |x,| — oo, t, T Ty and u(x,,t,) — oo as

n — OoQ.

Conversely, if (ii) or (iii) holds, then the solution u blows up at the least blow-
up time. We note that (1.10) is not a sufficient condition for blow-up with the
least blow-up time. We will give a sufficient and necessary condition on wu for such
blow-up, when f(&) grows up more rapidly than ¢(§) (see Theorem 1.11).

By this theorem, we can see that the blow-up solution with the least blow-up
time blows up at space infinity in some direction (see Corollary 1.3). We call such
a blow-up phenomenon directional blow-up and the direction in which directional
blow-up occurs a blow-up direction. More precisely, a direction 1 € SV~!, where
SN¥=1is the (N — 1)-dimensional unit sphere, is called a blow-up direction if there
exists a sequence {(z,,t,)} € RN x (0,Ty) such that |z,| — oo, t, T Ty and
u(zp,t,) — 00 as n — oo and

x
(1.11) — as n — oo.
||
When a direction 1 € SV~! is not a blow-up direction, we call the direction 9 a
non-blow-up direction and the phenomenon directional non-blow-up in the direction

1. Some of these notations were introduced in [12]. We get the next corollary.

Corollary 1.3. Assume (A1)-(A3). Let ug Z ||uol|lo and let u be a blow-up weak
solution of (1.1)(1.2) with the least blow-up time. Then u has at least one blow-up

direction.
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So, our interests are focussed on characterizing blow-up directions of a blow-up
solution with the least blow-up time by the profile of the initial data as well as
finding a condition on uq for a solution to blow up at the least blow-up time.

These problems have recently been discussed in Giga-Umeda [11, 12] for equation

(1.1) with semilinearity

(1.12) wy = Au+ f(u) in (2,t) € RN x (0,7),
where
(1.13) f(€)>0 foréeR

and for some M >0, p > 1, §y € (0,1) and & > 0,
(1.14) f(M)>0 and f(0&) < dPf(&) for 0 € (dp, 1) and & > &.

The interesting results concerning with blow-up directions have been obtained there.
Giga and Umeda treat in [11] the case where f(u) = u? and consider in [12] a sign-
changing solution (so that the solution may blow up to both co and —o0). But, we
mention their results only for nonnegative solutions.

It was shown in [11] that if lim|y|—.ec uo(z) = |Jto|le = M > 0, then the solution
u blows up at the least blow-up time T and satisfies that lim ;.o u(x,t) = var(t)
uniformly on compact subsets of {0 < ¢t < Ty, }. Namely, all directions ¢ € SN¥-1
are blow-up directions. It was also shown that when ug(x) # M, the solution u
never blows up in RY at the blow-up time Ty;, that is, the solution blows up only

at space infinity. To state this result exactly, we introduce the set

S = {z € RY; there exists a sequence {(x,,t,)} € RY x (0, Tu)

such that z,, — x, t, T Ty and u(x,,t,) — oo as n — oo}.

S is called the blow-up set of u and each x of S a blow-up point of u. Then, it was
shown in [11] that S = 0 (see [12] for general f(u)).

Especially, in [12], they obtained a sufficient and necessary condition on uq for
directional blow-up in a direction with the least blow-up time (see condition (AS8),,
below), and this was done for general f(u) by using the mean value of the initial

data over a ball centered at z, € RV:

(1.15) Ar(zo;up) = / uo(z) dx/|Br(zo)| for R >0,
BR(QTO) 5



where | Br(xg)| is the Lebesgue measure of Br(xg). In other words, a blow-up direc-
tion of the blow-up solution with the least blow-up time is completely characterized
by the profile of the initial data.

The main purpose of the present paper is to extend these results of [11, 12] to the
quasilinear case ¢(u) for nonnegative solutions. However, we can not apply their
methods to the quasilinear case ¢(u), since their methods strongly depend on the
semilinearity of the equation (¢(u) = u) and use heavily the expression of a solution
by the heat kernel.

We note that in the one-dimensional case, similar results were obtained in Lacey

[13] for the initial boundary value problem in a half line

Up = Ugy + f(u) forx >0,t>0,
u(0,t) =1 for ¢t > 0,
u(z,0) = ug(x) > 1 for x > 0.

To characterize blow-up directions, we introduce the next mean value of the initial
data uy with the weight function e~*l and with the center at z, € RY, which is

different from that of [12]:

(1.16) A, (x5 u9) = /RN p(x — xo)ug(z) de,

where

6_‘36'

= = cR"Y that i dr=1].
Tove Wz in z : ( at is, /RNp(a:) x )

Of course, our sufficient and necessary condition for a direction ¢» € S¥~! to be a

(1.17) p(x)

blow-up direction, which is given below by using (1.16) (see (Ab5),), is equivalent to
that of Giga-Umeda [12] (see Remark 1.9).
Furthermore, we need the next condition on f(£) which expresses that f(&) grows

up more rapidly than ¢(¢):
(A4)  There exist a function W(n) and constants ¢ > 0 and 7; > 0 such that
U(n) >0, ¥ (n) >0 and ¥'(n) >0 for n > n;
— < 00;
/771+1 U (n)
{F@ )} ¥(n) = f(6~ )V (n) = ¥ ()W () for n >y,

where £ = ¢~1(n) is the inverse function of n = @(§).
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Condition (A4) leads to condition (A3). The original condition of (A4) was in-
troduced by Friedman-Mcload [7] to obtain single point blow-up when ¢(&§) = ¢
and was re-formulated into weaker version (A4) with ¢(§) = £ by Fujita-Chen [§]
and Chen [4] (see also [15] for general ¢(£)). We note that the condition (A4) is
weaker than the condition (1.14) which is assumed in [12] for the semilinear case

(see Remark 1.10).

Remark 1.4. If p > m then equation (1.3) satisfies (A4).

The main results are summarized by the next two theorems. Theorem 1.5 gives
a sufficient condition on ug for directional blow-up with the least blow-up time (see
condition (A5), below) only under the assumption (A3). Theorem 1.8 shows that
such a sufficient condition on wug is also a necessary condition for directional blow-
up, when f(§) grows up more rapidly than ¢(£) (see condition (A4)). Namely,
in Theorem 1.8, we can completely characterize blow-up directions of a blow-up
solution with the least blow-up time by using the profile of the initial data. We note
here that partial results were obtained by Seki [18] for the special equation (1.3)
with the restricted case p > m > 1. He extended the results of [12] to this case
and gave some sufficient (not necessary) condition on ug for directional blow-up (or
directional non-blow-up) with the least blow-up time.

Let us introduce the condition on wu, for a direction ¥ € S¥~! to be a blow-up
direction:

(A5); There exists a sequence {z,} C RY satisfying lim,, .., |7,| = 0o

and lim,, o 2, /|x,| = ¥ such that

(1.18) lim A, (2n; o) = [[uoloo,

n—oo

where A,(x;ug) is defined by (1.16).

Theorem 1.5. Assume (A1)-(A3). Suppose that ug satisfies condition (Ab)y for
some ¢ € SNT1. Then the solution u of (1.1)(1.2) blows up at the least blow-up time

Ty with M = ||ug|lo and ¥ is a blow-up direction of w. Furthermore, u satisfies
that for each R > 0,
(1.19) lim sup |u(x,t) —oy(t)]=0

n—oo CCEBR(CCn)

uniformly on compact subsets of {0 < t < Ty}, where the sequence {x,} is as in
condition (A5)y.



Remark 1.6. Even if the initial data wu, satisfies condition (A5), without the con-
ditions lim,, . |2,| = oo and lim, . x,/|z,| = %, the solution u in Theorem 1.5

satisfies (1.19) and hence it blows up at the least blow-up time.

Remark 1.7. Using Theorem 1.5 (see also Remark 1.6), we can easily see the next
result which was obtained in [11] (for the case where ¢(u) = u and f(u) = u? with
p > 1) and in [18] (for the case where ¢(u) = u™ and f(u) = v? with p > m > 1):
If lim )00 Uo(x) = ||to||oc = M, then the solution u satisfies that lim o u(x,t) =
vy (t) uniformly on compact subsets of {0 < ¢t < T)/}. In fact, assume contrary that
u(x,t) does not converge to vy (¢) uniformly on some compact set K of {0 < ¢t < T/}
as |x| — oo. Then, there exist a constant £y > 0 and a sequence {(z,,t,)} C RV x K
satisfying lim,,_, |2,,| = 0o such that u(x,,t,) — v (t,) < —eo. On the other hand,
since ug satisfies lim,, oo A,(25; uo) = ||to]|oo, We see (1.19) by Remark 1.6. This is

a contradiction and so we get the assertion.

Theorem 1.8. Assume (A1)(A2)(A4). Let ug Z ||uollo and let u be a blow-up weak
solution of (1.1)(1.2) with the least blow-up time Ty where M = ||ugl|oo. Then, the
following hold:
(i) u blows up only at space infinity, that is, the blow-up set S is empty: S = ().
(ii) A direction v € SNt is a blow-up direction if and only if ug satisfies condition
(AB)y for 1. Furthermore, the solution u satisfies (1.19) for each R > 0, where the

sequence {x,} is as in the condition (A5),.

Remark 1.9. Let ¢p € S, Let {R,} (R, > 1) be a sequence of numbers diverging
to oo as n — oo. Then, condition (A5), is equivalent to each of the following three

conditions:

(A6), There exists a sequence {z,} C R satisfying lim,, .., |z, = o0
and lim,, o, =, /|z,| = ¥ such that

(1.20) ug(x + 2,) — |[uollee asn— oo a. e in RY.

(A7), There exists a sequence {z,,} C R" satisfying lim,, .., |2,]| = o0
and lim,, o z,/|x,| = ¥ such that for any R > 1,
(1.21) lim Ag (2 1) = ||tio]]oo-

(A8), There exists a sequence {z,} C R" satisfying lim,, .., |7,] = o0
and lim,, o 2, /|x,| = ¥ such that

(1.22) lim inf A (2,;u0) = ||uo]|so-

n—oo re(l,Ry,)

Here, A, (zo;up) is defined by (1.15).
Condition (A8), appears in Theorem 3 (i) of [12] as a sufficient and necessary

condition for directional blow-up. This equivalence will be shown in Appendix B
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(see Proposition 7.1). So, in Theorem 1.5, Remark 1.6 and (ii) of Theorem 1.8,
condition (A5), can be replaced by each of these conditions.

Remark 1.10. As above-mentioned, a similar result to Theorem 1.8 was obtained
in [12] in the semilinear case ¢(£) = . However, under the assumption (A2) with
#(§) = &, we can treat in Theorem 1.8, a wider class of functions f(£) than Giga
and Umeda treat in [12], for example, f(£) = (£ + 1){log(¢ + 1)}° (b > 2), since
condition (A4) is weaker than condition (1.14). In fact, the condition (1.14) implies
that f(£)/£P is nondecreasing in £ > £, and hence

76 = ’%@ for £ > &.

So, if (1.14) holds, then f satisfies (A4) by taking ¥(¢) = ¢ (1 < p’ < p). Unfor-
tunately, we have no results in Theorem 1.8 for the case where f(£) does not grow

up more rapidly than ¢(¢), for example, ¢(¢) = £ and f(€) = (€ + 1){log(& + 1)}°
(b € (1,2]). In Theorem 1.5, we require only conditions (A2) and (A3) so that we

can treat the case where f(&) grows up more slowly than ¢(§), for example f(§) = &7
and ¢(§) =™ with 1 < p < m.

As an immediate consequence of Corollary 1.3 and Theorem 1.8, we can get a
necessary and sufficient condition on ug for blow-up with the least blow-up time.
Theorem 1.11. Assume (A1)(A2)(A4). Let ug #Z 0 and let u be a weak solution of
(1.1)(1.2). Then u blows up at the least blow-up time if and only if ug satisfies

(1.23) sup A, (z;3u0) = [|uol|oo-
zeRN

Remark 1.12. Similarly as in Remark 1.9, the condition (1.23) in Theorem 1.11 can

be replaced by each of the following two conditions:
(A9) There exists a sequence {z,,} C RY satisfying (1.20).
(A10)

sup AR(:U;uO) = |Jug|looc  for each R > 1.
reRN

Here, we mention the case where f(§) does not grow up more rapidly than ¢(&).
Let the initial data ug(z) = ug(r) (r = |z|) be a radially symmetric function in
x, which is nonincreasing in r > 0 and has a compact support. Consider a blow-
up solution u of the special equation (1.3) with the blow-up time 7" > 0; the case
corresponds to p < m. It is well known that the blow-up phenomena are much
different from each other in the cases p > m and p < m: Roughly speaking, the
solution blows up only at the origin and the support of u(-,¢) remains bounded as

t 1 T if p > m, whereas the solution blows up in whole R" and the support of u(-, )
9



spreads out to the whole RY as t 1 T if p < m (see [9, 10, 15]). We note that when
p = m, different phenomena from them also occur (see e.g. [10]). In our problem,
Theorem 1.5 holds for all cases p > m, p = m and p < m, but in Theorem 1.8 we
have no results for the case p < m, as said in Remark 1.10. So, in Theorem 1.8,
different phenomena might occur for p < m.

The methods of the proofs of Theorem 1.5 and 1.8 are quite different from those
of Giga-Umeda [11, 12]. As above said, the methods of [11, 12] strongly depend
on the semilinearity of the equation (¢(u) = u) and use heavily the expression of a
solution by the heat kernel, and so we can not apply their methods to the quasilinear
case ¢(u). Our methods of the proofs are based on the comparison principle (or
the maximum principle) and the smoothing effect. Especially, the equicontinuity
of solutions (a kind of the smoothing effect) due to [5], which depends only on
the supremum of solutions, plays an important role. Furthermore, in the proof of
Theorem 1.5, the estimate for solutions which arises in the comparison theorem due
to [2] (see Proposition 2.3 and Lemma 4.1) plays a crucial role. As to Theorem 1.8,
our method relies on construction of a suitable supersolution which has no blow-up
points in the interior of the considered domain, and the construction is done by
using the result of [15] (see Lemma 2.8) which leads to the existence of a single
point blow-up solution.

The rest of the paper is organized as follows. In the next section §2, we define
a weak solution of (1.1) and give several preliminary propositions. In §3, we show
Theorem 1.2 and Corollary 1.3. We show in §4 Theorem 1.5 and in §5 Theorems 1.8
and 1.11. In Appendix A, for the convenience of readers we prove the comparison
theorem for solutions (Proposition 2.3), which leads to Lemma 4.1 for the proof of
Theorem 1.5. Finally, in Appendix B, we show that conditions (A5),~(A8), are

equivalent.

2. DEFINITIONS AND PRELIMINARIES

In this section, we define a weak solution of (1.1) and give preliminary proposi-
tions. We begin with the definition of a weak solution of (1.1). Let G be a domain
in RN with smooth boundary 0G.

10



Definition 2.1. By a weak solution of equation (1.1) in G x (0,7"), we mean a
function u(x,t) in G x [0,7T) such that

(i) u(x,t) > 0in G x [0,T) and € BC(G x [0,7]) (bounded continuous) for each
O0<7T<T,

(ii) For any bounded domain 2 C G with smooth boundary 092, 0 < 7 < T and
nonnegative p(x,t) € C*1( x [0,T)) which vanishes on the boundary 05,

(2.1) /Qu(x,T)go(x,T) da:—/u(x,O)@(x,O) dx

Q

-/ i [ utne+otne + sughara— [ [ gwpLpdsar,
0 Q 0 oN

where v denote the outer unit normal to the boundary.
A supersolution [or subsolution| is similarly defined with the equality of (2.1)
replaced by > [ or < |.

Comparison theorems are given in the case where the domain G is bounded and in
the case where G = RY as follows. The first comparison theorem (Proposition 2.2)
is for a bounded domain G and was already proved by Aronson-Crandall-Peletier [1]
when the boundary 0G is smooth. The second comparison theorem (Proposition 2.3)
is for G = R”Y. This comparison theorem was shown by Bertsch-Kersner-Peletier [2]
and leads to an important lemma (see Lemma 4.1), which plays a crucial role in the
proof of Theorem 1.5 as well as the result about the equicontinuity of solutions (see
Proposition 2.5). Proposition 2.3 will be shown in Appendix A for the convenience

of readers.

Proposition 2.2 (the comparison theorem in the case of a bounded domain). As-
sume (A1)(A2). Let G be a bounded domain in RN with smooth boundary OG. Let
u (orv) be a supersolution (or a subsolution) of (1.1) in G x (0,T). If u > v on the
parabolic boundary of G x (0,T), then we have u > v in the whole G x [0,T).

Proof. See [1]. O

Proposition 2.3 (the comparison theorem in the case of G = RY). Assume
(A1)(A2). Letu (orv) be a supersolution (or a subsolution) of (1.1) in RN x (0,T).
Assume for some M > 0,

(2.2) u(z,t), v(z,t) <M for (z,t) € RN x [0,T).

Put

= lf_ﬁﬂ




Then

v(z,t) —u(z, t)] e de < 21 v(z,0) — u(z,0)] e " de,
24 [ ) =l dr <@ [ o) @0l d
where [a]; = max{a,0}.

Proof. See Appendix A. O

The next proposition follows from Proposition 2.3 and the maximum principle.

Proposition 2.4. Assume (A1)(A2) and assume uy Z 0. Let u be a weak solution
of (1.1)(1.2). Put M = |lug||peomny > 0. Then,

(2.5) u(z,t) <wvy(t)  for (x,t) € RY x (0,Ty).
If ug £ M, then
(2.6) u(z,t) <vy(t)  for (x,t) € RY x (0, Tyy).

Proof. Since ug(z) < |Juolleeo = M in RN and vy(t) is a solution of (1.1)(1.2) with
the initial data ug = M, (2.5) holds by the comparison theorem (Proposition 2.3).

Next, assuming ug # M, we prove (2.6). We note that u(z,t) is a C*°-function
in the region of (z,t) € RY x (0,T) where u(z,t) > 0 by virtue of the usual
regularization method (see e.g. Ladyzenskaja et al. [14]).

Assume contrary that for some (z1t;) € RN x (0,Tw), u(z1,t1) = var(ty) > 0.
Then, u(x,t) > 0in D = By(x,) x (t; — d',t; +d') € RN x (0, Ty) for small d > 0
and d' > 0, and so u € C*(D).

Put w = ¢(u) and wy; = ¢(vyr). Then, w < wyr in RY x (0,Th), and w and wy,

satisfy the same equation

(2.7) Of(w) = Aw+g(w) in D,

where 3(n) = ¢71(n) (the inverse function of n = ¢(£)) and g(n) = f(¢~1(n)). We

note that 5'(n) = 1/¢'(¢=*(n)) > 0 for n > 0. So, putting z = w — wy; we have
B(w)z — Az +{ x (wy)e — G}z =0 in D,

where

g:/o g (0w + (1 — )way) do

and (' is similarly defined. Hence, putting h(z,t) = z(x,t)e™ (y > 0) further, we

obtain
1

W)
where Cy(z,t) = {3 x (wyn)e — g}/ B (w).
We choose v > 0 large to satisfy v > sup, yep [C1(2,t)]. Since h < 0 in D and

he — Ah = (y—Cy(z,t))h in D

h(z1,t;) = 0, the strong maximum principle (Theorem 5, p173 of [17]) implies that
h = 0in By(x1) X (t; —d', t1]. Thus, repeating this operation, we get h = ze? = 0 in

RY x [0,t,], that is, w = wy; in RY x [0,#;] and so u = vy, in RN x [0,#;]. Indeed,
12



this result is shown by using a contradiction argument. Therefore ug = M. This
contradicts the assumption ug Z M and so we get u < vy in RN x (0,Ty). The
proof is complete. U

The next proposition due to DiBenedetto [5] is the result concerned with the
equicontinuity of solutions, which plays an important role in the proofs of Theorem
1.5 and 1.8.

Proposition 2.5 (the equicontinuity of solutions). Assume (A1)-(A3) and assume
ug Z 0. Let M = |Jug|loc > 0 and let u be a weak solution of (1.1)(1.2). Then, for

any € > 0 and R > 0, there exists a continuous nondecreasing function w = we g :
R, — R, with w g (0) =0 depending only on e, R and M such that

(2.8) lu(zy,t1) — w(z, to)| < w(|ay — 2| + |t — ta|V/?)
for (z1,t1), (w2,ts) € Br X [, Ts — €.

Proof. We note that u(z,t) < vy () in RY x (0,Ty). So, this proposition follows
from Lemma 5.2 of [5]. O

Finally, we assume condition (A4) and show the next important proposition for
the proof of Theorem 1.8(ii). This proposition will follow from the result of [15] (see
Lemma 2.8 below).

Let R > 0 and M > 0. Let wy € C?(Bg) be a radially symmetric positive
function in x, which satisfies that wo(r) = wo(x) (r = |z|) is nondecreasing in r > 0,

wo(R) = M and 0 < wy(0) < M. Further, we assume

(2.9) Ap(wo) + f(wo) >0 in Bg.

Proposition 2.6. Assume (A2)(A4). Let w be a weak solution to the problem
wy = Ap(w) + f(w) in Br x (0,Ty),

(2.10) w(z,t) = vp(t) on x| =R, t >0,
w(z,0) = wy(z) in Bg.

Then,

(2.11) sup w(x,t) < 0o

(Cl?,t)EK X (O,T]\/[)

for each compact subset K of Bpg.

We need two lemmas.

Lemma 2.7. Assume (A2). Let w be a weak solution of (2.10). Then,

(2.12) 0 <w(x,t) <wvy(t) in Brx[0,Ty)
13



and w € C®°(Bg x (0,Ty)). Furthermore, for each t € (0,Ty), w(x,t) = w(r,t)
(r = |z|) is radially symmetric in x € Bg and satisfies Ow/0r > 0 in (r,t) €
(0, R) x (0,T), and for each x € Bg, w(x,t) is nondecreasing in t > 0.

Proof. Since wy(z) > 0 in Bgr, we see that w > 0 in Bg x (0,T)) by the positivity
of solutions (see Lemma 2.1 of [15]) and so w € C*°(Bg x (0,Tys)) (see the proof of
Proposition 2.4). Since vy is a solution of (1.1)(1.2) with the initial data ug = M
and w < vy; on the parabolic boundary of Br x (0,T)), the comparison theorem
(Proposition 2.2) implies that w(x,t) < vy (t) in the whole Br x [0, Thr).

Next, we show the monotonicity of the solution w with respect to t. The method
of the proof is the same as that of [3]. We note that wq(z) is a subsolution of (1.1).
Since wo(x) < w on the parabolic boundary of Bg x (0,T)/), we see by Proposition
2.2 that wo(z) < w(x,t) in (x,t) € Bg X (0,T)s). Hence, applying Proposition 2.2
to w(x,t) and w(z,t + t1) for each t; € (0,Tw), we have w(z,t) < w(z,t+t1) in
Bgr % (0, Ty — t1) and so w(z,t) is nondecreasing in ¢ > 0 for each z € R".

Since equation (1.1) is invariant under the rotation in x, we see by the uniqueness
of solutions (Proposition 2.2) that for each ¢t € (0,7), the solution w(x,t) = w(r,t)
(r = |z|) is also radially symmetric in x.

Finally, we shall show that w,(r,t) > 0 in r € (0, R) for each t € (0,Ty). Let
¢ € (0,R). For any # = (71,2') € R x RV7!, the reflection of z in the hyperplain
{z1 = ¢} is denoted by oy, that is,

opr = (20 — x1, 7).

Set Oy = {x = (71,2)) € RxRN"1;2 € B, { < 7y < R}. We note that
08 = {opx; x € Q} C Br. Let T € (0,Ty). For the above aim, we will prove
that opw < w in Qp x (0,7), where o,w is the reflection of w in the hyperplain
{zy = (}, that is,
ow(z,t) = w(opw,t).

Clearly, oyw is also a solution of the equation of (2.10) in €, x (0,7),). We note
that the comparison theorem (Proposition 2.2) can not be applied directly, since the
boundary 0€2, is not smooth at x = (¢,z’) with |z| = R. So, we consider a solution
wy, (n > 1) to the problem

wy = Ap(w) + f(w) in Bg x (0,Ty),
(2.13) w(z,t) =vy(t) + 1/n on |z| =R, t>0,

w(z,0) =wo(zr) +1/n in Bg
and compare w,, and o,w in Q, x (0,7") for large n > 1. Then, we see that w < w,,
in Bg X [0,T)) as in the proof of Proposition 2.4, and w, | w as n — oo locally
uniformly in Bg x [0, Ty) (see [6]). We note that o,w(x,t) < vy (t) < oy (t)+1/n =
wy(x,t) on {z; x| = R, x; > ¢} x (0,T) and opw(x,t) = w(z,t) < wy(z,t) on

{z;|z| <R, 1 =} x (0,T). We also note that o,w(x,0) < w(z,0) < w,(x,0) in
14



)y by the assumption on wy. Hence, there exists a domain G,, C €2, with smooth
boundary 0G,, such that oyw < w, in (,\G,) x (0,7). Applying Proposition 2.2
to oyw and w,, in G,, x (0,T"), we have oyw < w, in G, x (0,T) and so o,w < w, in
Qy x (0,T). Letting n — oo, we get o,w < w in £y x (0,7).

Thus, as in the proof of Lemma 3.1 of [19] (see also [7]), we get dw/dr > 0 in
(r,t) € (0,R) x (0,7) and so dw/dr > 0 in (r,t) € (0, R) x (0,T). The proof is
complete. O

The next lemma is due to [15].

Lemma 2.8. Assume (A2)(A4). Let G be a domain in RN with smooth boundary
0G and let u > 0 be a weak solution of (1.1) in G x (0,T). Let Q C G be a domain.

If

(2.14) Owu(z,t) >0  in Qx(0,7),

and if there ezist v € SN~ and § > 0 such that

(2.15) v-Vu(z,t) < =0|Vu(z,t)| <0 in Qx (0,7),

then u does not uniformly blow-up in §:

(2.16) ingu(x,t) <L<oo inte(0,T).
re
Proof. This lemma is proved in [15] (see Lemma 4.1 of [15]). O

Proof of Proposition 2.6. Let 0 < r; < R and put Q, = {z = (z1,---,2n) €
RYirp <oy <m+7v,—y<x; <7vj=2-,N}for vy >0. Choose v > 0
small enough to satisfy 0, C Bg. Put v = (—1,0,---,0) € R". Then, we have by
Lemma 2.7,

v-Vw(x,t) = —g—;vl = —%Wu}] < —%\VM < 0in Q, x (0,Tn)
where r = |z|. Also, from Lemma 2.7, we get d,w(x,t) > 0 in Q. x (0,T)). Thus,
applying Lemma 2.8 we obtain

w(z,t) <w(r,t) = inf w(x,t) <L <oo inlz|<ry,te(0,Ty).

€0y

Since 1 € (0, R) can be chosen arbitrarily, we get (2.11). The proof is complete. [

3. BLOW-UP WITH THE LEAST BLOW-UP TIME

In this section, we prove Theorem 1.2 and Corollary 1.3, which present the prop-

erty of a blow-up solution with the least blow-up time.

Proof of Theorem 1.2. (i) (i) is already shown in Proposition 2.4.
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(ii) Let ug Z ||uollo and let u be a blow-up solution of (1.1)(1.2) with the least

blow-up time Ty where M = |jug|loc (> 0). Assume contrary that for some ¢, €
[O7TM)7
(3.1) lim sup u(z,t1) < va(ty).

We first consider the case t; € (0,7)). Combining (3.1) and (1.8) we get

(3.2) L = sup u(z,t;) < vp(ty).

zeRN

Hence, by the comparison theorem we have u(x,t) < vp(t —t1) in RY x (t1,t1 + 1)
and so Ty > t1 + T, where vy, is a solution of (1.5) with M replaced by L, and T},
is the blow-up time of vy :
~ e
=) T

On the other hand, clearly Ty = t; + T,,,,) < t1 + T7. This is a contradiction to
Ty >t + Ty

Next, we consider the case t; = 0. Putting wo(r) = sup,>, uo(y) for r > 0, we see
that wo(x) = wo(r) (r = |z|) is a radially symmetric continuous function in x € R¥
and is a nonincreasing function in » > 0. Further, it satisfies

up(x) < wo(x) <M inzxeRY

and

lim wy(r) < M.

Hence, letting w(z,t) be a solution of (1.1) with the initial data wo(z), we also
see that for each t € (0,Ty), w(x,t) = w(r,t) (r = |z|) is a radially symmetric
continuous function in € R and is a nonincreasing function in r > 0. We
further see that w(x,t) is a blow-up solution with the least blow-up time T, since
u(r,t) < wlx,t) < vy(t) in (z,t) € RY x (0,Ty) by the comparison theorem.
Applying Proposition 2.4 to w(x,t), we have for each ¢t € (0,T),

w(z,t) <w(0,t) <wvy(t) inzeRY.

So, similarly as in the case t; € (0,T)), we can lead to a contradiction.

Thus, for any case we lead to a contradiction and hence we get (1.9).

(iii) Let u be a solution of (1.1)(1.2) satisfying (1.9). Then, for any ¢ € (0,7%/)
with M = ||ug||o, there exists z; € RN such that |z;| > 1/(Thy —t) and u(zy,t) >
v (t) — 1. Since limyyr,, va(t) = oo, we see that the solution u blows up at space
infinity at the time t = T);. 0

Proof of Corollary 1.3. Let u be a blow-up solution of (1.1)(1.2) with the least blow-
up time Ty where M = ||up||o (> 0). Then, because of Theorem 1.2, there exists a

sequence {(z,,t,)} C RN x (0, Ty) such that |x,| — oo, t,, T Ths and u(x,, t,) — 0o
16



as n — 00. Since x,/|r,| € SV, there exists a subsequence {z,,} C {z,} such
that

for some v € S¥~!. Thus, we see that ¢ is a blow-up direction. The proof is
complete. 0

4. DIRECTIONAL BLow-uP

Assume (A1)-(A3). Let ug # 0. In this section we prove Theorem 1.5 in which
a sufficient condition on ug for directional blow-up with the least blow-up time is
given. The next lemma which immediately follows from Proposition 2.3 plays a

crucial role in the proof.

Lemma 4.1. Assume (A1)-(A3). Let ug #Z 0 and let u be a weak solution of
(1.1)(1.2). Put M = ||ug||oo- Then,
(4.1) / loas (8) — u(z, )|e dngM(t)/ 1M — ()] da
RN RN
fort € (0,T),

where Cy(t) > 0 is an increasing function of t which depends only on M, and goes

tooo ast T Thy.

Proof. We note that vy (t) is a solution of (1.1) with the initial data M. (4.1) follows
from Proposition 2.3 and (2.5). O

Proof of Theorem 1.5. Let ¢ € S¥~' and suppose that ug satisfies (A5), for v.
Then, there exists a sequence {z,} C R satisfying lim,, o, |2,| = 0o

and lim,, o 2, /|x,| = ¥ such that
(4.2) Tim_ A, (an; o) = [luo]|oo-

Let u be a weak solution of (1.1)(1.2). We first show (1.19). Put u,(z,t) =

u(z, + x,t). Since u, is a weak solution of (1.1), Lemma 4.1 implies that
(43) [ ontt) = (o lpta) d
RN

< Cu(®) | Mol = ol + ) lpo) do
= Cu(t)(luolloo — Ap(zn;ug))  for t € (0, Th).

On the other hand, we note that u,(z,t) < v (t) in RY x (0,Ty). Let R > 0
and ¢ > 0 and consider u, in Br X [¢,Ty — €]. Then, by virtue of Proposition
2.5, the sequence of solutions {u,} is equicontinuous and uniformly bounded in

Br x [e,Ty — €], whence there exists a subsequence of {u,,} C {u,} such that
17



U, — w uniformly in Bg X [, Ty — €] as n; — oo for some w € C(Bg X [e, Ta —¢]).
Letting n = n; — oo in (4.3), we have by the condition (4.2),

(4.4) /B oar (1) — w(z, )]p(x) da = 0.

that is, w(z,t) = vy (t) in (2,t) € Bg x [g, Ty — €]. Since the limit w = vy, is
independent of choice of a subsequence {n;}, we see that u, — w = vy, uniformly
in Br x [g, Ty — €] as n — oo, which shows (1.19).

From (1.19), the solution u of (1.1)(1.2) blows up at the least blow-up time and
1 is a blow-up direction of u. The proof is complete. OJ

5. DIRECTIONAL NON-BLOW-UP

Assume (A1)(A2)(A4). Let ug Z ||ug||eo and consider a blow-up solution with the
least blow-up time. In this section, we shall prove Theorem 1.8, in which a blow-up
direction ¢ € SV~ is completely characterized by the profile of the initial data (see
condition (A5)y), when f(£) grows up more rapidly than ¢(€) (see condition (A4)).
Since it is shown in Theorem 1.5 that condition (A5), is a sufficient condition for
directional blow-up in the direction ¢» € SV~!, it is enough to show that the condition
(A5), is also a necessary condition for directional blow-up in #. In fact, we prove its
contraposition : “If ug does not satisfy (A5),, for some ¢ € S¥~1, then ¢ is a non-
blow-up direction”, that is, directional non-blow-up in ¢ is obtained there. At the
same time, it is shown that the blow-up set S is empty. Theorem 1.11 immediately
follows from Theorem 1.8.

In order to get directional non-blow-up, the next proposition is a key proposition.
Proposition 5.1. Assume (A1)(A2)(A4) and assume uy # 0. Let u be a blow-

up solution of (1.1)(1.2) with the least blow-up time Ty where M = ||ug|loo. Let
0< L < ||ulloo =M. If

(5.1) Ay(0u0) < L

where A,(x;ug) is defined by (1.16), then there exists a constant Cr, > 0 depending
only on M and L such that

(5.2) uw(0,t) < Cprp fort € (0,Ty).

We need several lemmas.

Lemma 5.2. Assume (A1)(A2)(A4) and assume ug #Z 0. Let M = ||up||sc and let u

be a blow-up solution of (1.1)(1.2) with the least blow-up time Tpr. Let 0 < L < M
18



and assume (5.1). Then, there exists a t; = t;(M, L) € (0,Ty/2) depending only on
M and L such that

M+ L
(5.3) A, (0;u(ty)) = /N plx)u(z,ty)dr < 5 = Ly (< M).
R
Hence, there exists a constant Ry = Ro(M, L) > 0 such that
1 M+ L
(5.4) 4/ p(@)ule, ) de < 220 1, (< M),
fBRO IO(I) dx BRO 2

Proof. We first show (5.3). Choose ty = to(M) € (0,Tn/2) small to satisfy vas(ty) <
M + 1. Then, by Proposition 2.4, we have

(5.5) u(z,t) <wvpy(t) <va(te) <M +1 for (z,t) € RY x (0, 1).

Since p € LY(RY), there exists a sequence of nonnegative functions {p,} C
Cs°(RYN) such that p, — p in L*(RY) as n — oo. Hence, there exists ng > 1
depending only on M, L such that
o= bl < g
P = ProllLL(RN) 4(2M+1)

We further choose ¢, = ¢1(M, L) € (0,t) small such that

(5.6)

(5.7) tl{qﬁ(MJrl) /RN Apn(@)|dz+  sup  F(€) /RN pno(:c)d:c} < M;L.

0<E<M+1

Considering ¢ = pp,(x) as a test function in (2.1) with 7 = ¢;, we have

(5.8) /RN u(z, t1)pn, () do

=[] {02 + Fp@}dzdt+ [l @)

Hence, by (5.1), (5.5), (5.6) and (5.7) we get

Ap0u(t)) < [ ultpug () o+ (M + Dl = po s
RN

t1
< [ 60+ Didp @)+ sup [ puy(a)} o
0 JRN 0<E<M+1
+ M+ 1)l = g s+ A0
_M-L M-L ,_ M+L

I —
4 * 4 +

So we obtain (5.3).
Next, we show (5.4). Putting

£(R) = / e

= L.



we get by (5.3), (5.5) and (1.17),

S e R
- W/B p(z)u(z,tr) de — A, (0;u(ty)) + A,(0;u(ty))
_ E(B) Jp p@ule ) de — [ p(x)da [ pla)ula. ) do
B fBR p(z) dx
< (M 4 1)e(R) + L.

+ Ly

Thus, if we choose R > 0 large to satisfy

then

W/B p(x)u(z, ty)de < Ly +

Hence, we have

Lemma 5.3. Let u be as in Lemma 5.2. Then, there exists xg € Br, such that
(510) U(%o,tl) S Lg,

where t1, Lo and Ry are as in Lemma 5.2. Furthermore, there exists a ro =
ro(t1, M, Lo, Ry) € (0, Ry) such that

(5.11) u(x,ty) <

=Ly(< M) for |z — x| < 1.

Proof. (5.10) follows from (5.4).

For the proof of (5.11), we use the equicontinuity of solutions (Proposition 2.5).
Let w = wy, 2ry,m be as in Proposition 2.5 with € = t; and R = 2R,. We choose
ro = ro(M, Lay,w) € (0, Ry) small to satisfy
M- L,

2

w(r) < for 0 < r <.

Then, we have

w(z,t1) = u(wz, t1) — u(xg, t1) + u(xo, t1)

M — Lo
2

for x € B,,(x9) C Bag,.

< w(|r = wo]) + ulwo, t1) <

+ Ly = Ly

The proof is complete. O
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Now, let t1, 79, M, Ry and Lj be constants as in Lemma 5.3 and let wy € C(Bg,+2)
be a radially symmetric function in x satisfying that wo(r) = wo(z) (r = |z|) is
nondecreasing in r > 0 and

= UM(tl) if To S |ZE| S RO +2,

(512) ’LU()(.Z') > Ls if 7”0/2 < ’l’| < To,
= L3 if 0 <|z| <ro/2.
We note that u(z + xo,t1) < wo(z) in Br,1o. Consider the initial boundary value
problem
wy = Ap(w) + f(w) in (z,t) € Bryt2 X (t1,Tn),
(5.13) w(z,t) = vy (t) on |z| =Ry + 2, t; <t < Ty,

w(zx,ty) = wo(x) in z € Bg,yyo.
Lemma 5.4. Let w be a solution of (5.13). Then,

(5.14) sup w(z,t) < oo.
(x,t)EBRO X (tlyTM)

Proof. We will use Proposition 2.6. Let w be a solution to the problem (5.13). Then,
as in the proof of (2.6),

w(z,t) <wvy(t) in (x,t) € Bryra X (t1, Thr).
Let ty € (t1,Th). Then, because of the continuity of w,

(5.15) sup w(w,ty) = M < wvy(ty).

2€Bry 1
Now, put
P(vn(t2)) — o(M')

(Ry+1)2 ’
where £ = ¢~!(n) is the inverse function of n = ¢(§). Then, Ad(wg) + f(wg) > 0,
w(z,ty) < M < wo(z) <wvpl(te) in @ € Bryy1 and wo(x) = vp(t2) on x| = Ry + 1.
Let w be a solution to the problem

io(x) = ¢ (B2 + 6(M'))  with b=

Wy = A¢(ﬁ]) + f(w) in BR0+1 X (t27TM)7

¢
(5.16) (x,t) = vpr(t) on |z| = Ry + 1, ta <t < Ty,
(

w
W l’,tl) = ’(D()(l’) inzx € BR0+1-

The comparison theorem implies w(z,t) < w(x,t) in (x,t) € Bpryy1 X (t2, Tar).
Therefore, applying Proposition 2.6 to @ in Bg,t1 X (t2, Th), we have

sup w(z,t) < sup w(zx,t) < oo,
(I,t)EBRO X (tQ:TJ\/I) (1,t)€BR0 X (t27TM)

which leads to (5.14). O
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Proof of Proposition 5.1. Let u, xg, ti, rq, M, Ry and L3 be as in Lemma 5.3 and
let w and wy be as in Lemma 5.4. We note that w depends only on t{, ro, M, Ry
and Ls .

Since Uy, (x,t) = u(r + xo,t) is also a solution of (1.1), uy(x,t;) < wp(x) in
T € Bpryto and ug,(x,t) < vp(t) on |z| = Ry + 2, t > t1, the comparison theorem
implies that

Uy (2, 1) = u(z + o, t) <w(x,t) in (x,t) € Bryra X (t1,Tn)-

It follows from Lemma 5.4 and 0 € Bg,(xo) that

u(0,1) < sup u(z,t) < sup w(x,t) = Cryp < oo in (t1, Thy).
(z,t)€BRy(zo)x (t1,Tnm) (z,t)€BRy % (t1,Tm)
The proof is complete. U

Proof of Theorem 1.8. Assume uy # ||ug]|- Let u be a blow-up solution of (1.1)(1.2)
with the least blow-up time T, where M = ||ug||s. We first show (ii). It is enough
to show that if a direction v € SV~ is a blow-up direction, then the initial data ug
satisfies (A5), for 9. For this aim, we prove its contraposition.

Let ¢ € S¥~!. Suppose that the initial data ug does not satisfy condition (A5),
for ). Then, there exists an open neighborhood D of 1 in S¥~! such that
(5.17) sup A,(x;up) = L < M = ||ug]|oo-

z/|z|€D

Let 2o € RY satisfy zo/|zo] € D. We note that u,,(z,t) = u(z + x¢,t) is a solution
of (1.1) with the initial data ug(z + z¢). We further note that by (5.17),

A, (05 ug, (2,0)) = Ay(xo;u9) < L.
Hence, applying Proposition 5.1 to u,, we have
w(xo, ) = gy (0,1) < Crrp, for t € (0,Th)
where Cy, > 0 is a constant depending only on M and L. Thus, we obtain

sup u(x,t) < Cuyp  fort e (0,Ty),
z/|x|eD
that is, 1 is a non-blow-up direction.
Next, we show (i). Let zo € RY and R > 0. Then, since uy(x) # |[ug||s, We see
sup A, (0;uy(x,0)) = sup A, (y;u0) = L < |Juglloo = M.
YyEBR(wo) yEBRr(zo)

Hence, similarly as above, we have
u(y,t) = uy(0,t) < Cp; for (y,t) € Br(wo) x (0,T)
and so 79 € S. Since 75 € R can be chosen arbitrarily, we get S = (). The proof

is complete. ]

Proof of Theorem 1.11. Theorem 1.11 follows from Corollary 1.3 and Theorem 1.8.

U
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6. APPENDIX A

In this section, we prove Proposition 2.3. As is mentioned in §2, the proposition
was shown by Bertsch-Kersner-Peletier [2]. However, for the convenience of readers,

we present the details of the proof.

Proof of Proposition 2.3. Let u (or v) be a supersolution (or a subsolution) of (1.1)
in RY x (0,T). Assume (2.2) for some M > 0. Let R > 0. Then, we have for any
nonnegative function ¢ € C%*(Bg x [0,T)) which vanishes on the boundary dBg,

(6.1) /BR(U(J;, ) = ulz, 7)o@, 7) dz — //T(U ) + $D) dadt
< /BR(v(x,O) —u(x,0))e(x,0)dr + //T(v — u) foo dxdt

_/OT - {o(v) — d(u)} Opp dSdt,

where Q. = Br x (0,7) (7 < T), v denotes the outer unit normal to the boundary
and
_ 1
g(x,t) = 9(v) = 9(w) = / g (Ov+ (1 —0)u)deb.
v—u 0

Here, we note that

(6.2) 0<op+1<K inQ,
and
(6.3) 1 ll=@n) < K,

where K is defined by (2.3).
We take a sequence of smooth positive functions {¢,} C C®(RY x (—o0,0))

satisfying the following conditions (see [1]):

1 ~ 1
6.4 2 <y < |l p 2 inQ,
(6.4) s Gn < @] Lo (g, + ~ in Q

¢n_¢
Von

(6.5)

— 0 in L*Q,) asn— oo.
For example, consider

Tet) = (e @)at) = e [ ta =)/ (¢ = ) 000 dyr,
where p(x,t) = 7~ NHD/2e- 2~ apq

¢ in Q.
0 in (R x R)\Q,,

b =

and choose € = ¢, > 0 to satisfy |\J€—$HL2(Q7) < 1/n. One can choose ¢,, = J., +1/n

(n=1,2,---) as desired functions.
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Let x € C3°(RY) satisfy 0 < y < 1 and choose Ry > 0 large to satisfy supp x C
Bp,. Let R > 2Ry and € > 0, and let ¢, . g € C*°(Bg x [0,7]) (n > 1) be a solution
of

Uy + ¢ A = K in Bg x [0,7),
(6.6) =0 on dBg x [0,7),
W(x,T) = Xe*\/m in Bg.

We need the following lemma. ([l

Lemma 6.1. The following hold whenn >1,e >0 and R > 2Ry:
(i) 0 < e < e in Qp;
(ii) [ fQT G (DNthy e g)? dxdt < C;
(i) suPo<i<r [, [Vibnerl*(t) dv < C;
(iv) 0 < =0y ¥per < Ge % on OBg x [0,7] ,
where C' > 0 is a constant depending only on x (independent of n, € and R).
Proof. We first show (i) and (iv). We change variables of ¢, . g as ((x,t) = ¢ e g(z, 7—
t). Then ( is a solution to the problem
G — oA = — K¢ in Bg x (0,7],
(6.7) (=0 on 0Bp x (0, 7],
C(w,0) = xe ViPein By,
where ¢, (x,t) = ¢n(2, 7 —1t). Let w(z) = e~ 1*l. We compare w and ¢ in Bp x [0, 7].
Note that ) i )
On < [[Ollz=@n + - <K Q-

Hence, w is a supersolution of the equation of (6.7) in Br\{0} x [0, 7], since
~ A N -1
b = —d,, (1 -

r
where r = |z|.

) w > —gzgnw > —Kw in Bg\{0},

Thus, putting z = ( — w we have
2 — ouAz < —Kz in Br\{0} x (0, 7],
(6.8) z=—ef <0 on 0Bg x (0, 7],
2(z,0) < —(1 —x)e <0 in Bp.
We shall show z < 0 in Bg x [0, 7].

We first show that for each t € (0,7], z(x,t) in Br never attains the maximum
value at * = 0. Assume contrary that for some t € (0,7] z(x,t) in By attains
the maximum value at x = 0. Then, z(z,t) < 2(0,t), that is, {(x,t) — ((0,t) <
w(x) — w(0) = e~ 1l — 1 in Br. Hence,

0 h,0,---,0,t) — ¢(0,¢ -1
—C(()’t) — lim C( Y ? ) Y ) C( Y ) . €

014 h—+0 h ~ h—+0
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and ,
aC . C(ha 07 707t) - €(07t) . e —1
e = > —
0, (0.1) hlin—lo h = hll,rflo h

This is a contradiction and so we see that for each ¢t € (0,7], 2(x,t) in Bg never

1.

attains the maximum value at x = 0.

We now prove that z < 0 in Bg x [0,7]. Assume contrary that z in Bg x [0, 7]
attains the maximum value at (z,t) = (z1,t1) € Bg x [0,7] and z(z1.t;) > 0.
Then, (z1,t1) € Br\{0} x (0,7] and so z;(z1,t1) > 0 and Az(xq,t;) < 0. Hence,
2y, 1) — dpl@y, t)Az(zy, 1) > 0> —Kz(21,¢). This is a contradiction to (6.8),
and so we get z < 0 in Bg x [0, 7], that is, ¥, .z < w = e~/ in By x [0,7]. Thus,

we get (i).
In order to prove (iv), we use a solution @ to the problem
AW = 0 in Bg\Bg,,
(6.9) v =e on |z| = Ry,
w=0 on |z| = R.

Then, the comparison theorem implies that 0 < @ < w = el in Bg\Bg, and
w(x) = w(r) (r = |z|) is a radially symmetric function in # € Bg\Bg,. Furthermore,
— AW > —Kw by inequalities @ > 0 and ¢, < K. Hence, as in the proof of (i),
it is not difficult to see that ¥, . g(x, 7 —t) = ((z,t) < w(z) in Bg\Bg, X [0,7],
since ((7,0) = 0 < w(x) in Br\Bg, and ((x,t) = ¥, p(z,7 —t) < w(x) on
O(Br\Bgr,) % [0,7]. Therefore, we have

(6.10) 0 < —0Yner(z,t) < —0,w(xr) on|z]=Randtel0,7]

On the other hand, let £(x) be a nonnegative C*®-function in R satisfying that
() =01in |z| <1 and £(z) =1 in |z| > 2. Put £g(z) = £(22/R). Multiplying the
both sides of the equation of (6.9) by £ and integrating by parts over Bg\Bpg 2, we
get

|z|=R R/2<|z|<R R/2<|x|<R

Hence, noting 0 < @ (x) < e~ ? in Bg\Bg, and w(x) = @(r) (r = |z|) we have

—_0,@(R) / ds < / ALy d
|z|=R R/2<|z|<R

4
< —; sup |A{ dr x e T2,
R? 1<j<2 R/2<|2|<R
that is,
4 o<k 4% C
—0,w(R) < sup |AE] x —fR/%‘ ISR " o=R/2 < ZcR/2 {51 R > 2R,

1<]z|<2 R? J]x‘:R s R

Thus, we get (iv).
25



Finally, we prove (ii) and (iii). Multiply the both sides of the equation of (6.6)
by Aty . r and integrate by parts over B X (t,7) (t < 7). Then

1 T T
= / Vb, o v () dz+ / On (DNt r)? dodt + K / / |V, o | drdt
2 Br t JBpgr t JBg

1
5 [ ey de < [ (V) da
Bgr RN

which is reduced to (ii) and (iii). O

Proof of Proposition 2.3 (continued). Put p(x,t) = ¢, . r(x,t) as a test function in
(6.1). Then for 7 € (0,Ty),

(6.12)
/B (v(z,7) —u(x,7))xe Vv w2 +e gy

< / | =006~ 0 e
# [ 0,0~ e, 0) el 0 d“//T 70 = W)t duds

/ / ]+au1/}naRdet
OBR

where [u]y = max{u, 0}, since 0,4, r < 0 on 0Bg x (0, 7).
We note by Lemma 6.1 and (6.5) that

H (Q; - ¢n)Awn,5,RHL1(QT)
< (6 = 6n)/Vull 2o IV On AUn e rll 2y — 0 (a8 0 — o0).

Hence, if n — oo in (6.12), we obtain by Lemma 6.1, (2.2) and (6.3),
(6.13) / (v(z, 1) — u(z,7))xe” VIEI+e dy
Br
< / [v(z,0) — u(zx,0)] e~ dz + QK// (v — u] e dadt
BR T

+ Ap(M)TRN2e~B/2,

where A is a positive constant independent of ¢ and R. So, letting R — oo and
e ] 0in (6.13) we have

/RN(U(:U, 7) —u(z, 7)) xe 1 do
< /RN [w(x,0) — u(x,0)] e "l dr + 2K /OT /RN [v —u] el dadt

for any x € C°(R™) satisfying 0 < x < 1,
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whence,

/RN w(z, 7) —u(z, 7)] e da

< / [v(z,0) — u(z,0)] e dz + QK/ / (v — u]ye 1 dadt
RN 0o JRN
for 7 € (0,7).
Thus, by Gronwall’s lemma we obtain (2.4). The proof is complete. O

7. APPENDIX B

Let ¢ € SV~1. Let {R,} (R, > 1) be a sequence of numbers diverging to co as
n — o0o. Assume that ug satisfies condition (A1). In this section, we shall show the

next proposition.

Proposition 7.1. Conditions (A5)y, (A6)y, (A7)y and (A8), are equivalent.

We first get the next lemma.
Lemma 7.2. Conditions (A5)y, (A6)y and (A7), are equivalent.

Proof. We first show that (A6),, is equivalent to (AT7),. Clearly, (1.20) implies (1.21).
So, for the proof, it is enough to show that if for some sequence {x,} C RY, (1.21)
holds for each R > 1, then there exists a subsequence {z,,} C {z,} satisfying

(7.1) up(z + x5,) — fluollo  asn; — oo a. e in RV.

Assume that for some sequence {z,,} C R, (1.21) holds for each R > 1. Then,
we see that for each R > 1, up(z + z,,) — ||ugl|eo in L'(Bg) as n — oco. Hence, for
each R > 1, there exists a subsequence {x,,} C {z,} such that

uo(z + ;) — |Juolls  asn; — oo a. e in Bg.
Therefore, by the diagonal method we can choose a subsequence {z,,} C {z,}
satisfying (7.1). Thus, we see that (A6), is equivalent to (AT7),.
Similarly, we also see that (A5), is equivalent to (A6),.
The proof is complete. Il
Hence, for the proof of Proposition 7.1, it is enough to show that (A7), is equiv-

alent to (A8),. For this aim, we need the next lemma.

Lemma 7.3. Let R > 1. If for some sequence {z,} C RY,

(7.2) Jim Ag(n; o) = [[o]oo,
then
(7.3) lim inf flT(a:n;uo) = [Jug]| oo-

n—oo re[1,R]
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Proof. Let R > 1 and assume (7.2) for some sequence {x,,} C R". Assume contrary
that (7.3) does not hold. Then, there exist a subsequence {z,,} C {x,}, a sequence
{r;} C [1, R] and a number L € (0, ||ug||o) such that

Arj(a:nj;uo) <L forallj>1.

Hence,
A ( ) f|:p—rn].|<rj Uo(l') dx + frj<|:p—zn].|<R Uo(CC) dx
T3 Up) =
B | Br (2, )]
- L|Br](xnj>| + ||U/O||oo frj<|$—1'n]-|<R dl’
N | Br(n, )]
B
< lwolloo — (JJ2o]]oo — L)Q for all j > 1.
| Bl
This is a contradiction to (7.2) and so we get (7.3). O

Proof of Proposition 7.1. We only prove that (A7), is equivalent to (A8),.

Clearly, condition (A8), leads to condition (AT7),.

Conversely, we assume (A7),. Then, there exists a sequence {x,} C R satisfying
lim, o0 |2n| = 00 and lim,, o @, /|2,| = 9 such that for any R > 1, (1.21) holds.
Hence, by Lemma 7.3 we get for each R > 1,

M Inf o Ar(wns o) = fJuo]
So, for any n > 1, we can choose m,, > n such that m,, > m,_; (n > 2) and
1 .
oo~ < i f Ar M) < 00
Juolle == < 0 A, 0) < o
from which,

lim  inf A (2, t0) = ||to]]co
n—oo r€[1,R,]

Therefore, we get (1.22) with {x,} replaced by {x,,, }. The proof is complete. ]
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