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Abstract: The main purpose of this paper is to establish a gradient estimate and a
parabolic Harnack inequality for the non-symmetric transition semigroup with respect
to the Gibbs measure on a path space. This semigroup is related to a diffusion process
which is represented by the solution of a certain parabolic stochastic partial differential
equation(=SPDE, in abbreviation) containing rotation. We also discuss the relationship
between the Gibbs measure and stationary measures of our dynamics. For the proof of
our functional inequalities, we formulate a suitable domain of the infinitesimal generator
for the semigroup. As an application of our results, we study a certain lower estimate on
the transition probability for our dynamics.

1 Introduction

In this paper, we consider a dynamics of unbounded continuous spins on R containing
rotation. This dynamics is described by the following parabolic SPDE which is called the
time dependent Ginzburg-Landau type SPDE:

X, (z) = %{Ath(x) _VU(X,(2))}dt + BX(x)dt +dWi(x), z€R, t>0,
(1.1)

XO(QE) = w(x),
where U(z) : R? - R, Be RI@RY, A, = d?/dx? V = (0/0z)%, and W(x) is a white
noise process. Throughout of this paper, we also use the notation b(z) := —%VU (2) +
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of Science, Japan.



Bz, z € R% Such equations as the SPDE (1.1) often appear in statistical mechanics
to represent dynamic phenomena approaching to equilibrium. In the case of B = O,
the SPDE (1.1) describes a diffusion process associated with P(¢);-model which has its
origin in Parisi and Wu’s stochastic quantization model. On the other hand, Funaki [4]
discussed the SPDE (1.1) as an equation describing a random motion of an elastic string.

The main purpose of this paper is to discuss some functional inequalities and an
application. Especially, we establish a gradient estimate (cf. Theorem 5.1) and a parabolic
Harnack inequality (cf. Theorem 6.1) for the transition semigroup {P;} associated with
the SPDE (1.1). This semigroup is non-symmetric with respect to a Gibbs measure on the
path space C'(R,R%). In the former paper Kawabi [9], we established these inequalities
for the transition semigroup in the case of B = O. Needless to say, the semigroup is
symmetric with respect to the Gibbs measure.

In this paper, we assume the following conditions on the matrix B and the potential
function U. In physical view, the condition (B) means that {Bz},cgas is a magnetic field.

(U1) U is a radial symmetric function of C?(R¢, R).
(U2) There exists a constant K; € R such that V2U(z) > —K; holds for any 2z € R%

(U3) There exist Ko > 0 and p > 0 such that |VU(z)| < Ks(1 + |z[") holds for any
z € R

(U4) limy,|—o U(2) = 00.
(B) B*=-B.

As examples of U satisfying above conditions, we are interested in a square potential
and a double-well potential. Those are , U(z) = a|z|? and U(z) = a(|z|* — |z[*), a > 0,
respectively. We can also give a simple example of B in the case of d = 2. It is B =

0 -1 which generates the rotation matrix e'? = Cf)St —sini
Lo sint  cost

Now we explain our framework. First, we give a precise meaning of the solution to
the SPDE (1.1). When we discuss the existence and the uniqueness of solution of the
SPDE (1.1), we have to introduce suitable function spaces to control the growth of X;(x)
as |r| — oo. We introduce Hilbert spaces L3(R,R?) := L*(R, e 2@ dz), A > 0 where
x € C*(R,R) is a positive symmetric convex function satistying x(z) = |z| for |z| > 1.
L3(R,R?) has an inner product defined by

(X,Y)y = / (X(2), Y (1)) e M@ dr, XY € LI(R,RY).
R

The corresponding norms are denoted by || - ||x. In this paper, we fix A > 0 and denote
E = L3(R,R?) and H := L*(R,RY).



We also define a suitable subspace of C(R,R?). For functions of C(R,R?), we define

Xy == sup | X (@) e ™) for A > 0.
zeR

Let
C=[{X() € CRRY) | [|X]], < o0}.
A>0
C becomes a Fréchet space with the system of norms || - [||,. We easily see that the dense

inclusion C C E N C(R,R?) holds with respect to the topology of E. We regard these
spaces as the state spaces of our dynamics.

We denote by Cy(E,R) the set of bounded continuous functions on E and (u,v) is
defined by [, (u(x),v(z))gaeda if the integral is absolutely converging. We say a function
F: E — Risin class FC;° if there exist a function f := f(ay, -+, a,) € Cp°(R"), n =
1,2, and {¢p}7_; C C5°(R,RY) satisfying

F(w) = f(<w7¢1>7 Tt <w7 d)n))

Let (O, F, P) be a probability space. We define a white noise process (H-cylindrical
Brownian motion) W := {W;};>¢ on this probability space. Here we call that a family
of random linear functionals W on H is a white noise process if the linear functional
(W, ¢) is a one-dimensional Brownian motion multiplied by ||¢||y for every ¢ € H and
(Wo, #) = 0 holds. Here we also denote (W;, ¢) by [o(Wi(x), ¢(2))gedz. In this paper, we
consider a filtration {F;};>o by the Brownian filtration F; := o(Wy; s < t) VN, where N/
is the family of P-null sets.

Following Iwata [8] and Shiga [18], we call that C-valued {F;}-adapted continuous
stochastic process X := {X;(x) }+>0 is a mild solution of (1.1) with the initial data w € C
if there exists a {F; }-white noise process W = {W,} and X satisfies the stochastic integral
equation

&w:=/amy @+//bmxy X, (y))dsdy

+/ /Gt_s(x,y)dWs(y)dy, reR, t>0 (1.2)
o Jr

(z—y)?
2t

We also give the notion of the weak form solution. It is a solution of the following

for P-almost surely. Here we denote the heat kernel by Gy(z,y) := ﬁexp{ —

stochastic integral equation:
1 t t
(g = wd)+ [ (Xadeo)ds+ [ (L0 + Weo)  (13)
0 0
for every t > 0 and ¢ € C3°(R,RY) P-almost surely.
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It is known that two definitions of the SPDE (1.1) are mutually equivalent. Moreover
the SPDE (1.1) has a solution living in C(]0,00),C) for the initial data w € C and the
pathwise uniqueness of solutions holds under slightly weaker conditions than (Ul) and
(U2). See Theorem 3.2, Theorem 5.1 and Theorem 5.2 in [8] and Theorem 2.1 in [18] for
the details.

In the sequel, we denote by P,,, w € C the probability measure on C'([0, c0), E') induced
by X and M := (X, {Py}wec). Moreover we denote by Y := {Y;(x)}+>0 the solution of
the SPDE

dY(z {A Yi(z) — VU (Yy(2)) }dt + dWy(z), =z €R, t >0, (1.4)

with the initial data w € C and Plg , w € C by the probability measure on C([0,00), E)
induced by Y and M© := (Y, { P} ,cc).
We define the transition semigroup {P;}:>o of the dynamics M by

PF(w) = / Fy)Po(X, € dy), F e FC®, weC. (1.5)
E

We also define the transition semigroup {Pt(o)}tzo of the dynamics M(® as above.

The organization of this paper is as follows: In Section 2, we prepare a simple lemma
about the stochastic flow for our dynamics M. Moreover, we state a fundamental property
for the transition semigroup { P;}. In Section 3, we introduce Gibbs measures and station-
ary measures of our dynamics M. Here we also discuss the relationship between {P;} and
{P } By using this relationship, we prove that a Gibbs measure is a stationary measure
of M. In Section 4, we formulate a suitable domain for the infinitesimal generator of the
semigroup {P;} by adopting a stochastic approach. In infinite dimensional settings, it
is very difficult to find a good domain D(L) which has both the ring property and the
stability under the operation {P,}. However we insist that it is not difficult to construct
such a domain D(L) if we handle diffusion processes which are represented by the solution
of some stochastic equations (cf. Theorem 4.4). In Theorem 4.4, we also discuss the rela-
tionship between D(L) and D(E), where D(E) is the domain of the symmetric Dirichlet
form related to the diffusion process M(?). Here the Littlewood-Paley-Stein inequality
plays a significant role. In Section 5, we establish a gradient estimate for { P;}. To prove
this inequality, the key lemma in Section 2 is used effectively. In Section 6, we establish a
parabolic Harnack inequality for {P;}. To prove this inequality, various results discussed
in Section 4 and the gradient estimate play fundamental roles. We also discuss the some
smoothing property of {P;}. Finally in Section 7, we give an application of the parabolic
Harnack inequality. This is the lower bound on the small time asymptotics of the transi-
tion probability for our dynamics M. At present, we do not have the upper bound. This
will be discussed in separate papers.
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2 Key Estimate for the Stochastic Flow

In this section, we prepare a key estimate for the stochastic flow of the solution of the
SPDE (1.1). This estimate plays a significant role in this paper.

Lemma 2.1 Let X* and X* be the solutions of the SPDE (1.1) with the initial conditions
Xy =weC and Xé”l =w' € C, respectively. Then for every A > 0,

(1 +2A )t

x5 = x| < e -] 1)

holds for P-almost surely. Moreover, for every h € HNC, we have the following estimate

for P-almost surely.
Iz - xell, < ol 22

Proof. The proof of this lemma goes similarly as Lemma 2.1 in [9]. So we only outline
the proof. We realize X and X" on the same probability space as solutions of (1.1)
with the same cylindrical Brownian motion. Here we set Z*% := X" — X%, By (1.2),
Y satisfies the following integral equation:

th’wl(x) /Gt(.CE y)h dy+/ /Gt s(z,9)¥ (s, y)dsdy,

where W(s,y) == b(X"(y)) — b(X¥ (y)). This expression leads us to the semi-linear heat
equation

0 1 /
athw ( ) éAIZZU’w (.73) + \I/(t,x), x € R, t> O,

70 (1) = w(z) — w'(x).

Here we take A € (0, )], multiply both sides by Qth’w/(x)e_”‘X(m) and integrate over
(0,t) x R. We remark that the convexity of x implies ||[Vx|[z~ < 1. Then by applying
integration by parts, we obtain

[ 170 @pe
/ () — w'(z) P M@ g 4 2)2 / / |22 () P62 ds iy

+/ /(\D(s,x),Z;”’w,(x))Rde_Q’\X(z)dsdx. (2.3)
0o JR
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Needless to say, by the lack of the regularity for Z**', above computations are formal,
however we can use the mollifier technique to justify (2.3) holds. See Lemma 2.1 in [9]
for the details.

Here we note the condition (B) implies

(Bz— B, z2—2'),, =0, 2,2 € R". (2.4)

Hence the condition (U1), (2.3) and (2.4) lead us to the following estimate:
[ 1z @ s
R

t
< / lw(z) — w'(x)]2e™ X dy + (K, + 2>\2)/ / | Z2 () 2e ™M@ ds .
R o Jr
By using Gronwall’s lemma, we obtain
/ |Zf”w/(x)|2e_2AX(z)da: < e(K1+2’\2)t/ lw(z) — w'(x)]2e™X@) g (2.5)
R R

This completes the proof of (2.1). For the assertion (2.2), we complete the proof by letting
A0 1

Before closing this section, we present a certain continuity for the transition semigroup.
As a consequence of this lemma, we can see

Corollary 2.2 For F € FC;° andt > 0, P,F and Pt(O)F can be extended functions of
Cy(E,R). (Throughout of this paper, we also denote them P,F' and Pt(O)F, respectively. )

Proof. The proof of this lemma is quite similar as the proof of Corollary 2.2 in [9]. So
we also outline the proof for P, F'.
By (2.1), we have the following estimate for every w,w’ € C C E:

Kq+2X2

|P,F(w) — P,F(w)| < K\, F)e™ =2 Y. |Jw— ||, (2.6)

where K (), F) is a positive constant defined by HVfHLoo(Rn)~{ S (e loi(2)2e?X @) dz) }1/2
and (X}, ¢) is denoted by ((X}”, ¢1),- -+, (X}, ¢n)) for simplicity. This estimate means
that P, F is uniformly continuous on C. Finally by recalling C C E is a dense inclusion,
we can completes the proof.

3 The Relationship between a Gibbs Measure and
Stationary Measures on a Path Space

In this section, we discuss the relationship between a Gibbs measure on the path space
C and stationary measures for a non-symmetric diffusion process described by the SPDE
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(1.1). Roughly speaking, we prove that a Gibbs measure keeps the invariance for our
dynamics under the rotation. In what follows, we denote P(C) and P(E) the class of all
probability measures on the space C and FE, respectively. Moreover we denote by B, and
B the o-field generated by C|i_,,) and C|r\(—r), respectively.

3.1 Preliminary Facts and Results

In this subsection, we prepare some terminologies on Gibbs measures and stationary
measures for our dynamics to state results.

Firstly, we introduce a Gibbs measure. Consider a Schrodinger operator H := —%A+U
on L*(R?, dz), where A is the d-dimensional Laplacian. Then the condition (U4) assures
that H has purely discrete spectrum and a complete set of eigenfunctions. We denote
k > 0 by the minimal eigenvalue and €2 by the corresponding eigenfunction with ||Q||z2 =
1. We define pu(A) for A € B., r > 0 by

T

p(A) =" /Rded Q(2)Q(2")p(2r, z, z’)EZ_’i:T[eXp ( —/ U(w(z))dz); A] dzdz', (3.1)

b

where p(t,x,y) = <\/%)dexp{ — %} and Eif;[] is the expectation with respect to
the path measure of Brownian bridge such that w(—r) = z,w(r) = 2/,

Then we can easily check that p is well-defined as an element of P(C). Since the
inclusion map of C into E is continuous, we can also regard u € P(E) by identifying it
with its image measure under the inclusion map.

By applying the Feynman-Kac formula, it is not difficult to see that u satisfies the

following DLR~equation for every » € N and p-a.e. £ € C:

T

p(awlBr)E) = Ztexp(— [ Ulw(a))do)Wheldu) (32)

where W, ¢ is the path measure of the Brownian bridge on [—r, ] with a boundary con-
dition w(—r) = {(=r),w(r) = &(r) and Z,.¢ := EMWre [exp (- J" U(w(x))dx)] is the
normalization constant. See Proposition 2.7 in Iwata [7] for details. Although generally
there exist another u’s satisfying (3.2), in this paper we only consider the Gibbs measure
w which has been constructed in (3.1).

From the expression (3.1), we easily see that y is shift invariant and

Jw(z)|* e X@ dy b pu(dw) < . |2]P"Q(2)*dz < oo. (3.3)
E “JR A Jpa

holds for any integer m and A > 0.
Moreover we have to mention the C5°(R, R?)-quasi-invariance of the Gibbs measure

W

/EF(w + h)p(dw) = /EF(w)e‘}(h’w)u(dw), h € C°(R,RY), F € By(E,R), (3.4)



where ®(h,w) is defined by

O(h,w) = /R {U(w(x)) — U(w(z) - h(z)) — %\h/(a:)\Q - (w(x),Axh(a:))Rd}dx. (3.5)

For details the reader is referred to Funaki [5] and [7]. This property will be used in the
sequel of this paper.

Next we recall the notion of the stationary measure. We call that u € P(E) is a
stationary measure of the SPDE (1.1) if it satisfies

| PFntan) = [ Fout)

for every t > 0 and F' € FC;°. We denote by S(b) the family of tempered stationary
measures. Here we say a probability measure p € P(E) is tempered if E*[[|lw|3] < oo

holds for all A > 0.
The following theorem is our main result in this section.

Theorem 3.1 Under the conditions (U1)-(U4) and (B), The Gibbs measure p belongs to
S(b).

We also present the following theorem as a by-product of Theorem 3.1. We assume
the following condition which is stronger than the condition (U2).

(U5) U is strictly convex, i.e., there exists a constant K3 > 0 such that V2U(z) > K3
holds for any z € R,

Theorem 3.2 Under the conditions (U1), (U3)-(U5) and (B), The Gibbs measure i is
the unique element of S(b).

3.2 The Relationship between {F,} and {Pt(o)}

In this subsection, we study a relationship between our dynamics M = (X , Pw) and
MO = (Y, P&O)). It is known that the Gibbs measure p is {P” }-reversible, i.c.,

LMWWWMWM=/WWMHWMM

E

holds for every t > 0 and F,G € FC,°.

Especially, we discuss the relationship between the semigroups {P;} and {Pt(o)}. This
relationship will plays a important role in the proof of Theorem 3.1.

At the beginning, we prepare the following semigroup {Q:}:>o as follows:

Q:F (w) == F(Rw), FeCy(E,R), weE, (3.6)

where R; : E — F is defined by (Ruw)(-) := e'P(w(-)). Then we have the following
theorem.



Theorem 3.3 (1) For any F' € FC;° and s,t > 0,

OQ.F(w) = QP F(w), weE. (3.7)

(2) For any F € FC;° andt >0,

PF(w) = PYQ,F(w) = QPP F(w), we E. (3.8)
For the proof of this theorem, we prepare the following lemma.

Lemma 3.4 (1) Let W := {W;}i>0 be a white noise process and {¢;}2, be a C.O.N.S.
of H. Then there exists a sequence of independent one-dimensional Brownian motions
{Bi}52, and a Hilbert space H such that the inclusion H C 'H is a Hilbert-Schmidt operator
and the expansion

1=1

holds. Here we regard the right hand of (3.9) as a H-valued continuous square integrable
{Fi}-martingale.

(2 ) For {3;}52, and {¢;}2, denoted above, we define a H-valued stochastic process W=
{W}ho by

0 t
Wy=> / (Ry¢)dBi(s), t>0. (3.10)
i=1 V0
Then it is also a white noise process. Here we regard (3.10) as the assertion (1).

Proof. The assertion (1) is well-known. See Da Prato-Zabczyk’s book [3] for the detail.
We show the assertion (2). By recalling the condition (B), we easily have

(07,00, ,0)) - = / (Rudis6)  (Rudis ) s

0

and {Wt}tzo is a martingale. Hence by Levy’s characterization, this is also a white noise
process. |

Proof of Theorem 3.3. At the beginning, we introduce the heat semigroup {G;}:>o :
C — C defined by

Gow(z /Gt (x,y)w(y)dy, weC, xeR. (3.12)



(1) For the solution of (1.4) with the initial data w € C and s > 0, we consider a stochastic
process Y := {R;Y;}i>0. By recalling (1.2) in the case of B = O, this process satisfies the
following stochastic integral equation.

i) = GRaw)@) =5 [ G (RIU.0) )ar

+Z/O Gir(Rs0i)(2)dfi(7)
1= . .
:<3mﬂwm‘§AC%4VUWJKwX@W
5 /0 G (Roti) (2)dBi(7)

+K4@4mwm®@, (3.13)

where we used the conditions (B) and (U1) for the second line and W is another white
noise process defined by

Z@ Rydy), t>0. (3.14)

Then (3.13) means that P is equal to PR for every w € C. Here P, w € C is the
probability measure on C([0,c0), E) induced by Y.
Hence we have

Pt(O)QsF(w) =

&=

Q. F(¥,)]

E[F(Y")]

[F(Y)]

= PYF(Ruw)=Q,P"F(vw), weC. (3.15)

&=

~

Therefore we have (3.7) by combining (3.15) and Corollary 2.2.

(2) For the solution of (1.4) with the initial data w € C, we consider a stochastic process
X = {R:Y:}+>0. We are going to look for the stochastic integral equation of which X is
a solution.

10



Since Y is the mild solution of (1.4), we have

X(z) = Gt(Rtw)(x)—% /O G (RVU(Y, () (@)dr

+ 2_: /0 Gir(Rudhi)(2)d(7)

_ Gt(Rtw)(x)—% /0 t Gt_T{Rt_TVU(RTYT(.))}(x)dT

+ ij: /O t Gir{Ri—r(Rr ;) } (x)d;(7)

1 ~
= SY(z;w) — 559(9@; X) + S (W), (3.16)

where we used the conditions (B) and (U1) for the second line.
To expand the right hand side of (3.16), we prepare the following R¢ @ Re-valued
equality:

t
e(t—T)B _ IRd + e—TB/ BGSBdS, 0<r1<t. (317)

By recalling (3.17) and the semigroup property for {G;}, we have the following ex-
pansion on the term S\ (z;w):

Sz w) = Gt</0t B(Rsw)(-)ds + w) (x)
= Guw(z) —|—/t Gi(B(R,w)(-))(z)ds

0

= Gtw(x)—i-/o Gi—s{ BR,((Gsw)(-)) }(z)ds
= Gtw(x)—i—/ Gt_s{B(Ss(l)(-;w))}(x)ds. (3.18)

0

Next we proceed to the expansion on the term St(2) (z; X). By using Fubini’s theorem,
the semigroup property for {G;} and (3.17), we have

S (: X)
- /OGt_T{VU(XT(-))}(x)dT

+/t Gt—7{<e_73 /t BeSBd8> 'VU(XT('))}(x)dT

0 T
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O ()} )
+/Otds/08Gt_T< B
= [ oAU s

0

v/ G [ | e (Ger (FUCE) )i} s
_ /Oth_S{VU(XS(-))}(x)der /Oth_s{B<S§2)(-;X))}(x)ds, (3.19)

— [ GO Halds
Bels—nB . VU(XT(-)))(x)dT

Next we proceed to the expansion on the term St(3) (z; W). By using stochastic Fubini’s
theorem, the semigroup property for {G;} and (3.17), we have

S& (W)
-y / Gor(Ryi)()dBi(7)

3 [e (e [ penas) oo
_ i [ G straonwe

+i [ s [ Guoo(Be0 o)) 1o
_ i / Gou (R @)d5(5)

+§:/0th_8[8{ /OsGs—T<R8—T(RT¢i)>(')dﬂi(T)H(x)ds
— /Ot/RGt_s(x,y)dWs(y)dy_k/Oth_s{B(Sgii)(.;W))}(x)d& (3.20)

where we used (3.10) in Lemma 3.4 for the fourth line.
Finally we combine (3.16), (3.18), (3.19) and (3.20). Then we have

Xi(z) = (Gtw(x)+ /OtGt_S{B(ggn(.;w))}(x)ds)
—%(/Ot G {VU(X. () }(x)ds + /Ot Gt_s{B<Ss(2)(-;)~())}(x)ds)
+</0t/RGt_8(x,y)dWs(y)dy+/Ot Gt_S{B(Ss(fi)(.;W))}(x)ds)

12



= Gu) - [ G (U
+/t Gt_s{B<S§1>(-;w) _ 355(2)(.;)2) +S§3’(-;W))}(x)ds

- t [ Gty
= /Gt(:ry dy+//Gts:ry Xo(y))dsdy

+/ /Gt_s(x,y)dWs(y)dy, reR, t>0. (3.21)
0 Jr

This means the stochastic process X is also a mild solution of the SPDE (1.1) with the
initial data w € C. Therefore the uniqueness implies that P, is equal to P, for every
w € C. Here P, is the probability measure on C/([0, 00), F) induced by X.

Hence we have
POQF(w) = E[QF(Y")
E[F(X}")]
= E[F(X}")] = PF(w), weC. (3.22)

Moreover by putting s =t in (3.7), we complete the proof. §

3.3 Proof of Theorem 3.1 and Theorem 3.2

As a preparation, we present the following lemma.

Lemma 3.5 The Gibbs measure ju is {Q¢}-invariant, i.e.,

[ @) = [ Fuldo) (323)
E E
holds for everyt > 0 and F € FC;°.

Proof. We take F' € FC;°. By taking a sufficient large number r such that r >
max{supp(¢;); 1 <i < n}, we have the following expressions:

T

Fw) = 1 [ (@) o@seds - [ (), ona))sds).

T -

arw) = f( [ @) otmdr -, [ (€@, ouw)sds).

T -Tr

Firstly we consider the finite volume Gibbs measure p, o defined by

praldu) = Zgexp (= [ Ulw(@)da)W,o(du),

-r
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where W, is the path measure of the Brownian bridge on [—r, 7] with a boundary con-
dition w(—r) = w(r) = 0 and Z, ¢ is the normalization constant.

Here we consider a transformation R\ : C([-r,r],RY) — C([—r,r],RY) defined by
(R"w)(z) = eB(w(z)),z € [—r,r]. Then by recalling that the potential function U is
radial symmetric and W, o(dw) is invariant under the operation RET), we have

/ QuF () (dw) = / F(w) iy o(duw). (3.24)
C([-r,r],R4) C([—r,r],R4)

Next we define the extension of y, o to the probability measure fi,.o on C as fi,o(A4) =
pro(A) for A € B, and fi,o(w(z) = 0 for z € R\ (—r,r)) = 1. We also recall the
probability measure /i, converges weakly to i as r — oo on the space C. See Proposition
3.2 in Funaki [4]. Hence by recalling (3.24), we have

/Qt = lim Qt ( )ﬂr,o(dw)

r—00

= lim F(w)ﬂr,o(dw):/JsF(w)u(dw). ]

r—00 I

Proof of Theorem 3.1. We recall that the Gibbs measure p is {Pt(o) }-reversible. See
Lemma 2.9 in Iwata [7]. Hence by virtue of Proposition 3.3 and Lemma 3.5, we easily
have

/E PF(w)p(dw) = /% PO (QuF) (w)u(dw)
_ /E QuF (w)pu(dw) = /E F(w)u(dw) (3.25)

for any F' € FC;°. Hence by recalling (3.3), we complete the proof. g

Proof of Theorem 3.2. Let p,ji € S(b). Let X and X be corresponding solutions of
the SPDE (1.1) with initial distributions p and [, respectively.
By a similar argument to the proof of Lemma 2.1, we have

~ —Ka42)2 ~
1 = Xy < 791X = Xolla.
for P-almost surely. Then for every F' € FC;°, we have
[EX[F] - EF[F)| = |E[F(X)] - E[F(X))]|

—Kg+2)2 ;
2

< KWl ™S 0E[|X, — Xolli], (3.26)

where the positive constant K () is defined in the proof of Corollary 2.2.

Now we fix A > 0 such that —K35 4+ 2A? < 0. Then by letting ¢ — oo on both sides
of (3.26), E¢[F] = E~[F] holds for every F' € FCp°. Hence pu = fi holds. This means the
uniqueness of S(b). &
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Remark 3.6 By Theorem 3.1, we have |PF||p1(gyy < |F||L1(my holds for F e FC°.
Hence Riesz-Thorin’s interpolation theorem implies that { P;} can be extended to a strongly
continuous contraction semigroup on LP(E,R;pn), 1 <p < oco.

4 Fundamental Properties of a Suitable Domain for
the Infinitesimal Generator

In this section, we formulate a suitable domain for the infinitesimal generator of the
semigroup { P} via a stochastic approach. This approach may be found in Revuz-Yor’s
book [16]. They called the generator by the extended infinitesimal generator. In this
paper, we give a slightly different formulation such that the domain has both the ring
property and the stability under {P,}. These properties will play fundamental roles in
the sequel.

4.1 Definition of the Domain for the Infinitesimal Generator

Let (L,,Dom(L,)) be the infinitesimal generator of the strongly continuous contraction
semigroup {P;} on LP(E; ), 1 < p < oo which is defined by

Dom(L,) = {F e LP(E;p) | 13%1%(31? — F) exists } = (I — L) 'LP(E; p),
LF = ltigl%(PtF — F), F € Dom(Ly).
We consider the operator £ with a suitable domain D(L) as follows:
D(L) = mp21 Dom(Ly),
LF :=L,F, F € D(L).
In this subsection, we give a stochastic representation for (£, D(L)). We have

Proposition 4.1 A function F' : E — R belongs to D(L) if and only if there exist a
function 1 : B — R with ®!F1 ¢ Nicpeoo LP(E5 1) and a {F;}-martingale {M}F]}tzo
such that the following identities hold:

¢

(i) M = F(X;) — F(Xy) — / O¥(X,)ds for P,-almost surely, (4.2)
0

(i) Ef UM}FHP] < oo foranyt>0,1<p< oo, (4.3)

where P, 1= fE P,p(dw). Moreover the function ®F) is equal to the generator LF.

15



Here we have to mention that the martingale {Mt[F]} and the function ®1 in (4.2) are
determined uniquely.

Proof. We denote by D(L) the set of functions in (1, LP(E; ) which satisfies (4.2)
and (4.3). Firstly we aim to show D(L) C D(L).
Let F € D(L). Then by (4.2), the following identity holds for p-a.e. w € E:

t
PtF(w):F(w)+/ P, (w)ds, t>0.
0

Hence for every p > 1, we have
1 (7]
| (pF—F)-o
t

1 t
_ H?/ (P, — dlF))ds
0

1 t
< 1 [IRST -0 ds (1)
0

LP(E;u) LP(E;p)

Therefore we have F' € Dom(L,) and ®¥1 = [, F by recalling the right hand side of (4.4)
tends to 0 as t — 0. It leads us that we have shown D(£) C D(£) and ®F1 = LF.
Next we aim to show D(L) C D(L). For F' € D(L), we set
t
M = F(X,) — F(X,) — / LF(X,)ds.
0

Since LF € (1<peno LP(E; 1), we want to show that {th }>0 is a {F;}-martingale
with (4.3). Since {X;} is the mild solution of SPDE (1.1), the Markov property

E% [F(Xy40)|Fs] = E™[F(X;)] for P,-almost surely (4.5)

holds. See Section 9 in [3] for the details. Therefore by combining (4.5) and
(PF)— F — /Ot P(LF)dr =0 (4.6)
holds, we can easily obtain that {]\;[t[p}} is a {F;}-martingale under P, as follows.
EP [ MP|F] = MEP B [F(X,) - F(X,) - / t LF(X,)dr|F,]
= M+ EP[F(X,-) — F(Xo) — / - LF(X,)dr]
0

= W { R - OG- [ PLF)(X)ar)

= MY 0<s<t P,almost surely. (4.7)
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On the other hand, we have the following identity for every p > 1 by recalling the
{ P, }-invariance of p.

B (| F(X)|7] = /IEP“JHF(Xt u(dw) /\F VP ()

We also have the following estimate for every p > 1:

e ) [ erexaas) < [ m ][ aspt [ i Eocras] a
_ tpl/ds/EPme ] (dw)
— / ds [ 1CP(w)P(an)

Therefore we can conclude Ef» [|J\7[JF}|Z’] < oo for every p > 1. Then we have shown
F e€D(L) and LF = ®¥). This completes the proof.

4.2 Preliminary Facts on the Symmetric Diffusion Process M)

In this subsection, we discuss the relationship between the solution of the SPDE (1.4)
and a certain Dirichlet form. For F' € FC;°, we also define the Fréchet derivative DF" :
E — H by

"0
DF)(a) = 3 P (w00}, fw 6,))oue), B (4.9
Now, we consider a symmetric bilinear form £ which is given by
1
&(F) =5 [ IDF@)fm(du), FeFCy

We also define & (F) = E(F) + HFH%Q(EW) and D(&) by the completion of FC;° with
respect to 811/2-n0rm. For F' € D(E), we also denote by DF' the closed extension of (4.8).
By virtue of the C§°(R,R%)-quasi-invariance and the strictly positive property of the
Gibbs measure p, Theorem 1 and Proposition 3.6 in Kusuoka [12] derive that (£, D(E))
is a Dirichlet form on L*(E;p), i.e., (€,D(€)) is a closed Markovian symmetric bilinear
form.

Now we can summarize the relationship between this Dirichlet form and our dynamics
as the following proposition. The reader is referred to Theroem 2.1 in [5] or Proposition
2.3 in [9] for the proof.
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Proposition 4.2 (1) There exists a diffusion process MO .= (Yt,pls,o)) on E associated
with the Dirichlet form (€, D(E)).

(2) If the initial distribution of Yy is the Gibbs measure yu, the distribution on C([0,00), E)
of the process Yy coincides with that of Y;.

Here we give a remark. Let {Pt(o)} be a L*(FE;u)-strongly contraction semigroup
associated with the Dirichlet form (£, D(E)). Then the assertion (2) implies that

/E PO F(w)Gl(w)u(duw) = / B F ()G (w)u(dw)

E

holds for any F,G € L*(E;u). So by Riesz’s representation theorem, we have Pt(O)F =
PF holds for any F € L*(E;p). This means that {Pt(o)} coincides with {Pt(o)} as a
LP(F; ), 1 < p < oo -strongly continuous contraction semigroup. We denote by Lg)) the
infinitesimal generator on LP(F; ).

Before closing this subsection, we introduce a relationship of Sobolev norms. Quite
recently, Kawabi-Miyokawa [11] showed the Littlewood-Paley-Stein inequality for the sym-
metric diffusion semigroup under the gradient estimate condition on the semigroup which
is slightly weaker than the lower boundedness condition of Bakry-Emery’s I'y. Moreover,
we have already obtained the gradient estimate

(0) K1t 15(0) )
|D(P7F)(w)|lg <e2 B (|DF|lg)(w), t >0, prae wekE

for ' € D(E). See Proposition 2.4 in Kawabi [9] for the detail. Hence we can apply
the result in [11] to our dynamics M. Then we have the following proposition as a
by-product of the Littlewood-Paley-Stein inequality. See Theorem 1.2 in [11] for the
detail.

Proposition 4.3 For anyp > 2, q > 1 and o > %, the following inequality holds for
SNF N e yp)- (4.9)

F e IP(E;p):
D(y/a 1) F|
H Wa=17) L¥ (B, Hip)

In (4.9), the notation [|F|lioeyy S |Gllormw stands for [[Flle@, < CollGllrem,
where C), is a positive constant depending only on p. (4.9) means the following inclusion
holds:

Dom((\/1— L)) € WYP(E; p) == {F € L’(E; p) N'D(E) | DF € LP(E, H; 1)}.

4.3 Fundamental Properties of D(L)

In this subsection, we present the following fundamental properties of the domain D(L)
which will play central roles to establish functional inequalities.
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Theorem 4.4 (1) FC;° C D(L).

(2) P,(D(L)) C D(L) holds fort > 0.
(3) D(L) C mp21 WHP(E; 1) € D(E).
(4) For any F € D(L),

t
M :/ (DF(X,),dW,)y, t>0. (4.10)

0

(5) For Fy, F; € D(L), F1Fy, € D(L) and the following equality holds.
L(F\Fy) = F\LFy + F,LF, + (DF,, DFy)y. (4.11)

Proof. (1) Let F' € FC;° be given. Then the It6 formula implies the following equality
by recalling (1.3).

o) = Fo+ Y [ e (o))

—ié Z / %ﬁjzﬂj((){s,@% e ’<XS’¢”>>d<<X"¢i>’ <X"¢j>>8

= F(XO)+/tLF(Xs)ds+/t(DF(XS),dWS)H, (4.12)
where
LF(w) = —28%3% D), {w, 60)) (5, 5)

+Z (o). (w0, 60)) (50 D000 + (b)), 00 (413

Then by recalling (3.3), LEF € (j<peoo LP(E; 1) holds. By Burkholder’s inequality, we

also have M," fo (DF(X,),dW,)y such that EF» [|th|p} < oo for any p > 1. Hence
we easily see F € D(L) by setting LF := LF.

(2) For F € D(L), we consider {Mt[PTF]}tZO defined by
t
MIPF = PR(X,) — P.F(X,) — / P.(LF)(X,)ds, t>0. (4.14)
0

By the Markov property and (4.6), we easily see the martingale property of M, as follows:
EP [ M )

t
= MIPFl 4 EP [PTF(Xt) —- PF(X,) - / PT(EF)(XT)dT\FS]
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t—s
= MIPT) 4 EPx [PTF(Xt_S) — P.F(Xo) — / PT(EF)(XT)dT}
0

t—s
= MS[PT‘F] + {-Pt—s+rF(Xs) - P0+TF(XS) — / 7—+7«(£F dS}
0
= MIPF1 0 < s <t, P,-almost surely. (4.15)

On the other hand, we easily obtain Ef» [|Mt[PTF}|p] < oo and P.(LF) € LP(E; p) for
any p > 1. Hence we obtain our desired assertion by setting L(P.F) := P,(LF), t > 0.

(3) We take 1 < ¢ < 2. We aim to show

q
’W1—$DQ—L—

In what follow, constants C' depend on p and ¢ but not on F'. They may differ from lines

< C||F||zompy, F € LP(E; ). 4.16
iy < CVFls, F € DB ). (410

to lines.

Here by recalling T} := e_tPt(O)

is an analytic semigroup on LP(F; 1), we have
(1 = LT F ooy < CE e || F |l ooy, F € LP(E; ).

Then we have

q
le—LPinF

:‘%H—Lm { MEF}
Lo (B Ly (B)

- - g—4/2 L(o) T . F d
Im_gé 1 = L) Tod Y|y 0
_C > —q/2 —1_—(s+t
Fu—@ésw{wﬂ)e(Wﬂmmﬁ%
ClIF || Loz o
—’t—Q/Qe—t/ 7-—11/2(1 +T)_1d7'

P(l - %) 0
= O Fll o,

IN

IN

IN

Hence we can show (4.16) as follows:

q q e o]
©) 1 ©) L
V1-1O 1-L)'F :)Wl—L / PPt
H an Lr(E;p) 8 ( 0 © )
00 q
:H/eﬂm—WHﬁ@m
0

Lr(Esp)

Le(Esp)
e’} q
< Hw1—L@1ﬂQF dt
A po QD 0

< / (C+ 2 )| QuF || 1o () It
0
< of / £ dt) | Fll o) = CllFll o
0
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4
Here we note that (4.16) means Dom(L,) C Dom(y/1 — ) On the other hand, we

q
have seen that Dom(y/1 — LZ(DO) ) € WHP(E; 1) in Proposition 4.3 and D(L) C Dom(L,)
in Proposition 4.1. So we have our assertion.

(4) Let F € D(L) and {¢;}32, C C°(R,R?) be a C.O.N.S. of H. Since {F;};>0 is the
Brownian filtration, there exists a H-valued progressively measurable process { f; }+>0 such
that E[fo | fs(w)||%ds] < oo for all T > 0 and the martingale {M ]} is represented by

uff = /(fs Z / FOW)dA(s), t >0, (4.17)

where f{"i € N is defined by (f,¢:),
For i € N, we consider the function G; := (-, ¢;). By (1.3), we easily see

Bult) = Gi(X,) — Gi(Xo) — /(; X0, Aus) — (B(Xo()), 6))ds, 30

for P-almost surely. Hence by setting LG;(w) := % w, Ay;) <b 7 ¢i> and Mt[GJ _
Bi(t), we obtain G; € D(L).
Then the quadratic variation (M1, M%), is given by

(M) M / 90 : (4.18)

Here we regard both sides of (4.18) as L*(0; P)-valued continuous stochastic processes.
Then Lebesgue’s theorem implies that for a.e. t > 0,

1 i
lim = (M), 2160y, . — (a1, A1), ) () = £0() (4.19)
e—0 &
holds in L?(0; P).
On the other hand, we remember that

(e}

(MIF) MG, = P lim <F(th“M)—F(thM)—/

A|—0 )
A= tint

tit1 /Nt

EF(XS)ds)
[ZER YA

(Gl Xn) = GiXip) = [ £G(Xds).
G

where At tg =0<t; <ty <---<t; <---— 00, and |A| := max;en(t; — t;-1). Hence
we have the following.

<]\/[[F}7]M[Gi]>t+8 _ <M[F},M > cgi =o(Xyt<u<t+e), te>0.
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Then for t > 0, we have
L(ute pylc F) e -
{w €| hH(l) - ((M CMED () — (MY, M )t(w)> eX1sts}
( ﬂ gt+€) N ( N g;_a) = o(X,). (4.20)
e>0
Here by recalling (4.19) and (4.20), we obtain
P(ft(i) (w) is U(Xt)—measurable> =1 forae t>0.

Hence for a.e. t > 0, there exists a Borel measurable function \119 : E — R such that
P(£(w) = (X)) = 1.
Then Fubini’s theorem implies that
fw) =0P(X,) for (m® P)-ae. (t,w) € [0,00) x O, (4.21)
where m is one-dimensional Lebesgue measure. We also have
(M) MGy, = /t f(w)ds = /t U9O(X,(w))ds, t>0
0 0

holds for P-almost surely w.
By using Ito’s formula, we have

F(X)Gi(X,) = F(X0)Gi(Xo) + /0 t (F(X)dM + Gi(X,)aMT)
+(ME MGy, 4 /O t (F(X)LGi(Xs) + Gi(X,)LF(Xy))ds
_ P(X)Gh(Xo) + /0 R8s / G(X) (fo W),
+ /0 t (F(X)LG(X,) + Gi( X LF(X,) + I(X,))ds.  (4.22)

By taking the expectation on both sides in (4.22) and remembering that p is {P,}-
invariant, we have

_ [E (F(w)LG(w) + Ci(w)LF (w))p(dw) [E (% /0 t\Ifgi)(w)ds>,u(dw), >0, (4.23)

By remarking the left hand side of (4.23) does not depend on ¢, there exists a Borel
measurable function ¥ : ' — R such that



holds for ¢ > 0. Then by taking the differential both sides in ¢, we have
v =0 forae. t>0. (4.24)

Moreover Burkholder’s inequality leads us ¥ € LY(E; p).
By returning to (4.22), we can see F'G; € Dom(L;) and

Li(FGy)(w) = F(w)LG(w) + LF(w)Gy(w) + ¥ (w).
So we can define the bilinear form I' : D(L£) x D(L) — L*(E; ) by
[(F,G;) = %{Ll(FG‘i) — FLG; — G,LF}.

For FF € D(L) C D(E), we take a sequence {F,}>°, C FC;° such that F,, — F in
D(E) as n — oo. Then we easily have the following convergence in L'(E; u1):

2I(F,,G;) = (DF,,¢;)g — (DF, ¢;)p strongly as n — oo. (4.25)
Next we want to show the following convergence in L'(E; p):
I(F,,G;) — I'(F,G;) weakly as n — oc. (4.26)

Since F;,, — F strongly in L*(E;u), we have the following for every G € FC;° by using
the integration by parts for the Gibbs measure p:

1 -
B 0(F G)G] = 5B [{Li(FuGi) — FuLGi - GZ-LFH}G}
1 —
= SE[(RGIL'G — Fu(£G)G — FnL*(GiG)]
~ %E“ (FG)L'G ~ F(LG)G ~ FL'(G,G)] s n— oo, (427)

where LF), is defined as (4.13) and L*G and L*(G;G) are denoted by

L G(w) = 8ozj8ak

(<w7 d)l)? T <w7 ¢n>)<¢17 ¢k>

+%G(w) A {w, Asgs) = (VU(w()) + 2Bw(-), ¢i) }-
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On the other hand, we also have
E*[I(F,G;)G] = %E“ [(FGZ-)L*G ~F(LG)G — FL*(GZ»G)]. (4.28)
Hence by combining (4.27) and (4.28), we complete the proof of (4.26). Therefore we have
D (w) = 2T (F,G)(w) = (DF (w), ¢;)y for p-a.e. w € E.

Finally, by combining (4.17), (4.21) and (4.24), we have the desired assertion.
(5) By using It6’s formula and (4.10), we have the following expansion for Fy, F» € D(L).

FI(X)Fy(X,)
= F(Xo)Fy(Xo) + /t{F1 o) (DFy(X,),dWy) , + Fa(X,) (DF(X,),dWs) , }

/{F1 JLFY(X,) + B (X)) LF(X,) + (DF(X,), DFy (X)), }ds.

Hence we easily see F1F, € D(L) and (4.11) by recalling Fy, Fy € (5 WHP(E; ). 8

Remark 4.5 In infinite dimensional settings, Stannat [19] studied the relationship be-
tween the generator of a non-symmetric semigroup {P;} and a certain symmetric Dirich-
let forms (€, D(E)). Moreover Trutnau [20] establised the Fukushima decomposition of
additive functionals in the framework of generalized Dirichlet forms. In these studies, the

generator is of type
LF(w) = LOF(w) + (B(w), DF(w)),,

where L) is associated with (£, D(E)). On the other hand, in this paper, we can not regard
B(w) as an element of H since we treat rotation. Hence we emphasize that Theorem 4.4
is not included in [19] and [20].

5 Gradient Estimate for {P;}

In this section, we establish a gradient estimate for the transition semigroup {P;} which
plays a key role in the proof of Theorem 6.1. We note that this type estimate is studied
in Proposition 2.3 in Bakry [2] by using I's>-method. Here we note that the existence of a
suitable core A C L?(E; ) which has the stability under the operation {P} is assumed
in [2]. In finite dimensional cases, we can easily check this assumption. But in infinite
dimensional situations, it is not trivial to find such a core. Needless to say, FC;° does not
satisfy above property.

In this paper, we adopt another approach to prove this estimate. Here we represent
P, F as the expectation of the functional associated with our dynamics. In this approach,
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a stochastic flow estimate (2.2) is the key tool when we take the differential in the expec-
tation.
We state the gradient estimate as follows.

Theorem 5.1 (Gradient Estimate for {P,}) For F' € D(E), the following gradient
estimate holds for any t € [0,00) and p-a.e. w € E.

ID(PE)(w)|| g < e%mHDFnH)(w» (5.1)

Proof. We first assume that F' € FC°, ie., F(w) = f((w,¢1), -, {(w,¢,)). Here
{¢:}2, C C(R,RY) denotes a C.O.N.S. of H for simplicity. Here we have to notice
that P,F' € D(L) C D(E) by recalling Theorem 4.4.

For w € E,h € H, we take approximate sequences {w,}°, C C,{h,}>>, Cc HNC
such that lim,,_,., w, = w in F and lim,,_,o h,, = h in H.

Then by Lemma 2.1, we have

[(BF)(w + h) = (B F)(w)|

IN

lim inf E[| F(X ) — F(X2)]]

n—oo

9 F oy - i i B[ X — X ]

IN

IN

Kqt
¢ 2 ||Vl - Jim [l

Kt
e [V fllzoe@n) - bz (5.2)

Then by Lemma 1.3 in [12], there exists £y € B(F) such that Qy C C, 1(€) = 1 and the
following identity holds:

lim — { (P,F)(w+¢eh) — (P,F)(w)} = (D(P,F)(w), h)

for any w € y, h € H.
e—0 &

H

1

For w € Qy, e > 0 and h € HNC, we define Z;""" .= Z(X»*+*" — X*). By Lemma 2.1,
€

we can easily see that [|Z*"|; < e'2 ||h]|lg holds for P-almost surely. Then for any
t>0,weQyand h € HNC, we have

%{(PtF)(w +eh) — (PF)(w)}

~E E(F(Xf“h) - P(x))|

=E

Z/ 5 (1= 0) X?”7¢>+9<XZ”+€’%¢>)-<Zz“’6’h,¢i>d6]

Z 2L (= o) xe, 0+ oxpret o) fan) 2
=|(2 [ 15 ) |

_el?tHhHH-E[(Z/O }@((1—9)<X;”,¢>+0<X;“+fh,¢>)\2d0)1/2]. (5.3)

I/\
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Then by combining (5.3) and Lebesgue’s dominated convergence theorem, we have the
following estimate for any w € :

(D(PtF)(w)v h)H

B : - ' af w w—+e 2 1/2
- [ty (3 [ 5L (0 =000+ o050 ) )|

< - B[( 312 (o) )]

Kt

= ¢"F||hl - BIDF 1) (w).

IA

Therefore we have the following for any w € Q:
IDBF) )l = sup { (D(RF)(w),h) | heCH, |hln=1}
Kqt
< e B([IDF[la)(w).

Next we consider in the case of F' € D(E). For F' € D(E), we can take a sequence
{F;}52, € FCp° such that F; — F in D(E) as j — oo. Since {F;} is a strongly contin-
uous contraction semigroup in L*(E; u), we easily have P{||DF;||lx} — PA||DF||x} in
L*(E;p) as j — oo. Hence we have the convergence of the right hand side of (5.1).

On the other hand, we obtain the following estimate by using (5.1):

6K1t
sup(PF5) < “5-sup { [ PUIDE ) (w)Pi(du) } < .
jeN jeN UJp
Hence by recalling Lemma 2.12 in Ma-Rockner [14], there exists a subsequence { P, F}, }72 4
of {P,F}}52, such that its Cesaro mean f; = % . BF;, — PF in D) as j — oc.
Therefore we also have the convergence of the left hand side of (5.1). This completes the
proof. g

6 Parabolic Harnack Inequality for {F;}

In this section, we present a parabolic Harnack inequality for the transition semigroup
{P,}. This is an infinite dimensional version of the celebrated Li-Yau’s parabolic Harnack
inequality. Our inequality is as follows.

Theorem 6.1 (Parabolic Harnack Inequality) Let F' € FC.°. Then for any h € H,
a > 1 andt > 0, the following dimension free parabolic Harnack inequality holds for all
weE L.

|PF(w)|* < P|F|*(w+ h) - exp (;{O”éh_”f{) 1 _I(?_Klt) : (6.1)

26



K 1 .
To ek = Ih=

0. In the case of F € L®(E; ) and h € C(R,RY) | this inequality also holds for p-a.e.
weE k.

Here K, is the constant denoted in the condition (U2) and we set

Originally, Wang [21] established this type inequality for the transition semigroup of
symmetric diffusion processes on finite dimensional non-compact Riemannian manifolds
to give a lower bound of the transition probability. On the other hand, Kusuoka [13]
independently proved this inequality for the Ornstein-Uhlenbeck semigroup on an abstract
Wiener space. After their works, Aida-Kawabi [1] proved this inequality for a certain
symmetric diffusion process on an abstract Wiener space by using Bakry-Emery’s I's-
method. Recently, Rockner-Wang [17] also proved this inequality for generalized Mehler
semigroups.

Contrary to their approaches, we employ a stochastic approach based on the formu-
lation of Section 4 and Kawabi [9]. Especially, we use [td’s formula for semi-martingales
when we need to expand the term (P F)*. So it is different from the original functional
analytic proof as [21], [1] and [17].

To prove Theorem 6.1, we need to prepare a new probability measure which is impor-
tant to show the differentiability property of functions in D(E). We fix h € C°(R, R?)
and ¢ > 0 in this section. We assume supp h C (—=7,7T). We define a cut-off function
¢ € CP(R,R) by ¢(x) =1 for |z] <T and ¢(z) =0 for |x| > T+ 1. For w € C, we define

V(w(z)) == K3(1 + |w(z)" ) ¢(z), zeR. (6.2)

Here K3 := K3(p, K») is a sufficient large constant which will be determined in the proof
of Lemma 6.2. p and K, are positive constant in the condition (U3). By using this
function, we define a weighted Gibbs measure 1" by

1V (dw) = Zy exp (— /R V(w(z))dz) p(dw),

where Zy, is the normalization constant. Clearly, this measure is equivalent to the original
Gibbs measure .

Then we can state the following by recalling the C§°(R, R?)-quasi-invariance of the
Gibbs measure u. See Lemma 3.1 in [9] for the proof.

Lemma 6.2 (1) For F € By(E,R) and k € C°(R,RY), the following quasi-invariance
of 1V holds:

[E Flw+ k) (dw)
_ /E F(w) exp <(I>(k,w)+ /R (V(w(x))—V(w(x)—k(a:)))da:)uv(dw). (6.3)
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(2) Let F € L*(E;u) and v(-) € C([0,t],R). Then there exists a positive constant
Ky = Ky(||h]|poe, Koy K3,p, T, ||v|| ) such that

/E Flw + v(s)h) | (dw) < Zg'e s ( /E |F(w) Pu(duw)) 2 (6.4)

for any 0 < s <t.

(3) Let F € D(E) and v(-) € CY[0,t],R) such that v(0) = 0 and v(t) = 1. Then
F(-+wv(s)h) : s € [0,t] — LY(E; 1Y) is a C'-function. Moreover the following identity
holds for 0 < s < t:

d

£F( +v(s)h) = (DF(- +v(s)h),v'(s)h)
From now, we devote ourselves to give a proof of Theorem 6.1.

Proof of Theorem 6.1. We may assume that F' € FC;°, F'(w) > 6 > 0 since |PF(w)| <

P,|F|(w) holds generally. For fixed t > 0, we define v(-) € C*°([0,t],R) by

fs e Kirdy

_ Jo .
v(s) : 7f0te—K1"dr

. (6.5)

For @ > 1 and h € C°(R,R?), we will consider a function G : [0,t] — D(E) C LY(E;uY)
by G(s) := Ps(P—sF)*(- +v(s)h).

First we study the differentiability of G with respect to s. This is the most important
property in this proof. We claim the following lemma:

Lemma 6.3 The following identity holds in L*(E;u"):

O P (B Py DA F) [} -+ v(5)h)

+(D{P(P—sF)*}(- + v(s)h),v'(s)h) ,, 0<s <L (6.6)

G'(s) =

Proof. We consider a function H(ry,79,73) : (0,t) % (0,t) x (0,¢) — L*(E; ") which is
defined by H(r1,72,73) := Pr (Pi—ry F)*(- + v(r3)h).

To show that H(ry, 79, 73) is a C'-function, we expand this function. By virtue of the
assertions (1) and (2) in Theorem 4.4, we have P,_,,F' € D(L) for F' € FC;°. Hence there

exists a continuous {F,, }-martingale {M,Eft_”F]}ogmgt defined by

Py, F "
M (P F)(X0) = (Pers )Xo = [ P F)(X)dr (67
0

Here the assertion (4) in Theorem 4.4 also leads us that the quadratic variation of M [Pr—ry F]

is given by
Py F "
APt / (D(Py F)(X),dW,) . (6.8)
0

28



Now we apply It6’s formula for (6.7). Then we can expand (P;_,, F)® as
1
(P F)'(X0) = (Per P (%0) 40 [ (P (a2
0
+ « / (Pr_py F)* N (X)) L(Pr_, F) (X, )dT
0

—1 71
0

= (PenPP () +a [ PPy (X) (DB P W),

/ {a(P—, F)* N (X;) L(Pr, F)(X)

ala—1)
2
Hence we easily see (P,_,,F)* € D(L) and

(Prr F)* (X D(Prer, F) (X)) |3 7. (6.9)

A Py DR P (6.10)

Moreover by combining (6.9) and (6.10), we obtain the following expansion for any
r1,79,1r3 € [0, 1]:

E(Pt—T2F>a - O‘(Pt—TQF)a_lﬁ(Pt—mF) +

P (P, F)*(- + v(r3)h) i
- E[(B_MF)‘”(X(')JF”(”)}L)} +E[ / 1z(Pt_mF)a(Xj”(@h)dT]

+aE |: /7"1 (Pt_mF)O‘—l(X;‘rv(m)h) . (D(Pt—TQF)(X +o(rs) ) AW, ) i|
= (Pt—rgF)a(' + U(Tg)h)
+a/0 P"{(Pt—TQF)a_lpt_TQ(ﬁF)}(' + v(rs)h)dr

i e (i IS A TR T (RS

Hence for any r1,79,7r3 € (0,t), we have

Z—Z(rl, ro,Tr3) = ozPrl{(Pt_m1’7)0“_11%_7«2 (ﬁF)}( +v(rs3)h)
LA p (P Py DR P+ ol
=: Hy(ry,re,r3) + Ha(r1,79,73). (6.12)

Before discussing the continuity of 5 9H (rl, T9,73), we show the following identity holds

for G € D(L).
lim £(P.G — G) = 0. (6.13)
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In the case of G := g({(-,¢1),- -+, (-, pn)) € FC;°, the conditions (B) and (U1) implies
the expression

L(O)QaG(w) = % Z 78040904- (<R5w7 $1), -+, (Row, ¢n>)<¢“ &;)
i,j=1 vt
"0
*% S (Raw, 6}, (Rew, 6)) {(Rew, A,) = (VU (w()), 8) ).
i=1 t

So we have that ||L©(Q.G)||r2(5) is dominated by a constant which is independent of
e. Therefore Proposition 3.3 and the strongly continuity of {P;} lead us to

EPG-G) = — (L<0>(P;0>QEG —Q),P.G - G)

L2(E;p)

[POLOQ.C) ~ (LOG) |y IP.G — Cllircsa

< (ILDQO) 2wy + 1L G2 IIP-G = Gllramyy — 0 as e — 0.
(6.14)

IN

In the case of G € D(L), we take a sequence {G;}32, C FC;p° such that G — G in
D(E) as j — oo. Then by using Theorem 5.1 and the contraction property of {P;} in
L*(E; i), we have

E(P.G-G) < 3(5(1350 — PG +E(P.G, — Gy) + E(G — Gj))
< 3{(&1& +1)E(G - G,) + E(P.F — PEGJ-)}. (6.15)

Hence by letting ¢ — 0 and j — oo and recalling (6.14), we complete the proof of (6.13).
Then by (6.13) and Theorem 5.1, we can also obtain

1 2
E(PyyF' = Py,  F) < 5/ eKl(t_m_E){Pt—r2—€<|’D(F - PEF)HH)(w)} p(dw)
E
< fltern=lg(PF —F) — 0 as € — 0. (6.16)

Now we return to discuss the continuity of g—g(rl,rg, r3). By recalling the assertion
(2) in Lemma 6.2 and the contraction property of { P} in L*(F; 1), we have the following
estimate for sufficient small numbers £1, €9, £3:

OH

H—9 ( )——9 ( )’
r1+e1,r2+ 2,73+ € 71,72, T
. 1,72 T €2,73 T €3 VT2 T

LY(E;uY)
2
< Z {HHZ'(Tla T2, 73 + 53) - Hi(rl, T2, r3)HL1(E;pV)

=1

+ Z;16K4’|Hi(rl +&1,7T2 + &9, 0) — HZ‘(Tl,’f‘Q, O)HLQ(E;/,L)}
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2
< > {UHi 1 72,7+ 5) = Hilra,72,75) 2
i=1

+ Z;16K4||HZ'(T1 + €1,72 + €9, 0) — HZ'(Tl + 1,79, O)HLQ(E;/,L)
+ Z MY Hi(ry + 1,79, 0) — Hi(ry, 72, O)HLQ(E;M)}

2
<> LU o,y + 29) = Hi(r,72,79) 1
=1
+ Z;16K4||HZ'(0,7‘2 + €9, 0) - HZ(O, T, O)HLQ(E;/,L)
+ Z‘;leKﬁlHHi(’l“l + 1,79, O) — Hi(Tl,TQ, O)HLQ(E;M)}- (617)

By remembering (6.16), Theorem 5.1 and the uniformly boundedness of {P;_,, ., }
with respect to €5, we have

5121210 | H2(0, 73 + €2,0) — Hy(0,72, O)HLQ(EW) =0. (6.18)
Hence by combining the assertion (3) in Lemma 6.2, (6.18) and the strongly continuity
of {P;}, (6.17) leads us to

LY(E;uY>h)

OH oOH
—(7”1—1-61,7"2—1-52,7‘34’53)—7(7"1,7‘2,7"3)’
1

87‘1 8

lim ’
€1,62,63—0

Next, we discuss the continuity of g—g(’f‘l,’f‘g,T:g) which is given by the following for
r1,72,73 € (0,1):

OH _
S (1 2.75) = =Py, { (P F)* T P (CF) (- 4 0(ra)h). (6.19)
2
By using the same argument in (6.17) and the strongly continuity of { P}, we can easily
have
: OH OH
11H§ 0 HW(TI +€1,7‘2 +62,7‘3 +€3) — W(’f‘l,rg,’f‘g)‘ L (B =0.
€1,€2,€3— 2 2 Y
Finally, we consider g—g(ﬁ, r9,73). By virtue of (6.5), we have
aH « /
87(7“1, r9,73) = (D{Pr, (Piey, F)*}(- + v(rs)h),v' (rs)h) ;- (6.20)
3

Here we denote Hs(ry,r2,73,74) 1= (D{Prl(Pt_TQF)O‘}Q +v(r3)h), v’(r4)h)H. By using the
similar argument in (6.17) , we have the following estimate for sufficient small numbers
€1,€&2,€3:

[Hy(r1 + €1, + 0,75+ €3,73 + €3) — Hy(r1,72,73,73) || 1 v

< HH3(7“1,7"2,7“3,7”3 + 83) - H3(7“1,7"2,7‘377"3)HL1(EWV)
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+ ||Hs(r1, 72,73 + €3, 73 + €3) — Ha(r1, 72,73, 73 + €3)|| 11 (500
+ Zy'e K4{|’H3(Tl +e1,m2 +€2,0,73 +€3) — Hy(ry +€1,72,0,73 + €3) || L2
+ ||Hs(ry 4+ €1,72,0,73 + €3) — H3(r1,7r2,0,75 + 53)HL2(E;;¢)}- (6.21)

We treat the third term of the right hand side in (6.21). By Theorem 5.1, (6.16) and
the strongly continuity of {P,}, we have

HHg(Tl + 1,79 + 62,0,’/“3 + 83) — Hg(’l“l + 51,7"2,0,7"3 + 53)”%2(E;u)

< /E HD[PT1+51{(Pt—T2—82F)a - (Pt—TQF)a}H (w)HiI'M(dw) ' HU,(Tg + 63)hH§{
< efalnten) /EPr1+51 [HD{(Pt—rQ—EQF) (Bi—r, I }H } )+ 10 (rs + ea) il
< eflnre) / IDA(Prcrper F)® = (P, F)Hw) |3 o) - 0/ (5 + 3l

- / |(Prera ) () D(Prcraea F) ) = (P FY () D(Prer F) ) [}
a2efr e o/ (rs + e3)h||%4 — 0 as g5 — 0. (6.22)

For the fourth term of the right hand side in (6.21), we also have the following by
remarking (P;_,,—.,F)* € D(L) and the similar argument in (6.22).

||H3(7”1 +€1,72,0,73 + 53) - H3(T17T27 0,r3+ 53)“%2(13;@

= /E D[P APy (Prry ey F)* = (P, )} () |y aldw) - [0/ (5 + 23) R

T (e} (e} 2
< €K1 ' /E HDpel(Pt—T2—€2F> (w) - D(Pt—r2—€2F> (w>HH:U'(dw) ' ||U/(T3 + 53)h’|%{
— 0 as g — 0. (6.23)
Hence we can obtain

lim HH?)(Tl + 1,79 + 9,73 + £3,73 + €3) — H3(r1, 70,73, =0

€1,62,e3—0

by using (6.21), (6.22), (6.23) and the continuity of v/(-).
Therefore we can conclude that H(ry,re,73) is a C'-function. Hence we have the
following calculation by combining (6.12), (6.19) and (6.20):

)| )

G'(s) = 4 ZH(T1,7”2,7‘3)
_ WTP{FH DB )3 - + v(s)h)

+(D{P(P,_F)*}(- +v(s)h), o/ (s)h) .

r1=ro=r3=s
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This completes the proof of Lemma 6.3. 1

Continuation of the Proof of Theorem 6.1. The proof is same as [9], however, to
make this paper self-contained, we give the proof below. By virtue of Lemma 6.3, we have
the following estimate for 0 < s < ¢:

WPS{(Pt—sF)a—2||D(Pt_SF)||§{}(, +u(s))

= [1D{PAB- )} (- w())| - [/ ()

Since Ps(P,_sF)* € D(L), we can use Theorem 5.1. Then we can continue as

G'(s)

v

6'(s) = OV (P Py DPFIE)C+ o(o)h)
— e F PID(P ) i} +v(s)h) - [V ()]
= Sn{(a— )P F) D)
9% Hv'(s)hHH : (Pt—sF)a_IHD(Pt—sF)HH}(' +v(s)h)
ey G GO RGR IO
By (6.24), we can get the following estimate for 0 < s < t:
; @)
P logG(s) = Gls)
aefs K2e 2s

> gy i el (6.25)

By integrating both sides of (6.25) over s from 0 to ¢ and letting § | 0, we obtain the
inequality (6.1). If FF € L®(E;p), the C3°(R, RY)-quasi-invariance of y also implies our
assertion. |J

Before closing this section, we present an application of Theorem 6.1. The following
corollary is an H-smoothing property of the transition semigroup {P;}. Since the proof
is same as [9], we omit the proof.

Corollary 6.4 (H-Smoothing Property) Let F € L>®(E;pu). Then for every t > 0,
the function P,F(w + ) : C(R,RY) € H — R is continuous for p-a.e. w € E.

7 Application: Certain Lower Estimate on Short Time
Asymptotics of the Transition Probability

In this section, we present an application of Theorem 6.1. We give a certain lower estimate
of pi(A, B) in terms of the geometric H-distance, where p;(A, B) is defined for Borel
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measurable sets A, B C F by

(A, B) ::/APtlB(w),u(dw). (7.1)

Here 1p is the indicator function on B. Briefly speaking, this is the probability of our
dynamics M starting from A and reaching B at time ¢.

We define the H-distance between two Borel measurable sets in . This notion is due
to [1]. For u,v € E, we define dg(u,v) by

|lu—v|lg ifu—veH,
drr(u,v) == (7.2)

+00 otherwise.

For a Borel measurable set A C E, we define the distance function dg (-, A) : E — [0, 00]
by dg(u, A) := inf,ea dg(u,v). Then dy(-, A) is Borel measurable. We also define the
distance dg (A, B) between two Borel measurable sets A, B C E with pu(A),u(B) > 0 as
follows:

dy(A,B) = sup {essinfueAdH(u, B), essinf,epdy (v, A) ‘ A, B C E are o-compact sets

with u((A\ A)U (A\ A)) = u((B\ B)U (B\ B)) = o}. (7.3)

We remark that dy(A, B) < oo under the condition (U5). For fundamental properties of
this distance, the reader is referred to Proposition 4.3 and Remark 4.4 in [9].

Before giving our lower estimate, we recall the notion of H-open set from [1]. We call
that a Borel measurable set A C E is a H-open set if for any u € A, there exists € > 0
such that {u+h | h € H, ||h||lg < €} C A holds. This is a weaker notion than a open set.

We present the following lower estimate of p;(A, B).

Theorem 7.1 Let A,B C E be Borel measurable sets with pu(A), u(B) > 0. Assume
dy(A,B) < oo and A or B is H-open. Then the following asymptotics holds:

liminf, o2t log p;(A, B) > —dy (A, B)>. (7.4)

Proof. Without loss of generality, we assume that A is H-open. Firstly, we recall
Definition 3.4 and Lemma 3.5 in [1]. Since A is H-open and dy(A, B) < oo, for any
e > 0, there exist a Borel set D C B with u(D) > 0 and h € CJ°(R,R?) such that
D+ h C Aand ||h|lg <du(A, B) + ¢ hold.

Then by Lemma 5.2 in [1], there exist a Borel measurable set D' C D, a sequence
{t;}52, 1 0 and N € N such that

P1p(w) > (7.5)

N =
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holds for any w € D' and j > N.
By remembering (3.4) and (3.5), we obtain the following estimate for a > 1.

P(AB) > /E 1o (w) PLp (w)pu(dw)
= [ Aot )P0+ ) exp(@(—h,w)) ()
— [ Plo(w + k) exp (8(~h,w)p(du)
> [ PP+ ) exp (B(-hw)u(du). (7.6)

Now we use Theorem 6.1 and (7.5). Then for j > N, we can continue to estimate as

exp (i - ) [ 1Py Lol exp(®(-h w) e
> e (el K () ([ e (@-hw)utan))

> g { AT B Q) ([ew @twmuan). |
(7.7

Therefore we obtain

—Oé(dH(A, B) +€)2 Klt'
2tj logptj (A, B) > { a—1 ) 1— e—;(ltj

+2¢; log { (%)” </Eexp (B(—h, w))u(dw)) } o (78)

Finally, we have our desired estimate (7.4) by letting j — oo, « — oo and e | 0. |

Remark 7.2 For symmetric diffusion semigroups, Ramirez [15] and Hino-Ramirez [6]
established the Varadhan type short time asymptotics

lir% 2tlogpi(A, B) = —d(A, B)?

in general state spaces. In [15], this type asymptotics was also proved for non-symmetric
diffusion processes by using the Girsanov transformation. However, in this paper, we
can not apply the Girsanov transformation since we treat rotation. Hence it seems that
Theorem 7.1 1s not included in their results.
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Remark 7.3 We give a comment on the upper bound of p:(A, B). Ramirez [15] and
Hino-Ramirez 6] proved the upper bound by using Davies’ method which is not effective
for non-symmetric cases. In former papers Aida-Kawabi [1] and Kawabi [9], we employed
Lyons-Zheng’s martingale decomposition theorem in the proof. However in our case, there
exists a difficulty for the formulation of this decomposition theorem. So it seems that we
can not use the method as [1] and [9]. In what follows, we explain the difficulty.

For the non-symmetric diffusion process M and a fized constant T > 0, we have the
following equality for every F' € FC;°:

1 1, . I \
F(X)~F(Xo) = M =S =) + 5 / (LF(X,) — L'F(X,))ds
0
1 1, - _ t
= M- S - ) — [ (B, DF(X) s,
0

for P,-almost surely,  (7.9)

where {M}F]}tzo is a continuous o(Xs; 0 < s <t) -martingale, {Mt[F]}tZO is a continuous
o(Xs; T —t < s <T)-martingale and g(B(X;), DF(Xs))p~ is defined by

B(B(X.). DF(X.)) - = [ (BX(2). DF(X,(2);ud

Hence in the case of ' € D(E), it is not clear whether the the third term of the
right hand side in (7.9) is well-defined. It will be a challenging problem to give a suitable
meaning to (7.9). It is also an important problem to give another approach for the proof
of the upper bound. It will be discussed in forthcoming papers.
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