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Abstract

We consider an eigenvalue problem for a system in [0, 1]:

[( 0 1 > d ( pu(e) pia) >] ( oD (x) > _A< oM (x) )
1 0 )dz pa1(x)  p2a(z) 0@ (z) 0@ (z)
©®(0) cosh p — ™M (0) sinh p = @ (1) cosh v + ™ (1) sinh v = 0

with constants u,v € C.

Under the assumption that p21, p22 are known, we prove a uniqueness the-
orem and provide a reconstruction formula for pi11 and pi2 from the spec-
tral characteristics consisting of one spectrum and the associated norming
constants.

1 Introduction
In this paper, we consider an eigenvalue problem for a system:

d
BL¥

1 () + P(z)p(z) = Ap(z), 0<z<l,

©?(0) cosh p1 — ™M (0) sinh pu = @ (1) cosh v + (1) sinh v = 0, (1.1)
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e = (1 g ) et~ Gu) ) p= (B 1) e@n

is complex-valued, and the constants u,v € C.

The eigenvalue problem (1.1) can describe proper vibrations for various phe-
nomena such as an electric oscillation in a transmission line (cf. Trooshin and
Yamamoto [19], Cox and Knobel [1]), a vibration of a string with viscous drag
(cf. Yamamoto [21]), etc. On the other hand, this eigenvalue problem can
also generalize the Sturm-Liouville problem (cf. Yamamoto [20]). Besides, the
time-independent Dirac equation with the external field (cf. Thaller[16]) for
one spatial variable is actually described by our system, which will be shown as
follows.

In the one dimensional Dirac equation with a 2 x 2 matrix-valued potential

V(x)
(42 - )u-o

0
where H = —ihco1 — +mc?os + V(z) and 01, 03 are Pauli matrices: 09 = B =

< (1) (1) ) , 03 = ( (1) _01 ), h is Planck’s constant, ¢ the velocity of light, m

the mass of the particle, if we put ¢ = exp(—iWt/h)¢ where the constant W is
the energy, then we have (W — H)¢$ =0, i.e.,

B% + é (mc*os +V(z)) ¢ = %qﬁ. (1.2)
Hence if we consider (1.2) with suitable boundary conditions, then it is given by
our system. Especially, if V(x) = V(z)E (cf. Kostin[7]), where V(z) is a scalar
function, F the 2 x 2 unit matrix, then our main result (Theorem 2) implies
that we can determine not only V(z) but also the mass m of the Dirac particle
from the spectral characteristics (see the definition below).

For (1.1), we study an inverse spectral problem, in other words, determina-
tion of two components of P(z) from the spectral characteristics when the other
two ones of P(z) are given a priori. Without loss of generality, we can assume
that the second row pa1, paa of P(x) are given. In this paper, we shall prove a
theorem of uniqueness and provide a formula of reconstruction through a modi-
fied Gel’fand-Levitan equation (cf. Gel'fand-Levitan [3] and Levitan & Sargsjan
[12]). Without the assumption that two components of P(x) are known a priori
we prove also that the spectral characteristics determine all the four components
of P(z) uniquely under a condition on a certain eigenvector.

In 1909, for a differential equation, H. Weyl introduced a so-called spec-
tral function related to the Parseval equality which generalizes the Plancherel
theorem in the Fourier transform. For the derivation of the Parseval equality
related with Sturm-Liouville problems we refer to Titchmarsh [17], Levinson
[10, 11] and Yosida [23]. In Gel’fand and Levitan [3], they reconstructed a



differential equation with a given spectral function. Since then, many authors
such as V. A. Marchenko (cf. [8]), B. Simon (cf. [15], [4], [5], [14] ) and M.
G. Gasymov (cf. [2]) etc. have done much work in inverse spectral problem
mainly concerning symmetric systems such as the Sturm-Liouville equation and
the one dimensional Dirac system. As for the recent work for the Dirac sys-
tem, we refer to Watson[18] and Lesch and Malamud [9]. As for more details
about inverse spectral theory, we refer for example to Poschel and Trubowitz
[13], Yurko [25]. However, to our knowledge, most of researchers consider only
the inverse spectral problems for self-adjoint operators. For the non-selfadjoint
case, inverse problems of determining the matrix coefficient P(x) are recently
discussed by means of (i) two spectra (e.g., Yamamoto [20], Cox and Knobel [1])
(ii) the Weyl function (e.g., Yurko [24]). For the spectral characteristics which
are related with the spectral function, M. Yamamoto proved the reconstruction
and the uniqueness under the assumption that the eigenvectors of Ap, , forms
a Riesz basis in (L2(0,1))? (cf. Yamamoto [22]). However, in general, only the
eigenvectors are not enough for a Riesz basis (cf. Cox and Knobel [1], Trooshin
and Yamamoto [19]), and so the results in [22] are not true for general P(z) in
(1.1).

The rest part of this paper is composed of four sections and one appendix.
In Section 2, we show Theorem 1 and 2 as the main results. Section 3 and 4
are devoted to the proof of Theorem 1 and that of Theorem 2 respectively. In
section 5, we give another reconstruction procedure and concluding remarks.

2 Auxiliary Propositions and Main Results

For the statement of the main results we need several propositions.
Let us introduce a nonsymmetric first-order differential operator in (L?(0,1))?:

(Apo)(z) = Bi—i(m) b P@)p(),  O<z<l, (2.1)

where B and P(z) are given in Section 1. We define an operator Ap, , in
(L*(0,1))* by

(Apuvp)(@) = (App)(x), @€ D(Apuy), 0 <z <1, (2.2)
where

D(Apu,.) = {ap e (HY(0, 1))2 : 02 (0) cosh pr — M) (0) sinh . = 0,
¢ (1) coshv + oM (1) sinhv = 0} . (2.3)

Throughout this paper, L?(0,1) and H'(0,1) are the Lebesgue space and the
Sobolev space of complex-valued functions respectively, and (L?(0,1))2,(H*(0,1))?



denote the product spaces. By (+,-) we denote the scalar product in (L?(0,1))2:

= 1Ta:—a:x= 1 @ (2)gM () @ (2)¢@ () )dz
(r9) = [ @@= [ (fO@06 + 2@ )d -

Fo 2 2 g 2 2
for f = < 7@ > € (L*(0,1))*, g = ( e > € (L*(0,1))*. Here and hence-

forth ¢ denotes the complex conjugate of ¢ € C and - denotes the transpose of
a vector or matrix under consideration. The quantity with the symbol * denotes
the adjoint one, and the variable x is in the interval [0, 1]. Let

¢ = cosh - cosh
~ \ sinhpy J° i - sinhp /-
It is not hard to see that the adjoint operator A% of Ap, , in (L%(0,1))?

Pp,v
is given by

dy* —
(Ap ") (@) = =B (2) + PT@)¢"(2), ¢" € D(Ap,,), 0<a <1,

D(A,,) = {o" € (H'(0,1)* : 9" (0) coshTi + "V (0) sinh 7T = 0, (5 5
©*@ (1) coshv — *V (1) sinh v = 0}
and Ap = —A &7
We call w # 0 a root vector of an operator A for A if (A — A\)™w = 0 for

some m € N. Moreover we call {wn}, ., a Riesz basis in (L*(0,1))? if each
f € (L%(0,1))? has a unique expansion

[= i CnWnp

with ¢, € C,n € Z and
J! Z |Cn|2 <If H(2L2(o,1))2§<] Z |Cn|2a
n=-—oo n=-—oo

where a constant J > 0 is independent of f. We note that if {wn}, o, is a
Riesz basis in (L?(0,1))? and if, in the Hilbert space (L*(0,1))?, an element fo
is orthogonal to each w, for n € Z, then f, = 0.

For the spectrum o(Ap,,,,) we have
Proposition 2.1.
(i) There exists N1 € N and X1,%2 C 0(Ap,,) such that o(Ap,,) = X1 J 2o,
Y1 N X2 =0 and the following properties hold:



(1) 31 consists of 2N1 — 1 eigenvalues including algebraic multiplicities in

{)\ eC: ‘Im </\ — %/Ol(pu +p22)(5)ds+u+1/>‘ < (N, — %)77}

(2) Xo consists of eigenvalues with algebraic multiplicity 1 in a neighborhood

of
1
3 | onp) (s = vt T
for every |n| > Ny.
Moreover with a suitable numbering {\,}nez of 0(Ap,..), the eigenvalues
have an asymptotic behavior

Ao = l/ol(pn—l—pgg)(s)ds—,u—u—l-nﬂ'\/—_l—i—O <i> (2.6)

2 |

as |n| — oo.
(i) The set of all the root vectors of Ap,., is a Riesz basis in (L*(0,1))2.

For the proof, see Theorem 1.1 in [19].
Remark 2.1. We can prove that the geometric multiplicity of any eigenvalue is 1.

Here and Henceforth we say that an eigenvalue X is simple if both the alge-
braic and geometric multiplicity of A are 1. Henceforth, for the convenience of
notations, we reset the spectrum o(Ap,, ) =%1 |J X2 by a suitable renumbering
as follows:

S1={N€o(Apuy) m; >2,1<i< N}, (2.7)
Yo={M\ €0(Ap,.): A, is simple,n € Z}, '
where m; denotes the algebraic multiplicity of A°.

Remark 2.2. If 0(Ap,,) only consists of simple eigenvalues, then X; does not
appear and the problem becomes much easier.

We note that o(Ap.) =o0(Ap, ) (cf. p.184 Remark 6.23 of Kato [6]). It

means that if A € o(Ap,,,), then X € o(Ap,, ) with the same algebraic and
geometric multiplicity. Here and henceforth let ¢, = @, (x) be the eigenvector
of Ap,., for A\, such that ¢,(0) = £ and ¢}, = ¢}, (z) be the eigenvector of
A% ., for Ay such that ¢ (0) =7 (n € Z). It is easy to see that
(pn, o) =0 if n#m, n,m € Z. (2.8)

Proposition 2.2.
There exist root vectors {goé-}1<j<m‘ of Apyu for X' and {¢;*}1<j<m' of Ap .0



for Xi (1 <i< N) satisfying
(i)
{ (Ap = M)l =0, (Ap = N)gf =¢% ;, 2<j<m;,1<i<N,

50;(0)257 50; eD(AP,p,,V)v 1<j<m,1<i<N (2.9)

and

(Ap = X, = 0,(Ap = Nl =¥y, 1< j <m; =1, 1<i <N,
Pm:(0) =7, ;7 (0)=aln, 1<j<m—1,1<i<N,
¢i* € D(Ap,,), 1<j<mi1<i<N, (2.10)

where the constants aé- (1 <j<m-—11<1i< N) are defined through
(2),(5),(10), (12), (13) and (16) in the appendiz.

(é4)
(€5, 00) =0, (pn,¢5) =0, for1<j<m;, 1<i<N, neZ

(144
(h o) =0 ifiztkorj#1, 1<j<m; 1<I<my, 1<ik<N,
and

(5, 957) = (s ¥im,) s for1<j<m; 1<i<N. (2.11)

In the appendix we will prove this proposition. The constants aé- are intro-

. 'Ll*
duced for the sake of the orthogonality of t&z root vectors. We call {(pj } 1<j<ms
the normalized root vectors of A}, , for A\ with respect to {go}}

i < N). Noting Proposition 2.1 (ii), we see that

1<j<m; (1 <

both {5} iy 1cion UlPntnezs and {oi'} i 1 ion Ui bnes
are Riesz bases in (L%(0,1)). (2.12)

3

= (O‘Zia"' aain,;—l)a 1<i<N,andp, = (@naSD:L)a

We set p* = (g, ¢1m,) >
n € Z. Obviously, noting (2.11), we have

(0l 0f) =p's VI<j<m (2.13)
By (2.8), Proposition 2.1 (ii) and Proposition 2.2, it is not hard to see

pt#0, 1<i<N; p,#0, neZ. (2.14)



Definition. We call S(P, p,v) := {)\i, mi, p', ai}1<i<N U A, pnt ey the spec-
tral characteristics of Ap,, .. o

Proposition 2.3. Let f,g € (L?(0,1))2.
(¢) (the Parseval equality with respect to Ap,,, )

N f’ SOJ 5037 fv <)0n (@nv )
=> > + Z (2.15)
i=1 j=1 neE”Z Pn

(%) (expansion)

H M§

. )¢J+Z f’pf" s (2.16)

neEZ

58!

(2.17)

||
i Mz

L
Z ’L*

where both series are convergent in (L*(0,1))?.

nez

Proposition 2.3 can be proved by Proposition 2.1 (ii) and Proposition 2.2. Here
we omit the details.

Remark 2.3. For f,gin (L?(0,1))2 or (L?(0,1))* we denote still the product of
f and g by

- / £ (@)g(@)da
Then
N m; *
=1 j=1 neZ n

holds for F, G € (L?(0,1))*. In this case we call still (2.18) the Parseval equality.

For \ € C, let S(x, \) and S*(z, \) satisfy the following initial value problems
respectively:

(Ao —N) S =0,
{ 3(8, N = ¢ (2.19)
{ gi‘gw) S*._ 0 (2.20)



. _( cosh(Azx + p) e T cosh(A\z + 77)
Obviously, S(z,\) = ( sinh(\z + 1) ), S*(x,\) = ( _ sinh(Az + 1) and

(S(-,/\),S*(-,X)) = 1. For n € Z, let p, € o(Ao,uo) and let us denote
Sp(x) = S(z, pn), Sk(x) = S(x,fin). Here a short calculation shows that
U =nmy/—1—p, n€Z.

Remark 2.4. Each p, (n € Z) is simple, and hence both {5, }nez and {5} } ez
are Riesz bases in (L?(0,1))2.

Let S(;)(x,A) and S{;)

problems respectively:

{ (Ao —A) Sy =0, (Ao — ) Sy = Sj—1), 2 <7 <my,

(z,\) (1 < j < m;) satisfy the following initial value

(‘AS __) (*ml) =0, ('AO ) (]) S{]Jrl)’ IL<j<mi—1,
Szkm)( )*777 Sa)(o A)_C”% 1<j<m; -1 (222)

Then, we can find the solutions of (2.21) and (2.22) possess the following
forms:

Jj—1 ok
Zk'% T, A, 1)
Sy (@, 0) = [ 57 i :
Zkv (a, A, 1)
Zak |7k i (@A)
SE"j)(x,X): )

=y i
Z | k J( A ﬁ)
k=

where aﬁm =1,

| cosh(Ax + p), k even | sinh(Ax + p), k even
V(@ A, ) = { sinh(Az + p), k odd ’ Ok (2, A 1) = { cosh(Azx + p), k odd -

Put

= [ SN X = [ g @R
0 0 (2.23)

Cly, ) = /O TSN, Cupy(y, ) = /0 " St N, (2.24)



and

ii C(*J) (J)(y’ A’ )
. (2.25)
£y {C 2a)C (g2 —C*(%E)CT(y,un)}
nez

Proposition 2.4.
(i) The series in (2.25) is convergent absolutely and uniformly in [0,1]%.

(ii) f € (C0,1]2)" and gf gjyc ('fxafy e (C'@)", € (Cl ((0,1)2\9))4.

The proof of Proposition 2.4 is given in Section 4.
We further put
82

F(z,y) = 9505

(z,y) (2.26)

and
Q={(z,y) €[0,1*: O<y<az<1}.

We are ready to state our main results.

Theorem 1 (Uniqueness). Let P = (22 b2 ) Q = (qul qUQ ) <

(CY0,1))". If S(P,p,v) = S(Q, 1, v), then P = Q.

Proposition 2.5. Let P,QQ € (C’1 [0, 1])4. If S(P,u,v) = S(Q, 1, v) and there
exist a sufficiently large |n| and some eigenvector ¥ of AG v Such that for any
m#nand any 1 <j<m;;1<i<N,

prn = (Om, 05) = 0, pl, = (¢}, 4n) =0,

then P = Q.

Theorem 2 (Reconstruction). Let P = ( 1;1 p; > € (Co, 1])4, S(P, p,v) =
{)\i, mi, pt, ai}1<i<N UA{An, pn ey be the spectral characteristics of Ap ., and

let F(z,y) be given by (2.25) and (2.26). Then there exists M € (C* (ﬁ))4 such
that

F(x,y) + M(x,y) + /OI M(z,7)F(r,y)dr =0, (x,y) € Q. 02
2.2



Moreover, for 0 < x <1 we have

2(Mi2 — Mop)(z,2) = (v(z) — )) cosh ( (p1 +v)

# palo) e sinn [

ﬁc\

2(Mis = Maa)(a ) = (o(0) = pr(o)sin ([

+ (o) — u(x)) cosh ( /0

c\

(p1 +v)(

)
)

8

(p1 + v)(s)ds>. (2.29)

To our knowledge the existing results on inverse spectral problems for sys-
tems of differential equations do not give any simultaneous determination of
all components of the unknown coefficient matrix, even for the Dirac system.
Proposition 2.5 guarantees the uniqueness of all the components in some case.
Theorem 2 gives a reconstruction procedure of P(x) from S(P, i, v). For fixed z,
integral equation (2.27) is a Fredholm equation of the second kind with respect
to M(z,y) which corresponds to the Gel'fand-Levitan equation in the Sturm-
Liouville equation. Thus we call (2.27) the Gel’fand-Levitan equation. If for
given S(P, u,v) and F(z,y) determined by (2.25) and (2.26), the homogeneous
equation with respect to 1 x 2 function M (y)

+ /OI M(r)F(r,y)dr =0 (2.30)

has only the trivial solution, then (2.27) admits a unique solution by Fredholm’s
alternative theorem. Then we can solve (2.28) and (2.29) with respect to p; and
p2 since M;j(z,x),1 <4,j < 2 have been obtained by (2.27).

3 Proof of Theorem 1.

First we show the unique existence of solution to a boundary value problem for
a hyperbolic system (Lemma 3.1) and a transformation formula (Lemma 3.2).
For the proofs we refer to Yamamoto [20].

( bir P12 ) c (C’l [0, 1])4.

Lemma 3.1. Suppose that Q = ( @2 ), P=
g21  Qg22 P21 P22
Let

/ (P12 + P21 — qi2 — g21)(s)ds,
0

wl»—l L\Dl»—

/ P11+ D22 — 11 — q22)(s)ds
0

10



and p € C. Then there exists a unique K(Q, P, p) = (K (Q, P, M)(x7y)>1§k,l§2
e (ct (ﬁ))4 satisfying (8.1)-(3.4):

0K (Q, P. 0K (Q, P.
pHUELN ¢ ) 4 PELEL 4, )5

+P(x)K(Q, P, p)(z,y) — K(Q, P, ) (z,y)Q(y) = 0, (z,y) € 2 (3.1)

—tanh p K11(Q, P, p)(x,0),
—tanh p K21 (Q, P, p)(x, 0),

{ KlQ(Q7P7 M)($,O) (32)

K(Q, P, ) (,0)

KlQ(Qa Pa /j‘)(xa (E) - KQl(Q; Pa /j‘)(xa (E)
= iexp (=01 — 02)(x) X (P11 + P12 — P21 — P22 — 11 + Q12 — G21 + q22)(7)
+1exp (62 — 01)(z) X (P11 — P12 + P21 — P22 — qu1 — Q12 + g1 + g22)(),(3.3)

K1 (Q, P p)(z, ) — K22(Q, P, p)(z, )
= %eXp (=01 — 02)(x) x (p11 + P12 — P21 — P22 + Q1 — Q12 + 21 — G22)(2)
+3exp (B2 — 01)(x) X (pr2 — p11 — P21 + P22 — Q11 — Q12 + G21 + q22)(@).(3.4)

Set

coshfa(z)  —sinh6(z) ) . (3.5)

R(Q. P)(x) = =" ( —sinhfy(z)  coshfy(z)

We notice that R(Q, P)(z) is continuously twice differentiable and R~1(Q, P)(z)=
R(P,Q)(x). Moreover it is easy to see that

R(-QT,~P7) () =R(P.Q)(x) = R " (Q.P) (). (3.6)
We note that (3.3) and (3.4) can be rewritten as follows:

K (@ Pz,0)B ~ BK(Q. i) (2,2)

= B2 (2) + P@)R(Q. P)() - RQ. P)@)Q(). (37,

Now we define a transformation operator X (Q, P, 1) on (Hl(O, 1))2 by

(X(Q, P, pw) (z) = R(Q, P)(x)w(z) + /Ox K(Q, P, p)(x, y)w(y)dy. 58

18] 9 B o
Lemma 3.2. Let h = < L) > € (C[0,1]))" and 8 = < 5 ) € C~ satisfy

B cosh pu — M) sinh jp = 0. For A € C, if p = (-, \) € (C’1 [0, 1])2 satisfies

dy)
{ B (2) + Q(x)u(z) = Mp(x) + hz), (3.9)
¥(0) = B,

11



then ¢ = ¢(-, A) € (C0, 1])2 defined by

o(03) = RQ. P)a)ote V) + | " K(Q. P, ) y)(y, Ny

(3.10)
satisfies
Bi_‘g(x) + P(z)p(x) = do(z) + R(Q, P)(z)h(x)
[ K@ PwEma,
p(0) =0

Obviously Lemma 3.2 can be rewritten as follows:

)
Let X € C. Ifh = ( Z(; ) e (C[0,1])%, (Ag — N = h, ¥(0) = B, then

v = X(Q, P, )y satisfies

v u

sume that S(P, u,v) = S(Q, p,v) = {)\i, mg, pt, ai}1<i<N U{ A, pntpez- Since
the solutions of (3.9) and (3.11) are unique, in terms of Lemma 3.2 we can ob-
tain the following transformation formulae:

Lemma 3.3 (Transformation formulae). Let A € C.

(1) If (Ag = A =0, ¥(0) = § and (Ap — X)p = 0, ©(0) = &, then

Now let Q = ( oo ) e (C'0,1])", P = ( pLop ) e (C'0,1])". As-

o =X(Q,P,p)y (3.12)
and
v =X(P,Q,u)e. (3.13)
(ii) If
{ (Ag = N)¢i =0, (Ag — X)) =iy, 2<j<m;1<i<N,
$i(0) =&, ¥ € D(Aguy), 1<j<m;1<i<N,
and

(Ap =Xt =0, (Ap = ANl =@’ ;, 2<j<m;,1<i<N,
SO;(O):& @éeD(AP,p,,V)v ]-S]sz,]-SZSN,

12



then
o = X(Q, Pp)vy, 1<j<m;1<i<N, (3.14)
and

(iii) If (Af = N =0, *(0,A) = n and (Ap — N)g* =0, ¢*(0,X) =1, then

" (@) = (X (-Q7,~PT,~7) v*) (2.3) (3.16)
and
¢ (2.3) = (X (<PT,-Q7,-71) ") (,%). (3.17)
() If
(A = X)05i, =0, (A = X)uf =iy, 1<j<mi—L1<i<N,
U (0) =m, ¥77(0) =ajn, 1<j<m; —1,1<i<N,
Y€ D(AG ), 1< <m;1<i<N,
and
(Ap ~ X, =0, (Ap ~ W) = ¢y, 1<j<mi-L1<i<N,
¥ (0) =7, 957 (0) = ajn, 1< j<m;—1,1<i<N,
Y€ D(Ap,,), 1<j<mi,1<i<N,
then
o :X(_@7_ﬁ,_ﬁ) 1< j<m,1<i<N,
(3.18)
and
(3.19)

Moveover, in order to prove Theorem 1, we need the following two lemmata.
Lemma 3.4. For0<b<y<a<uz <1, we have

N my

L= ZZ%/:R(Q,P) (t)so§*(t)dt/by (¢h(0)" dt

i=1 j=1
1" — (Y
+> - [ RQP) 02D [ w0 (3:20)

neZ
= 0,

13



and

ZZ /z/ﬂ dt/ win) "

’Lljl

+Znawn dt/w

ne”Z
= 0.

(3.21)

Proof. By Lemma 3.3 (i) and (ii), it is true that
Yu(t) = (X(P,Q,p)pn) (), n€Z

and
Pi(t) = (X(P,Q,m)¢) (1), 1<j<my1<i<N.
By the symmetry of R(P,Q)(z), changing the order of integrals, we obtain

T

/jwﬂt)dt = /by( (P,Q) ()pn /KPQM)(t )pn (7 )dT) at
/bys%() (PQ)()dt+/0 n ( dt/ KT (P,Q, ) (r,t)dr
+/by dt/ K" (P,Q,p) (r,t)dr

|0 (o (0610 + xan (0Ga(0)
= (#n0), X0 (GO + x0m ()G20))

e Gi(0) = R(PQ) () + [ KT (P.Qu) ()i
Go(t) = /b KT (P,Q,p) (r,t)dr
Similarly,
[ 50)7at = (40 X0 (BT + 00 ()G0)
Therefore

I—ZZ (X (VRQ, PYC), 6 () (#5100 X (ITIC) + X0 ()G20))

’Lljl

3~ (Yo VRQ P 0) (00 Xy (I + X0y (VG

nEZ
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It is obvious that R(Q, P),G1,G2 € (L?(0,1))%. By the Parseval equality with
respect to Ap,,, ., we obtain

1= (X(am (VRQ: P)O): X0 (VG1() + X100 ()G () = 0

since (a,z) N{(0,b) U (b,y)} = 0.
Similarly, by the Parseval equality with respect to Ag ..,

Iy = (X(a,z)(')E7X(b,y)(')E) =0,

where E denotes the unit matrix é (1) ) . O
Lemma 3.5. For0<b<y<a<uz <1, we have
N m;
1= Yy [T
=1 j= 1

+ Lz R(Q, P)(t)dt /OtK (—W, —ﬁ, —ﬁ) (tﬂ—)q/);,* (T)d'r} /by (1/);(15)) dt

+an{/ O (t)

neZ

+ / " RO, P) ()t /O K (@7, —PT.—7) (11w
0.

} / "t @y

Proof. If one notices (3.16),(3.18) and (3.6), then the proof of Lemma 3.5 is
complete.

Proof of Theorem 1. First by Lemma 3.4 and 3.5, we have

0= ﬁ:i % {/x R(Q, P)(1)dt /Ot K (-QT. P77t T)Wdf}
x/by (¥i(t)" dt
+nze%f’in { / " RO, P) (1)t /0 K (@7 PT.-7) (t,r)mdr} /b YT ()at

15



ST [ [ r@. Py (07,77 <) (.| e

a

/ U R@, P)( —PT —u) (t, T)dt} w;;(T)dT} /b ’ YL (t)dt

(by changing the order of integrals)

T

- <x<o,a><-> ([ r@.Pyox (<@ P75 () ,x<b,y><->E>

p S T
- <xw><~> ( | r@poK (-Q7, T p) (¢ -)dt) ,x(b,y><->E>
y
(by the Parseval equality with respect to Ag,u..).
Note that (0,a)((b,y) = (b,y) and (a,z) [((b,y) = 0. It follows that

/ / R(Q, P)( _PT —u) (t,7)dtdr = 0

for0<b<y<a<azxz<l1. Itimplies that

Since R(Q, P)(z) is invertible, we see that K (—W, —PT, —ﬁ) (z,z) =0.
By means of (3.3) and (3.4) in Lemma 3.1, we have

1 xT
exp (5/ (p1+p2—q1— Q2)(S)d5> X (=p1+p2 + a1+ g2 — 2u)(x)
0

1
+exp (— (—p1+p2+aq — qz)(S)dS) X (=p1—p2+q1 —q2+2u)(z) =0

2Jo

an

exp <

/ (p1+p2—q1 — q2)(s)ds ) X (=p1+p2—q1 — g2+ 2v)(x)
1

i

—p1+p2tq — QQ)(S)d5> X (p1+p2+q —q —2v)(x) =0,

16



that is,

exp </0w (p1 — Q1)(8)d8) X (=p1+p2+q1 + g2 — 2u)(x)
+(=p1—p2+q1 — g2+ 2u)(z) =0 (3.23)

and

exp </Ox (p1 — QI)(S)dS) X (=p14+p2 — @1 — g2 + 2v) ()
+(p1+p2+q1 —q2 — 2v)(x) = 0. (3.24)

Setting 71 (x) = p1(x) — q1(x), r2(z) = p2(x) + ¢2(z), we rewrite (3.23) as
exp (/O“’ m(s)ds) X (=r1 + 1o = 2u)(x) + (—r1 — 72 + 2u)(x) =0,

which is equivalent to

r(z) <1 + exp </OI 7"1(8)015)) = a(z) (1 T exp </0I Tl(s)ds)) ’ (3.25)

where a = 2u — ry € C[0,1].
Next we are going to prove that 71(x) = 0. First since r1,a € C[0,1], we
can choose a positive integer Ny such that

1
Il < Noy exp ( / |m<s>|ds) < Mo, lla(- ooy < No.

Denote 6y := 1/Ny. Then for any z € [0, do], we have

/OgC ri(s)ds

On the other hand, if z = z1 + V=122, 21, 22 € R satisfies |z] < 1, then

< dol[r1()llcopo,y < 1.

|1+ exp(z)| = \/(1 + exp(z1) cos 22)° + (exp(21) sin 22)? > 1+exp(z1) cos 22 > 1

since —1 < 21, 2z < 1. This yields that for any x € [0, do],

‘l-i-exp </Oxr1(s)ds>‘ > 1.

Therefore, applying the mean value theorem to the function exp (‘ an: 1 (s)ds|) —
1 which is obviously not less than |1 — exp (fox r1(s)ds)|, we obtain from (3.25)

that for any x € [0, dg],
T 1 T
/ r1(s)ds| x exp (/ |r1(s)|ds) < Ng/ |r1(s)|ds.
0 0 0
17
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The Gronwall inequality implies that ri(x) = 0 in [0, 6o]. Similarly, we can ap-
ply the same argument to the subinterval [dg, 20¢], in which we obtain r1(x) = 0.
Repeat the same argument in each subinterval [(k—1)do, kdo],1 < k < Ny. Con-
sequently, it follows that 71 () = 0 in [0, 1], that is, p1(z) = ¢1(x). Substituting
p1 = q1 into (3.24), we have p2(z) = g2(z). Thus P(x) = Q(x) follows and the
proof is complete. O

4 Proofs of Proposition 2.5 and Theorem 2.

Let P = ( ]Zj 12)2 ) € (01[0,1])4, S(P, p1,v) :{)‘iamivpi7ai}1§i§]vu {/\napn}nEZ

be the spectral characteristics of Ap, ,. We should note that D(Ap, ) =
D(Ao )
We divide the proofs into three steps.

First step. In this step, we prove Proposition 2.5 and Proposition 2.4.
Similarly to Lemma 3.3, we have the following transformation formulae.

Lemma 4.1 (Transformation formulae). Let A € C and 1 <i < N.

(i) If (Ao —A)S =0, S(0,\) =& and (Ap — N =0, p(0,X) =&, then

@(‘n )‘) = (X(07 P, M)S) (J), /\)
and

Sz, A) = (X(P,0, p)¢) (x,A).
(ii) 1If

(Ao = A)S1) (2, A1) =0, (Ao = N) Sy (2, \') = Sy (w2, X), 2<j <my,
S(])(()?)‘z) = ga 1 S j S m;,

e { (Ap — N)gl =0, (Ap — N)gh =i\, 2<j <m,
©5(0) =&, ¢ € D(Appuy), 1<j<my,
then
(@) = (X(0, P, p)Sy)) (x, M), 1<j<my,
and



and

$* (@3) = (X (~P7,0,-7) ¢*) (2. ).

(i) If

(As V)S*W(x ) = 0, (AG = NS5 (2 X7) = S(5 ) (1, M), 1 < <y =
St (0,07 =1, S(j)(())‘) aln, 1<j<m;—1,

and
(A};_ ) = a(*i )Sﬁj _90]+1v 1§j<mi_1’
wi;i,.,(o)—n, soj*( )=ajn, 1<j<mi—1,¢" €D(Ap,,), 1<j<m,
then . o _
= (4 (7)) T 13
and

Sty (@, X) = (X (—ﬁ,o, —E) ga;i*) (@), 1<j<m.

Lemma 4.2. There exists a constant 6 = 6(P,pu,v) > 0 such that |pn| > 9,
n c Z.
Proof. First we see that there exists a constant ¢(u) > 0 such that
|S(z,A)| < ¢(p) provided that |ReA| < oo.
Moreover, by (2.19) and integrating by parts, we have

/OI K(0, P, u)(fe,y)S(yJ)dy‘

* 1
=| [ K0P 5B, S
0

- ﬁ |K (0, P, pi)(x,2) BS(z, A) — K(0, P, 11)(x,0)BS(0, \)

- /O OyK (0, P, p)(z,y)BS(y, /\)dy‘ (4.1)

1
[A]

(P, p)
Al

| /\

<2|K(0 P, w)lloo + max / |0y K (0, P, p) (, y)ldy) 1S C5 Moo
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By means of Lemma 4.1 (i), from (4.1), for large |n| there exist D,, € (L°°(0,1))?
such that
sup |Dn(z)| < (P, p)
n€Z,0<x<1

and

Dn(x)

on (@) = @(x, An) = R(0, P)(2)S (2, An) + X,

(4.2)

Similarly, in view of Lemma 4.1 (iii), there exist D} € (L°°(0,1))? such that

N — — Di(z
or(z) = " (x,\n) = R71(0, P)(x)S™(z, \n) + ;L\_( ) (4.3)
By (2.6), we have
Pn = (Sonaw:z)
E———— 1
= (RO.PYOSCA)FTOPIISCR)) +0 (1)
1
:1+0(—) (4:4)
n
which implies |pn| > & for sufficiently large |n|. Note that p, # 0, n € Z.
Therefore we can take § = §(P, i, v) > 0 such that |p,| > § > 0. O

Proof of Proposition 2.5. From S(P,u,v) = S(Q, u,v) we can prove that the

transformation kernel K (—W, —PT, —ﬁ) (r,) = 0 in Q as in the proof of
Theorem 1 (see (3.22)). Then by Lemma 3.3 (iii) we see that

on (@) = R(=QT, —PT)(z)¢r, (). (4.5)

On the other hand, from p,,, = 0, pz»n = 0 and Proposition 2.2 it follows that

@y, — 1y is orthogonal to the Riesz basis {goé-}1<j<m' Leien ULem} ez and,
consequently, ¥ — ¢ = 0. Substituting this into (4.5), we obtain

on(x) = R(=QT, —PT)(z)p, (z). (4.6)

Moreover (4.3) yields by (2.6) that

— — 1
n(@) = R(0, =PT)S™(z, M) + O( ),
which implies that

(e:0@) - (e @) 20

20



for sufficiently large |n|. o
Therefore, from (4.6) it follows that R(—Q”,—P7)(z) = E. Consequently, in
view of (3.7), replacing @, P by —QT, —PT respectively, we obtain from

K (-QT.~PT,—71) (v,2) =0, R(-QT,~PT)(x) = E
that P(z) = Q(x). The proof is complete. O
Proof of Proposition 2.4 (i). It is sufficient to prove
C*(m’A_”;nCT(y’W <8 nez (my) el (4.7)
and
C@mICT W) < 5, nez (ny) e (48)

Here the constants c1, ¢ > 0 are independent of (z,y) €[0,1)? and n € Z.
By the definitions of C(-, A) and C*(z, A), we see that

() e Ty~ €1
TRl =N
Moreover, by Lemma 4.2 we have
C* (2, 2)CT (y, Ay, 2
(=00 () | ) o
Pn 5|/\n|
Then Proposition 2.1 (i) completes the proof. a

Lemma 4.3.

N & Oy (@, X)CT (y, AY) C* (2, M) CT (5, An
I(P,/J,,l/) — Z () - [€)) + Z ( s ) (ya )
i=1 j=1 nez Pn
min (z,y)
— / (x, t)®7 (y,t)dt,
0
where
R0, P)(1) +/ K (—ﬁ,o, —ﬁ) (r,t)dr, 0<t<az<l,
U(z,t) = t
0, 0<z<t<i1t10)
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and

Yy
R—l(o,P)(t)+/ K (P.0,p) (r,)dr, 0<t<y<1,
O(y,t) = !
0, 0<y<t<l.

Proof. By Lemma 4.1 (ii),

, Y 4
Ciply, X)) = /OS(j)(t,M)dt
Yy

/O {R(P,o)(t)wﬁ(t)+/OtK(P,o,M) (t,7)¢§(7)d7}dt

= /Oy {Rl(o, P)(t) + /ty K (P,0,p) (r, t)dT} @' (t)dt

/O D(y, )¢’ (t)dt.
Therefore
Chy . A) = (950, 7 (y,)) (4.12)

Similarly,

CT (g, M) = (0(), 7 (5,)) - (4.13)

k) (x V)

r s
= / Sty (8, A7) dt
0
x

[ {rePromero [ K (P70, ) ) oo

/Oz {W—k /t“’K <_ﬁ,0, —ﬁ) (, t)dT} ¢§*(t)dt

/1 Uz, )l (t)dt.
0
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Therefore

Oy = (T 0. 65°0)) (414)
Similarly,

(e x) = (7,9, ¢50)) (4.15)

By (4.12), (4.13), (4.14), (4.15) and the Parseval equality with respect to
Ap,.., we obtain

Il
(]
MS

I(P,p,v)

nez Pn

— (\I/T(x, ), @7 (y, '))-

Thus the proof of Lemma 4.3 is complete. O
Lemma 4.4.

10, p,v) :=>_ C*(2, i) C" (y, pn) = min(z,y) E.
nez

Proof. By the definition of C*(x,Tiy), C(y, in) and the Parseval equality with
respect to Ao 0, the proof is complete. d

Proof of Proposition 2.4 (ii). By Lemmata 4.3 and 4.4, we see that

o= [ (@ 0 - B ar
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In view of the definitions of ¥ and ® a direct calculation yields

82
Fo,) = - (5,0)

K (—ﬁ, 0, —ﬁ) (z,y)R71(0, P)(y)

+AyK <_ﬁ70a _ﬁ) ({E,t)KT(P,O,/J,)(y,t)dt, (xay) € Qv

R(0, P)(x)K™(P,0, ) (y, )

+/ K (_ﬁa 07 _ﬁ) (J), t)KT(Pa 07 M)(ya t)dta (J?, y) € (Oa 1)2\Q
0
Then Lemma 3.1 completes the proof of Proposition 2.4. 0

Remark 4.1. The continuity of F(x,y) at the diagonal implies that

K (—ﬁ, 0, —ﬁ) (z,2)R™Y(0, P)(z) = R(0, P)(2)KT (P, 0, u)(z, z).

Second step. Similarly to Lemma 3.4, we apply Lemma 4.1 and the Parseval
equality with respect to Ap, , to obtain:
Lemma 4.5. For0<b<y<a<z <],

N m;
I =YY= /ROP dt/Smt)J

11]1

+ZP/ROP )or (¢ dt/ ST(t, An)

neE”Z
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and

_ x
H(z,7) = / M(t,7)dt, a<7 <z, (4.17)

0, T <T.

We establish
Lemma 4.6. For0<b<y<a<z<l,

N m;

I =53%53%-= /S*tth/S (t, A)d

11]1

+y — /S*t/\ dt/STtA
nEan
N m;

>N = /HxT )S{) (7, A7) dT/S(])tx dt
11]1

1

+y — H(xTS*T)\ dr/STt)\

nEan
= 0.

Proof. By Lemma 4.1,
7% _ DT — * 7 . .
©5 (t)f(X(O,—P ,—u)S(j))(t,)\), 1<j<m;;,1<i<N

and
en(t) = (X (0,-PT,=7) 57) (t0), neZ.

Recalling the definition of the transformation operator and changing the order
of integrals, by (3.6) we complete the proof of Lemma 4.6 directly by Lemma
4.5. O

The Parseval equality with respect to Ag ;0 shows
Lemma 4.7. For0<b<y<a<z <1,

/S* dt/ ST(ydt = 0.

25
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Third step.
Proof of Theorem 2. Lemmata 4.6 and 4.7 show that

0=1
{ZZ /S (. 1) dt/ SGy (At
i=1 j=1
+Z< /S*tA dt/ ST(t, An dt—/ Sx(t dt/ ST(t) dt>}
nEZ P
+Z/H£BT dT/ ST
nez
i (4.18)
{ZZ /HJ?T(J)T)\dT/S(])t)\
i=1 j=1
+Zi H(z,7)S*(1,An) dT/S (£, An)
nez Pn /o
—Z/Hmr dT/ST dt}
nez
=1L+ 1+ 1.

Next we will_transform I, Ir and I5. First let us recall definitions (2.23)-
(2.25) of C7;) (-, A7), Cj)(X"), C*(;,A), C(+,A) and f(:,-). Then

N m;
o= Y3 (g ) — g e 0) (O N — €y 019)

+ L (C*(x o) — C*(a, N )) (CT (y, An) — CT (b, A\n))
nez P (4.19)
- (C*(ﬂ%m) (a,Tim ) ( (Y pn) CT(b7 Mn))}
= flz,y) = f(z,0) = f(a,y) + f(a,b).

By the Parseval equality with respect to A , 0 and (4.17), we have

Z/HxT dT/ST

nEZ

) H(x, 7)X () (T)dT (4.20)

Yy px
/ / M(t,7)dtdr.
b a

(7, ) = 85, (r, X)), H(z,2) =0, Vae0,1]

Since



and .
C(*]) (07 )\’L) - O7

integration by parts yields

1 —
H(xz,7)SF, (1, \V)dr
JRECE TNy

(]« [

T=a

T=x

[H (@, 7)C) (7, V)}

+ [H(x, )07 (7, V)}

=0

) </0 ’ /:> o ) Chy s

T=a

Similarly,

and

/H(ET /aHxT)md

Therefore, by (4.21)-(4.24) and Proposition 2.4 (i), we have

(4.21)

(4.22)

(4.23)

(4.24)

. i_\f:i/x %_Ij(xﬂ')[ W (Ca)(y, M) — Ca) (b, )\i))] dr

1

C(rm) (c (9 1) = CT (b, 1a)) | dr
= / 5‘H (z,7) (f(r,b) — f(7,y))dr

exchange the order of sums and integrals).

27

3 [ W) [ETR €00 -0 )



Integrating by parts and noting that f(0,-) = 0, we obtain

I = /Of H(x,7) (%(T, y) — %(ﬂ b)> dr

_ / /OtM(t,T) (%(T, y) — %(T, b)) drdt.

The last identity follows from the definition of H(z,7) and change of the order
of integrals.
Consequently, by (4.18), (4.19), (4.20) and (4.25), we obtain

(4.25)

0= f(z,y) — f(z,b) —f(a,y)—i—f(a,b)—i—/by /axM(t,T)dth
+/ax /Ot M(t,T) (%(T, y) — %(T, b)> drdt. (4.26)

Differentiating the both sides once with respect to 2 and then once with respect
to y, we obtain (2.27).
For completing the proof of Theorem 2, we have to derive (2.28) and (2.29).
Since

M(z,z) = R(0, P)(z)K (0, _PT, —ﬁ) (z,z)

by (4.16) and K (0, —PT, —ﬁ) (x,x) satisfies (3.3) and (3.4), by the definition
of R(0, P)(x), we can directly verify (2.28) and (2.29). O

5 Another Reconstruction Procedure and Re-
marks.

P31 () pha(2)
has the same structure as o(Ap, ), namely, o(Ap, ) = ¥ UXE", where
YNY' =0, ={u €o(Ap, pv):
m(pt) =m; > 2,1<i< N}, ¥ = {un € 0(Ap, puv) : Hn is simple,n € Z},
m(u?) denotes the algebraic multiplicity of ‘. For convenience here we use the
same symbols as before when the zero matrix is replaced by Fy. Furthermore,
we set S; = Sj(x) = S (@, 1), S5° = 5 (x) = S{;(w, p*) and

0 0
We assume that Py = Py(z) = < p1i(z)  P1a(?) ) exists such that o(Ap, .,.)

o' = (Szm,)(vul)as(z:n,)(aﬁ)) y On = (Snvs:z)a 1<i<N,neZ.
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We define f(z,y) by:

pi ot

N m {cg;)(xﬁ)cg)@,m _czj>(x,ﬁ>ca>(y,m>}

S {c*<x,ch<y,An> T @ (g, ) } (5.1

Pn On

and set

O f

F(z,y) = 920y

(,9). (5.2)
Replacing the zero matrix by Py and arguing similarly to Section 4, one can show
Theorem 3 (Reconstruction). Let P = ( 1;1 p; > € (Co, 1])4, S(P, p,v) =

{)\i, mi, pt, ai}1<i<N UA{ A, Pty be the spectral characteristics of Ap,y,.. Then
there exists M € (C’1 (ﬁ))4 such that

x
Fa.g) + Mag) + [ Mz, F(ry)dr =0, (53)
0
where
~ A R — T
Flo,y) =F,)+ Y = (SF@ - 57 @) (5;0)"  64)
i=1 j=1
and {§§*}1<j<mi are the normalized root vectors of Ap, |, for ui with respect
to o

{55} 1<jem, A< N)

Moreover, for 0 < x <1 we have

2(Miz — Mar)(r,2) = (v(x) — p (x)) cosh ( / S - p32><s>ds)

+ (p2(e) — u(z)) sinh < / S+ v—pl - p82)<s>ds) T () — P (a55)

2(Miy — Mag) (. 2) = (v(a) — p (2)) sinh ( / O p82><s>ds)

+ (p2(x) — u(x)) cosh </OI (pr+v—pY — pSz)(S)d8> + pYy (x) — p¥y(a(p.6)
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Although this paper extends the work of M. Yamamoto in [22] in some sense,
some further research on this subject need be done. First we should specify con-
ditions on spectral characteristics in order that the Gel’fand-Levitan equation
admits a unique solution. Second, for the problem of stability, can we estimate
deviation in p; and ps in a suitable norm when the spectral characteristics per-
turbs? In a forthcoming paper, we will discuss them.

Appendix. Proof of Proposition 2.2.

Let {apJ}K < and {g0]}1<j< be the unique solutions to the initial value
problems:

(Ap =Xt =0, (Ap —X)ph = ¢! |, 2<j<m;1<i<N,
0 (0)=¢ ¢t € D(Apyy), 1<j<my1<i<N (1)
and
(Ap = NG, =0, (Ap =A@ = @hyy, 1<j<mi—1,1<i<N,
gi(0) =n, ¢y € D(Ap,,), 1<j<m1<i<N. @)

It is easy to see that (Ap — /\1)’”’ b= (A — Y)m@; =0 (1<j<m;,1<i<
N), so that {gaj}KjSmi and {90]}1gjgm,- are root vectors for A € o(Ap,,,)

and \i € o(Ap ) (1 <i< N)respectively. Then by Proposition2.1(ii), both

{503 }1<]<m, 1<i<N U {90"}%2 and {901 }1<3<m1 1<i<N U {90"}%2 are Riesz bases
in (L%(0,1))%. Henceforth we set @) = @ = ¢4, 11 =@h,. 1 =0 (1 <i<N).
Lemma 1. Forlglgml,lgkgm],lgzjgNz;éj,

(#i.21) =0. (3)
Proof. We divide the proof into five steps.
(i) Since N # N and X (44,3, ) = (Apel @) = (o1 ApF, ) =
(gaﬁ,ﬁ(ﬁ{,”) =N ((p’i, @%J) , it follows that (go’i, @%J) =0.
(ii) For given k in 2 < k < my, if (gpﬁ, @i) =0 ,then
X (04 7) = (Apeh B) = (#1453 )
= (L VF L + &) =N (o1 7 ) -

By \' # M, it follows that (g&i,@i,l) =0.
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(iii) From (i) and (ii), by induction we have (gpﬁ, ngv) =0for 1 <k <m;.

(iv) For given [ in 1 <1 < my, if (gp},@i) =0, 1 <k < my, we claim that
(¢ir0:#l) =0 1<k < m;.

First by the assumption we have \? (gp}'H, @%J) = (Ap(pf+1 — ¢l @#J) =
(QO;;+1, AE@Q’”;) = )\-7 (30;;+15 6%],)7 then (SO%+17 (;5%1]) = 0.

Now suppose that for given s with 1 < s <m,; — 1, (gofﬂ, @gﬂ) = 0. Then

N (@?-{—1) 55?9) = (APSO§+1 - @fa 55?9) = (@?.‘,—1;-/4)'][3&‘;')
= (@%4-17”@;4 + @iH) =N (‘Pf-i-l; 85?9) )

and (gaf_H, QEJS) = 0. By induction we have (go}'H, @fc) =0for 1 <k <mj.

v) From (iii) (iv) and by induction we obtain goi,@j =0forl1 <[ <
1Pk
ms, 1 <k <mj.
Lemma 2. For 1 <j<m;,1<i<N,neZ,

(5, 9n) = (¢n, @5) = 0. (4)
Proof. Since (¢}, ¢%) = 0 and
X (5 0m) = (Apg) — ¢5_1,97)

= (@5, Apen) = (@5_1,05) = A (5 05) — (P51, 05) 5

by induction it follows that (gaé-, gafb) = 0. Similarly, (gpn, @;) =0. g
Lemma 3. For1 <j<m;,1<i<N,
(#5: %) = (Pmss Pims) = 0" #0, (5)

and for 1 <k <l <m;,
(k. @1) = 0. (6)
Proof. First we see that
(65:85) = ((Ap = X051, 8) = (@12 (Ab = XDE}) = (@41 Bh0a)
By induction it follows that (¢}, §t) = (@, @h,,) = p' for 1 < j <my,1<i <

N.
On the other hand, for 1 < k <m; — 1,

(ks Pi) = (AP = NV, P, ) = (s (Ap = DB, ) =0 (7)
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Then by Lemmata 1 and 2, (¢}, ,@%, ) # 0 since {wé}lg‘jgmi71§i§N U{en}nez
forms a Riesz basis in (L2(0,1))? and @}, # 0.
Moreover, since

(8027%) = ((AP - Ai)soiﬂ,@?) = (Sﬁ?cﬂv (Ap _y)%) = (90;&17@?“)7

(8)
(6) follows from (7). O
Proof of Proposition 2.2. We set
SOZ;I = S/Zﬁnl € D(A}i—’,y,,l/)7
e )
P =0 Y, ae, 1<k<m;—1,
j=k+1
where
ai = (9L, 3,)/p" for k+1<j<m,. (10)

Forgivenkinl1 <k <m;—1and 1 <: < N, suppose that <p§»* (k+1<j<my)
satisfies:
(@5, 05) = (P Pims) = P k+1 <5 <my,
o o (11)
(Ap = Xl =iy, k+1<j<m;—1,(Ap — X)gh =0.
Then we claim that the equalities in (11) still hold when the index j is replaced
by k.
First, for 1 <[ <k —1, by (6) and the assumption,
(o) = (01, %) — > al, (¢l 9l) =0.
j=k+1

For k+ 1 <1 < m;, by the assumption we have

(e 08) = (21, @) — D aby (el o)
j=k+1

i ~i (i ix i ~i ¢l @ i
= (8017901@) _a?,k (901;801 ) = (‘Pl’wk) - ( lpz' k)p

Therefore, (¢}, pi*) =0 for 1 <1< m;, 1 # k.
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Second, by (5) and the assumption

mi
(ks 087) = (€h: Bh) = D by (h %) = 0"
j=k+1
Finally, by the assumption
. o mq o Uz
(Ap = N)ei = (Ap = N)@L — D @b (A = N)el = Gl — D af i
j=k+1 j=k+1

Moreover by (8) we see that a, =aj,;;,;, and

m;
« N\ ik ~i i i ix
(Ap = N9l = Ppg1 — E 5 k4195 = Pht1-
k2

Here we note that if kK = m; — 1 then the last equality still holds by the assump-
tion.

Now by (7) and induction, (11) holds for 1 < j < m;. Therefore, since each
Sﬁé*(l < j < m,;) is a linear combination of {@};}j<k<m' (see (9)), by Lemma 1
and Lemma 2 we can derive Proposition 2.2 (ii) and (iii).

Now it remains to prove Proposition 2.2 (i).

T4 % i i i« \T = Sio i i =i\ T
Let ™ = (@1, 95 @1, om,) and & = (B, &by, B, 15 By
Put

0 1 ayy ... (A

U= | o (12)
0 0 1 afn,;,m,:—l
0 0 0 1

where a;k (1<k<m;—1,k+1<j<m;) are defined by (10). It is easy to
see that U’ is invertible. Hence, setting

. . -1
V= (Vih<jksm, == (U") (13)
from (9) we have
UZQPZ* — (pl or SD’L* — V’L (pl. (14)

The last equality yields for 1 < j < m;,

ms
o =Y "Vi5 (15)
k=j
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since Vjik =0 for k < j. Moreover, since (,5; (0)=n (1 <j<my), if we set

3

i

ab = Vi for 1<j<m;—1, (16)

ol
Il

J
then it follows from (15) that 90;* (0) = 04_3'-7) (1 <j <m;—1). This completes
the proof. a

References

[1] S. Cox and R. Knobel, An inverse spectral problem for a nonnormal first
order differential operator, Integral Equations Operator Theory 25 (1996),
147-162.

[2] M. G. Gasymov and B. M. Levitan, The inverse problem for the Dirac sys-
tem, (Russian) Dokl. Akad. Nauk SSSR 167 1966 967-970.

[3] I. M. Gel'fand and B. M. Levitan, On the determination of a differential
equation from its spectral function, English translation, Amer. Math. Soc.
Transl. Ser. 2, 1 (1955), 253-304.

[4] F. Gesztesy and B. Simon, Inverse spectral analysis with partial information
on the potential. II. The case of discrete spectrum, Trans. Amer. Math. Soc.
352 (2000), no. 6, 2765-2787.

[5] F. Gesztesy and B. Simon, A new approach to inverse spectral theory. II.
General real potentials and the connection to the spectral measure, Ann. of
Math. (2) 152 (2000), no. 2, 593-643.

[6] T. Kato, Perturbation Theory for Linear Operators, Springer Verlag, Berlin,
1980.

[7] M. D. Kostin, Partial differential equations for the probability density and
charge density of quantum statistical mechanics, J. Math. Phys. 32 (1991),
no. 5, 1341-1343.

[8] V. A. Marchenko, Sturm-Liouville Operators and Applications, translated
from the Russian by A. Iacob, Operator theory : advances and applications
22, Birkhauser, Basel, 1986.

[9] M. Lesch and M. M. Malamud, The inverse spectral problem for first order
systems on the half line, Oper. Theory Adv. Appl., 117, Birkhauser, Basel
(2000), 199-238.

34



[10] N. Levinson, A simplified proof of the expansion theorem for singular
second-order linear differential equations, Duke Math. J., 18 (1951), 57-71.

[11] N. Levinson, The expansion theorem for singular self-adjoint differential
operators, Ann. of Math. 59-2 (1954), 300-315.

[12] B. M. Levitan and LS. Sargsjan, Sturm-Liowville and Dirac Operators,
Kluwer, Dordrecht, 1991.

[13] J.Poschel and E.Trubowitz, Inverse Spectral Theory, Academic Press, Or-
lando, Florida, 1987.

[14] A. Ramm and B. Simon, A new approach to inverse spectral theory. III.
Short-range potentials, J. Anal. Math. 80 (2000), 319-334.

[15] B. Simon, A new approach to inverse spectral theory. I. Fundamental for-
malism, Ann. of Math. (2) 150 (1999), no. 3, 1029-1057.

[16] B. Thaller , The Dirac Equation, Texts and Monographs in Physics.
Springer-Verlag, Berlin, 1992.

[17] E. Titchmarsh, Eigenfunction Ezpansions Associated with Second-order
Differential Equations, 2nd ed. Clarendon Press, Oxford, 1962.

[18] B. A. Watson, Inverse spectral problems for weighted Dirac systems, Inverse
Problems, 15 (1999), no. 3, 793-805.

[19] I. Trooshin and M. Yamamoto, Riesz basis of root vectors of a non-
symmetric system of first-order ordinary differential operators and appli-
cation to inverse eigenvalue problems, Appl.Anal., 80 (2001), 19-51.

[20] M. Yamamoto, Inverse spectral problem for systems of ordinary differential
equations of first order, I., Journal of the Faculty of Science, The University
of Tokyo, Sec.IA, Math. 35 (1988), 519-546.

[21] M. Yamamoto, Inverse eigenvalue problem for a vibration of a string with
viscous drag, J. Math. Anal. Appl. 152 (1990), 20-34.

[22] M. Yamamoto, The Gel’fand-Levitan Theory for a stationary system:
uniqueness and reconstruction formula, Preprint Series, Graduate School
of Mathematical Sciences, The University of Tokyo, UTMS 1996-31.

[23] K. Yosida, On Titchmarsh-Kodaira formula concerning Weyl-Stone’s eigen-
function expansion, Nagoya Math. J., 1 (1950), 49-58.

[24] V. A. Yurko, Reconstruction of nonselfadjoint differential operators on the
semi-axis from the Weyl matriz, English translation, Math. USSR-Sb. 72
(1992), No. 2, 413-438.

35



[25] V. A. Yurko, Inverse Spectral Problems for Differential Operators and Their
Applications , Gordon and Breach Science Publishers, Amsterdam, 2000.

36



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2004-13

2004-14

2004-15
2004-16

2004-17

2004-18

2004-19
200420

2004-21

200422

2004-23

M. K. Klibanov and M. Yamamoto: Lipschitz stability of an inverse problem
for an acoustic equation.

Teruhisa Tsuda: Universal characters, integrable chains and the Painlevé equa-
tions.

Shushi Harashita: Fkedahl-Oort strata contained in the supersingular locus.

Mourad Choulli and Masahiro Yamamoto: Stable identification of a semilinear
term in a parabolic equation.

J. Noguchi, J. Winkelmann and K. Yamanoi: The second main theorem for
holomorphic curves into semi-abelian varieties I1.

Yoshihiro Sawano and Hitoshi Tanaka: Morrey spaces for non-doubling mea-
Sures.

Yukio Matsumoto: Splitting of certain singular fibers of genus two.

Arif Amirov and Masahiro Yamamoto: Unique continuation and an inverse
problem for hyperbolic equations across a general hypersurface.

Takaki Hayashi and Shigeo Kusuoka: Nonsynchronous covariation measurement
for continuous semimartingales.

Oleg Yu. Imanuvilov and Masahiro Yamamoto: Carleman estimates for the
three-dimensional non-stationary Lamé system and the application to an inverse
problem.

Wugqing Ning and Masahiro Yamamoto: An inverse spectral problem for a non-
symmetric differential operator: Uniqueness and reconstruction formula.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX +81-3-5465-7012



