UTMS 200427 September 10, 2004

Stability estimate in a Cauchy
problem for a hyperbolic

equation with variable coefficients
by

Oleg Yu. ImaNUvILOV and Masahiro YAMAMOTO

§

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




STABILITY ESTIMATE IN A CAUCHY PROBLEM FOR A
HYPERBOLIC EQUATION WITH VARIABLE COEFFICIENTS

OLEG YU. IMANUVILOV ! AND MASAHIRO YAMAMOTO?

! Department of Mathematics, Iowa State University
400 Carver Hall, Ames TA 50011-2064 USA
e-mail: vika@iastate.edu
2 Department of Mathematical Sciences, The University of Tokyo
Komaba Meguro Tokyo 153-8914 Japan
e-mail:myama@ms.u-tokyo.ac.jp

ABsTRACT. In a bounded domain 2 C R™, we consider a hyperbolic operator P
with the principal term 2 — p(z,t)A. Under the assumption that the outer normal
derivative of p is non-positive, we will estimate w in U X (—to,t0) by the Cauchy
data on an open subset of 9Q x (—=T,T), where tg < T is some constant and U
is a neighbourhood of 9. The condition on the normal derivative is physically
understood and means that the wave speed does not decrease inward on 0f2.

§1. Introduction and main result.
Let Q C R” be a bounded domain whose boundary 05 is of class C?. We consider

a hyperbolic operator:

(Pu)(z,t) = 0?u(x, t) — p(x, t) Au(z, t)

- ZQk(x7t)aku<xvt) - Qn+1<x>t)atu<xvt) - 90(90775)“(%?5)7 UAES Q? 0<t<T.
k=1 (1.1)

Here we set z = (x1,...,z,) € R",

0 0
_61’3', - -

0j

1991 Mathematics Subject Classification. 35B60, 35R25, 35R30.
Key words and phrases. Carleman estimate, Cauchy problem, pseudoconvexity, conditional
stability.

Typeset by AMS-TEX



4 O.YU. IMANUVILOV AND WM. YANMANMO1O

Henceforth we assume that
peC'(QxR), ¢ €L®QxR), 0<j<n+1 (1.2)

and

p(z,t) > 0, (z,t) € A x R. (1.3)
Let I' C 0€) be a relatively open subset.

Stability for the Cauchy problem. Let Pu =0 in 2 x (—=7,T). Then estimate
|| g1 (py by w, Vuon T’ x (=T,T). Here D C Q x (=T, T') is some open subset.

In some cases, we can take D = Q x (=T,T) for suitable T' > 0 and " = 0.
Then the resulting estimate is closely related with the observability inequality.
For stability estimates including observability inequalities for Cauchy problems,
we refer to: Amirov and Yamamoto [1], Bardos, Lebeau and Rauch [2], Cheng,
Isakov, Yamamoto and Zhou [3], Ho [4], Héormander [5], Isakov [7], [8], Kazemi and
Klibanov [9], Khaidarov [10], Klibanov and Malinsky [11], Klibanov and Timonov
[12], Komornik [13], [14], Lasiecka and Triggiani [15], Lasiecka, Triggiani and Yao
[16], Lasiecka, Triggiani and Zhang [17], Lions [18], Yao [22], and the references
therein.

For establishing stability estimates, we can refer to the three methods:

(1) the multiplier method: [4], [13], [14].][18].

(2) the Carleman estimate and the related estimates: [1], [3], [5], [7]-[12], [15]-

[17], [22].
(3) the micrlocal analysis: [2].
Our main interest is to establish the stability estimate for general variable co-

efficient p(x). The multiplier method is widely applicable but is not feasible for
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treating the first order terms 2?21 ¢;0;u in (1.1). On the other hand, the microlo-
cal analytical technique gives a sharp condition for the observability inequality, but
the verification of the condition on p, T" and I' is not easy in concrete cases. The
approach by Carleman estimate ([1], [3], [5], [7]-[12]) can treat lower-order terms
and moreover is essential for proving the uniqueness and the stability in an inverse
problem of determining coefficients in (1.1) by Cauchy data on the boundary.

In the case where the principal parts are with variable coefficients, in order
to estabslish a Carleman estimate, we have to assume extra conditions on the
coefficients, and in many existing works (e.g. [3], [7], [8], [10], [12]), the following

type of conditions (or similar) are assumed for p:

(Vp(z,1) - (x —y))

there exists y € R" such that
2p(x,1)

<1 (1.4)

as long as x € Q is in a neighbourhood of I and t € (—tg,ty) with some t; > 0.
Here and henceforth, (-,-) denotes the scalar product in R™.

The physical meaning of such conditions as (1.4) in the existing works is not
clear. The purpose of this paper is to establish a stability estimate for p satisfying
a condition which is more general than (1.4) and can be interpreted physically.

Henceforth we set
B,(zo) = {x € R"; |[x — zo| < p}
B,(zo,t0) = {(x,t) € R |z — 20)? + |t — to]? < p?}
with tg € R, zg € R™ and p > 0. For § > 0, r; > 0 and y € R", we set
Qy(y) = Qy = {(z,1) € QX R; |z <71, |o —y|* = 5% > 7},

Let v = v(x) be the outward unit normal vector at x to 92 and % =Vu-v.

Our main result is the stability which is local in (x,t).
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Theorem (local stability). Let xo € 0 be fized and let us assume that there

exists § > 0 such that Bs(xg) N Q is conver and

Let T > 0 be given arbitrarily. Then there exist y € R™, 3 > 0, r;1 > 0, v > 0,

C >0 and k € (0,1) such that

2o € Qy(y) (1.6)

and

lallzn (@a ) < CERE™ + lull i ) (1.7)

where we set

dtz |
v H2(—T,T;L2(8QNBs(20)) v L2(=T,T;H? (99N Bs (z0))

Corollary (unique continuation). Let g € I' be fized and let us assume that
there exists 0 > 0 such that Bs(xo) N2 is conver and (1.5) holds. We assume that
u=|Vu| =0 onT x (=T,T). Then there exists a neighbourhood U C R x Ry of

(20,0) such that u=0 in U.

Condition (1.5) means that the wave speed \/p(z,t) does not strictly decrease
inward from 02 at zp, and (1.5) is interpreted as an acceptable sufficient condition
for the unique continuation for example by tracing rays from zgy in view of the
classical law of refraction (Snell’s law). In the case where p(x,t) is t-independent
or analytic in some component of (x,t), the uniqueness in the Cauchy problem is

already proved for more general I' (e.g., Hormander [6], Theorem 3.4.1 (pp.59-60)
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in Isakov [7], Robbiano [19], Tataru [21]). However, for general p = p(x,t) in the
C'-class, their results do not assert the unique continuation, and moreover the
existing results by Carleman estimates, cannot guarantee the uniqueness without

an extra condition such as (1.4).

When we assume (1.5) suitably for z € Q and ¢t € (=7, T) with sufficiently large
T > 0, we can establish the stability which is global in (z,¢) and is what is called an
observability inequality. However the proof requires extra continuation arguments,

and in a succeeding paperm we will discuss the details.

Remark. For example, we consider n = 2 and p(z) = (1 + 27 + 23)2. Then we

have

and condition (1.5) does not hold for = # 0. Then, as is shown in Example 4.1 in
Yao [22], there exists a closed geodesic in €2 by the Riemannian geometry by p. Our
condition (1.5) is related with a condition which excludes closed geodesics. More-
over in the case where I is flat near x(, condition (1.5) is a sufficient condition for
the absence of boundary rays and waveguides (see pp.73-74 and (3.25) in Romanov
[20]).

The proof of the theorem is done by choices of the point y in the Carleman

weight function |z — y|? — Bt2.

§2. Key Carleman estimate.

Without loss of generality, we may set zo = 0 € R™. We set M; = ||p~2 ler@x—7,1)

and M, = ||p2 lc@x(-1,77)- We assume that there exist r > 0, y € R\ {0} such
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that

(Vp(z,t) - (x = y)) } _

(w,t)GBiTI(lg,O),xGQ {1 B 2p(z,t)
Let us choose 8 > 0, ry € (0, ) sufficiently small such that
B(1 4 2r My M3 + My My) < M; 2 po,
B <1 Myl = 1)
and

r<lyl, ri+2ry| <pri

Moreover we note that

ly|? — (8% — 1% = 2r1Jy]) < |y[?
because of (2.3). We set
P(x,t) = |z —yl* - Bt
Qy={(z,t) e A xR; |z| <711, Y(x,t) >~}

for

ve (yl* = (Br° —ri —2r1lyl),  |y).
Then, for

v € (lyl? = (Br? — 1% = 2rilyl),  [yl*),
we note that

(0,0) € Q,

and that

(x,t) € Q- implies [t] < .

(2.1)

(2.2)

(2.6)

(2.7)
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In fact, (2.6) is straightforward from |y|> > v. Next (z,t) € Q. implies that

|z| < 71, so that
2 —y|* < |z® + y[* + 2lzlly] < i+ |y]* + 2r1yl.

Therefore |x — y|? — v > (t? yields that

2 2 2
T —y|©— ry + + 2r1|y| —
2<‘ y’! ”Y< i+ 1yl 5 1yl — < 2

by v > |y|? — (Br? — r¥ — 2r1|y|). Thus (2.6) and (2.7) follow.

t

Henceforth we set
ol 1) = VD)

with parameter ¢ > 0. Then

Proposition 1 (Carleman estimate). We assume (2.1). Let

ly|? — (Br? —r7 —2r|y]) < v < |y|*

Then there exists og > 0 such that for any o > oo, we can take sqg = so(o) > 0 and

C = C(o) > 0 such that

/ (83|u)? + s|0su|? + s|Vu|?)e**Pdrdt < C’/ | Pu|?e**? dxdt (2.8)
QR

Qv

for uw € H}(Q.) with Pu € L*(Q~) and all s > so(0).

Proof. We can prove Proposition 1 by means of Theorem 3.2.1 (p.49) in Isakov

[7], but we will apply a simplified criterion (Theorem 2.1 in Isakov [8]). Let

Ln+1 :t7 5,: (517"'7511) E]Rn7
5 = (517 "'7£n7§n+1) € Rn+17 C = (Cl? sy Cn; Cn—i—l) S Cn+17
A(ZL',t, C) = C?L—i—l _p($7t> 24}27

j=1

V - (81, ...,(9n), vat - (81, ....,8n,8t).
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First we will verify that

|Veit0| >0 on Q.. (2.9)
In fact, we have
Vip(z, t)| = 2|z —y| = 2(|y| — |2|) = 2(Jy[ — 1) >0

by (2.3). Second we will prove that

|A(2,t, Vb)) #0, (2,t) € Q. (2.10)

In fact, since (x,t) € Q. implies that |z| < ry and |t| < r, we see that

1
- ZA(xa t: vx,tw) = p($7 t)|l‘ - y‘2 - /62t2

>M; *(ly| =) = 8% >0

by means of (2.2).
Next we will prove the pseudoconvexity on Q—7: there exists a constant Cy > 0

such that

_|_ - @
J= ) (0;0) 04 xt&)aA(xt@
k:

3&} 23"
1 n+1
+1lim ~Im Y (9pA)(2,t,& + V15V, m) (:1: t, &+ V=15V, 10) > Col¢?
s—0 8§ 8<k
=1 (2.11)
for any £ € R"™! and any (z,t) € Q-, provided that
n—l—l
Az, t,€) =0, Zag (z,t,6)04(x,t) = 0. (2.12)
J

Here and henceforth ¢ denotes the complex conjugate of ¢ € C.
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Verification of (2.11). We see that (2.12) is equivalent to

G =DIEP, p(€ - (@ —y)) + Btépar = 0. (2.13)

On the other hand,

9A
o, &b ¢)

n+1 A
Z (0;07) 65 (z,t,)
jk=1

=8(p?(x, t)|€')* — n+1> = 8(p(z,t) — ) 3L+1

by (2.13). Moreover

n+1

—ImZ@k xt§+\/—svxt¢) (xt§+\/_svxt¢)

OC

:glm 2{2(8161))17(519 —V=150k1)} = 2(0n110) (Ent1 — V—150n11%) Z &+ \/_38J¢
k=1 Jj=1

=4(¢" - V) {p(Vp - &) = (On+1P)&nt1}

+2{=p(Vp - V) + (8n110) (On19) }(E' ] = *[V ).

Therefore, by (2.13), we have

T =8(p(x,t) = B)&n sy +4(E - V) {D(VD- &) = (Ons1p)ént1}
+2{=p(Vp - V) + (0n119) (D-+19) HE
=8(p(z,t) = B)&nsy + 8¢ (& —y){p(Vp- &) = (Dns1p)énr1}
~4p(Vp - (z = y))IE']* — Hnr1p)BtIE'

Vp - (x—
=8p <1 - %‘ZM) §n+1 8ﬁ§n+1

453t(0
8B (Vp - € )ensr + ﬁt; e

Here by (2.7), (2.13) and the Cauchy-Schwarz inequality, we have

(Vp-¢)
PP

<8BrMi (p|l¢'|* + &2 1) M3 = 168r My MFEL 4

|8ﬁt<Vp-5'>sn+l|=\8ﬂt P | < 86r x 2(V(p ) - ) py/Blenss]
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and

20| <487 x 200, (p7 %)\ /PE2 4y < 8BrMiMaE2 .

‘ 46t(0ip) .o

Therefore

J > (8M[2po — 86 — 168rMy M2 — 86rM; My)E2 ;.

By (2.13), we have [£]? = prl 2.1, and the first condition in (2.2) implies (2.8).

Thus by Theorem 2.1 in Isakov [8], the proof of Proposition 1 is complete.

§3. Proof of Theorem 1.

If necessary, we rotate and translate €2, so that without loss of generality, we can
set £o = 0 and near xg, the hypersurface 92 can be represented by xz; = ~y(z') with
' = (z9,...,zy,) such that v(0,...,0) = 0 and V~(0,...,0) = 0 and € is located at
the same side of x; < y(z’). By the convexity of Q near 0, for small p > 0 we see

that

{z € Q; |z] < p} C{(z1,2") €R™; 21 <0}
and v(0,...,0) = (1,0, ...,0). Then, by (1.5), we have
01p(0,0) < 0. (3.1)
We set

M = max |Vlogp(x,t)|, D,={xecQ; x| <p}.
(z,t)eQX[-T,T]

For a small constant ¢ > 0, we choose §(¢) > 0 such that
d(e) < ming p, T L (3.2)
min .
) ) 7‘[

|z|, [t| < d(e) imply 01 logp(z,t) < e. (3.3)
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We further choose large R > 0 and small g > 0 such that
x € Qand |[x —y| > R — & imply |z] < p (3.4)
and

OD,N{z eR"; [z —y| > R—do})
=00ND,)U{z eR"; |z —y|=R— b}, (3.5)
where we set
y=(—R,0,...,0).
In fact, (3.4) is possible because @ C {(x1,2'); x1 < 0} and {z € R"; |[x — y| <
R}NQ = (0,0), while (3.5) is satisfied for sufficiently large R > 0 and small p > 0,

because € is convex near Q2 N {z; |z| < p}.

For this R > 0, we set € = %. Then

1 1 1
§+§M(S<§)<1

by (3.2). Hence, recalling that y = (—R,0,...,0), by (3.3) we have

(Vp(z,1) - (x = y))

= _%(V logp(z,t) - y) + %(Vlogp(%t) $T)

2p(z, 1)
1 1 1 1
25(31 logp(z, 1)) R + §(V logp(z,1) - x) < 5t §M\~’17’
1 1 1
§§+§M(5 = <1, (x,t)EBg(l/R)(O,O), x € €.

Hence (2.1) holds true with r =6 =6 ().
Next we choose § > 0 and 6; € (0,0(1/R)) by (2.2) and (2.3) where we set
y = (—R,0,...,0) and r = ¢ (%) Furthermore for §; > 0, we can choose small

0,01 > 0 again if necessary such that

\/R? — (862 — 62 — 26, R) > R~ &,
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Setting = 0 and r; = 61, we define @), by (2.5). Consequently we have Carleman
estimate (2.8) for R? — (862 — 02 — 201 R) < v < R%

Now we will complete the proof of the theorem. We set I' = 902 N By, (0). By

the extension theorem, there exists F' € H2(D;, x (=T,T)) such that

F = u, 6—F:% onT'x (=T,T),

HFHHQ(D(slx(—T,T)) < CE€.
Set u — F = v, and we have

Pv=—PF  inDs, x (=T, T),

o (3.7)

=5, =0 onTx(-T.T).

v

Let us fix 79,71, 72, 73 such that
R% — (36% — 0% —261R) <o <71 <72 < 73 < R?

and let us introduce a cut-off function xy = x(z,t) € C§°(R™*!) such that 0 < x < 1

and

X(l’,t) _ { 17 ¢($7t) > 725 (38)

0, lz,t) <m.

We set

w = xv.
Then, noting (3.4) - (3.6), we see that
w € Hg(Qy)-
By (3.7), we have

Pw = 2(0:)(9rx) + v(9%x)
n+1
—2pVu - Vx — poAx = Y (g;0;x)v — xPF  in Q.

j=1
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Henceforth C' > 0 denotes generic constants which are independent of s > 0.

Therefore, setting r = 6 and r; = d;, we can apply Proposition 1 to Pw, so that

/ (s®|w]? + s|Vw|* + s|oyw|?)e**? dxdt

2
n+1
<C 2(00)(9ex) + (07 X) — 2pVv - Vx — poAx — Y (q;0;x)v| €**Pdudt
@~ j=1

+C’/ |PF|?e*?dxdt.
Qv

By (3.8), the first integral at the right hand side is not zero only if 1 < ¥(x,t) < 5.

Hence (3.6) yields

/ (s3|w]? + s|Vw|? + s|0yw|?)e**?dxdt

Qo

SCHUH%N(QVO) exp(2se°72) + Ce?5¢ &2
for all large s > 0. Since

/ (s3|w]? + s|Vw|? + s|0yw|?)e**? dxdt

Qo

Z/ (s3|v]? + 8| Vv|? + 5]|0wv|?)e** P dxdt

Qs

2exp(2$em3)/ (83|v|* + s|Vv|? + s]0sv|?)dxdt,

Q3

by means of (3.8), we obtain

exp(2se?7?) / (s3|v]? + s|Vv|? + 5|0ww|?)dzdt

Qs

§C’||u||§11(Q70) exp(2se772) + Ce?C¢ &2
that is, there exists a constant sy > 0 such that

Hv’ﬁfl(Qws) < CHU”%{%QWO)Q_Sd + 0628052 (39)
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for all s > so. Here we set d = 2(e?72 —e?72) > (.
In (3.9), setting s + s¢ by s, we replace C by C’" = Ce?$9¢ so that we see that

(3.9) holds for all s > 0. If £ =0 in (3.9), then v = v and

—sd
HUH?Hl(QWB) < CHUH%H(QWO)@ ’

for all s > 0, so that letting s — oo, we have u = 0 in @),. Therefore conclusion

(1.7) holds. Next let £ > 0. If ||u||§{1(Q ) < &, then conclusion (1.7) is obtained
Y0

already.

If ||u||§{1(QWO) > &, then we can set

1 lgmﬁmm@
5

“20+1ad° > 0.

S

Then (3.9) yields

u 4C
o3 @, < 2CE75 ull Firg, .

Hence (1.7) follows. Thus the proof of the theorem is complete.
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