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1 Introduction

The concept of coherent risk measures were introduced by Artzner et al. [1], and a
characterization theorem was given by Delbaen [6]. Recently coherent multiperiod risk
measures were introduced in [2], and many studies have already appeared (e.g. [3], [4],
[5]). On the other hand, the concept of law invariant coherent risk measures was given in
[9]. In the present paper, we extend this idea to multiperiod ones. The basic tool is the
concept of conditional law invariant coherent risk measures. We remark that such kind of
ideas is not new (c.f. Gerber [7]). We also studies continuous limits of such risk measures.

Note that φ is called a value measure, if −φ is a risk measure. We state our results
by using notions of value measures instead of risk measures, since value measures have
preferable properties. Let us state our main results in the rest of this section.

Let (Ω,F , P ) be a standard probability space. We denote Lp(Ω,F , P ) by Lp, 1 ≤ p ≤
∞.

Definition 1 We say that a map φ : L∞ → R is a coherent value measure, if the following
are satisfied.
(1) If X ≥ 0, then φ(X) ≥ 0.
(2) Superadditivity : φ(X1 +X2) ≥ φ(X1) + φ(X2).
(3) Positive homogeneity : for λ > 0 we have φ(λX) = λφ(X).
(4) For every constant c we have φ(X + c) = φ(X) + c.

Then Delbaen [6] proved the following.

Theorem 2 For φ : L∞ → R, the following conditions are equivalent.
(1) There is a ( closed convex ) set of probability measures Q such that any Q ∈ Q is
absolutely continuous with respect to P and for X ∈ L∞

φ(X) = inf{EQ[X]; Q ∈ Q}.
∗partly supported by the 21st century COE program at Graduate School of Mathematical Sciences,

the University of Tokyo
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(2) φ is a coherent value measure and satisfies the Fatou property, i.e., if {Xn}∞n=1 ⊂ L∞

is uniformly bounded and converging to X in probability, then

φ(X) ≥ lim supφ(Xn).

(3) φ is a coherent value measure and satisfies the following property. If Xn is a uniformly
bounded sequence that decreases to X, then φ(Xn) tends to φ(X).

Now we introduce the following notion.

Definition 3 We say that a map φ : L∞ → R is law invariant, if φ(X) = φ(Y ) whenever
X,Y ∈ L∞ have the same probability law.

Let L denote the set of probability measures on R, Lp, p ∈ [1,∞), denote the set
of probability measures ν on R such that

∫
R
|x|pν(dx) < ∞, and L∞ denote the set of

probability measures ν on R such that ν(R \ [−M,M ]) = 0 for some M > 0. Also, M[0,1]

be the set of probability measures on [0, 1].
For ν ∈ L, let Fν be the distribution function of ν, i.e., Fν(z) = ν((∞, z]), z ∈ R. Let

us define Z : [0, 1) × L → R by

Z(x, ν) = inf{z;Fν(z) > x}, x ∈ [0, 1), ν ∈ L.
Then Z(·, ν) : [0, 1) → R is non-decreasing and right continuous, and the probability law
of Z(·, ν) under Lebesgue measure on [0, 1) is ν (c.f.[10]). For any random variables X,
we denote by µX the probability law of X.

For each α ∈ (0, 1], let ηα : L1 → R be given by

ηα(ν) = α−1

∫ α

0

Z(x, ν)dx, ν ∈ L1.

Also, we define η0 : L∞ → R by

η0(ν) = inf{x ∈ R; ν((−∞, x]) > 0} ν ∈ L∞.

Then we have the following (cf. [9]).

Theorem 4 Assume that (Ω,F , P ) is a standard probability space and P is non-atomic.
Let φ : L∞ → R. Then the following conditions are equivalent.
(1) There is a ( compact convex ) subset M0 of M[0,1] such that

φ(X) = inf{
∫ 1

0

ηα(µX)m(dα); m ∈ M0}, X ∈ L∞.

(2) φ is a law invariant coherent value measure with the Fatou property.

Definition 5 We say that a map η : L∞ → R is a mild value measure ( abbreviated by
MVM ), if there is a subset M0 of M[0,1] such that

η(ν) = inf{
∫ 1

0

ηα(ν)m(dα); m ∈ M0}, ν ∈ L∞.

For any MVM η, we define a subset M(η) of M[0,1] by

M(η) = {m ∈ M; η(ν) ≤
∫ 1

0

ηα(ν)m(dα) for all ν ∈ L∞}.
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For any ν ∈ L1, we see that ηα(ν) ≤ η1(ν), α ∈ [0, 1]. So any MVM η can be extended
to a map from L1 to [−∞,∞) by

η(ν) = inf{
∫ 1

0

ηα(ν)m(dα); m ∈ M(η)}, ν ∈ L1.

We denote this map by the same symbol η.

Definition 6 Let η be an MVM and (Ω,F , P ) be a standard probability space.
(1) For any integrable random variable X and any sub-σ-algebra G, we define a G-
measurable random variable η(X|G) by

η(X|G) = η(P (X ∈ dx|G)),

where P (X ∈ dx|G) is a regular conditional probability law of X given a sub-σ-algebra G.
We call η(X|G) a conditional value measure.

We denote η(X|{∅,Ω}) simply by η(X).
(2) For any integrable random variable X and any filtration {Fk}n

k=0, we define an adapted
process {Zk}n

k=0 inductively by
Zn = η(X|Fn),

Zk−1 = η(Zk|Fk−1), k = n, n− 1, . . . , 1.

We denote an F0-measurable random variable Z0 by η(X|{Fk}n
k=0), and call it a homoge-

neous filtered value measure.
(3) For any filtration {Fk}n

k=0 and any integrable adapted process {Xk}n
k=0, we define an

adapted process {Yk}n
k=0 inductively by

Yn = Xn,

Yk−1 = Xk−1 ∧ η(Yk|Fk−1), k = n, n− 1, . . . , 1.

We denote an F0-measurable random variable Y0 by η({Xk}n
k=0|{Fk}n

k=0), and call it a
homogeneous filtered value measure of an adapted process {Xk}n

k=0.

In this paper, we consider two kinds of limit theorem for homogeneous filtered value
measures. Let us introduce the following notion. For any MVM η and p ∈ [1,∞), let

∆p(η) = sup{
∫ 1

0

(α−1/p ∧ (1 − α)1−1/p

α
)m(dα); m ∈ M(η)}.

1.1 Brownian-Poisson Filtration

Let (Ω,F , P ) be a complete probability space, {B(t); t ∈ [0,∞)} be a d-dimensional
Brownian motion and {Ni(t); t ∈ [0,∞)}, i = 1, . . . , �, be Poisson processes with an
intensity λi. We assume that they are independent. Let λ =

∑�
i=1 λi, and let Ft =

σ{B(s), Ni(s); s ≤ t, i = 1, . . . , �}, t ≥ 0.
Let ηn, n = 1, 2, . . . , be MVM’s. We assume the following.

(A-1) There is a constant C > 0 such that ∆2(ηn) ≤ C2−n/2, n = 1, 2, . . . .

3



Let F0(y;α, β), y ∈ R�, 0 ≤ α ≤ β ≤ 1, be given by

F0(y;α, β) = inf{
∫ γ

0

Z(x, λ−1

�∑
i=1

λiδyi)dx; α ≤ γ ≤ β}

= inf{γηγ(λ
−1

�∑
i=1

λiδyi); α ≤ γ ≤ β},

and let bn : Rd × R� → R, n = 1, 2, . . . , be given by

bn(x, y) = inf{|x|2n/2(

∫ 1

0

ηα(µ0)m(dα))

+λ(

∫ 1

0

m(dα)α−1F0(y; 0 ∨ (1 − (2nλ−1(1 − α)), 1 ∧ 2nλ−1α)));m ∈ M(ηn)}.
Here µ0 is a standard normal distribution.

Then bn : Rd × R� → R is concave,

bn(sx, sy) = sbn(x, y), x ∈ Rd, y ∈ R�, s ≥ 0,

and
bn(x, y1, . . . , y�) ≤ bn(x′, y′1, . . . , y

′
�),

if |x| ≥ |x′|, y1 ≤ y′1, . . . , y� ≤ y′�.
Let us assume the following furthermore..

(A-2) There is a continuous function b : Rd × R� → R such that bn → b, n → ∞,
uniformly on compacts in Rd × R�.

Let K be a compact convex set in Rd × R� given by

K = {(z, w) ∈ Rd × [0,∞)�; b(x, y) ≤ x · z +

�∑
i=1

λiyiwi for all (x, y) ∈ Rd × R�}.

Also, let K be a set of martingales ρ(t) such that there are predictable processes ϕ :
[0,∞) ×Ω → Rd, ψi : [0,∞) ×Ω → [0,∞), i = 1, . . . , �, for which

P ((ϕ(t), ψ1(t), . . . , ψ�(t)) ∈ K for any t ∈ [0, T ]) = 1

and

ρ(t) =
�∏

i=1

(
∏

s∈(0,t],∆Ni(s) �=0

ψi(s)) exp(

∫ t

0

ϕ(s)dB(s)−1

2

∫ t

0

|φ(s)|2ds−
�∑

i=1

λi

∫ t

0

(ψi(s)−1)ds),

t ≥ 0.
Then we have the following.

Theorem 7 Under the assumption (A-1) and (A-2), we have the following.
For any X ∈ L2(Ω,FT , P ), T > 0,

lim
n→∞

ηn(X|{F2−nk}22n

k=0) = inf{E[ρ(T )X]; ρ ∈ K}.

We prove this theorem in Section 5 via a nonlinear partial differential equation.
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1.2 Collective Risk

Let (Ω,F , P ) be a probability space. Let K ≥ 1, p ∈ (1,∞), pk ∈ R, λk > 0, and νk

∈ Lp, k = 1, . . . , K. Let Z
(k)
i , τ

(k)
i , k = 1, . . . , K, i = 1, 2, . . . , be independent random

variables such that the distribution of Z
(k)
i is νk, and P (τ

(k)
i > t) = exp(−λkt), t ≥ 0, for

k = 1, . . . , K, i = 1, 2, . . . . Let N
(k)
i (t) = 1{τ (k)

i ≤t}, and X
(k)
i (t) = Z

(k)
i N

(k)
i (t)+pk(τ

(k)
i ∧ t)

for t ≥ 0, k = 1, . . . , K, i = 1, 2, . . . .
Let Ft = σ{X(k)

i (s); s ∈ [0, t], k = 1, . . . , K, i = 1, 2, . . . }, t ≥ 0. Also, let

X(t;m1, . . . , mK) =
K∑

k=1

mk∑
i=1

X
(k)
i (t)

for any t ≥ 0, and any m1, . . . , mK ∈ Z≥0. Here Z≥0 denotes the set of non-negative
integers.

Theorem 8 Let η be MVM. Assume that ∆p(η) < ∞. Let Φ : [0,∞)K × RK → R be
given by

Φ(x, ξ) = η(

∞∑
�1,... ,�K=0

(

K∏
k=1

(exp(−λkxk)
(λkxk)

�k

�k!
))(ν1 − ξ1)

∗�1 ∗ · · · ∗ (νK − ξK)�K )+

K∑
k=1

pkxk,

for x ∈ [0,∞)K, ξ ∈ RK . Here ∗ stands for the convolution and ν+a denotes a probability
measure on R given by the following for any probability measure ν on R and a ∈ R.

(ν + a)(A) = ν({x ∈ R; x− a ∈ A}) for any Borel set A in R.

Assume that there is a C1 fucntion u : [0,∞) × [0,∞)K → R such that u(0, x) = 0,
x ∈ [0,∞)K, and satisfies the following Hamilton-Jacobi equation

∂

∂t
u(t, x) = Φ(x,

∂

∂x1
u(t, x), . . . ,

∂

∂xK
u(t, x)), (t, x) ∈ [0,∞) × [0,∞)K.

Then we have the following.

sup{|hη(X(t;m1, . . . , mK)|{Fjh}[h−2]
j=0 ) − u(t, m1h, . . . ,mKh)|;

t, m1h, . . . ,mKh ∈ [0, R], m1, . . . , mK ∈ Z≥0} → 0,

as h ↓ 0, for any R > 0.

2 Basic Estimate

Proposition 9 (1) Let (Ω,F , P ) be a pobability space. Then for any α ∈ (0, 1] and
X ∈ L1(Ω,F , P ),

inf{E[ρX]; ρ ∈ L∞, 0 ≤ ρ ≤ 1, E[ρ] = α}

= inf{
∫
R

xf(x)µX(dx); 0 ≤ f ≤ 1,

∫
R

f(x)µX(dx) = α}.
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(2) For any α ∈ (0, 1] and µ ∈ L1 ∫ α

0

Z(x;µ)dx

= inf{
∫

R

xf(x)µ(dx); 0 ≤ f ≤ 1,

∫
R

f(x)µ(dx) = α}.

Proof. Let ρ ∈ L∞ with 0 ≤ ρ ≤ 1 and E[ρ] = α. Then there is a Borel measurable
function h : R → R such that h(X) = E[ρ|σ{X}] a.s. Let f = (h∨ 0) ∧ 1. Then we have

E[ρX] = E[XE[ρ|σ{X}] = E[Xf(X)] =

∫
R

xf(x)µX(dx)

and ∫
R

f(x)µX(dx) = E[f(X)] = E[ρ] = α.

These imply the assertion (1).
Let µ ∈ L∞. Then taking ([0, 1),B([0, 1)), dx) as a probability space, we have from

the assertion (1),

inf{
∫

R

xf(x)µ(dx); 0 ≤ f ≤ 1,

∫
R

f(x)µ(dx) = α}.

=

∫ 1

0

Z(x;µ)ρ(x)dx; 0 ≤ ρ ≤ 1,

∫
R

ρ(x)dx = α}

=

∫ α

0

Z(x;µ)dx.

This implies the assertion (2).
This completes the proof.

Proposition 10 Let ν be a probability measure on R2 such that
∫
R2(|x|+|y|) ν(dx, dy) <

∞. Let µ1(dx), µ2(dy) be the marginal dstributions of ν, and let µ3 be the probability law
of x+ y under ν(dx, dy). Then for any MVM η,

η(µ3) ≥ η(µ1) + η(µ2).

Proof. First we show that

ηα(µ3) ≥ ηα(µ1) + ηα(µ2) α ∈ (0, 1]. (1)

There are ρ1(·, y), ρ2(·, x) ∈ L, x, y ∈ R, such that

ν(dx, y) = ρ1(dx, y)µ2(dy) = ρ2(dy, x)µ1(dx).

Then we have for any measurable function f : R → [0, 1]∫
R

zf(z)µ3(dz) =

∫
R

(x+ y)f(x+ y)ν(dx, dy)

6



=

∫
R

x(

∫
R

f(x+ y)ρ2(dy, x))µ1(dx) +

∫
R

y(

∫
R

f(x+ y)ρ1(dx, y))µ2(dy).

Note that

0 ≤
∫

R

f(x+ y)ρ2(dy, x) ≤ 1, 0 ≤
∫
R

f(x+ y)ρ1(dx, y) ≤ 1,

and∫
R

(

∫
R

f(x+ y)ρ2(dy, x))µ1(dx) =

∫
R

(

∫
R

f(x+ y)ρ1(dx, y))µ2(dy) =

∫
R

f(z)µ3(dz).

This and Proposition 9 imply Equation (1).
Our assertion is an easy consequence of Equation (1).

Proposition 11 (1) For any α ∈ (0, 1], and ν ∈ Lp, p ∈ [1,∞),

|ηα(ν)| ≤ α−1/p(

∫
R

|x|pν(dx))1/p.

(2) For any α ∈ (0, 1], and ν ∈ Lp, p ∈ [1,∞), with
∫
R
xν(dx) = 0,

|ηα(ν)| ≤ (1 − α)1−1/p

α
(

∫
R

|x|pν(dx))1/p.

(3) For any MVM η, p ∈ [1,∞) and ν ∈ Lp, with
∫
R
xν(dx) = 0,

|η(ν)| ≤ ∆p(η)(

∫
R

|x|pν(dx))1/p.

In other words, for any X ∈ Lp,

E[X] − ∆p(η)E[|X − E[X]|p]1/p ≤ η(µX) ≤ E[X].

Proof. The assertion (1) follows from

|ηα(ν)| =
1

α
|
∫ α

0

Z(x; ν)dx| ≤ 1

α
α1−1/p(

∫ α

0

|Z(x; ν)|pdx)1/p.

The assertion (2) follows from

|ηα(ν)| =
1

α
|
∫ 1

α

Z(x; ν)dx| ≤ 1

α
(1 − α)1−1/p(

∫ 1

α

|Z(x; ν)|pdx)1/p.

The assertions (1) and (2) imply that

|ηα(ν)| ≤ (α−1/p ∧ (1 − α)1−1/p

α
)(

∫
R

|x|pν(dx))1/p

for any α ∈ (0, 1], and ν ∈ Lp, p ∈ [1,∞), with
∫
R
xν(dx) = 0. This implies the assertion

(3).
This completes the proof.
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Proposition 12 Let X, X1, X2 are integrable random variables.
(1) If X ≥ 0, then η(X|G) ≥ 0.
(2) η(X1 +X2|G) ≥ η(X1|G) + η(X2|G).
(3) For any G-measurable bounded nonnegative random variable Z, we have η(ZX|G) =
Zη(X|G).
(4) For any G measurable integrable random variable Y, η(X + Y |G) = η(X|G) + Y.
(5) For any p ∈ (1,∞),

E[X|G] − ∆p(η)E[|X − E[X|G]|p|G]1/p ≤ η(X|G) ≤ E[X|G]

Proof. Since the proofs are similar, we only prove the assertion (2). Let νω be a regular
conditional probability measure of (X1, X2) under G. Let µ1,ω, µ2,ω and µ3,ω be regular
conditional probability measures of X1, X2 and X1 +X2 under G, respectively. Then we
have

µ1,ω(A) = νω(A,R), µ2,ω(A) = νω(R, A) a.s.

and
µ3,ω(A) = νω({(x, y); x+ y ∈ A}) a.s.

for any Borel set A. So by Proposition 10, we see that

η(µ3,ω) ≤ η(µ1,ω) + η(µ2,ω).

This completes the proof.

Proposition 13 For any X1, X2 ∈ Lp(Ω,F , P ), p ∈ [1,∞),

|η(X1|G) − η(X2|G)| ≤ |η(X1 −X2|G)| ∨ |η(X2 −X1|G)|.
In particular,

|η(X1|G) − η(X2|G)| ≤ ∆p(η)E[|X1 −X2|p|G]1/p + (1 + ∆p(η))|E[X1 −X2|G]|
≤ 2∆p(η)E[|X1 −X2|p|G]1/p + |E[X1 −X2|G]|.

Proof. Since
η(Xi|G) − η(Xj|G) ≤ −η(Xj −Xi|G),

we have the first assertion. By Proposition 12, we have

|η(X|G)| ≤ ∆(η)pE[|X|p|G]1/p + (1 + ∆p(η))|E[X|G]|.
By this and the first assertion, we have the second assertion.

Proposition 14 Suppose that ∆2(η) ≤ 1/2. Then we have the following.
(1) For any integrable random variable X,

|η(X|G)|2 ≤ (1 + 2∆2(η)
2)E[|X|2|G].

(2) For any X1, X2 ∈ L2(Ω,F , P ),

|η(X1|G) − η(X2|G)|2 ≤ (1 + 2∆2(η)
2)E[|X1 −X2|2|G].
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Proof. Let Y = X − E[X|G]. By Proposition 12 we have

η(X|G)2 = (E[X|G] + η(Y |G))2

= E[X2|G] − E[Y 2|G] + 2E[X|G]η(Y |G) + η(Y |G)2

≤ E[X2|G] − E[Y 2|G] + 2∆2(η)E[X2|G]1/2E[Y 2|G]1/2 + ∆2(η)
2E[Y 2|G]

≤ E[X2|G] − 1

2
E[Y 2|G] + 2∆2(η)E[X2|G]1/2E[Y 2|G]1/2.

= E[X2|G] − 1

2
(E[Y 2|G]1/2 − 2∆2(η)E[X2|G]1/2)2 + 2∆2(η)

2E[X2|G].

So we see that
η(X|G)2 ≤ E[X2|G] + 2∆2(η)

2E[X2|G].

This implies the assertion (1).
The assertion (1) and Proposition 13 imply the assertion (2).
This completes the proof.
Also we have the following.

Proposition 15 Let X, X1, X2 are integrable random variables.
(1) If X ≥ 0, then η(X|{Fk}n

k=0) ≥ 0.
(2) η(X1 +X2|{Fk}n

k=0}) ≥ η(X1|{Fk}n
k=0) + η(X2|{Fk}n

k=0).
(3) For any F0-measurable bounded nonnegative random variable Z, we have

η(ZX|{Fk}n
k=0) = Zη(X|{Fk}n

k=0).

(4) For any F0-measurable integrable random variable Y,

η(X + Y |{Fk}n
k=0) = η(X|{Fk}n

k=0) + Y.

(5) Suppose that ∆2(η) ≤ 1/2. For any X1, X2 ∈ L2(Ω,F , P ),

|η(X1|{Fk}n
k=0) − η(X2|{Fk}n

k=0)|2 ≤ (1 + 2∆2(η)
2)n+1E[|X1 −X2|2|F0].

Proof. All assertions are proved by induction. Since the proofs are similar, we only
prove the assertion (5).

The case when n = 0 follows from Proposition 14. If the assertion is valid for n = k,
we see that

|η(X1|{Fk}n
k=0) − η(X2|{Fk}n

k=0)|2
= |η(η(X1|{Fk}n

k=1)|F0) − η(η(X2|{Fk}n
k=1)|F0)|2

≤ (1 + 2∆2(η)
2)E[|η(X1|{Fk}n

k=1) − η(X2|{Fk}n
k=1)|2|F0]

≤ (1 + 2∆2(η)
2)1+nE[E[|X1 −X2|2|F1]|F0].

So we have the assertion (5).
This completes the proof.
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3 Some Estimates

Proposition 16 Let µ, ν ∈ L. Then for any λ, α ∈ [0, 1], we have∫ α

0

Z(x; λν + (1 − λ)µ)dx

= inf{λ
∫ β

0

Z(x; ν)dx+ (1 − λ)

∫ γ

0

Z(x;µ)dx; λβ + (1 − λ)γ = α, β, γ ∈ [0, 1]}.

Proof. Let us think of a random variable X defined on [0, 1) given by

X = Z(λ−1x; ν)1[0,λ)(x) + Z((1 − λ)−1(x− λ);µ)1[λ,1)(x), x ∈ [0, 1).

Then the distribution law of X under Lebesgue measure is λν + (1 − λ)µ. Note that∫ α

0

Z(x; λν + (1 − λ)µ)dx = inf{
∫

A

X(x)dx; A ∈ B([0, 1)),

∫
A

dx = α}

= inf{
∫ a

0

Z(λ−1x; ν)dx+

∫ λ+b

λ

Z((1−λ)−1(x−λ);µ)dx; a ∈ [0, λ), b ∈ [0, 1−λ), a+b = α}.

This implies our assertion.

Proposition 17 Let � ≥ 1, ε ∈ (0, 1], c ≥ 0 and λi > 0, i = 1, . . . , �. Let λ =
∑�

i=1 λi,
and assume that λε2 < 1/2. Let (X,Z1, . . . , Z�), ξ1, . . . , ξ� are independent random vari-
ables such that the distribution of X is the standard normal distribution and

P (ξi = 1) = 1 − P (ξi = 0) = λiε
2, i = 1, . . . , �.

Let νi, i = 1, . . . , �, is the probability law of Zi. and ν = λ−1
∑�

i=1 λiνi. Also let

F (ν;α, β) = inf{
∫ γ

0

Z(x; ν)dx; α ≤ γ ≤ β}, 0 ≤ α ≤ β ≤ 1.

Then for any MVM η with ∆2(η) <∞,

|η(cεX +

�∑
i=1

ξiZi)

− inf{|c|ε(
∫ 1

0

ηα(µ0)m(dα))+λε2(

∫ 1

0

m(dα)α−1F (ν; 0∨(1−(λε2)−1(1−α), 1∧(λε2)−1α));

m ∈ M(η)}|

≤ 2∆2(η)(c(2λ
1/2ε2 + 3ε(2λε2)2/5 + λε3) + 2λε2(

∫
R

|x|2dν)1/2))

+2c(λε3 + 3ε(2λε2)9/10) + 2λ2ε4(

∫
R

|x|dν),

where µ0 is the standard normal distribution.
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Proof. Let (Ωk,Fk, Pk), k = 0, 1, be copies of (Ω,F , P ). Let πk : Ω0×Ω1 → Ω, k = 0, 1,
be maps given by πk(ω0, ω1) = ωk. Let us think of probability space (Ω0×Ω1,F0⊗F1, P0⊗
P1).

Let A0 = {ξ1 = · · · = ξ� = 0}, Ai = {ξi = 1, ξj = 0, j 
= i}, i = 1, . . . , �. Then

P (A0) =
�∏

j=1

(1 − λjε
2) ≥ 1 − λε2,

and
P (Ai) = λiε

2
∏
j �=i

(1 − λjε
2) ≤ λiε

2, i = 1, . . . , �.

So there are mutually disjoint sets A′
i, i = 0, 1, . . . , �, in F such that A0 ⊃ A′

0, Ai ⊂ A′
i,

i = 1, . . . , �, P (A0) = 1 − λε2, P (Ai) = λiε
2, i = 1, . . . , �, and ∪�

i=0A
′
i = Ω. Let ξ′i = 1A′

i
,

i = 0, 1, . . . , �. Then we have

E[|ξ′i − ξi|p] = P (A′
i − Ai) = λiε

2(1 −
∏
j �=i

(1 − λjε
2)) ≤ λiε

2(
∏
j �=i

(1 + λjε
2) − 1)

≤ λiε
2(exp(

�∑
j=1

λjε
2) − 1) ≤ 2λiλε

4,

for i = 1, . . . , �. Note that the probability law of cεX +
∑�

1=1 ξiZi under P and that of

cε(X ◦ π0) +
∑�

1=1(Zi ◦ π0)(ξi ◦ π1) under P0 ⊗ P1 is the same. Also, we see that

E[|(cε(X ◦ π0) +
�∑

i=1

(Zi ◦ π0)(ξi ◦ π1)) − (cε(X ◦ π0)(ξ
′
0 ◦ π1) +

�∑
i=1

(Zi ◦ π0)(ξ
′
i ◦ π1))|p]1/p

≤ cε ‖ X ‖Lp‖ 1 − ξ′0 ‖Lp +E[
�∑

i=1

|Zi|p|ξ′i − ξi|p]1/p

≤ cε(2λε2)1/p ‖ X ‖Lp +(2λε4)1/pE[
�∑

i=1

λi|Zi|p]1/p

= cε(2λε2)1/p(

∫
R

|x|pdµ0)
1/p + (2λ2ε4)1/p(

∫
R

|x|pdν)1/p

The probability law of cε(X ◦π0)(ξ
′
0 ◦π1) +

∑�
i=1(Zi ◦π0)(ξ

′
i ◦π1) is (1−λε2)µ+λε2ν,

where µ is the normal distribution of mean 0 and variance c2ε2.
So we have

|η(cεX +

�∑
1=1

ξiZi) − η((1 − λε2)µ + λε2ν)|

≤ 2∆2(η)(2cλ
1/2ε2 + 2λε2(

∫
R

|x|2dν)1/2) + (2cλε3 + 2λ2ε4(

∫
R

|x|dν)). (2)
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By Proposition 16, we have ∫ α

0

Z(x; (1 − λε2)µ + λε2ν)dx

= inf{(1−λε2)

∫ β

0

Z(x;µ)dx+λε2
∫ γ

0

Z(x; ν)dx; (1−λε2)β+λε2γ = α, β, γ ∈ [0, 1]}.
If (1 − λε2)β + λε2γ = α, β, γ ∈ [0, 1], then

β ≤ (1 − λε2)−1α ≤ α+ 2λε2α, and β ≥ (α − λε2) ∨ 0,

and so

|
∫ β

α

Z(x;µ)dx| ≤ |α− β|9/10|
∫ β

α

|Z(x;µ)|10dx|1/10

≤ 3cε|α − β|9/10 ≤ 3cε((2λε2) ∧ α)9/10.

So we have

|
∫ α

0

Z(x; (1 − λε2)µ+ λε2ν)dx

−{(1 − λε2)

∫ α

0

Z(x;µ)dx+ λε2F (ν; 0 ∨ (1 − (λε2)−1(1 − α)), 1 ∧ ((λε2)−1α))}|

≤ 3cε((2λε2) ∧ α)9/10,

which implies

|ηα((1− λε2)µ+ λε2ν) − {cεηα(µ0) + λε2α−1F (ν; 0∨ (1− (λε2)−1(1 − α), 1∧ (λε2)−1α)}|
≤ 3cεα−1((2λε2) ∧ α)9/10 + cλε3|ηα(µ0)|.

Therefore, if m ∈ M(η), then

|
∫ 1

0

m(dα)ηα((1 − λε2)µ+ λε2ν)

−{cε(
∫ 1

0

ηα(µ0)m(dα))+λε2(

∫ 1

0

m(dα)α−1F (ν; 0∨(1−(λε2)−1(1−α), 1∧(λε2)−1α))}|

≤ 3cε(2λε2)2/5

∫
[0,1/2]

α−1/2m(dα) + 6cε(2λε2)9/10

∫
(1/2,1]

m(dα) + cλε3|
∫

[0,1]

ηα(µ0)m(dα)|

≤ 3cε∆2(η)(2λε
2)2/5 + 6cε(2λε2)9/10 + cλε3∆2(η).

Here we use that

0 ≤ −
∫ 1

0

ηα(µ0)m(dα) ≤ −η(µ0) ≤ ∆2(η).

So we have
|η((1 − λε2)µ + λε2ν)

− inf{cε(
∫ 1

0

ηα(µ0)m(dα))+λε2(

∫ 1

0

m(dα)α−1F (ν; 0∨(1−(λε2)−1(1−α), 1∧(λε2)−1α));

m ∈ M(η)}|
≤ ∆2(η)(3cε(2λε

2)2/5 + cλε3) + 6cε(2λε2)9/10.

This and Equation (2) imply our assertion.
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4 Nonlinear PDE

Definition 18 C0 is defined to be the set of functions u : [0,∞) × Rd × Z�
≥0 → R such

that
(1) u(t, ·, y) : Rd → R is continuous for any (t, y) ∈ [0,∞) × Z�

≥0,
(2) ‖ u ‖0,T = {|u(t, x, y)|; (t, x, y) ∈ [0, T ] × Rd × Z�

≥0} <∞ for any T > 0,
and
(3) sup{|u(t, x, y)|; t ∈ [0, T ]} → 0, as |x| + |y| → ∞ for any T > 0.

Definition 19 C1 is defined to be the set of functions u : [0,∞) × Rd × Z�
≥0 → R such

that
(1) u ∈ C0,
(2) u(t, ·, y) : Rd → R is C1 for any (t, y) ∈ [0,∞)× Z�

≥0,
and
(3) ∂

∂xiu ∈ C0, i = 1, . . . , d.
We define ‖ u ‖1,T , u ∈ C1, T > 0, by

‖ u ‖1,T =‖ u ‖0,T +
d∑

i=1

‖ ∂

∂xi
u ‖0,T .

For u ∈ C1, let

∇xu(t, x, y) = (
∂u

∂xi
(t, x, y))i=1,... ,d ∈ Rd,

and
Dyu(t, x, y) = (u(t, x, y+ ei) − u(t, x, y))i=1,... ,� ∈ R�,

where ei = (

i−1︷ ︸︸ ︷
0, . . . , 0, 1, 0, . . . , 0) ∈ R�.

For f ∈ Cb(R
d × Z�

≥0), let Ptf : Rd × Z�
≥0 → R, t > 0, be given by

(Ptf)(x, y) =

∫
Rd

(
1

2πt
)d/2 exp(−|x− x′|2

2t
)f(x′, y)dx′, x ∈ Rd, y ∈ Z�

≥0.

Proposition 20 For f ∈ C0, let

u(t, x, y) =

∫ t

0

(Pt−sf(s, ·, ∗))(x, y)ds, (t, x, y) ∈ [0,∞) ×Rd ×Z�
≥0.

Then u ∈ C1 and

‖ u ‖1,T≤ (d +
√
T )

∫ T

0

(T − s)−1/2 ‖ f ‖0,s ds.

Proof. Suppose that f ∈ C0 ∩ C∞([0,∞)× Rd × R�).
Then we have

∂u

∂xi
(t, x, y) = −

∫ t

0

ds

∫
Rd

(
1

2π(t− s)
)d/2 (

xi − zi

t− s
) exp(−|x− z|2

2(t− s)
)f(s, z, y)dz.

13



So we have

| ∂u
∂xi

(t, x, y)| ≤
∫ t

0

1√
t− s

‖ f ‖0,s ds =

∫ T

T−t

1√
T − s

‖ f ‖0,s−(T−t) ds, t ∈ [0, T ].

Since C0 ∩ C∞([0,∞) × Rd × R�) is dense in C0, we have our assertion.

Proposition 21 For f ∈ C0 and g ∈ C1, let

u(t, x, y) = (Ptg(0, ·, ∗))(x, y) +

∫ t

0

(Pt−sf(s, ·, ∗))(x, y)ds, (t, x, y) ∈ [0,∞)× Rd × Z�
≥0.

Then u ∈ C1 and
u(T − t, x+B(t), y +N(t))

= −
∫ t

0

f(T − s, x+B(s), y +N(s))ds+

∫ t

0

∇xu(T − s, x+B(s), y +N(s−))dB(s)

+
∑

0<s≤t

Dyu(T − s, x+B(s), y +N(s−) · (N(s) −N(s−))

for (t, x, y) ∈ [0, T ] × Rd × Z�
≥0.

Proof. Suppose that f ∈ C0 ∩ C∞([0,∞)× Rd × R�).
Then we see that u ∈ C1 ∩ C∞((0, T ] × Rd × R�), and

− ∂

∂t
u(T − t, x, y) =

1

2
�xu(T − t, x, y) + f(T − t, x, y).

So we have our assertion by Ito’s formula. Since C0 ∩ C∞([0,∞) × Rd × R�) is dense in
C0, we have our assertion.

Theorem 22 Let b : Rd × Z�
≥0 → R and C > 0, and assume that

|b(x, y)− b(x′, y′)| ≤ C(|x− x′|+ |y − y′|), x, x′ ∈ Rd, y, y′ ∈ Z�
≥0.

Then for any f ∈ C1, there is a unique u ∈ C1 such that

u(t, x, y) = f(t, x, y) +

∫ t

0

Pt−s(b(∇xu(s, ·, ∗), Dyu(s, ·, ∗)))(x, y)ds,

for (t, x, y) ∈ [0, T ] × Rd × Z�
≥0.

Proof. For any v ∈ C1, let

Φ(v)(t, x, y) = f(t, x, y) +

∫ t

0

Pt−s(b(∇xv(s, ·, ∗), Dyv(s, ·, ∗)))(x, y)ds,

(t, x, y) ∈ [0, T ]×Rd×Z�
≥0. Then by Proposition 21 we see that Φ(v) ∈ C1 for any v ∈ C1,

and

‖ Φ(v1) − Φ(v2) ‖1,t≤ C(1 + 2�)(d+
√
T )

∫ t

0

(t− s)−1/2 ‖ v1 − v2 ‖1,s ds, t ∈ [0, T ].

So we have our assertion by usual argument based on Picard’s iteration method and
Gronwall’s inequality.
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5 Proof of Theorem 7

We prove Theorem 7 in this section. Let us think of the situation in Theorem 7. We may
assume that ∆2(ηn) ≤ 1/2, n ≥ 1.

Proposition 23 There is a constant C > 0 such that

|ηn(x · B(2−n) +

�∑
i=1

yiNi(2
−n)|F0) − bn(x, y)| ≤ C2−(7/5)n(1 + λ)2(|x| + |y|)

for any x ∈ Rd, y ∈ R� and n ≥ 1 with 2−n+1λ < 1.

Proof. Let ti,n = −λ−1
i log(1 − λi2

−n), i = 1, . . . , �. Since −x2 ≤ log(1 − x) + x ≤ 0,
x ∈ [0, 1/2], we see that 2−n ≤ ti,n ≤ 2−n + λi2

−2n, for n ≥ 1 with λ2−n ≤ 1/2. So we see
that

E[|Ni(ti,n) ∧ 1 −Ni(2
−n)|]

≤ E[Ni(ti,n), Ni(ti,n) ≥ 2] + E[(Ni(ti,n) −Ni(2
−n))]

= exp(−λiti,n)(
∞∑

k=2

(λiti,n)
k

(k − 1)!
) + λi(ti,n − 2−n)

≤ (λiti,n)
2 + λi(ti,n − 2−n) ≤ 2λ2

i 2
−2n.

and
E[|Ni(ti,n) ∧ 1 −Ni(2

−n)|2]1/2

≤ E[2Ni(ti,n)(Ni(ti,n) − 1), Ni(ti,n) ≥ 2]1/2 + E[(Ni(ti,n) −Ni(2
−n))2]1/2

= (2(λiti,n)2)1/2 + (λi(ti,n − 2−n) + (λi(ti,n − 2−n))2)1/2

≤ 2λiti,n + 2(λi(ti,n − 2−n))1/2 ≤ 6λi2
−n.

Therefore we see that

|E[(x · B(2−n) +
�∑

i=1

yiNi(2
−n)) − (x · B(2−n) +

�∑
i=1

yi(Ni(ti,n) ∧ 1))]|

≤ 2λ22−2n|y|.
and

E[|(x · B(2−n) +

�∑
i=1

yiNi(2
−n)) − (x · B(2−n) +

�∑
i=1

yi(Ni(ti,n) ∧ 1))|2]1/2

≤ 6λ2−n|y|.
So we have by Proposition 13

|ηn((x · B(2−n) +
�∑

i=1

yiN
i(2−n/2)|F0) − ηn(x · B(2−n) +

�∑
i=1

yiN
i(ti,n)|F0)|

≤ 6λ∆2(ηn)λ2−n|y| + 2(1 + ∆2(ηn))λ22−2n|y|.
Note that

P (Ni(ti,n) ∧ 1 = 1) = 1 − P (Ni(ti,n) ∧ 1 = 0) = λi2
−n.

So by Proposition 17 and the definition of bn, we have our assertion.
This completes the proof.
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Theorem 24 For any f ∈ C1, there is a unique u ∈ C1 such that

u(t, x, y) = (Ptf(0, ·, ∗))(x, y) +

∫ t

0

Pt−s(b(∇xu(s, ·, ∗), Dyu(s, ·, ∗)))(x, y)ds,

(t, x, y) ∈ [0, T ] × Rd × Z�
≥0 by virtue of Theorem 22. Then we have

|ηn(f(0, x +B(T ), y+N(T ))|{Fk2−n}22n

k=0) − u(T, x, y)| → 0, n→ ∞,

for any T > 0, x ∈ Rd and y ∈ R�.

Proof. Step 1. We first think of the case that there are integers K,L ≥ 1 such that
T = K2−L.

By Proposition 21, we see that

u(T − t, x+B(t), y +N(t))

= −
∫ t

0

b(T − s,∇xu(x+B(s), y +N(s)), Dyu(x +B(s), y +N(s))ds

+

∫ t

0

∇xu(T − s, x+B(s), y +N(s−))dB(s)

+
∑

0<s≤t

Dyu(T − s, x+B(s), y +N(s−) · (N(s) −N(s−)). (3)

Let
vn,k = ∇xu(T − k2−n, x+B(k2−n), y +N(k2−n))

and
wn,k = Dyu(T − k2−n, x+B(k2−n), y +N(k2−n)),

for n ≥ 1, k = 0, 1, 2, . . . . Then we see that

u(T−k2−n, x+B(k2−n), y+N(k2−n))−u(T−(k−1)2−n, x+B((k−1)2−n), y+N((k−1)2−n))

= −2−nbn(vn,k−1, wn,k−1)+vn,k−1(B(k2−n)−B((k−1)2−n))+wn,k−1(N(k2−n)−N((k−1)2−n)+Rn,k,

where
Rn,k

= −
∫ k2−n

(k−1)2−n

(b(∇xu(T−s, x+B(s), y+N(s)), Dyu(T−s, x+B(s), y+N(s))−bn(vn,k−1, wn,k−1))ds

+

∫ k2−n

(k−1)2−n

(∇xu(T − s, x+B(s), y +N(s−)) − vn,k−1)dB(s)

+
∑

(k−1)2−n<s≤k2−n

(Dyu(T − s, x+B(s), y +N(s−) − wn,k−1) · (N(s) −N(s−))

So we see that there are Cn, n = L,L+ 1, , . . . , such that Cn → 0, as n→ ∞, and that

E[|E[Rn,k|F(k−1)2−n]|2]1/2 ≤ Cn2−n,
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and
E[|Rn,k|2]1/2 ≤ Cn2−n/2, n ≥ L, k = 1, . . . , K2n−L.

So we have

E[|ηn(u(1 − k2−n, x+B(k2−n), y +N(k2−n)|F(k−1)2−n)

−u(1 − (k − 1)2−n, x+B((k − 1)2−n), y +N((k − 1)2−n))|2]1/2

≤ 2−nE[|ηn(vn,k−1·(B(k2−n)−B((k−1)2−n))+wn,k−1·(N(k2−n)−N((k−1)2−n)|F(k−1)2−n)

−bn(vn,k−1, wn,k−1)|2]1/2

+∆2(ηn)E[|Rn,k|2] + (1 + 2∆2(ηn))E[|E[|Rn,k|F(k−1)2−n]|2]1/2.

Therefore we see that there are C ′
n, n = L,L+ 1, . . . , such that C ′

n → 0, as n→ ∞, and
that

E[|ηn(u(1 − k2−n, x+B(k2−n), y +N(k2−n)|F(k−1)2−n)

−u(1 − (k − 1)2−n, x+B((k − 1)2−n), y +N((k − 1)2−n))|2]1/2

≤ C ′
n2−n n ≥ L, k = 1, . . . , K2n−L.

So by Proposition 15(5), we have

|ηn(u(T − k2−n, x+B(k2−n), y +N(k2−n)|{Fk2−n}K2n−L

k=0 )

−ηn(u(T − (k − 1)2−n, x+B((k − 1)2−n), y +N((k − 1)2−n))|{Fk2−n}K2n−L

k=0 )|
≤ (1 + 2∆2(ηn)2)K2n−L

C ′
n2−n, n ≥ L.

This implies that

|ηn(f(0, x+B(T ), y +N(T ))|{Fk2−n}K2(n−L)
k=0 ) − u(T, x, y)|

≤ (1 + 2C22−n)K2n−L

C ′
nT ≤ C ′

n exp(2C2T )T, n ≥ 1

This implies our assertion for T = K2−L, K,L ≥ 1.
Step 2. For any T > 0, let Tm = 2−m[2mT ], m = 1, 2, . . . . Then we see by Proposi-

tion 15(5) that

|ηn(f(0, x +B(T ), y +N(T ))|{Fk2−n}22n

k=0) − ηn(f(0, x+B(Tm), y +N(Tm))|{Fk2−n}22n

k=0)|

≤ (1+2∆2(ηn))2n−m([2mT ]+1)E[|f(0, x+B(T ), y+N(T ))−f(0, x+B(Tm), y+N(Tm))|2]1/2.

So we see that

lim sup
n→∞

|ηn(f(0, x+B(T ), y+N(T ))|{Fk2−n}22n

k=0) − u(T, x, y)|

≤ exp(2C2(T + 2−m)E[|f(0, x+B(T ), y+N(T )) − f(0, x+B(Tm), y +N(Tm))|2]1/2

+|u(T, x, y)− u(Tm, x, y)|.
Taking m→ ∞, we have our Theorem.

This completes the proof.
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Proposition 25 For any T > 0 and f ∈ C1,

lim
n→∞

ηn(f(0, x+B(T ), y +N(T ))|{Fk2−n}22n

k=0)

= inf{E[ρ(T )f(0, x+B(T ), y+N(T ))]; ρ ∈ K}.

Proof. Suppose that ρ(t) is a martingale and satisfies

ρ(t) =

∫ t

0

ρ(s−)ϕ(s)dB(s) +
�∑

i=1

(

∫ t

0

ρ(s−)(ψi(s) − 1)(dNi(s) − λids).

Now let u ∈ C1 be as in Theorem 24 for f. Then by Equation (3) and Ito’s formula, we
have

E[ρ(T )f(0, x+B(T ), y +N(T ))] − u(T, x, y)

= E[

∫ T

0

ρ(t−)(−b(∇xu(T − t, x+B(t), y+N(t−)), Dyu(T − t, x+B(t), y +N(t−)))

+ϕ(t) ·∇xu(T − t, x+B(t), y+N(t−)) +
�∑

i=1

λiφi(t)Dyu(T − t, x+B(t), y+N(t−))i)dt].

So we see that
E[ρ(T )f(0, x+B(T ), y+N(T ))] − u(T, x, y) ≥ 0,

if (ϕ(t), ψ1(t), . . . , ψ�(t)) ∈ K, t ∈ [0, T ], almost surely. Also, by measurable section
theorem, we see that there is a predictable process such that (ϕ(t), ψ1(t), . . . , ψ�(t)) ∈ K,
and

ϕ(t) · ∇xu(T − t, x+B(t), y+N(t−)) +

�∑
i=1

λiφi(t)Dyu(T − t, x+B(t), y+N(t−))i)dt].

= b(∇xu(T − t, x+B(t), y +N(t−)), Dyu(T − t, x+B(t), y+N(t−))),

t ∈ [0, T ], almost surely. These imply our assetion.

Corollary 26 For any T > 0, and any bounded measurable function g : Rd × Z�
≥0 → R

we have
lim

n→∞
ηn(g(B(T ), N(T ))|{Fk2−n}22n

k=0)

= inf{E[ρ(T )g(B(T ), N(T ))]; ρ ∈ K}.

Proof. We can find a sequence fn ∈ C1, n = 1, 2, . . . , such that

E[|g(B(T ), N(T ))− fn(0, B(T ), N(T ))|2] → 0, n→ ∞.

Then by virtue of Proposition 15(5) and Assumption (A-1), we have

|ηn(g(B(T ), N(T ))|{Fk2−n}22n

k=0) − ηn(fn(0, B(T ), N(T ))|{Fk2−n}22n

k=0)|

≤ (1 + C2−n)(T +1)2n

E[|g(B(T ), N(T ))− fn(0, B(T ), N(T ))|2]1/2
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→ 0, n→ ∞.

Note that
sup{E[ρ(T + 1)2]; ρ ∈ K} <∞.

So we see that

| inf{E[ρ(T )g(B(T ), N(T ))]; ρ ∈ K}.− inf{E[ρ(T )fn(0, B(T ), N(T ))]; ρ ∈ K}|
≤ sup{E[ρ(T )|g(B(T ), N(T ))− fn(0, B(T ), N(T ))|]; ρ ∈ K}

→ 0, n→ ∞.

Thus we have our assertion from the previous Proposition.

Proposition 27 For any m ≥ 1, M ≥ 1, and bounded measurable functions f : (Rd ×
Z�

≥0)
M → R we have

lim
n→∞

ηn(f(B(2−m), N(2−m), B(2·2−m), N(2·2−m), . . . , B(M2−m), N(M2−m))|{Fk2−n}22n

k=0)

= inf{E[ρ(M2−m)f(B(2−m), N(2−m), . . . , B(M2−m), N(M2−m))]; ρ ∈ K}.
Proof. We prove our assertion by induction in M. Our assertion is valid for M = 1 by

Corollary 26. Let us assume that our assertion is valid for M. Then again by Corollary 26
we have

lim
n→∞

ηn(f(B(2−m), N(2−m), . . .B((M + 1)2−m), N((M + 1)2−m))|{FM2−m+k2−n}22n

k=0)

= f̃(B(2−m), N(2−m), . . .B(M2−m), N(M2−m)) a.s.,

where

f̃(x1, y1, . . . , xM , yM) = inf{E[ρ(M2−m)f(x1, y1, . . . , xM , yM , xM+B(2−m), yM+N(2−m))]; ρ ∈ K}.
Since K is multiplicative, we see that

f̃ (B(2−m), N(2−m), . . . , B(M2−m), N(M2−m))

= inf{ρ(M2−m)−1E[ρ((M + 1)2−m)f(B(2−m), N(2−m), . . . ,

B((M + 1)2−m), N((M + 1)2−m))|FM2−m]; ρ ∈ K}.
By Proposition 15(5) and Assumption (A-1), we see that

|E[|ηn(f(B(2−m), N(2−m), . . .B((M + 1)2−m), N((M + 1)2−m))|{Fk2−n}22n

k=0)

−ηn(f̃(B(2−m), N(2−m), . . . B(M2−m), N(M2−m))|F 22n

k2−n)|2]|
≤ (1 + C2−n)M2n−m

E[|ηn(f(B(2−m), . . . , N((M + 1)2−m))|{FM2−m+k2−n}22n

k=0)

−f̃(B(2−m), N(2−m), . . . B(M2−m), N(M2−m))|2]1/2

So from the assumption in induction, we have

lim
n→∞

ηn(f(B(2−m), N(2−m), . . .B((M + 1)2−m), N((M + 1)2−m))|{Fk2−n}22n

k=0)
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= inf{E[ρ(M2−m)f̃(B(2−m), N(2−m), . . .B(M2−m), N(M2−m))]; ρ ∈ K}.
= inf{E[ρ((M+1)2−m)f(B(2−m), N(2−m), . . . B((M+1)2−m), N((M+1)2−m))]; ρ ∈ K}.
Thus we have our assertion for M + 1.

This completes the proof.
Now let us prove Theorem 7.
Let K = [T ] + 1. Then there exists fm : (Rd ×Z�

≥0)
K2m → R, m = 1, 2 . . . , such that

E[|X − fm(B(2−m), N(2−m), . . . , B((K2m)2−m), N((K2m)2−m))|2] → 0, m→ 0.

Then we have our assertion in a similar proof of Corollary 26 by using Proposition 27.
This completes the proof of Theorem 7.

6 Proof of Thoerem 8

Let us think of the situation in Subsection 2.2. Let ρh : [0,∞) → [0,∞), h > 0, be given
by

ρh(t) = hk for t ≥ 0 with h(k − 1) ≥ t < hk, k = 1, 2, . . . .

Let

Yh(n,m1, . . . , mK) =
K∑

k=1

mk∑
i=1

(Z
(k)
i N

(k)
i (nh) + pk(ρh(τ

(k)
i ) ∧ hn))

for any n,m1, . . . , mK ≥ 0. Then we have

|X(nh;m1, . . . , mK) − Yh(n;m1, . . . , mK)| ≤ h
K∑

k=1

mkpk.

Let

p�(m, λ;h) =

{ (
m
�

)
(1 − exp(−λh))� exp(−λh(m − �)), 0 ≤ � ≤ m

0, � > m,

and

q�(x, λ) = exp(−λx)(λx)�

�!
.

Proposition 28 Let η is MVM. Let h > 0, and Fh : Z≥0 ×ZK
≥0 be a function inductively

defined by
Fh(0;m1, . . . , mK) = 0,

Fh(j + 1;m1, . . . , mK)

= η(

∞∑
�1,...�K=0

K∏
k=1

p�k
(mk, λk; h)(ν

∗�1
1 ∗ · · · ∗ν∗�K

K +Fh(j;m1− �1, . . . , mK − �K))+h

K∑
k=1

mkpk

for j ≥ 0, m1, . . . , mK ≥ 0. Then we have

η(Yh(N ;m1, . . . , mK)|{Fjh}N
j=0) = Fh(N ;m1, . . . , mK)

for N ≥ 0, m1, . . . , mK ≥ 0.
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Proof. Let us fix m1, . . . , mK ≥ 0. Let

VN = Yh(N ;m1, . . . , mK)

and
Vj−1 = η(Vj|F(j−1)h), j = N,N − 1, . . . , 1.

Let
I(j; k) = {i ∈ {1, . . . , mk}; N (k)

i (jh) = 0}
and a(j; k) = #(I(j; k)), k = 1, . . . , K, j ≥ 0. Here #(I) denotes the cardinal of a set I.
Then it is sufficient to prove the following.

Claim.

Vj = Fh(N − j; a(j; 1), . . . , a(j,K)) + Yh(j;m1, . . . , mK), j = N,N − 1, . . . , 0.

The assertion is obvious when j = N.
Suppose that the assertion is valid for j ≤ N. For any I ′k ⊂ Ik ⊂ {1, . . . , mk}, and

Borel sets B
(k)
i , i = 1, . . . , mk, k = 1, . . . , K, and A ∈ F(j−1)h, we have

P ({I(j; k) = I ′k, Z
(k)
i ∈ B

(k)
i , i ∈ Ik \ I ′k, I(j − 1; k) = Ik, k = 1, . . . , K|} ∩ A)

=
K∏

k=1

((
∏

i∈Ik\I ′
k

νk(B
(k)
i ))(1 − exp(−λkh))

#(Ik\I ′
k) exp(−λkh#(I ′k))

P ({I(j − 1; k) = Ik, k = 1, . . . , K} ∩ A)

So we have for any Borel set B and 0 ≤ b′k ≤ bk ≤ mk, k = 1, . . . , K,

P ({Yh(j;m1, . . . , mK) − Yh(j − 1;m1, . . . , mK) − h
K∑

k=1

bkpk ∈ B}

∩{a(j; k) = b′k, a(j − 1; k) = bk, k = 1, . . . , K} ∩A)

= ν
∗(b1−b′1)
1 ∗ · · · ∗ ν∗(bK−b′K )

K (B)
K∏

k=1

(
bk
b′k

)
(1 − exp(−λkh))

bk−b′k exp(−λkhb
′
k)

P ({a(j − 1; k) = bk, k = 1, . . . , K} ∩A).

Since
Vj−1

= Yh(j − 1;m1, . . . , mK), η(Fh(N − j; a(j; 1), . . . , a(j,K))

+(Yh(j;m1, . . . , mK) − Yh(j − 1;m1, . . . , mK))|F(j−1)h).

Thus we see that the assertion is valid for j − 1. This completes the proof.

Proposition 29 For any R > 1, and λ1, . . . , λK > 0,

sup{
∞∑

�1,... ,�K=0

R�1+···+�K |
K∏

k=1

p�k
(mk, λk; h) −

K∏
k=1

q�k
(mkh, λk)|; 0 ≤ m1, . . . , mK ≤ h−1R}

→ 0

as h ↓ 0.
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Proof. Let G(·;m, λ;h) : C → C, F (·; x, λ) : C → C be an entire function given by

G(z;m, λ;h) =
∞∑

�=0

p�(m, λ;h)z� = exp(−λhm){1 + z(exp(λh) − 1)}m,

F (z; x, λ) =

∞∑
�=0

q�(x, λ)z� = exp(−λx + λxz).

Let εR,h be given by

εR,h = sup{|
K∏

k=1

G(zk;mk, λk; h) −
K∏

k=1

F (zk;mkh, λk)|;

zk ∈ C, |zk| ≤ R, 0 ≤ mk ≤ h−1R, k = 1, . . . , K}
Then it is easy to see that εR,h → 0, as h ↓ 0, for any R > 1. We see that

K∏
k=1

p�k
(mk, λk; h) −

K∏
k=1

q�k
(mkh, λk)

= (
1

2πi
)K

∫
|z1|=R

· · ·
∫
|zK |=R

∏K
k=1G(zk;mk, λk; h) −

∏K
k=1 F (zk;mkh, λk)

z�1+1
1 · · · z�K+1

K

dz1 · · · dzK

So we have
∞∑

�1,... ,�K=0

R�1+···+�K |
K∏

k=1

p�k
(mk, λk; h) −

K∏
k=1

q�k
(mkh, λk)|

≤ ε2R,h

∞∑
�1,... ,�K=1

R−(�1+···+�K+K).

This implies our assertion.

Proposition 30 For any MVM η, p ∈ [1,∞), and ν1, ν2, . . . , νK ∈ Lp, we have

|η(
∞∑

�1,... ,�K=0

K∏
k=1

p�k
(mk, λk; h)ν

∗�1
1 ∗ · · · ∗ ν∗�K

K )

−η(
∞∑

�1,... ,�K=0

K∏
k=1

q�k
(mkh, λk)ν

∗�1
1 ∗ · · · ∗ ν∗�K

K )|

≤ 2K(1 + 2∆p(η))
∞∑

�1,... ,�K=0

|
K∏

k=1

p�k
(mk, λk; h) −

K∏
k=1

q�k
(mkh, λk)|

{2(1 +
K∑

k=1

(

∫
R

|x|pνk(dx))
1/p)}p(�1+···+�K ).
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Proof. Let Y, Z
(k)
i , k = 1, . . . , K, i = 1, 2, . . . , be independent random variables

such that Y is uniformly distributed and the probability law of Z
(k)
i is νk. We can take

disjoint Borel subsets A�1,... ,�K
, �1, . . . , �K ≥ 0, in [0, 1] such that the Lebesgue measure

of A�1,... ,�K
is

∏K
k=1 p�k

(mk, λk; h) ∧
∏K

k=1 q�k
(mkh, λk). Then we can take disjoint Borel

subsets B�1,... ,�K
, �1, . . . , �K ≥ 0, in [0, 1] such that A�1,... ,�K

⊂ B�1,... ,mK
and the Lebesgue

measure of B�1,... ,�K
is

∏K
k=1 p�k

(mk, λk; h). Also we can take disjoint Borel subsets C�1,... ,�K
,

�1, . . . , �K ≥ 0, in [0, 1] such that A�1,... ,�K
⊂ C�1,... ,mK

and the Lebesgue measure of

C�1,... ,�K
is

∏K
k=1 q�k

(mkh, λk). Let

X1 =
∞∑

�1,... ,�K=0

1B�1,... ,�K
(Y )(

K∑
k=1

�k∑
i=1

Z
(k)
i ),

and

X2 =

∞∑
�1,... ,�K=0

1C�1,... ,�K
(Y )(

K∑
k=1

�k∑
i=1

Z
(k)
i ),

Note that the probability laws of X1 and X2 are
∑∞

�1,... ,�K=0

∏K
k=1 p�k

(mk, λk; h)ν
∗�1
1 ∗ · · · ∗

ν∗�K
K and

∑∞
�1,... ,�K=0

∏K
k=1 q�k

(mkh, λk)ν
∗�1
1 ∗ · · · ∗ ν∗�K

K , respectively. Then we have

|η(µX1) − η(µX2)| ≤ 2∆p(η)E[|X1 −X2|p]1/p + E[|X1 −X2|]

≤ (1 + 2∆p(η))
∞∑

m1,... ,mK=1

E[|1B�1,... ,�K
(Y ) − 1C�1,... ,�K

(Y )|p]1/p(
K∑

k=1

�k∑
i=1

E[|Z (k)
i |p]1/p)

= (1+2∆p(η))
∞∑

�1,... ,�K=0

2−(�1+·+�K )2�1+·+�K |
K∏

k=1

p�k
(mk, λk; h)−

K∏
k=1

q�k
(mkh, λk)|1/p

×(1 +
K∑

k=1

E[|Z (k)
1 |p]1/p)�1+···+�K

≤ 2K(1 + 2∆p(η))
∞∑

�1,... ,�K=1

2(p−1)(m1+...+mK )|
K∏

k=1

p�(mk, λk; h) −
K∏

k=1

q�(mkh, λk)|

×(1 +
K∑

k=1

E[|Z (k)
1 |p]1/p)p(�1+···+�K )

This implies our assertion.

Proposition 31 For any R > 0, there is a C > 0 such that

|Φ(x, ξ) − Φ(x, ξ′)| ≤ C|ξ − ξ′|

for any x, ξ, ξ′ ∈ RN with |x| ≤ R and |ξ − ξ′| ≤ 1.
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Proof. Since we have
|Φ(x, ξ) − Φ(x, ξ′)|

≤ (1 + 2∆p(η)){
∞∑

�1,... ,�K=1

K∏
k=1

(exp(−λkxk)
(λkxk)

�k

�k!
)(

K∑
k=1

�k|ξk − ξ′k|)p}1/p

we have our assertion.
Suppose that u : [0,∞) × [0,∞)K → R is a C1 function and satisfies

u(0, x) = 0, x ∈ [0,∞)K

and
∂

∂t
u(t, x) = Φ(x,∇xu(t, x)), t ≥ 0, x ∈ [0,∞)K .

Proposition 32 Let

εh(R) = sup{|h−1u(t+ h,m1h, . . . ,mKh) − h
K∑

k=1

mkpk

−η(
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(ν

∗�1
1 ∗· · ·∗ν∗�K

K +h−1u(t, m1h−�1h, . . . ,mKh−�Kh))|;

t ∈ [0, R], m1, · · · , mK ∈ Z≥0 with mkh ∈ [0, R], k = 1, . . . , K}.
Then εh(R) → 0 as h ↓ 0, for any R > 0.

Proof. For any a > 1 and ε ∈ (0, 1), let

δ(ε; a) = sup{| ∂
∂t
u(t, x) − ∂

∂t
u(s, y)|+ |∇xu(t, x) −∇xu(s, y)|;

t, s ∈ [0, a], x, y ∈ [0, a]K, |t− s| + |x− y| ≤ ε}.
Then we see that δ(ε; a) → 0, ε → 0, for any a > 1. Since

u(t + h, x1, . . . , xK) − u(t, x1, . . . , xK) = h

∫ 1

0

∂u

∂t
(t+ sh, x1, . . . , xK)ds

= h

∫ 1

0

Φ(x1, . . . , xK ,∇u(t+ sh, x1, . . . , xK))ds,

we have
|u(t+ h, x) − u(t, x) − hΦ(x,∇u(t, x))| ≤ hδ(h;R)

for any t, x ∈ [0, R].
Note that

Φ(x, ξ) −
K∑

k=1

xkpk

= η(

∞∑
�1,... ,�K=0

(

K∏
k=1

q�k
(xk, λk))((ν1 − ∂u

∂x1
(t, x))∗�1 ∗ · · · ∗ ((νK − ∂u

∂xK
(t, x))∗�K)
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So we see that by Proposition 29

Ch = sup{|Φ(m1h, . . . ,mKh,∇u(t, m1h, . . . ,mKh) − h
K∑

k=1

mkpk

−η(
∞∑

�1,... ,�K=0

(

K∏
k=1

p�k
(mk, λk; h))((ν1 − ∂u

∂x1
(t, m1h, . . . ,mKh)

∗�1 ∗ · · ·

∗((νK − ∂u

∂xK
(t, m1h, . . . ,mKh)

∗�K ))|;

t ∈ [0, R], m1, . . .mK ∈ Z≥0 with mkh ∈ [0, R], k = 1, . . . , K} → 0

Note also that

u(t, x1, . . . , xK)−u(t, x1−y1, . . . , xK−yK) = −
∫ 1

0

(
K∑

k=1

yk
∂u

∂xk

(t, x1−sy1, . . . , xK−syK)ds.

So we have

|h−1(u(t, x)− u(t, x− hy)) − (
K∑

k=1

yk
∂u

∂xk
(t, x))|

≤ δ(y1 + · · · + yK ;R)(

K∑
k=1

yk)

for t, x1, . . . , xK ∈ [0, R], 0 ≤ yk ≤ xk, k = 1, . . . , K.
Therefore we have

|η(
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))((ν1− ∂u

∂x1
(t, m1h, . . . ,mKh)

∗�1∗· · ·∗((νK− ∂u

∂xK
(t, m1h, . . . ,mKh)

∗�K))

−η(
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(ν

∗�1
1 ∗ · · · ∗ ν∗�K

K

−h−1(u(t, m1h, . . . ,mKh)−u(t, m1h− �1h, . . . ,mKh− �Kh)))| ≤ ∆p(η)Cp,h

for any t ∈ [0, R], m1, · · · , mK ∈ Z≥0 with mkh ∈ [0, R], k = 1, . . . , K. Here

Cp,h

= sup{{
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(δ((�1 + · · · + �K)h;R)(

K∑
k=1

�k))
p}1/p;

m1, · · · , mK ∈ Z≥0 with mkh ≤ R, k = 1, . . . , K}
Note that

∞∑
�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(δ((�1 + · · · + �K)h;R)(

K∑
k=1

�k))
p

25



≤ δ(h1/2; a)p
∑

�1+···+�K≤h−1/2

(

K∏
k=1

p�k
(mk, λk; h))(

K∑
k=1

�k))
p

+δ(KR; a)
∑

�1+···+�K >h−1/2

(
K∏

k=1

p�k
(mk, λk; h))(

K∑
k=1

�k))
p

≤ δ(h1/2; a)p

∞∑
�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(

K∏
k=1

2�k)p

+2−h−1/2

δ(KR; a)
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(

K∏
k=1

2�k)p+1

= δ(h1/2; a)p

K∏
k=1

(exp(−λkh) + 2p(1 − exp(−λkh))
mk

+2−h−1/2

δ(KR; a)

K∏
k=1

(exp(−λkh) + 2p+1(1 − exp(−λkh))
mk

≤ δ(h1/2; a)p

K∏
k=1

(1 + 2pλkh))
mk + 2−h−1/2

δ(KR; a)
K∏

k=1

(1 + 2p+1λkh)
mk

≤ δ(h1/2; a)p

K∏
k=1

exp(2pλkR) + 2−h−1/2

δ(KR; a)
K∏

k=1

exp(2p+1λkR)

So we have Cp,h → 0, as h ↓ 0.
Thus we have

|h−1u(t+ h,m1h, . . . ,mKh) − h

K∑
k=1

mkpk

−η(
∞∑

�1,... ,�K=0

(
K∏

k=1

p�k
(mk, λk; h))(ν

∗�1
1 ∗· · ·∗ν∗�K

K +h−1u(t, m1h−�1h, . . . ,mKh−�Kh))|

≤ Ch + ∆p(η)Cp,h + δ(h;R)

for any t ∈ [0, R], m1, · · · , mK ∈ Z≥0 with mkh ∈ [0, R], k = 1, . . . , K.
This implies our assertion.
Now let us prove Theorem 8. Let us take R > 0 and fix it. Let

an = sup{|Fh(n;m1, . . . , mK) − h−1u(nh,m1h, . . . ,mKh)|;

m1, . . . , mK ∈ Z≥0 with m1h, . . . ,mKh ≤ R}, n = 0, 1, . . . .

Then we see that a0 = 0. Also, we have by Proposition 32

an+1 ≤ an + εh(R), n = 0, . . . , [h−1R].
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Therefore we see that

han ≤ Rεh(R), n = 0, . . . , [h−1R],

and so we have

sup{|hFh([h
−1t]; [h−1x1], . . . , [h

−1xK]) − u(t, x1, . . . , xK)|; t, x1, . . . , xK ∈ [0, R]} → 0

as h ↓ 0 for any R > 0.
Note that

|X(T,m1, . . . , mK) −X(h[h−1T ], m1, . . . , mK)

−
K∑

k=1

mk∑
i=1

Z(k)(N
(k)
i (T )−N

(k)
i ([h−1T ]h))| ≤ h

K∑
k=1

mkpk.

So we have

|η(X(T,m1, . . . , mK) −X(h[h−1T ], m1, . . . , mK)|F[h−1T ])

−η(
K∑

k=1

mk∑
i=1

Z(k)(N
(k)
i (T ) −N

(k)
i ([h−1T ]h))|F[h−1T ])| ≤ h

K∑
k=1

mkpk.

Also we have

|η(
K∑

k=1

mk∑
i=1

Z(k)(N
(k)
i (T )−N

(k)
i ([h−1T ]h))|F[h−1T ])|

≤ (1 + 2∆p(η))
K∑

k=1

mk∑
i=1

E[|Z (k)(N
(k)
i (T )−N

(k)
i ([h−1T ]h))|p|F[h−1T ]]

1/p

≤ (1 + 2∆p(η))h
K∑

k=1

mk(

∫
R

|x|pνk(dx))
1/p.

So we see that

‖ η(X(T,m1, . . . , mK)|F[h−1T ]) − Yh([h
−1T ], m1, . . . , mK) ‖L∞ .

≤ (1 + 2∆p(η))h
K∑

k=1

mk(

∫
R

|x|pνk(dx))
1/p + 2h

K∑
k=1

mkpk.

Therefore we have

|η(X(T,m1, . . . , mK)|{Fnh}[h−1T ]+1
n=0 ) − Fh([h

−1T ], m1, . . . , mK)|

≤ (1 + 2∆p(η))h
K∑

k=1

mk(

∫
R

|x|pνk(dx))
1/p + 2h

K∑
k=1

mkpk.

This and Proposition 32 imply our Theorem.
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