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Abstract

The author studies on a hedging problem for an European contin-
gent claim in a certain incomplete market model by using a homoge-
neous filtered value measure. He considers the minimal hedging risk
in discrete time model and its continuous limit. As a result, he shows
that this limit is described by a viscosity solution of some Hamilton-
Jacobi-Bellman equation.

1 Introduction

Hedging of a contingent claim is an important problem in the mathemat-
ical finance. It is well known that every contingent claim can be perfectly
hedged in a complete financial market. In incomplete markets, it is still
possible to stay on the safe side by “superhedging”. However, the cost of su-
perhedging is often too high in many situations. If the investor is unwilling to
put up the initial amount of capital requirement by a superhedging strategy,
he/she is exposed to some risk and needs a “partial hedging” strategy.

Artzner et al. [1] proposed the concept of “coherent risk measure” to assess
the risk of such financial positions by an axiomatic approach. Follmer and
Schied [12] defined the class of “convex risk measures”, which are extensions
of coherent risk measures, by relaxing the axiom of homogeneity. Cheridito
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et al. [5] introduced coherent/convex risk measures for stochastic processes.
These papers considered only single-period settings. Many authors such as
Artzner et al. [2], Detlefsen, Scandolo [9], and Kusuoka, Morimoto [13] in-
troduced the concept of dynamic risk measure in discrete settings by various
ways. Delbaen [8] proposed the concept of dynamic risk measure in a con-
tinuous setting.

On partial hedging, Follmer and Leukert [10],[11] introduced the con-
cept of “quantile hedging” and more generally “Efficient hedging”. Also,
Roorda [15], Barrieu and El Karoui [4] studied partial hedging by using a
coherent /convex risk measure. However their results on hedging with a risk
measure still remain in single-period settings.

In this paper, we study on hedging with a risk measure in a multi-period
setting. Concretely, we study on a hedging problem for an European con-
tingent claim in incomplete markets by using a homogeneous filtered value
measure. We consider the minimal hedging risk in discrete multi-period time
market model and its continuous limit. As a result, we prove that this limit is
describe by a viscosity solution of some Hamilton-Jacobi-Bellman equation.

This paper is organized as follows. In this section, we introduce the notion
of homogeneous filtered value measure, and state our main theorem. In
Section 2, we show a result on the representation of a law invariant coherent
value measure. In Section 3, we consider a discrete time model and show
a kind of Bellman’s principle. In Section 4, we give the proof of our main
theorem. In Appendix, we remark some brief introduction and results on the
viscosity solution theory for readers who are unfamiliar with this theory.

1.1 Definition

Let £ be the set of all probability measures on (R, B(R)), £> the set of

v € L which satisfies v(R \ [-M, M]) = 0 for some M > 0, and M the

set of all probability measures on ([0, 1], B[0, 1]). For v € L, we denote the

distribution function of v by F,, i.e., F,(z) = v((—0o0, z]), 2z € R. We define

Z:10,1) x L - R by Z(z,v) = mf{z F,(z) >z}, v €]0,1), ve L. For
€ (0,1], We define 7, : L~ — R by

Na(v) = a™* /a Z(x,v)dx, veL>® (1)
0
and 19 : L>* — R by
no(v) =inf{z € R | v((—o0,z2]) >0}, ve L™ (2)



Definition 1.1. We say that the mapping n : L — R is a mild value
measure if there exists a subset My C M such that

1
n(v) = mlen/\f/lo ; ne(v)m(da), v e L™

Definition 1.2. Let n : L — R be a mild value measure and (Q, F, P) a

standard probability space.

(1) For any X € L>®(Q,F,P) and any sub o-algebra G C F, we define a

G-measurable random variable n(X|G) by n(X|G) = n(P(X € dz|G)), where

P(X € dx|G) is a regular conditional probability law of X given a sub o-

algebra G.

(2) For any X € L*(Q, F, P) and a filtration {Fy}}_,, we inductively define

a {Fi}-adapted process {Ux}}_, by

U1 = T](Uk|.7:k_1), k=nn—1,...,1. (3)

We call Uy, k=0,1,...,n a homogeneous filtered value measure for X € L*>
at k. Also we denote Uy by n( X |{Fr}i_o)-

The basic properties of a mild value measure and a homogeneous filtered
value measure are shown in [13].

1.2 Main Theorem

Let Z = {21,2,...,2nv} C RM, equipped with the discrete topology, ‘and
B(Z) the Borel algebra with respect to this. We define a probability P on
(Z,B(2)) by P[{z]}] =p;, j=12,...,N, where p; >0, j =1,2,...,N
and Zj-vzl p; = 1. Also we define M-dimensional random variables Z and
Y™ neNon (Z,B(2)) by

~

Z<> <Zl<>2<> W Zu(2) =z, 2 € 2, (4)
"(z) = (") Y;j >, YD),
V" (2) = exp(Z \/ =1,2,...,.M, neN, (5)

where b;, ¢ =1,2,..., M and T are positive numbers. We denote by P the
set of all probability measures on (2, B(Z)). We identify P as the hyperplane
{<QIJQ27"‘7qN)| q; Z 07 ]: 1727"'7N7 Zévzlq] = 1} on RN



Let (2, F, P) be the direct product probability space of countably infinite
coples of (Z,B(2),P). We define M-dimensional random variables Z, and

Yk , k,n € N on (Q,F) by

Zi(w) = Z(wy), (6)
Y (W) = Y™ (wy), (7)

where w = (wy,ws, ...) € Q. We give a filtration {Fy}r—01,2.. on (2, F) by

(0. 92),
fk:0'<Zl,ZQ,...,Zk), ]{7:1,2, (8)

Note that the process (Y.™) is {F,}-adapted, and Yk("), k= 1,2,...1s
independent of F;, [ =1,2,...,k — 1 for each n € N. We denote by P the
set of all probability measures which is absolutely continuous with respect to
P.

We define an {F;}-adapted M-dimensional process {S )}k 12,..n for
each n € N by

SP = (S S5, S, k=120 n
S = ZOHYZ(,”, i=1,2,... M. 9)
where So = (510,520, .-, o) € (0,00)™ is a constant vector. S\ is

interpreted as the price vector of M risky assets at time k. We call a {F}}-
predictable M dimensional process £ = (& )k=12.. a self-financing strategy,
and denote by SF the set of all self-financing strategy. Then we define a
random variable Vk(") (v,€) for v >0, and £ € SF by Vo(n)(v,é‘) = v and

k
Vi, &) = v+ Y & (S = 8™). (10)

=1

Vk(n)(v,f) represents the discount value of self-financing portfolio (v,§) at
time k.

Hereafter we use the following type of mild value measure:

1) = [ naulda), ve L, pem (1)



and fix it. We define Q by
Q={QecP| EQ[X] > 0, for all random variables X on (Z,B(Z))
such that n(v¢) > 0 holds.},

where v¢ is the probability distribution on X.

Let C([0,00)™ : R) be the set of functions g : [0,00)™ — R such that
9(2) — g(a")| < K|z — 2/, x,2" € [0,00)",
l9(@)] < K(1+[z*™), @ €[0,00)", (12)
hold for some K > 0, m € N. Take f € C([0,00)™ : R) and fix it.

We assume the following in what follows.
Assumption 1.3. M +1 < N.

Remark . This assumption indicates that the market model which we con-
sider here is incomplete.

Assumption 1.4. the set ONNY {Q € P | EQ[Z] = 0} contains at least
one inner point, where we consider the relative topology of the usual topology
on RN to the hyperplane P.

Let us define I' € RM*M py
IU'={y=)ii=12..m | vir = EQ[Z‘Z'],

M A A
for some @ € QN ({Q € P | E®[Z] = 0}.}.
i=1
Note that v € T' is nonnegative definite. Also we can easily see that I is
compact with respect to the usual topology on RM*M

Our main theorem is the following.

Theorem 1.5.
We have limy oo SUpeesz 1(V, (0, €) + FST M Fitizg) = v+ U(0, S),
where U = [0,T] x [0,00)™ — R is the unique vzscoszty solution of the follow-
ing Hamilton-Jacobi-Bellman equation:

8U 0?U

I i’ ! 07
8t mlzn)z s€l, Z 7 Lty 8@:1:1/
U(T.a) = fla)s o€ proc) (13)

satisfying U(t,-) € C’([O, o)™ : R) for each t € [0,T].
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We give a proof of Theorem 1.5 in Section 4.

Example 1.6. We consider the case where M =1, N =3, and n =1, «a €
(0,1). We also assume that EF[Z] = ¥3_, pjz; = 0. In this case, we have

Q={QeP|j=0QlZ=z]<pja, j=12,3}.

We see that the condition “Q € QN{Q € P | E9[Z] = 0} 7 is equivalent
to the following:

A _ o Z3 21— Z3 A ) 21 — 22,
G1€(q,q, G@=— - qi, g3 = + q1,
Z9 — 23 Z9 — 23 Z9 — 23 29 — 23
where
—azz — pa(ze — 2 —z
g=0V 3 pz( 2 3) 2 ’
= alz; — z3) 21 — 29
_ p, —z3  —az+ps(z— 2)
qg=—A A
o 2 — 23 a(z; — 22)

Also we have I' = [q(z1 — 22)(21 — 23) — 2223, q(21 — 22)(21 — 23) — 2223]. We

can easily see that ¢ < q. Hence Assumption 1.4 holds.

2 Result on a Law invariant coherent value
measure

We consider a general probability space in this section. Let (Q,F, P) be a
probability space, and P be the set of probability measures on (€2, F) that
are absolutely continuous with respect to P. We denote by M the set of all
probability measures on ([0, 1], 5[0, 1]).

We consider a coherent value measure n : L>*(2) — R that has the
following form:

1
n(X) = inf [ no(X)u(da), X €L* MyCM, (14)

ueMo Jo

where

1(X) = ~{BXTpxageon] + ¢ (X) (e~ PIX < (X))},

no(X) = ess.inf(X),
¢(X)=inf{zr e R| P[IX <z]>a}, a€l0,1), acl0,1),
¢ (X) = ess.sup(X). (15)



No(X) has various definitions. We can also define 7, (X) by

1a(X) = ~BX A g (X)) + (1= )" (X), (16)

(0%

We can easily see that the both definitions are equivalent by direct calcula-
tion (see also [3]).

Let @, : [0,1] — [0,1], © € M be a mapping defined by

1l—=x

Dur) = [ (== Fulda), we[00)
o(1) = 1. (17)

We can easily see that 0 < ®(z) < z,since {1—-(1 —z/a)} <{1-(1—-2)} ==
holds for any « € (0, 1].

Our main result in this section is the following.

Proposition 2.1. we have n(X) = infgeg, E9[X], X € L*, where

Qy=conv ( |J 9Q,),

HeEMo

Q,={Q eP| QA >,(P[4]), AcF}, peM. (18)

Here conv means the closed convex hull in L'(€2, F, P). We show a brief
lemma to prove Proposition 2.1.

Lemma 2.2. Let X € L™, a > ess.inf X, and Q) € P. Then we have

/a Q[X > z]dr = E°[X A a] — ess.inf X.

ss.inf X

Proof. Using Fubini’s theorem, we have

[ Qe = [* ([ L))

ss.inf X

= / (/X(w)/\a dr)Q(dw) = E9[X A a] — ess.inf X
Ay : :

ss.inf X



Now we prove Proposition 2.1. Let A = {X € L™ | n(X) > 0}. Theorem
6 in [7] shows that n(X) = infgeg E?[X] holds for X € L>, where Q = {Q €
P | E9[X] >0, X € A}. So it is sufficient to show that Q = Q. Also it is
sufficient to show the assertion in the case where n(X) = [) n.(X)u(da), X €
L>, m € M. Indeed, if the claim holds in this case, we see that

A= ﬂ{XGL”\/na u(da) > 0}

neEMpo
= N{Xel”|E°X]>0, QeQ}
pHEMg

—{X cL®|E?X]>0, Q€ Q}.
by bipolar theorem. Then using bipolar theorem again, we have Q = Q,.

So we consider the case where n(X) = [} 7.(X)u(da), X € L™, p € M.
We show that Q@ C Q,. Take Q € Q. Since 14 € A for A € F, we have
QIA] > n(14) = Jy na(14)p(da). We see that

0, 0 < a < P[A]
%“@:{ 1— (P[A9/a), PlA<a<],

by direct calculations. Hence we have @) € Q,,.

Next we show that Q, C Q. Take ) € Q,. Then

ess.sup X ess.sup X <
/ ' QX > z]dx > " / 1— Pi[X < 7]
ess.inf X ess.inf X [P|X <z],1] (07

Ju(da)}d,

holds for X € L*. We can easily see that the left term equals E?[X] —
ess.inf X by Lemma 2.2. We calculate the right term. Note that P[X < z] >
0, for any x > ess.inf X. We see that

PIX < 1]
1] - =" d d
/ess inf X, esssupX}{/[ [X<$] 1]< a )M( Oé)} T
X < a]
- d d
/0 (0,1] /essme o ) :U}H( CK)

/0 1]{aE (XA (X)]+ (1~ ;)QQ(X)}/L(da)
w[{0}]) ess.inf X

=) ]na(X)u(da)—ess.me,
0,1



by Fubini’s theorem and Lemma 2.2. Hence we have

E°[X] > o Teplde) =n(X) 20, X €4

and this implies that ) € Q. This completes the proof.

3 Discrete Model

From now to the end of this paper, we use the following notation:
Ty = ($1y17$2927--~7l’MyM) € RM7 (19)

for x = (x1,29,...,20), ¥ = (Y1, Y2, ..., yn) € RM.

We consider some maximization problem on hedging with a homogeneous
filtered value measure in a discrete time market model. The following setting
is parallel to that of Section 1. Let (€2, F, P) be a standard probability space
with a filtration {fk}kzoJ ..... n- AISO, let be Yk = (}/Lk, }/2’]43, ceey YM,k); k=
1,2,...,n be identically distributed M-dimensional random variables such
that Yy is {Fj}-measurable and independent of F;, [ =1,2,...,k—1. We
assume that Y x(w) > 0, w € Q, Y = minMessL.dinf Yii(w) > 0, and

i=1,2,...,

Y = _Imax  ess.sup Yi1(w) < co. We denote by P the set of all probability

measures on (€2, F) which are absolutely continuous with respect to P.

.....

Sk = (Sl,k752,k7 R SM,k)a
k
Siw="Sio[[Yiy, 1=1,2,... M, (20)
=1
where Sy = (S1.0, 520, ---,Swm0) € (0,00)M is a constant vector.

We call an M dimensional {F}-predictable process & = (&)r=12,. a

goes

self-financing strategy, and denote by SF the set of all self-financing strat-
egy. Then we define a random variable Vi (v,§) for v € (0,00), £ € SF by

k
‘/O(U>£) = v and Vk(v,f) =v+ Zgl : (Sl - Sl—l)a ke N.

=1

As in section 1, we use the following type of mild value measure:

1) = [ maulda), ve L, we M (21)



and fix it. Let @, : [0,1] — [0, 1], u € M be a mapping defined by (17). We
also define

Q={QeP|EYX]>0foral X € L™(Q, F,, P)
such that n(vx) > 0 hold }.

We assume the following.
Assumption 3.1. 9NNYL,{Q € P | EC[Y; ] =1} # 0.

Let us denote n(vx) by 7(X) for X € L>*(Q, F, P), where vy is the dis-
tribution of X. Obviously we have 7j(X) = infgeg E9[X], X € L®(Q, F, P).
Also we see that Q = {Q € P | Q[A] > ®,(P[A]), A € F} by Proposition
2.1. We denote

bola,y) = ((zy) - (Y1 = 1) +g(zY1)), 1=(1,1,...,1) e RY,  (22)
for x € [0,00)M, y € RM, and g € é([O, 00)M : R). Since

{(zy) - (Y1 = 1) + g(2Y1)} = {(="y) - (Y1 = 1) + g(«'Y1)}]
< K{(Y + 1)|zy — 2'y'| + Y]z — 2'|},

z, 2’ € [0,00)M, y,y/ € R™, for some K > 0, and 7 is monotone, i.e.,
n(X) < n(X"), for X, X’ € L>(€) such that X < X', then we have

[y () — byl )| < K{(Y + Dlay — a’y/| + V]a — 2']}.

Hence (x,y) — ¢,4(x,y) is continuous. Next we define

bg(x) = sup Yy(z,y). (23)

yeR]\/f
Note that ¢,(z) < 400, z € [0,00)™. Indeed, there exists Q € QN
M
N{Q € P | E°[Y;1] = 1} by Assumption 3.1, and then we see that ¢,(z) <

i=1

EC[g(zY1)] < K(1 + |z[*™), for some K > 0. Also we have

¢g(x) = sup inf E[(zy)- (Y1 — 1) + g(zY1)]

yeRM Q€9
= inf sup E9(zy) - (Vi — 1) + g(aV1)]
QEdeRM
= inf E[g(zY7)],

Qeon;L {QeP | EQ[Yial=1}
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by Takahashi’s Minimax Theorem in [16]. Since |g(xY;)—g(2'Y1)| < KY |z —
/| and |g(zYy)| < K(1+Y""|z*") holds for z,2’ € [0,00)™ and g €
C([0,00)M : R), where K > 0 is a constant which is independent of z, ', Q,
the mapping ¢, : [0,00)™ — R belongs to C([0,00)™ : R). Then we can
define an operator H on C‘([O, )M : R) by Hg = ¢,. Also we inductively
define H*g = H(H*'g), k=1,2,... and H% = g for g € C([0,00)™ : R).

Now we fix n € N. We define random variables Li(v,¢), k=0,1,...,n,

€ (0,00), and £ € SF inductively by L,(v,&) = V,(v,&) + f(S,) and
Lk,’—l(v7£) = U(Lk<va€)|fk—l)7 k= n,n— 17 ) ]-7 (24)
where f € C’([O,OO)M;R). Obviously Lg(v,€), k = 0,1,...,n equals the

homogeneous value measure for V,,(v,&) + f(S,) at k.

We prove the following theorem, which is our main result in this section.

Theorem 3.2 (Bellman’s Principle). We have

sup Lk<va (517 527 L 7€k7 £/k+17 §/k+27 cee 7€/n)))

¢'eSF
= Vi(v,&) + H" " f(Sy), k=0,1,...,n,

for any v € (0,00) and £ € SF.
We show a lemma to prove Theorem 3.2.

Lemma 3.3. For any g € C([0,00)™ : R) and ¢ > 0, there exists a Borel
measurable function *(z) = v;(z) = ( (2),75(x), ..., 5 () on [0, 00)M
such that Hg(x) —e < n((z7*(x)) - (Y1 — 1) + g(aY1)) , 2 € [0,00)* holds.

Proof. First we define a multivalued mapping I'* : ([0, 00)™, B[0,0)™) =
(RM B(RM)) by I'*(z) = {y € RM | Hg(z) — ¢ < ¢y(z,y)}. Obviously
the set on the right side is nonempty, so it is sufficient to show that this
multivalued mapping is measurable, i.e.,

[=ws(A) = {z € [0,00)™ | T°(z) N A # 0} € B[0, 00)™, (25)

for any closed set A € RM. If I'* is measurable, there exists a measurable se-
lection 7¢(z) € I'*(z) and this mapping satisfies the condition. Also, we may
assume that A is compact. Indeed, if T=%¢(A4’) € B0, 00)M for any compact

set A', we see that [=¢(4) = | J T (AN [-m,m]") € B[0,00)"

m=1
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We show that I'"*¢(A) is closed for any compact set A. Take a sequence
(Tm)men of T79¢(A) such that lim,, .oz, = x € [0,00)™. Then there
exists a Y, € I°(x,,) N A for each m. Since A is compact, we can choose
a subsequence (Y )ien Of (Ym)men such that y,,;) converges to some y €
A as | — oo. Taking lim;_.. in both sides of the equation Hg(xnq)) —
£ < Yg(Tma), Ym@)), we have Hg(x) — e < 9)4(x,y) because b, and Hg are
continuous. This implies that y € I'*(z) N A and € I'"*°(A). O

Now we give the proof of Theorem 3.2. First we show that
Lk(”?ﬁ) < Vk(’U?g) + Hnikf(‘sk)a

by mathematical induction on k. Obviously, the claim holds when k£ = n.
Suppose that the claim holds for some k, Then we have

Ly—1(v,8) = n(Ly(v, )| Fr-1)

< n(Vi(v, &) + H"F f(Si)| Fe1)

= Vi1 (0,) + n((Sk=1&e) - (Ve — 1) + H" " f(Sp_1Y2)| Fre1)
< Vi1 (v,€) + H®V£(S, ).

Hence we have the claim.

Next we show that there exists £ € SF for € > 0 such that

Vi(w, ) + H'f(S0) —

S Lk(vv(617’527"'75k7£i+17€]§+27"'7£¢i))7 k:nvn_la"'al

for any £ € SF. Applying Lemma 3.3 for ¢ = f, we see that there exists
some Borel measurable function 7¢ on [0, 00)™ such that

(Hf)@) = = < (x7(2) - (Vi = 1) + f(#12)),

for z € [0,00)M. Then, & = ~+°(S,_1) is an {F,_;}-measurable random
variable such that

Vot (0,€) + (HF)(Sh1) = =

< Vo (v,6) + (27 (2)) - (Y1 = 1) + f(2Y1))|a=s,,_,

< Vo1 (0,6) +n((Sn-1&5) - (Yo — 1) + f(Sn1Ya)[Fua)
< n(Vn(Uaf) + f(Sn)|:Fn—1)

< Ln1(v,61,82, .- ,6n-1,6,)-

Using induction, we can construct £° such that the condition holds by the
same way. This completes the proof of Theorem 3.2.

12



4 Proof of Theorem 1.5

4.1 Preparations

Let (2, F, P) be the probability space defined in Section 1.2. For k € N, we
denote by L the set of measurable mappings p : 2 x Z — R which satisfy
the following:

p(+, z) is {Fk_1} measurable for each z € Z,
N
Zp(w,zj)pj =1, weQ,

Zp(',zj)pj 2 (DH(ZPJ)? JC {1,2,...,M}, Zj S Z, jE J

jeJ jeJ

Also we denote by Q™. n € N the set of probability measures Q € P which
satisfy the following:

d n

/pkw Z(w Y( (WPdw)=1, & €Q, k=1,2,...,n

k

Let usdenoteXi(Z) :HYZ(Zn) forneN,i=1,2,...,M,andk=1,2,...,n
=1

We also denote X\ = (X{?,XQ(?X](\}L)k), k=1,2,...,n. We define

M = exp(zij\/T/n + b;T/n), i = 1,2,....M, j = 1,2,..., N, where

v
zZj = (le,sz,. .. ,ZM]') € Z.

Our purpose in this subsection is to prove the following.

Lemma 4.1.

(1) (HO)Yrg(x) = it Eg gzX{")], neN, ge C(0,00)" : R),

where HM | n e N are operators on C([0,00)™ : R) that correspond to H
in Section 3.
(2) sup sup EQ[ _max ]X( *"] < 00, m €N,

neEN QegQm)  F=hae
(3) There exists a posztwe number L, which only depends on M, such that
EQ[ X, — X4 < LUT/n)? holds for any k,l = 0,1,...,n, k+1<n,
and Q € QM.
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Proof. We show assertion (1). We see by Proposition 2.1 that 7(X) =
inf E9[X], for X € L>(Q, Fy, P), where
Qeay”
Q" ={QeP QA > 2, (PlA). A€ F)
d
—(QeP | BIaIF] = m(. 2 € £1) (26)

Then we have H™g(z) = inf e g EQ[g(zY™)], where Q" = 7570 N
N2 {Q € P | E[pl(w’,Zl)YiE?)] =1, ' € Q}, by a way similar to that in

Section 3. We can easily see that o Qg"). We show the inverse imple-
ment. Take Q@ € Q1" and define Q € P™ by E[dQ/dP|F,| = II}—, (-, Zs),

d
where pg(w, z) = E[Cg)|f1](w), we ze€ Z k=12,...,n. Then we

see that Q@ € QM and EQ[g(zY\™)] = ECQ[g(xY,"™)]. This implies that
Hg(w) = inf  E2lg(avy")],
Qeom)

Suppose that (H™)'g(x) = inf Eg(aX[")], 1<k, g€ C([0,00)™)
QeQ n
holds for some k € {1,2,...,n — 1}. First we show that

(n)\k+1 < Q (n)
(H™) g(x)_Qé%f(n)E [9(z X)) (27)

Take Q € Q™ and p, € L), | < n such that E[dQ/dP|F,] = II\-, pi(-, Z)
holds. We define Q¥ € P for each @ € Q by E[dQ%/dP|F,) = 11}, p|(-, Z1),
where p)(w,z) = p1(©,2), w € Q, z € Z. Then we see that Q“ € Q™ and

EQlg(z X)) F)(@) = EQg(yY, )| F) (@)

(n)
y=2X,

Also we have

E9g(x X)) = E?[Eg(a X)) | Fil]
> EUH™ g(x X)) > (H™Y H™g(x) = (H™)+1g(x).

This implies that (27) holds.

Next we show that

(HMY+g(z) > inf EQ[g(z X)), (28)
Qeg(")
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Take ¢ > 0. Then we see by assumption that there exist Q°, Q7 € Q™ j =
1,2,..., N such that

(29)

; dQ
Take pY, pl € El, I =1,2,...,n, j =1,2,..., M, such that E[7|}"]

H |]-"] = [17/(-Z) hold. Then we define @ € P by
=1
d n
E[ Q H ), where
=1l
N .
P = Zﬁg—ll{z1:z;‘}7 [=2,3,...,n. (30)
j=1

We see that Q € Q™ and

(HO)g(w) 2 BOlgeXi)] = 2 inf E9g(@X[)] = (31)
e n

Since € > 0 is arbitrary, we have (28). This shows the assertion (1).

Next we show the assertion (2). Since Xi(z) is martingale under Q € Q™

it is sufficient to show that sup,cnsupgegm EQHX(n °"] < oo, for each
i=1,2,...,M. Take Q € Q™ and fix w € Q. We denote q,; = Q[Z), =
2j|Fea](w), k=1,2,....n, j=1,2,...,N. We see that

1:EQ[ n)|fk 1 quk]

T
=1+ EQ[Zi,k|fk_1](w)\/ + b —
n n

N T T T T
> Gk i\ — T bi—) = (1 + 2z~ +bi—)}
+j:1q Jw{eXp(ZJ n+ n) ( + Zij n+ n)}

B9 P Freoa] ()

Then we have
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/T T
=14 2mE°[Z; 1| Fr1](w)y] — + 2mb;—
n n

N T T T T
+ Z qw,k,j{exp (2777/2@')'\/; + 2mblg) — (1 + 2m2i]’ g —+ 2mbzg>},

J=1

and

EQY, PP Fea) ()

N T T T T

7=1

T T T T
+ | exp (2mz,;j\/;+ 2mbiﬁ) — (14 2m27jj\/;+ 2mb¢g)|}-

for k =1,2,...,n. We denote by b the right term of this inequality. Note
that ™ is independent of k,w and Q. We see that 71113)10 n(b™ — 1) exists

and |n(b™ —1)| < b, n € N, for some b > 0. Then we have

EX5 P < BQYIX)

i,n—1

2 By )2 F, )]

b n b
<+ DBYXSLPT < <1+ ) Qe

This implies that limsup sup EQHX |2m] < ¢’. Hence we have the asser-
n—oo Qeg(n)
tion.

We show that assertion (3) holds. We see that there exists some ¢ > 0
T

such that EQHYZ(/?H — 1Y F)(w) < e(=)* foreachi < M, k<n-—1, Q
n

and w by an argument similar to that of (2). Then using the result of (2), we

have EQ[| X, — X4 < e(T/n)*EQ) XY < ¢(T/n)? for some ¢ > 0.
Hence we have assertion (3) by Burkholder’s Inequality. [

4.2 Proposition on Limit of Value

Let P be the set of probability measures P on (C[0, 00), B[C[0, o0)M]) such
that the following is satisfied:

The coordinate function w(-) = (wy(+),...,wy(+)) is a positive
martingale with respect to {B;}scpo,r under P, where we define
{Bi}icior by B = o(w(u);u <t), 0<t<T.
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Pw;(0)=1,i=1,2,....,M)=1.

(wi, wyr)., 0,4 € {1,2,..., M} are absolutely continuous
with respect to Lebesgue measure, and
1 d{w;, wy)
wi(wwy(uw)  dt

(U))iyi/:LQ ..... M € F, u & [O,T], P a.s.

Our purpose in this subsection is to prove the following.

Proposition 4.2. Take g € C([0,00)™ : R) and an arbitrary subsequence
(1) of (n)nen-

(1) There exist a subsequence (n(k))ren of (R) and a continuous mapping
W, :10,T] x [0,00)™ — R such that

W,(t,z) = khfolo(H(ﬁ(k)))ﬁ(k)_[ﬁ(k)tmg(x)’
for any (t,x) € [0,T] x [0,00)M, where [x] represents the greatest integer
that is not greater than x. Also this convergence is uniform on any compact
subsets on [0,T] x [0,00)M.
(2) W,(t,-) belongs to C([0,00)™ : R) for each t € [0,T].
(3) There exists Py, € P such that Wy (t,z) = Eft=[g(zw(T —t))] holds for
any (t,x) € [0,T] x [0,00)™,

a(k)t!

(4) W,(t, x) :l}Lrgo(H(ﬁ(k)))[ T AW, (t+t, ) (x), fort,t' €[0,T) witht+t' €

[0,T] and x € [0,00)M.
(5) Wy is a viscosity subsolution of Hamilton-Jacobi-Bellman equation (13).

We need two lemmas to prove Lemma 4.2. Let us define X (¢,w;n)
= (Xl(tuw;n)uXQ(t7w;n)7 ce 7XM<taw;n))7 te [07T]7 w e Q7 neN by

nt — T[nt/T] ) T([nt/T]+1) —nt )
#X[nt/ﬂ—i-l T Xty t# T,

X(T,w;n) = X", (32)

X (t,w;n)

i.e., X(t;n) is the linear interpolation of X ™.

Lemma 4.3. Let g € C([0,00)M : R). Then we have

/ _ T
(H") ¥ g(a) — (H™) g(2)| < Klaly| |k =&, kK €{0,1,...,n},
n
for some K > 0 which does not depend on n € N.
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Proof. We may assume that k' > k. Let K > 0 be a constant such that
lg()] < K(1+ [2[*™), |g(x) — g(2')] < K|z — 2'|, x,2" € [0,00)" holds. By
virtue of Lemma 4.1(3), we have

E9lg(axy")] = E9g(aX{))| < E9flg(2X") — gz X))
= T
< Klz| B x5 = X5 < Klaly| =k — k|
n

for Q € Q™. Hence we have the assertion. O

Lemma 4.4. Let (Q),en, QM € QU be an arbitrary sequence. We
define a probability measure P™ on (C[0,00)™, B[C[0,0)M]) by P™ =
Q™ o X(;n)~t for each n € N. Then the sequence (P™),cn is tight.
Moreover any cluster point of (P™),cn belongs to P.

Proof. We can easily see that
B () - w(t)|'] = B9
< K|t —t?, tt' €]0,T),

X(t'sn) — X (t;n)]")

for some K > 0 by Lemma 4.1. Hence (P™),cN is tight.

Let P be a cluster point of (P™),cn. Obviously we see that the coor-
dinate function w(-) = (w1 (+), wa(+), ..., wy(+)) is a positive martingale with

respect to {B; }iejo.r) under P, and P(w;(0) =1, i =1,2,..., M) = 1.

For eachn € N and @ € €, we define a probability measure @f‘,",)g €0 k=
0,1,...,n — 1 by QUI[A] = EP[p{"(@,2)14], where E[dQ™ /dP|F,] =
I, pl(”)(',Zi). Let (giir)is=12..m € C([0,T] x C[0,00))M*M he a ma-
trix valued function such that each g, 4,9 = 1,2,..., M is bounded {B;}-

adapted function, and (g (u,w)) € RM*M is nonnegative definite for all
(u,w) € [0,T] x C[0,00)™. For n € N,k =1,2,...,n we have

M kT KT T kT KT T kT
[Elg(n>(w(n+n) w(n>)(w(n+n) wir(—))]
TR KT QW) [/ x(m) (M) 3 () (n)
=F [ Z gii/(W,X(-,n))E [(Xi,kJrl - Xi,k )(Xi’,k—l—l - Xi',k)‘fk]]
i,4'=1
— B9 fﬁ AL X () XX, B~ D~ 1) 5
- Giv n’ ) i,k<)i k T/n n

ii'=1

KT, kT, kT EQ[Y™ — 1)y —1)|T

M
< B iir (— )wi(— ) wy —
< g 37 g ST (ST - !

]
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where Q runs @ NNM,{Q € P | E?[Y;"] = 1}. Then we sce that

¢ M M
/ > giw(u, w)d(w;, wy) </ max Z Yiir Gar (U, w)w; (w)wy (u) ) du,
s i'=1

ii'=1

for t,s € [0,T]. Also we have

/: > gir (u, w)d{wi, wir)y 2/ min Z Vit Gir (0, w)w; (w)wy (u))du,

Q=1 vel o

for t,s € [0,T], by the same way. Hence we deduce that P € P. This
completes the proof. O

Now we show Proposition 4.2. Let K > 0 be a positive number such that
l9(z) — g(z')| < K|z —2'|, z,2" € [0,00)" and |g(z)] < K(1 + |2[*"), z€
[0, 00)™ hold. We denote W™ (t,z) = (H™)"~["/Tlg(z). Then using Lemma
4.3, we see that

(Wit x) — Wi(t, ') < Ko — 2],
W (¢, 2)] < K1+ [af™),

T t t’
WO (¢, z) — tx|<K|x|\/ Ll o =1l (33)

for some K > 0 which is independent of n € N.

(1): We see that the family {W ™ (t,")}nen, wepr) C C([0,00)M : R) is
uniformly bounded and equicontinuous on any compact set of [0, 00)*. Then
using Ascoli-Arzela’s theorem we see that there exists a continuous function
Wi 44 on [0, 1]M for each t € [0, 7] and a subsequence (711) of (i), which does
not depend on t, such that

sup |VV(”1 (t,z) — Wigi(z)| — 0, 2' — oo. (34)

z€[0,1]M

Also we see by the same way that there exists a continuous function Ws 4,
on [0, 2] for each t € [0, T] and a subsequence (7iy) of (7i;), which does not
depend on ¢, such that

sup \W( D(t,x) — Wagu(2)| — 0, 7% — oo. (35)

z€[0,2]M

Obviously Wi 4, = Wa,, on [0, 1]M] for each ¢ € [0, T).
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Then for each [ € N, we can inductively define continuous functions
Wit1g: on [0, + 1]M for t € [0,T] and subsequences (7i;41) of (), which
does not depend on ¢, such that Wy, = Wa ;= -+ = Wji1 4, on [0, 1]M. We
also define continuous functions W, on [0,00)™ for ¢ € [0,T] by W,,(z) =
Wi gi(x) on [0,]™. Obviously W, is well-defined, and we see that the se-
quence (7i(k)), n(k) = 7, (k), k € N satisfies limy_.o.c WO (2, 2) = W4 (2)
for (t,2) € [0,T] x [0,00). Using (33), we have

(Woa(z) = Wop ()] < K|z — 2’| + Kla|\/|t — 7' (36)

for (¢t,z), (¥, 2') € [0,T] x [0,00)™. This implies that the mapping (t,z) —
W,.(x) is continuous. Then we can define a continuous mapping W, : [0, 7] x
[0,00)M by W,(t,z) = W,(z). Obviously, W, and (n(k))ren satisfy the

assertion.

(2): We can easily show the assertion by letting & — oo on both sides of the
inequalities (33).

(3): Fix (t,x) € [0,T]x [0, 00). Hereafter we simply write (n),cn instead of
(n(k))ren for convention. We see by Lemma 4.1 that there exists Ql(”) € 9
for each n,l such that W™ (t,z) > " [g(fof_)[nt/T])} > Wm(t,xz) — 1/1.
Let P™ = Q™ o X(-;n)~1. Since (Pl"))n,leN is tight by Lemma 4.4, then
there exist a cluster point P, , € P. Obviously P, , satisfies the condition.
(4): Fix t,t' € [0,T], z € [0,00)M. First we claim that

[(H) W+, ) (@) — (HD) W+, ) (@) — 0, (37)

as n — oo. Fix ¢ > 0. Since the convergence WM (t +t',-) — Wy(t +

M

t',-), n — oo is uniform on [ [0, z;R], for each R > 0, there exists n(R) € N
i=1

such that

sup (W (t+t,y) = W(t+t,y)] <e/2,
e[, 0,z R)

for n > n(R). We denote
FO = W+t ) aX0 m) = Wyt +1. )@ X z). (38
for n € N. Then for each Q™ € Q™ n > n(R) we have

B [F0)|
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Q™ | ) QW | ()
< B o ey BT I e, o gy
€ (n) n (n 1
<3 + B FMP)EQ )[|X[nt’/T]| R
e K _m m (n) 1
< B + REQ [1+ |X[ t//T]|2 ] E° HXnt’/Tl E
< E LK
- R’

where K, K’ are positive numbers which do not depend on R,n, and Q™.
Let R = ¢/2K" and ng = n(¢/2K"). Then we have |[E?™ [F™]| < ¢ and

[(HO) WS (4 (@) — (HO W (41 ) (0)] < e,

for n > ng. Hence we have the claim.
Also we see that [W " (t,2) — Wy(t,x)| — 0, as n — oo and,

!<H<">)[%lw<"> (t+1,) (@) = W (t,2)]
n—[n(t+t')/T)+[nt' /T (ZL‘) . (Hn)n—[nt/T]g(w)|

T t’ t t+t
<K|x|¢ -1y o

as n — 0o. We have the assertion from these results.

(5): Take (£,z) € [0,T) x [0,00)™. Let U € C>([0,T] x [0,00)™) be a
function such that U(f,z) = W,({,z) and U > W, on some neighbour-
hood V of (¢,z) hold. We can easily see by (2) that W, (t,z) < K(1+ |z[*™)
for some K > 0, m € M. Then we may assume that U (¢, z) > W,(t, z), and
U (t,2)|+ QU J0t) (t, 2) |+ Xy |32 (02U 0024 ) (t, )| < K (1+ |[>™), for
any (t,x) € [0,T] x [0,00)M. Let ¥ = (%;s) € " be the element such that

82 B M 1 82 _
0,4/ Lgdg! t 0,4 Lgdg! t
”,Zl g Vi T axzxi:( T) = Iwnelll“l el 127 Tiy axzxz( 7)
M 27
1 44 4 0°U -
—min O Az m Gt ),

where Q runs QN NM {Q € P | EQ[Z] = 0}.

Also, let Q™ € ONNM{Q € P | EQ[Y;"”] = 1}, n € N be measures
that attain the minimal of

Mo QY™ — )Y — 1) *U .
i a - : _i i t €N7
HSHHZ;Q T/n it 0z By T
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where Q runs O N NM,{Q € 77 | EQ[Y™] = 1} for each n € N. Note
that we can naturally regard Q ™) as a probablhty measure on (€2, F;) for
each n € N. Take p™ ¢ £1 such that dQ /dP = p™(-,Z;) holds. We

define Q™ € Q™ by E[ Q H _(n , where P;(g Y= Pk =

1,2,...,n,, and _P(”) = Q(”)_o X(n)” 3 for n € N. We see that there exists
a cluster point P € P of {P™},en and d{w;, wir), = 7 pw;(u)wy (u)du, P-
a.s., by an argument similar to that of the proof of Lemma 4.4. Then we
have

ﬁ(t, a_:) _ Wg<f7 E) _ khm (H(n)>[nh/T]Wg([+ h, )(:7;)
. _ T .nh
< limsup B”" [W,(F + h, zw(— 0]
00 n- T

— EP[W,(t+ h, zw(h))] < EP[UT + h, zw(h))).
Then we see by Ito’s formula that

aU Mo 02U
815 + Z 711’1' Ty a )(t_'_uv'fw(u))du] (39)

ogEﬁ
i — 1 LiTg!

Dividing both sides by h > 0 and letting h — oo, we have

02U
4,1/ o/ ta r
lz’zl 7 i axlxl )( x)
oU 02U
(at*‘$¥3§:12”“$x’a@axWth)

This completes the proof.

4.3 Conclusion

Now we prove Theorem 1.5, which is our main result in this paper. Take
an arbitrary subsequence (7 ) of (n)nen and define Wy as in Proposition 4.2.
Using Proposition 4.2 (3), We have infpcp EF[f(zw(T —t))] < W,(t,z) for
(t,z) € [0,T] x [0,00)™. On the other hand, we have the inverse inequality
by Theorem A.2, Proposition A.4, and Proposition 4.2 (3). Then we have

Wit @) = inf EP[f(aw(T —1))]

Pep

Since the subsequence (n) is arbitrary, U(t,z) = TLlLI{)lO(H(”))"_[”t/T]T/”f(x)

exists for any ¢ € 0,71, z € [0,00), and equals inf ET[f(zw(T—t))]. Then
Pep
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we see that U is a viscosity solution of (13) because U(t,x) = Wy(t,z) =
ET[f(zw(T —t))] is both a supersolution and subsolution. Also the unique-
ness holds by Corollary A.2. Hence we have the assertion from Theorem 3.2.
This completes the proof.

A Some Remarks on a Bellman Equation and
viscosity solution

We recall the definition and some property of viscosity solution in this ap-
pendix. The reader also refer to [6] for detail.

Definition A.1. We say that a continuous function U : [0, T]x[0,00)™ — R
is a viscosity supersolution (resp. subsolution) of Hamilton-Jacobi-Bellman
equation (13), if

ou 92U
(825 + inf Z ’Yzz’x Ty ——

< .
23 p— (t,7) <0 (resp. >0)

holds for any (t, %) € [0,T]x[0,00)™ and U € C*([0,T]x [0, c0)M) such that
Ut,z) =U(t,z) and U—U takes its local mazimum (resp. local minimum)
value 0 at (t,7). Also we say that a function U : [0,T] x [0,00)” — R is a
viscosity solution if it is both a viscosity supersolution and subsolution.

We will need the following comparison theorem for a viscosity supersolu-
tion and a subsolution due to [14].

Theorem A.2. Let U and U be a viscosity supersolution and a subsolution
of Hamilton-Jacobi-Bellman equation (13). If the following inequalities:

sup  U(t,z)/(Ja]* +1)™ < oo,
[0,7) x[0,00) M

inf : U(t,z)/(|z|* +1)™ > —o0, m >0,
U(T,z) <U(T,z), x€0,00)",

hold, then we have U(t,x) < U(t,x), (t,z) € [0,T) x [0,00)M. In particular,
the viscosity solution U of Hamilton-Jacobi-Bellman equation (13) satisfying
U € C([0,00)M : R) is unique.

Before we state a proposition on Hamilton-Jacobi-Bellman equation (13),
we prove a lemma.
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Lemma A.3. There exists C,, > 0 for each m € N such that

P 117 < m
B Tmax fw(u) = 1]7] < Cnt™,
EP[max |w(u)]*"] < Cp,, t €[0,T], PeP.

uel0,T

Proof. We see by Burkholder’s inequality that

EP[;gfg{g jw(u) — 11*7"] < CEP[;WDT]

< o[ mape > o o) )] < cvaPK [t Paa) (o

<ctmEP/ lw(w)|*du] < ¢+ ct™E"| l’Il[(E]tX] lw(u) — 1*"du)
0 s€|0,u

where all ¢ stand for positive numbers (not necessarily equal) which do not
depend on P € P and t. Then we have the assertion by Gronwall’s inequality.
O

Let U(t,z) = }i)ng5 EP[f(zw(T — t))]. Using Lemma A.3, We can easily
€
see that U € C([0,00)™ : R). Now we show the following.
Proposition A.4. U(t,x) is a viscosity supersolution of (13).

Proof. First we denote by A a set of control which is composed of pairs
{(, F, Py {F:}iepo,m), X} such that the following satisfied:

(2, F, Py{Fi}iepo,n) is a filtered probability space,

X = (X4, Xy, ..., X)) is a continuous positive martingale

with respect to {F}eo,r) under P,

(Xi, Xir)., 1,4 € {1,2,..., M} are absolutely continuous
with respect to Lebesgue measure, and

1 d(X;, Xi)
(X,-(u)XZ-/(u) dt

(w)iz=12..m €L, ue0,T], Pas.
(41)
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We define Qg(x), t€[0,T), z € [0,00)™, and g € C([0,00)™ : R) by

Qig(x) = inf E"[g(zw(1))). (42)

Pep

Then we can easily see that Q,g(z) = }\n;f\ EP[g(xX,)] since PX~! € P.
S

stepl : We show that Qi rg(r) > Q:Qug(z), t,t'" € [0,T], x € [0, oo)M.
We define a filtration {B,}uepor] on (C[0,00)M, B[C[0,00)M]) and a M-
dimensional {Bu}—adapted process X, = ()A(l,u, )A(M, e ,)A(Mm), u € (0,7,
by

B _ Biyw, 0<u<T-—1{,
v BT, T—t<u<T.

5 J wit+u) wi(t), 0<u<T—t,
Xiu(w) = { wi(T) fws(t),  T—t<u<T.

Since (C[0,00)M, B[C]0, 00)M], P) is standard probability space for each
P € P, there exists a regular conditional measure P,(w, B) : C[0,00)M x
B[C[0,00)M] — [0,1], t € [0,t]. Then we can easily see that

((C[0,00), B[C[0, 00)M], Py(w, ) 3 {Bu}uepory), X) € A,
and
EP[g(xw(t +1'))] = EP[E" [g(ew(t +)|B/]
= B”[ [ glaw()X0) P(w,du')] = E7[Qug(aw(®)] = QQug(a),
for P € P. Hence we have the assertion.
step2 : Take (£,7) € [0, 7)) x [0, 00)™ and fix it. Let U € C*([0,T] x [0, 00)™)

be a function such that U(t, z) = U(t, ) and U < Uon some neighbourhood
V of (t,z) hold. We may assume that U(t,z) < U(t,z) and,

8?0
Ut )] + |7 (¢, |+Z|$zxz ()l < K1+ [a™), (43)

for any (t,s) € [0,T] x [0, 00), because U € C([0,00)™ : R).

From here to the end of this proof, ¢ > 0 will stand for positive numbers
(not necessarily equal) which do not depend on P € P, t € [0,T], v € T,
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and R > 0. First we claim that there exists M(R) > 0 for each R > 0 such
that M(R) does not depend on P € P, t € [0,T], v € T, and

t—t M 1 820
—I_ 0 idl=1 §jj ’f axzaxl (t + U, :EUJ(U))d(w“ wl’)u]
o R

~ (g Cae =0+ B[ Y oy () o wih-d)

< — g MR- 02,

for t > t. To show this claim, we estimate

t—t M 1

=B ) 30 5@ P, w)d(wi, wedull max )| > RY

3,0/=1 u€[0,t—1]

t—t M 1
|/ xzxﬂF“ (u, w)d(wi,wi/>u|1{ max_|w(u)| < R}]v

i,i'= 1 u€l0,t—1] -
(44)
PU PU
where F} i/ (u,w) = I (t +u, zw(u)) — T (t,x), 0,4’ =1,2,..., M,

R>0, Pe P, and

o pt—t
_ P
S+ Jo=FE [/0 |G (u, w)ldul, Jnax fw(u)] > Ry

+EP[/Ot_t|G(u,w)|dU,1{ max |w( )| < R}]’ (45)

u€[0,t—1] o

ou . ou . _
where G(u,w) = E(t—l—u,iw(u)) — E(t’@’ R >0, Pe P. We
have the claim by Lemma A.3, Holder’s inequality, Tchebychev’s inequal-

ity, Burkholder’s inequality, and Lipschitz continuity of all derivatives of U
on a bounded interval. Also we have

VAN Tmin 3 Sz =0, s (1)) du]

'YGF”», 12 818951/
M 27
1 o0‘U _
(t —1)( T Ty ———— (L, 7)) < |t — #3/2
Dlip 3. 5mwddr s D) < cit
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by Lemma A.3 and Holder’s inequality.
step3 : We see by Ito’s formula that

U<Z7 j) = U(ﬂ :f) = Q(T - t_)f(fa j)
> Qt—D)QT — 1) f(x) = Qt — UL, )(x)

= inf EP[U(t, zw(t - 1))] = Inf, EP[U(t, zw(t — 1))

. S -t QU
U(t,z) + inf EP[/ a—U(t + u, Tw(u))du
0

Pep ot
t—t M 27
+ ; ¢Z1 ;fi_i/ &fﬁUxi/ (t + u, Tw(w) ) d{w;, wir)].
Then we have
0= —e(ar(r) + (e -2~ L0 Oy
02U

M
1 _ _

_ ; T T 7 <
+ (t f)(rvnelpg 5 Vir il (t,z)), t<t<T, R>0,

1,4'=1

&Uﬁxi/

by the consequence of step 2. Dividing both sides of the above inequality by
t —t > 0 and letting t — ¢, we have

c U Mo 02U
>_ 4L 27 (F 7 ; E( T T, e~ (f 7
0 - R + ot (t’ x) + I’?Gllg 27“ i 81’181’1/ (t’m)’

ii'=1
for all R > 0. Hence we have the assertion. This completes the proof. O
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