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Abstract

In this paper we consider fractional maximal operators with Radon measure on RY.
We do not pose any assumption on the measure u except that the measure is non-zero.
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1 Introduction

In this paper we will extend the boundedness of the modified maximal operators on the
non-homogeneous space. Let u be a Radon measure on R%. Throughout this paper by “ball”
we mean a ball with positive radius, and if p is finite, we regard R?% as a special ball with
radius oo. Denote B(z,7) as an open ball in R? with center z and radius 7 > 0 and for a ball
B = B(x,r), we set r(B) :=r and kB := B(x, sr). Set the centered maximal operator by

1
MfE)= s s /B £ ) duy).

Here and in what follows we denote B(u) as the totality of the balls with positive y-measure.
M is weak-(1, 1) bounded with the aid of Besicovitch’s covering lemma. The proof can be found
in [10]. If we set the centered fractional maximal operator by

~ 1
M, = [ d ,0< ,
f(x) B:B(il,lrI;eB(u) (D) /B If ()| du(y), 0 <a <1 (1)

then the similar proof shows that M, is weak-(1, (1 — a)~") bounded.

*This work is supported by Research Fellowships of the Japan Society for the Promotion of Science for Young
Scientists. Current address Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba,
Meguro-ku Tokyo 153-8914, JAPAN, E-mail: yosihiro@ms.u-tokyo.ac.jp



What happens for the uncentered maximal operator? We set the uncentered Hardy-Littlewood
maximal operator M as

1
MIE) = s /B @) duy).

rzeBeB(u

If the measure is doubling, that is, u(2B) < C u(B) for any ball B with center in supp (u),
then M is weak-(1,1) bounded. But if the measure is not doubling, then it can happen that M
is not weak-(1,1) bounded (see [2]). It is the same that M, is not weak-(1, (1 —«a)~!) bounded
in general if we replace the uncentered fractional modified maximal operator, where

1
Maf(@) = s /B £ dp(y),0 < o < 1.

Again if the measure is doubling, we have weak-(1, (1 — a)~!) boundedness of M,.

To overcome this difficulty, in [3], [7], [12], [13] and [17] the modified maximal operator was
considered. If we define modified maximal operators by

1
My f(z) == sup 7/ f)lduly), K >1
( ) zeBeB(p) }L(HB) B| ( )l ( )
or more generally

1
My o f(z):= sup 7/fy du(y), k>1,0<a<1, 2
(z) e ARB)TE Bl W)l du(y) (2)

then M, , is weak-(1, (1 — a)~!) bounded. These operators enjoy the boundedness properties
with the aid of Besicovitch’s covering lemma. For our later purpose we use somehow stronger
version, whose proof is similar to [13, Theorem 1.5]. For convenience we prove Lemma 1.1 in
Appendix.

Lemma 1.1. Let k > 1 be a fixred number. Suppose that B = {Bx}aca is a family of the balls

with bounded radii : We assume supr(B)) < co. Then we can take {Bx}xeays - - {Br}reAn s
AEA
subfamilies such that the following condition holds. Here, N = N, depends only on xk > 1.

1. If NN €M), j=1,...,N, are different, then

kBx N kB = 0. (3)

N
2. For all X € A there exists i(\) € U A; such that
j=1
By C IiBi()\). (4)

The aim of this paper is to obtain the Fefferman-Stein type extension of M, , and M, with
0 < a < 1andk > 1 for a general non-zero Radon measure p via Riesz-Potential-like operators
for . In [1] D. Adams defined the fractional integral operator for Lebesgue measure by

/ W o<a<d
R

N P F—T

w T (52)




1
(—A)~*/2 is known to be LP(R%)-L(R%) bounded, if p,q > 1 and p = . Tt is easily

1
B p
seen that M, f(z), M, . f(x) < C(—=A)~9%/2|f|(z) for some big constant C' >
fractional integral operator of this type for general measure p.

S ale

We define a

Suppose that p satisfies the growth condition u(B(x, 7)) < ¢or™. Then in [5] Garcia-Cuerva
and Gatto defined a fractional integral operator J, by

Jof(@) = /R W), (5)

a |z —yln—e

Carderén-Zygmund theory for J, with growth measure has been developed. Garcia—Cuerva
1

and Gatto showed the LP(u)-L?(u) boundedness of J, if p,q > 1 and é Pl . The LP(u)-

L%(p) boundedness of I, in more general form was firstly proved by V. Kokllashvﬂl in R4
(1 <p<g<o0)in [8]. In general non-homogeneous spaces in general setting (1 < p < ¢ < 00)
it is proved in [9]. See also the monograph by D. Edmunds, V.Kokilashvili and A. Meskhi [4].
Chen and Sawyer showed the boundedness of the commutator [a, J,], where a is an RBMO
function defined by X. Tolsa [17]. For the multilinear version we refer [6]. The example of
Calderén-Zygmund theory without growth condition can be found in [7] and [11].

However, the operator J, is not sufficient for our purpose: Even if i satisfies the growth
condition, J, can not dominate M, nor M, ,. Thus we shall define linear operators which
dominate M, and M, , respectively. Our linear operators will be of the form

@) = [ o) 0) ) and T f (@) = [ Fonlir) £5) i)

I, and I, are different from those appearing in the fore-mentioned papers. Here k, . and k,
are positive p-measurable functions. They will satisfy pointwise estimates

M, f(z) < C L f|(z) and M, . f(zx) < C I .|f|(z).

In what follows we will distinguish the centered-type operators from the uncentered-type op-
erators by ~and subindices : The operators with « such as M, x, o, ... are related with
the uncentered maximal operators. Meanwhile the operators related to the centered maximal
operators are denoted with~ For example M is a centered non-modified maximal operator.

We will work on the modified Morrey space defined in [14]. For details we refer [14]. For
distinction of weak-type spaces defined in [15] we name them strong-type Morrey spaces.

For L] (u) function f the (strong-type) M¥ () norm is given by
11
If = MGk )]l == sup pu(kB)» ™ (/ [ ()I* duly >
BeB(n)

Set MP(k, u) as a set of y-measurable functions with the norm above finite. It is known that
if k1, k2 > 1, then MP(ky, p) ~ MPE(kg, 11). We also have the weak-type Morrey space whose
semi-norm is given by

If + M2(ky i)l :=sup sup u(kB)»~ 7 (Ap{w € B : |f(x)] > A})7 .
A>0 BeB(u)

The definition can be found in [15]. Set MPE(k, 1), as a set of y-measurable functions with
the semi-norm above finite. In what follows for definiteness we write M? () := MP(2, 1) and



ME(11)w = ME(2, ). Like the strong-type Morrey spaces the number 2 does not affect the
definition of the spaces: It suffices to be strictly greater than 1. We note that M5 (u),, is
weak-LP (1) space.

We shall prove the following theorems.

Theorem 1.2. Let 0 < a < 1 and M, be the centered mazimal operator given by (1).

1 1
1. Suppose that 1 <p < a~', 1 <r <oco and that — = = — a. Let {f; 521 be a system of
q p

p-measurable functions. Then

T r

DMt | s L < C | DoIET) L)
Jj=1 j=1

Here, C is independent of {f;}52;.

2. Suppose that 1 <r < oco. Let {f; 521 be a system of u-measurable functions. Then

1
1 1 -«
r p

o0 _ C oo
pixeRe: Muofi(x)" ] >Axp < |+ Ifi(@)|" ] du(z)

Here, C' is independent of { f;}52;.

Theorem 1.3. Let 0 < a < 1 and M, , be the uncentered mazimal operator given by (2). Let
{£i}521 be a system of p-measurable functions.

1 1 t
1. Suppose thatl1 <g<p<a',1<r<oo, - =- -« andthatf:g. Then
S p s P

T

Y Mayfi" | M) <C DI s Mi(w)
j=1 J=1

Here, C' is independent of {f;}52;.

1 1
2. Suppose that 1 <p < o', 1 <r < oo, and that — = — — a. Then
S p

3=

1

o "

Z Mo fi" : i/p(ﬂ) <C Z ‘fjlr : M{(/‘)
j=1 j=1

Here, C' is independent of {f;}52;.

The centered maximal operator M is not bounded from MB (1) to ME (1), Let us note that
Theorem 1.3 2 is obtained in [14] for > 1. We have obtained the theorem using the vector-
valued maximal inequality of Fefferman-Stein type for My , with £ > 1 for Morrey spaces. In
[13] and [14] we have proved the vector-valued maximal inequality of Fefferman-Stein type for
My, with & > 1. However, the one for M is still missing so that we cannot obtain Theorem



1.2. The method by the vector-valued maximal function inequality of Fefferman and Stein has
another disadvantage. We cannot recover the case r = 1. If r = 1, then the vector-valued
maximal function inequality of Fefferman and Stein fails. For details of this fact we refer [16].
Our present method does not suffer from this shortcoming.

Suppose that, for example, the inequality || Iof : L(u)|| < C'||f : LP(w)| is obtained for
1

l1<p<a ! = ==—a Then we obtain Theorem 1.2 I as follows:
q P

By ["-I"" duality and the pointwise estimate M, f;(x) < C L|f;](z), we have

T

3

S Mufix) | <C D Lifil) = C sup > aj(@) 1ol £l ().
j=1 j=1 a=a(z):|a:l" ||<1 j=1
a(x)={a;(2)}52, €l”

In what follows let us write sup instead of sup . Since I, is a linear operator, we
a=a(z):|la: ’ <1
a(z)={a; (x)}52, €l”

can proceed further.

S

S Mafi@) | = Cswdasta) [ Falenlfyw)lduty)
= Csup/Rd Zaj )iy dp(y)

3=
<5

IA

c/ e (S0 auw =c |7 (S | .
j=1

j=1

As a consequence we obtain

Rl
Rl

Do Mafi"| i L) S C L Zlfm Ll <o | (I rw
j=1 o

The rest of Theorems 1.2 and 1.3 can be obtained similarly.

Thus the rest of this paper is devoted to constructing I, and I, and to studying their
properties. To establish the boundedness of these operators we use Lemmas 1.4 and 1.5. The
proof can be obtained in the standard way by Besicovitch’s covering lemma and interpolation.
For details we refer [10].

Lemma 1.4. Let M be a centered mazimal operator. Then M is L?(u)-bounded for p > 1 and
weak-(1,1) bounded.

Unfortunately the centered maximal operator M is not bounded on MB(p) in general. In
Section 4 we give an example for which M is not weak-M? (1) bounded.

As for the uncentered maximal operator we use the following result.

Lemma 1.5. Suppose that & > 1. My, is the k-times uncentered modified mazimal operator.



1. [15, Theorem 3.3] Let 1 < p < co. Then |[Myf : MY(u)|lw < C|f : MY(1)||, where C
is independent of f.

2. [14, Theorem 2.3] Let 1 < q <p < oo. Then |[Mof : ML(u)| < C||f + ME(u), where
C is independent of f.

2 Centered fractional maximal operators

In this section we consider centered fractional maximal operators. For this purpose we will
define auxiliary numbers 7 (x).

Definition 2.1. Given a Radon measure p and a point 2 € R?, we define
re(@) = sup{r > 0 : p(B(z,r)) < 2¥)
for k € Z with k > log, u({z}).

We note that ri(z) > 0 for all k > k(z) and that r(z) T co as k — oo by definition.

Now we will define a potential operator for centered maximal operators.

Definition 2.2. Let 0 < a < 1. Then for p-measurable positive function f we set
- 1

Li@= Y g o T )

k=[log, pu({x})]+1

Here [-] denotes the Gauss sign. If we define the integral kernel by

. 2k(1—a) ’

then we can write

Lf(@)= [ ka(z,y)f(y)du(y).

Before going into details let us see how our kernel looks like for Lebesgue measure.

Example 2.3. If the measure p is Lebesgue measure, then I, is pointwise-comparable to
da . .
(—A)~ % in the following sense. For all z € R? the estimate

Co (—A)~ %2 f(x) < Lo f(x) < Cr (D)~ %2 f(x)

holds for all positive Lebesgue measurable function f.

Returning to general Radon measures, we note that the measurability of the function I, f ()
follows from lower-semicontinuity of x € R? — ry(z) € R.

The following estimate is the key of the boundedness of I,.

1 1
Proposition 2.4. Let 1<p<a™',¢>1,0<a<1and = =-—a. Then
q P

s LRI

P
q

Iof(z) < CMf(x)

for all positive u-measurable function f.



Proof of Proposition 2.4. Fix v € R%. Set K := {k € Z : ri(z) > rx_1(z)}. We shall estimate

1
Iy = Z Si(i—a) /B(w o) |f ()] du(y)

l€Z
(@)= (2)

for k € K. First we note that u(B(z,ri(z))) < 2% by definition. Consequently Holder’s
inequality yields

1
I, = 7,@/ |f ()] dp(y)
; 24079 Jp (e (@)
ri(z)=ri(x)
< g [ 1@ldut) <02 HE DG (©
T 207 ) B
In the same way, using maximal operator M, we have
1 k7
L= Y gum [ )dut) < 2T fa), 7
1eZ B(z,r,(z))
ri(z)=ri(z)
Combine (6) and (7) to obtain
I < Cmin{27 5 ||+ LP(p)], 2K M f(2)}.
Since I, f(x) = Z I1., we have the desired result. O

keK

Since M is LP(u)-bounded for p > 1, we have

1 1
Corollary 2.5. Let —= =~ —a and 1 <p < a~'. Then
q P

Haf = LYW < CIIf = LP(w)]

for all positive p-measurable function f. In particular I, can be extended linearly to a bounded
operator from LP(u) to LI(u).

From this corollary, as is noted in Introduction, we can obtain Theorem 1.2.

Finally before investigating the uncentered maximal operator, if the measure u satisfies the
growth condition u(B(z,7)) < cor™ with 0 < n < d, let us see that I, dominates J,, defined

by (5).

Proposition 2.6. Assume that the measure p satisfies the growth condition u(B(z,r)) < cor™
with 0 <n <d and that 0 < a < 1. Then for p-a.e. x € RY

Jnaf(x) < CIof(z),

where f is a positive p-measurable function and C is independent of f.

Proof of Proposition 2.6. It suffices to compare the corresponding kernels. That is, we have
only to show that

1

—_— - d d
|z — y|n(17a) < Cko(z,y), prae. (z,y) € R xR (8)



for some C' > 0.

We may assume that = # y, since p does not charge any point in R? under the growth
condition. Let k& be an integer such that 7,_1(z) < |z — y| < ri(z). Then

@ = y"07 > oo u(Ba, Jo - y)) T > 02M,
which proves (8). O

As a corollary of Proposition 2.6, we note that this proposition allows us to transplant
Corollary 2.5 and Theorem 1.2 to J3,0 < 8 < n.

3 Uncentered fractional maximal operators

3.1 A family of balls

In this subsection we will consider a family of balls that will be needed to define another
fractional maximal operator. The following lemma shows that we can drop the assumption of
bounded radii in Lemma 1.1 for some special family of balls.

Lemma 3.1. Let b > a > 0 be fized positive numbers. Suppose that u is a Radon measure and
B(i)as == {B € B(n) : a< pu(x2B) < b} #0.
Then there exists N(= N,) subfamilies B(tt)ap1;---, B(t)ap,n such that

{kB : B € B(l)ap,;} is disjoint for all j =1,...,N. (9)

N

and for all B € B(u)q we can find B' € U B(1)a,p,; such that B C kB’. Here N, does not
j=1

depend on a nor b.

Proof of Lemma 3.1. We may assume that u(RY) > b. If u(R?) < b, we have only to take
B(p)ap; = {R%},5 =1,...,N. Furthermore we may assume that U kB is connected

BeB(t)a,b
and non-empty. Otherwise we have only to apply this lemma to each connected component
and collect the subfamilies from each component.

Let us call a family of balls {Bj}§:0 C B(p)a,p an I-chain if kB; N kBj_1 # ( for all

j=1,...,1. Fix B* € B(it)q,- Since we assume that U kB is connected, for all B there
BeB(1)a,b
exists an I-chain {B;}!_, C B(i)q,p such that By = B* and By = B.

Define i(B) as the smallest integer of such I. Let By := {B € B(it)a, : 4(B) = I}. Then by
induction and the assumption u(R®) > b, it is easy to see that By is a family of bounded radii.

Now we apply Lemma 1.1 to B;. We obtain B§1), . .,BgN) with (3) and (4) for By. The
definition of i(B) prohibits kBN kB’ # O with B € BY) and B’ € BY), for any j,j' = 1,...,N



and I € N. Thus our desired family can be obtained by putting
j i+N
B(M)a,b,j = U ng)v B(:U’)a,bJJrN = U B§]+ )

I=1 mod 2 I=0 mod 2
for j < N. O

Definition 3.2. Let k € Z. We apply Lemma 3.1 to the family with a = 2*=1, b = 2* and
k > 1 to obtain a (at most) countable balls {Bj(k)}jejk such that

1. Z XnB,(.k)(a:) S NH.

J€Jk

2. For any ball B with 2¥~! < j(k?B) < 2* we can find BJ(»k),j € Ji, such that B C /-iBJ(k).

Throughout Section 3 we fix {B](-k)}jeJk for each k € Z.

3.2 Fractional integral operators for uncentered maximal operators

Using {B§k)}j€Jk7k€Z we will construct our potential operators.

Definition 3.3. Let 0 < a < 1. Let f be a positive y-measurable function. Then we define

lonf(@)= 3 (2(1) [ . f(y)du(y)> X 7).

j,k€EZ

We can write I, . f(x) = / ko w(z,y) f(y) du(y) in terms of integral kernel. Here, ko . is
Rd

defined as
X5 ()X, 5 (4)

k‘a’,@(l‘,y) = Z ok(1—a)

J.kEZ

I, . is also pointwise comparable to the operator (—A)*O‘d/ 2 if p is Lebesgue measure on
R?. The similar two-sided estimate like Example 2.3 holds.

Next we shall prove the boundedness of this fractional integral operator. Unlike the centered
maximal operator, we use the uncentered maximal operator Mo .

1 1
Proposition 3.4. Let 1 <p<oo,s>1,0<a <1 and — =—- —a«. Then
s p

fo MEG)E

Ia,n.f(:c) S CMO,nf(I)%

for all positive p-measurable function f.

1
Proof of Proposition 3.4. We will estimate SR(=a) / - f(y) du(y) in two ways again. One is
KBj ’

obtained by the definition of Morrey norms. Note that 2¢¥~1 < u(ﬁ;QB](-k)) < 2%, Hence,
1
Fh(—a) /RBUC) f(y) du(y)
k)y1—1
p(r2BJY)
- 2k(1—a)

k)\ L
(2B

B </’{B§k) /() dﬂ’(?J)) < 2_§+1Hf : M?(M)H (10)



The estimate using the uncentered modified maximal operator is the same as that via the
centered modified maximal operator.

g | £ i) < B Moo f (@) < 2o f(0). (11)

We summarize (10) and (11):

1
S g (00 <2 min

D)l 2% Mo f () }-

Let us recall that by our construction, Z X, g (r) < Ny for all x € R¢, where N, is
i€l
independent of j, k and .
Consequently we have

Lo f(x) < C Ny - min{27 5| f 2 ME()], 24 Mo o f(2)} < C Mo f ()5 [1f + ME()]' %,

keZ
This is the desired conclusion. O
As a corollary of Proposition 3.4 we obtain the boundedness of I,.
Theorem 3.5. Let s >1,0<a<1,1<¢g<p<al,s>1, 4_2 and — = — —«a. Then
p p

Hawf = ME < CNf = MEW-
In particular I, . can be extended to a bounded linear operator from M¥(u) to M (u).

1 1
Theorem 3.6. Let s >1,0<a<1,1<p<a!,s>1and - =~ —a. Then
5 p

Hawf + M3p(llw < CIIf = ME()]].

s/p\H

Finally for the proof of Theorem 1.3 it suffices to prove the following estimate: We can
dominate Mq . by I 1 | /| pointwise.

Proposition 3.7. Suppose that k > 1, 0 < a < 1. Then
Ma,nzf(m) < 2]a,f€|f|<x)

for all x € R and for all positive ju-measurable function f.

Proof of Proposition 3.7. Fix x € R%. Let B € B(u) contain z. It is enough to show
1
—_— d <2lhk .
e [ 0] duty) < 2o 1))

Suppose that 2#~! < u(k?B) < 2F. Then by definition of Bak-1 o1 we can take BJ(k) such that
k - k
B C HBJ(- )7 oF—1 < /J,(K2BJ(- )) < 2k

These conditions imply

2
gy [ )au) < R /Bj(_k)If(y)ldu(y)SQIa,NIf(a?)-

As a result Proposition 3.7 is proved. O

10



Finally we note that J,, is dominated by I, . The proof is similar to Proposition 2.4. We
omit the detail.

Proposition 3.8. Let 0 < o <1 and k > 1. There exists C > 0 such that
Jnaf(x) < Clykf(z)

for p-almost all x € R and for all positive u-measurable function f.

4 Appendices

4.1 Proof of Lemma 1.1

The proof is similar to that in [13, Theorem 1.5]. For convenience for the readers we supply
the outline.

Proof of Lemma 1.1. The following claim follows easily.

Claim 4.1. Assume additionally that sup r(B)) < K7 )i\nf\r(BA). Then Lemma 1.1 holds.
AeA €

The proof is completely the same as [13, Theorem 1.5]. Accepting Claim 4.1, we will treat
general case. Set

Xy = {B €B:r(B)>r2 Supr(BA)} .

AEA
Then we can take subfamilies {Bx},_ ), ..., {Ba} g, satisfying the conditions (3) and (4)
1 N
for X;. Suppose we have defined {B)\}AEA(lj), R {B,\})\GA%>. First we set
Xy = {B €eB:r T supr(By) <r(B) < K sup r(B))
A€A AEA

i N
None of KBy, \ € U U A,(Cm) contains IQB,\} )

m=1 k=1

Then we can take subfamilies {Bx}, _ 41, -, {Ba}y o +0 satisfying (3) and (4) for X4
1 N

Let B = By, A € AU and B' = By, N € AU with j,// < N and m,m’ € N. Then in
the same way as [13, Theorem 1.5], we see that if m and m’ are apart, say |m —m’| > M, then
kBN kB’ = (). Thus we have only to put

Am,j = U A(m)

J
m’=m mod M

forj=1,...,N,m=1,..., M and then rearrange them. O
4.2 A note on centered maximal operators and Morrey spaces

As is announced in Introduction, M is not bounded on Morrey space MY (), unless p = gq.
Let us see an example of this phenomenon. We are going to construct an example of the
measure p on R for which M is not weak-M3 (1) bounded.

11



Let j € N. We set four types of open intervals in R by
o2 .2 ,
Aj=(j,j+1),B;: J]+ Ci=\0i+g) Di=(it+gi+1),JeN.

First we define a weight function w by

o0

(@) = X (o001 (7) + ,ZXC Z (j+1—2x) lo;_ (1) +1- x)XDj (@)

Here log" x := (logx)",z > 0. We define a measure on R by setting u(x) = w(z)H'(z), where
H!(z) is an 1-dimensional Hausdorff measure.

We shall prove that M is not weak-M3(p) bounded by showing that the function defined
by
1
fi(@) = : ~XB,(7),] > 2
! (x — j)log®(x —5) "

is an element in M?(p) such that

Ifj « M2l =O(log™%5)  (j — o0) (12)
IMf; 2 M3(u)llw > cizlog™ 5 (5> 2). (13)

As for (12), more precisely we shall prove

Claim 4.2. As j — oo, we have
£+ MEQ0, )] = O (310872 5) . (14)

Hence as j — oo, it holds that ||f; : M3(2,p)|| = O (j% log ™2 j).

Proof of Claim 4.2. If I and J are intervals such that I contains J, then 10I C 10J. Thus we
see

If; - M0, ) = sup (101 %/|f )l duly)

IeB(p),ICB;

Let I be an interval in R contained in B;. We shall show

p(101)~ 4 / F@) duly) < clog™2 j

for such I. Here c is independent of j and I. In the sequel in this proof we assume that j > 100.
Case 1: j € 2I. In this case we note that

1

p(00% [ 11 @ldntn) < w010 D07 [ rwldnto).
INB;
Simple calculation yields
1
/ \f ()| du(y) = —log P HY(I N By), w(10I N D;_4)% = _53'% log P HY (101 N D;_4).
INB;
Since H*(I N B;) < H'(10I N D;_1) < ¢H'(I N By) in this case, we have

1

u(101)~% / F@)lduly) < e,

12



Thus we have (14).
Case 2: j € 2I. In this case we use

p(101)~ 4 / F @)l duy) < u(D)~* / F@) duly)

1
< —.
 — 100

| =

1
and we estimate the right-hand-side. Let I = (j + a,j + b) with 0 < §b <a<b<

<

Then we have
logb — loga

uD7 [ 1@ duty) =

If we take this quantity as a function of b, then simple calculation shows that the maximum
can be attained at b = min(2a, j~!). Next fixing b = min(2a,; 1), we regard

logb —loga

w7 [ wlanty) =

1
as a function of a, where 0 < a < -, that is, 2] C B;. Then again elementary arithmetic shows
J

1
that this function attains its maximum at a = 2 Thus we have
J

(log2)(2j)*
(log j)(log j 4+ log2

) <j*log?j.

(1) / @) duly) <

Consequently (14) holds for I with 2I C Bj, whether 2I contains j or not. O

To disprove the weak-M? (1) boundedness of M, it suffices to estimate || M f; : M3(2, 1)l
from below.
Claim 4.3. There exists ¢ > 0 such that |Mf; : M3(2, )| > cj2log™tj for all j > 2.

2 5 ~
Proof of Claim 4.3. Let E; = (j + ?Tj’j + 6]) Then M fj(z) > cojlog™"j on Ej, where ¢

is a constant independent of j. Let A\; = ¢ j log™! j. Then

1M f; + M3(2, 1) |
> W(2E) 2 Npdz € By - Mfi(x) > A} > (3§)% x cojlog™ j x (2)7! = cjlog ™" j.

The proof of Claim 4.3 is now complete. O
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