UTMS 200431 October 25, 2004

Universal characters and g-Painlevé systems

by

Teruhisa TsSuDA

Ui

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Universal characters and g-Painlevé systems

Teruhisa TSUDA
Department of Mathematics, Kobe University,
Rokko, Kobe 657-8501, Japan.

tudateru@Qms.u-tokyo.ac.jp

August 9, 2004

Abstract

We propose an integrable system of ¢-difference equations of which the universal
characters satisfy and regard it as a g-analogue of the UC hierarchy; see [10]. Via
a similarity reduction of this integrable system, rational solutions of the g-Painlevé

systems are constructed in terms of the universal characters.



Introduction

We consider the g-Painlevé system of type AS)_I:

— _ Pn—1 Gn—l(@)
" a, Gual(e) (0.1)
Gn(@) =1+ Pn-1+ On2@pn_1+ -+ On_Nt1* " Pn-1,

for n € Z/NZ (N > 3), which was introduced by Kajiwara et al. [2, 3]. Here ¢, = ()
are the unknown variables and the symbol @, stands for ¢,(qz); a, € C* are constant
parameters such that ayas---ay = ¢~%. The system (0.1) in fact has symmetry under the
affine Weyl group of type Ag\l,)_l and goes to the (higher order) Painlevé equation of type
Ag\l,ll through a certain limiting procedure as ¢ — 1; ¢f. [9]. We often denote the g-Painlevé
system (0.1) by ¢-P(An—_1). Note that ¢-P(Ay) and ¢-P(A3) coincide with the g-Painlevé
equations ¢-Prv and ¢- Py respectively; see [1, 7].

The g-Painlevé system arises, via a similarity reduction, from the ¢-KP hierarchy which
is a g-analogue of the KP hierarchy; see [3]. As a consequence of this remarkable fact, (0.1)
admits a class of rational solutions in terms of Schur polynomials; see [3] or Theorem 5.1
below. On the other hand, for the case N = 4 (¢-Py), Masuda [7] discovered another class
of rational solutions which contains the former one in terms of the universal characters.
Here the universal character is a generalization of Schur polynomial attached to a pair of
partitions; see [5].

The aim of the present article is to give an answer to the question: why the universal
character appears in the solutions of the ¢g-Painlevé systems. First we propose an integrable
system of g-difference equations of which the universal characters satisfy (see Definition 2.1
and Theorem 2.2). Since this integrable system is regarded as a g¢-difference analogue of
the UC hierarchy (see [10]), we call it the ¢-UC hierarchy. Note that it contains the ¢-KP
hierarchy as a special case (see Remark 2.4). Secondly a certain similarity reduction of the
¢-UC hierarchy is considered; and then turns out to be equivalent to the g-Painlevé system
of type Aglg)ﬂ (g =1,2,...). This fact leads us to the

Theorem 0.1. The q-Painlevé system of type A(QE)H (9 =1,2,...) admits a class of rational

solutions in terms of the universal characters attached to a pair of (g+ 1)-reduced partitions.

(See Theorem 5.2.)

In Sect. 1, we recall the definition of the universal characters. Then we introduce the
¢-UC hierarchy in Sect. 2. In Sect. 3, we briefly review the derivation of ¢g-Painlevé systems.
Sect. 4 concerns a similarity reduction of g-UC hierarchy. Finally, in Sect. 5, we present an
expression of the rational solutions of ¢-Painlevé systems in terms of universal characters.
Sect. 6 is devoted to the proof of Theorem 2.2.



Note. Throughout the paper, we shall use the notations:

(a;q)oc = H(l —q'a), (a;q,p)oc = H (1—q¢'pa);

use also (a1, ..., 4r; @)oo = (13 @)oo - - (@r; @)oo a0d (a1, .. ., @13 G, D)oo = (4154, D)o0 - - - (Ar; G, P)o-
For a function f = f(z), let

1 Universal characters

1.1 Definition

We first recall the definition of the universal character. For a pair of sequences of integers A =
(A, Az, ..oy A) and g = (pa, o, - - -, i), the universal character Spy (2, y) is a polynomial
in (z,y) = (r1,29,...,Y1,Y2,...) defined as follows (see [5, 10]):

. i—j , 1<i< 3
S[,\,u}(a:,y) — det ( puu_z+1+ J(y> ,— [ . . ) , (11)
pAi,l/—z‘Jrj(a:)a F+l<is<i+l 1<, i <I4U

where p,, are defined by the generating function:

Zpk(a:)zk = exp (Z xnz”> : (1.2)

keZ

Schur polynomial Sy(x) (see e.g. [6]) is regarded as a special case of the universal character:
Sx(x) = det (p,\i—i+j($)) = Spo (@, y). (1.3)
If we count the degree of variables as
degx, =n and degy, = —n,
then the universal character Sy, ,(,y) is a weighted homogeneous polynomial of degree
Al = [ul,

where |A] = A\ + -+ -+ A\



1.2 N-reduced partitions

A subset M C Z is said to be a Maya diagram if
meM (m<0) and m¢M (m>0);

see [8]. Each Maya diagram M = {...,mg, my, my} corresponds to a unique partition
A = (A1, Ag,...) such that m; — m;y = \i — A\iyq + 1. For each m = (ny, no,...,ny) € ZV,
let us consider the Maya diagram:

=1

then denote by A(n) the corresponding partition. Notice that
A(n) =An+1),

where 1 = (1,1,...,1). A partition of the form A(n) is said to be an N-reduced partition.
We remark that a partition A is N-reduced if and only if A has no hook with length of a
multiple of N. We prepare the notations:

i k

~—

e; =(0,...,0,1,0,...,0) and n(k):n—i—Zei.

=1

Lemma 1.1 (see [11, Lemma 2.2]). For any n € Z" and partition u, we have

SiVni—nf A m(i-1))1 (2 Y) = £S 7m0 (2, Y). (1.4)

2 @q-UC hierarchy

We introduce a g-difference analogue of the UC hierarchy (¢-UC hierarchy); cf. [10].
Let I C Z-o and J C Zg. Let t; (i € I U J) be the independent variable and T; = T,

its g-shift operator defined as follows:

Tolte) = { # el 1)

q_lti (Z c J),

and T;.,(t;) = t; (i # j). We use also the notation T}, T}, - - - T;

simplicity.

= T},i,..i, for the sake of

n

Definition 2.1. The following system of q-difference equations is called the q-UC hierarchy:
(ti = £;)Ti(70) T (11) + (85 — t) Tin(70) Ti(m1) + (tk — t:) Tin(70) T3(m1) = 0, (2.2)

where i, 5,k € T U J.



Let

Z’LGI i q Z]GJ J

T, , 2.3a
n(l—q*) (232)
t_ 7’”
Yn = et 2jerty” : (2.3b)
(1 —q ")
and define the function sy ) = spy(t) int; (i € TUJ) as
S (B) = S (2, ). (2.4)
The universal characters solve the ¢-UC hierarchy in the sense of the
Theorem 2.2. For any integer m and pair of sequences of integers [\, ul,
T0 = S[)\M(t), T = 3[(m,)\),u] (t), (25)

satisfy the q-UC hierarchy (2.2).
The proof of the theorem is given in Sect. 6.

Remark 2.3. Let h,(t) = p,(x) and H,(t) = p,(y) under the change of variables (2.3).

Notice the expression by the use of generating functions:

;hk(t)zk _— % (2.6a)

iel jeJ
- (' 207 oo
Hy(t)2* = H (ff' ST (2.6b)
k=0 iel,jeJ i %4 oo

Also function s () is defined as

S (t) = det H“l’—i+1+i*j(t)’ l<i<? . (2.7)
" ha y-ivi(t),  U+1<i<i4+0 1<, j <l

Remark 2.4. Let J = () and put ¢, = 0 in (2.2), we obtain the ¢-KP hierarchy (see [3]):
(ti = £5) T3 (r0) 71 + ;T5(70)Ti (1) — £ T3(70)T5(11) = 0, i,j € 1. (2.8)

If 4 = 0, then it makes sense to substitute ¢, = 0 in sy 4(¢). Hence we recover from
Theorem 2.2 a solution of the ¢-KP hierarchy by means of Schur polynomials; ¢f. [3, Propo-
sition 2.2].



3 g-Painlevé systems

We briefly review the derivation of the g-Painlevé system (0.1) from the ¢-KP hierarchy
following [3].

Consider the case I = {1,2} in particular. Let us impose the N-periodic condition:

Tn = TniN, (3.1)
and the similarity condition:
Ti2(h) = YT (9 € C* : constant), (3.2)
on the ¢-KP hierarchy:
(t1 — t2)Tho(T_1)Tn + toTo(T0_1)T1 (1) — t1T1(70—1)T2(7) = 0. (3.3)

Let (ti,t3) = (z,1), we have from (3.3) the following g¢-difference equation for o,(x) =
To(x, 1):

Opn-10n + (x —1)op_1 0y — ey On_10, =0, (3.4)
- Tn—1 T

where n € Z/NZ. This is the bilinear form of the ¢g-Painlevé system; in fact, the functions

Vo1 Ont1 (g~ ) 001 ()
Tn O-n—l—l(l‘)o-n—l(q_lx)’

on(r) =2 (3.5a)

solve (0.1) with the parameters

,.)/2
ap = —2—q . (3.5b)
Tn+1Vn—-1

4 Similarity reduction of g-UC hierarchy

Consider the ¢-UC hierarchy (2.2) in the case I = {1,2} and J = {—1, —2}; replace the base
g with ¢%. Then we have

(t1r = t2) T332 (70) Toriq2 (1) + (f2 — £1) T 2002 (70) Tsq2 (71)
"—(t,l - tl)Tfl,l;qQ (To)TQ;qQ (7'1) =0. (41)

Notice that functions 7; = 7;(t_2,t_1,t1,t9) (i = 0, 1) can be regarded as functions in variables

("Bay) = (33'1,.1172, e Y1, Y2, - ) via

£+t — (" + 1)

G — I+ )
o n(l—q ) '
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We now suppose that 7; satisfies the similarity condition:
Ti(pt_g, pt_1, pty, pty) = p¥iTi(t_g,t_1,t1,t5) (d; € C : constant), (4.2)

for any p € C*; and let

th=x, to=a ' t4=—aqg? t_o=—aq >, (4.3)

that is,
N
- " + x;a (_—qa)%7;(1 + q")‘ (4.4b)

Under the specialization (4.3) (or (4.4)), let

fi(l', CL) = Ti(t_g, t_l, tl, tg)

Lemma 4.1. The functions f; = fi(x,a) satisfy the following equation:

(7' +a)folg 'z, a) filqz, aq) + ¢ " (z — 27" fo(x, a) f1(z, aq)
—(= +a) fo(qr,a) fr(¢~ 'z, aq) = 0. (4.5)

Proof. 'We have

1+ (¢°t2)" — ¢*"((¢*t-1)" + 7))
n(l—q¢*)
"+ q2nx—n _ (_&>n(q—2n + q—n)
n(l—g¢*)
B qn qfnxn + qnl,fn o (_aq72)n(qfn + 1)
n(l—q¢*) ’

Ty () =

and similarly

" + qnl,—n o (_aq—2)—n(qn + 1))

Faaln) =0 ( n(l =)

Combine this with the similarity condition (4.2), we obtain

T 1 0:42(70) = ¢® folg™"w,aq ™). (4.6)

One can verify in the same way that T}.,2(11) = ¢ f1(qz,ag™"); and also

711,2;q2 (7—0) - q2d0f0(x7 aq*Q), T—l;q2 (7—1) - fl (I', aq71)7
T—LI;QQ(TO) = qdofo(qx,aqﬁ), T2;q2(7'1) = qdlfl(qilxvaqil)‘



Substitute (4.3) and the above formulae into (4.1); then replace a with ag?, we get (4.5). B

The universal character Sy ,j(x,y) is a homogeneous solution of the ¢-UC hierarchy
whose degree equals || — |u]; see Theorem 2.2. Hence we have in particular from Lemma 4.1
the

Proposition 4.2. Let
Sau) (l‘, CL) = S[)\,u} (JI, y)a (48)
with the specialization (4.4). For any integer k and pair of sequences of integers [\, pl, let

folz) = Sl (z,a), fi(z)= S[(k,N),u) (z,aq). (4.9)

Then we have
@' +a)fofitqg - fofi—(@+a)fo f =0. (4.10)

Remark 4.3. If we let fo = 1 and f; = f(x), then equation (4.10) is reduced to the linear

g-difference equation of the form:

(27 +a) flqr) + ¢ (& — 27 f(2) = (2 + a) f(q~") = 0. (4.11)

Define P, = Py(x,a) (k € Z>() by the generating function:

- (—&Z, _aqz;q2)oo
Py(z,a)2" = . 4.12)
kz_; (ra) (72,2712 ¢%) o0 (

Then Py is equivalent to the continuous g-Laguerre polynomial and solves the linear ¢-

difference equation, (4.11), in fact; see e.g. [4].

Remark 4.4. Denote by AT the transpose of a partition \; see [6]. It is easy to see the

following properties:
Stva (2, Y) = Sy (Y, @) = £5pr yry (=2, —y);
and for any p € C*
Sinul (pz1, p*wa, ... 0 Yy, 0 2y, .. .) = p"\‘_l’”S[;\,H] (X1, T2y o YL, Y2y - )

Notice the formulae:

P ) (P ) )
=9 )

T

n(l—g¢*) n(l —q2")
2 = (—a) (g, (2" e (—alg) (L)
o n(l— ¢ - ( n(l— ¢ ) |

8



Then we see from Proposition 4.2 that the pair

Fo(w) = spry(w,aq),  Fi(x) = spp 407 (7, a), (4.13)
satisfies the ¢-difference equation:

(' +a YR+ e—a YR F —(z+a )y FL =0, (4.14)

which is the same equation as (4.10) except replacing a with a='.

5 Rational solutions of g-Painlevé systems

5.1 ¢-P(Ax_1) in terms of Schur polynomials

Since the g-Painlevé system is derived from the ¢-KP hierarchy via a similarity reduction,
we obtain the following expression of rational solutions by means of N-reduced Schur poly-

nomials.

Theorem 5.1 (see [3, Corollary 4.4]). For any n € Z", let
0i(x) = Sxmupy(x), T1=2, 22=1, =0 (I>3). (5.1)

Then functions o; solve (3.4) when

/YZ‘+1 — ani+1f"n‘ .

i
Consequently
pilz) = g -tely 24 )0im1 (0) (5.2
' oir1(2)oii (g )’
gives a rational solution of q¢-P(An_1) with the parameters
a; = ¢V =1 (5.2b)

5.2 ¢-P(Asz41) in terms of universal characters

From now on we deal with the g-Painlevé system, (0.1), in the case N is even. Let N = 2¢g+2
(9 =1,2,...). Consider the change of variables:

-1,.2,. 2
l‘dgj (_a’qx7 —a q x? q7 q )OO

02; P25, 5.3a
’ (=473 ¢, 9)oo ! (538)
-1 2 2
_ dojt1 (—CL qr, —aq-r;q,q )oo
O9iy1 — X9 P2i+1- 5.3b
a (—q71¢, @)oo T (5.3b)



Here let d; € C be constant parameters such that

V2j+1 _ aq2k2j, 2j — a_quij—l’ (54)
Y25 V251

with k; = d;11—d;. Then the bilinear form of ¢-P(Asg41), (3.4) with N = 2¢g+2, is converted
to the following system:
(27" + a)py; Pajt +q " (& — 271 paj pajar — (& + a)pa; pajn =0, (5.5a)
(x™" +a poa Py +q " (@ — ) g1 poj — (w + a7 )Pz pgy = 0, (5.5b)
which coincides with the similarity reduction of the ¢-UC hierarchy; see Sect. 4.

By virtue of Proposition 4.2 (and also Remark 4.4), together with Lemma 1.1, we now

arrive at the

Theorem 5.2. For any m,n € Z9™, the functions

p2i() = S AT () (T @), (5.6)
P2j+1(T) = Sp(m(+1) AT (n()) (5 4Q),

solve (5.5) when

koyj = (g + V)mjpr — [m|,  kyjp1 = (9 + D)njp — |nl.

Consequently
x pinilg'w)pia(v)
wi(x) = — (5.7a)
(aiq)% pir1(7)pi-1(q~ ')
gwes a rational solution of q-P(Asg+1) with the parameters
as; = a—2q2(9+1)(”j—mj+1)+2|m|—2|n\—1’ (5 7b)
agje1 = a?@?ot)(ms =) =2mi+2n[-1 '

Remark 5.3. The rational solutions given in Theorems 5.1 and 5.2 are reduced to those of
the Painlevé (differential) equation of type Aﬁll, in parallel with the continuous limit from

the ¢-Painlevé system to the equation; cf. [11].

FExample 5.4. Consider the function:
R[)\,;L] (33', a, Q)

— Akl g 1(O)=210) H (1_q2h<m‘)) (q2h(ivﬂ’>—1) spo (T, ag), (5.8)
(1.4)EX (4.4)En

10



for a pair of partitions A = (A1, Ag,...) and p = (u1, po, ...). Here recall that sp (2, a)
is defined in (4.8) under the specialization (4.4); we denote by h(i,j) the hook-length, i.e.,
h(i,j) = Xi + A] —i—j+1; and let 6; = max(p] — i, 0), 0] = 3, 6;, 1(0) = #{i|6; # 0}.
Then it is observed that Ry, seems to be a polynomial in x,a, q, whose coefficients are all

positive integers. We give below some examples of the special polynomials Ry ,(x, a, q):

Rygg = 1,

Rig = 1+ 2 + a(l+ q),

Rimg = 1+ +a(l+¢)(1+¢*)(z+2°) + (1 +¢°) (1 + a’q(1 + g))a?,
Rimg = 1+a2°+a(1+¢)(1+¢" +¢")(z +2°)

+(14+ ¢ + )1+ a’q(1+ Q) (1 + &) (2* + 2*)
+a(1+ @A) 1+ A+ g+ ¢ + P+ q)2?,

Ry = ¢ (1+2°) +a(l+ )1+ ¢ +¢") (@ +2°) + (1 +¢" +¢) (1 + a*(1 + ¢)*)(a® + )
+a(l+¢*) (21 + ¢ + ¢°) + a®q(1 + ¢)*)2°,

Ry | = ag(l+2%) +(1+q)z,

Rypg = a’q(1+2")+a(l+q)(1+¢)(z+2°) + (1+ ) (1 + g + a’q)a?,

R p = ag?(1+a") +q(1+q)(1 +a’q)(x + %) + a(1 + @) (1 + ¢ + ¢*)2?,

Re = @1 +2°% +ag®(1+q)(1 + ¢* + a’q)(z + 2°)

+q(q(1+ )14+ ) + a*(1 4+ ¢+ 3>+ 2¢° + 2¢* + ¢° + ¢%)) (2 + 2%)
+a(l1+q)(1+ @)A1+ + ¢ + ¢* + a*¢*)a’.

6 Verification of Theorem 2.2

We have in general the

Lemma 6.1. Let h, = h,(t) and H, = H,(t) (n € Z) be functions such that

E(hn) = hn - tihnfl, (61&)
T,(H,) = H,—t'H, i, (6.1b)
forie I UJ. Let

H, i, 1<i<y

7 = det ot == , (6.2)
hni-l—j—lu r 4+ 1 S 1 S r 1<ij<r
H, i, 1<i<y

71 = det ( A T = 7“- ) . (6.3)
Ppgj—2, T+1<0<r+1 L<ijert

Then the pair 7o and T solves the q-UC hierarchy (2.2).

11



Theorem 2.2 follows immediately from the lemma, since the functions defined by (2.6) in
fact satisfy the relations (6.1).

Remark 6.2. Note that if we choose the functions h, and H,, as

(aqt;; @)
(atza Q)oo ’

hn = 77Z)n,a:a_n H

icl,jed

(@ ¢ ' 0 oo
Hn - \Ijna =a" ! )
’ H (aflt;l;qfl)oo

icl,jed

then obtain a g-analogue of the soliton solution; c¢f. [10] and Appendix below. It is easy to

see that functions v, , and U, , satisfy (6.1), in fact.

Proof of Lemma 6.1. 'We prove the lemma in three steps:

(i) Consider the row vector of size r:
(Ej(hn)7 Ej(hn+1)7 s 7Ej(hn+r—1)) . (64)

Add the I-th column multiplied by (—t;) to the (I + 1)-th column for 1 <[ <r—1, we then

obtain
(Tij(hn)y Tz‘jk(hnﬂ)a S 7Tz‘jk(hn+r—1)) , (6.5)

by using the relation (6.1a).

By the same procedure as above, the vector:
(T3 (Ho) Ty (o), Tig(Hoyi1) (6.6)
is transformed into
—ty, (=t " Tij(Hy), Tije(Hy), Tiji(Hp1), - - T (Hn—r42)) (6.7)

via (6.1b).

Summarizing above we thus have
Tij(r0) = (—tx)" |us, U|. (6.8)
Here we let
wp =" (—ty Ty (Hay), -~ Ty (Ha, ), Ty, ) - T ) (6.9)

Tin(H, _ 1<a<r),
U, = Jk( a b+1> ( /— S T) (610)
Tije(hnas) (MM +1<a<r).

12



(ii) Let us consider elementary transformations of the row vector of size r + 1:

(Tkz(hn—l)a Tk(hn)7 s uTk(hn-i-r—l)) : (6'11)

First we add the [-th column multiplied by (—t;) to the (I+1)-th column for 1 <[ < r, then
we get
(Tkz(hn—l)a r-rzk(hn)y s 7frik(hn+r—1)) .

Secondly adding the [-th column multiplied by (—t;) to the (I + 1)-th column for 2 <[ <r,

we obtain
(Tk(hnfl)a Ek(hn)a ﬂjk(hn+l)7 s 7ﬂjk(hn+r71)) .

Add the second column multiplied by (¢; — ¢;)~! to the first column, we finally have the

vector:
((tz - tj)_ljyk(hn)u r-rzk(hn)y Ejk(hn+1)u s 7ﬂjk(hn+r—1)) . (612)

Similarly, the vector:
(Te(Hy), Te(Hp—1), -, T (Hp—y)) (6.13)
is converted to
tity (=(ti — ;)" Tin(Hy), —t; T (Hy), Tije(Hy), - - -, Tije(Hn—ry2)) (6.14)

by the same elementary transformations as above.

Hence we have the expression:
(t; — t))Ti(m) = (tity)" v, 05, V], (6.15)
where we let
v; = (=t; Tip(Hp,), oo =t Tin(Hy ), Tt (B )5 Tji(hnyy)) (6.16)
and V = (Vop)1<a<r+1,1<b<r—1 be the (r + 1) X (r — 1)-matrix defined as
g <a<r!
6=t 35 20 61
(iii) Substitute (6.8) and (6.15) to the equation of ¢-UC hierarchy (2.2), we have

(—t;t;ty)™" (LHS of (2.2)) =
|uk, U| "Ui,’Uj, V| — |’U,j, U| |’UZ','U,1€, V| + |'UJZ‘, U| "Uj,’Uk;, V| s (618)

which immediately turns out to be zero by the Pliicker relation (a determinant identity). W

13



A UC hierarchy and its discrete analogue

The UC hierarchy is an infinite-dimensional integrable system characterized by the universal
characters and is an extension of the KP hierarchy; see [10]. In this appendix, we briefly

summarize some results on the UC hierarchy and present its discrete analogue.

A.1 UC hierarchy and its solutions

Introduce the vertex operators:

X*(z;x,y) = exp(+é(x — 5y, 2)) eXp(:Fé‘(gm, z 1), (A.1)

Yz, y) = exp(££(y — 0y, 27")) exp(:Ff(gy, 2)), (A.2)
where £(x,2) = Y 0, z,2" and 538 stands for <6%1, %6%2, %6%3, . ) The UC hierarchy is
defined by the following bilinear equations for an unknown function 7 = 7(x,y) (see [10]):

Res X~ (z 2, y) (@', 4/ ) X (22, y)7 (2, y) dz = 0, (A.3a)
Res Y™ (z;2,y) (2, 4)Y " (2,2, y)7(2, y) dz = 0. (A.3b)

Note that (A.3) is equivalently rewritten into a system of partial differential equations of
infinite order.

Now we recall two classes of solutions of the UC hierarchy:
(i) All the universal characters Sy, (2, y) are solutions of (A.3); see [10, Proposition 1.4].
(i) 7 = Tn(®, Y;pi, ¢;, cx) is a solution of (A.3), called the (m,n)-soliton solution. Here
function 7,,, has the following expression of ‘twisted” Wronskian type:

—1
i)J Ewr ) Lo etwa ) 1 <i<np
() i

m,n m+n—j ) (A4)
<%) (eg(mvpi) —+ Cieg(mv%'))’ n + 1 S /l S m-+n
1 1<i,j<m+n
where p;, ¢;, ¢; being constant parameters; see [10, Proposition 1.5].
Let mo(x,y) = 7(x, y) be a solution of the UC hierarchy and let
Tl(wvy) :X+(U/;$,y)7'($,y), (A5)
for an arbitrary parameter w. Then we have
Res 2 X7 (z; ', y)7o(a', ) X7 (2 @, y)ma (2, y) dz = 0, (A.6a)
Res Y™ (z; 2,y )ro(x’, ¢ )Y * (22, y)11 (2, y) dz = 0, (A.6Db)

which is called the (1,0)-modified UC hierarchy. In particular we have the

Proposition A.1. For any integer m and pair of sequences of integers [\, p],

70 = Spu(TY), 71 = Sien .0 (2:Y),
satisfy the system (A.6).
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A.2 d-UC hierarchy

Consider the (1,0)-modified UC hierarchy (A.6). First we note that (A.6a) is equivalently

rewritten into

7{ 27:\1/2__1 (@’ +e(z),y + e(2) (@ —e(z71), y — e(2))e = = 0, (A7)

with €(z) = (2,2%/2,2%/3,...). Here the integration is taken along a small contour around
z = 00.
Let I C Z be a subset and fix 7,7,k € . Let

' =x—e(t;) —et;) — e(ty),
Y =y —e(ty') —e(t;!) —e(ty),

where t;’s are arbitrary small parameters such that ¢, s lie inside the contour. Then we

have
1

(1 —t;2)(1 —t;2)(1 — tyz)

eﬁ(m—m/,z) —

(A.8)

Equation (A.7) is rewritten into

fPG= 0 (A9)

where

(1—1t;2)(1 —t;2)(1 — tg2)

x7o(x — €(ti) — €(t;) — e(ty) +e(z7"),y —e(ti') —e(t;!) —e(t;’) + €(2))
x1i(x —€e(z7h), y — €(2)).

F(z) =

Now let us assume that: the sum of residues of F(z) vanishes inside the contour except at

z = ti_l,tj_l, t*. Then we have from (A.9)

Res F(z)dz + Res F'(z)dz + Res F(z)dz =0,

z=t; z:tj_ 2=t

which is equivalent to the equation:

(t: — 1) T3 (70)T(1) + (85 — t) Tin(r0) Ti(1) + (b — £:)Tir(70) T (1) = O, (A.10)
via the change of variables:

_ooyt? Oy —n
Ty = 72161 L and vy, = 72’61 L (A.11)
n n

Here T; (i € I) stands for the shift operator defined as

Ti(a;) = o — 1, i‘(@j) =a; (i#]); (A.12)
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and let ij = ifj In the same way, we obtain (A.10) also from (A.6b). Note that both
classes of solutions of the (modified) UC hierarchy, universal characters and soliton solutions,
satisfy the above assumption. We call (A.10) the d-UC hierarchy. The ¢-UC hierarchy, (2.2),
is derived from (A.10) by replacing i with the g-shift operator T; formally; cf. Sect. 2.

Remark A.2. The d-UC hierarchy can be recovered from the g-UC hierarchy through a certain

limiting procedure as follows. Let us consider the substitution:
t; = s;e”, q=¢e°, (A.13)
in (2.2). Noticing that
Ti(t;) = qt; = s;e” @Y,

if we take ¢ — 0, then we immediately obtain from (2.2) the d-UC hierarchy, (A.10).
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