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Abstract. For a hyperbolic equation p(x, t)02u(x,t) = Au(z, t)—f—Z?zl g;(x,t)0ju+
Gni1(z,)0u+r(z,t)uin R* x R with p € Ct and qq, ...., i1, 7 € L™, we consider
the unique continuation and an inverse problem across a non-convex hypersurface
I'. Let ' be a part of the boundary of a domain and let v(x) be the inward unit
normal vector to I' at . Then we prove the unique continuation near a point zg
across I' if Vp(zo,t) - v(xg) < 0. Moreover we establish the conditional stability in
the continuation. Next we prove the conditional stability in the inverse problem of
determining a coefficient r(z) from Cauchy data on I" over a time interval. The key

is a Carleman estimate in level sets of paraboloid shapes.
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4 A. AMIRNOV AND M. YANMANMO1LO

We consider a hyperbolic equation:

(Au)(z,t) = p(z,t)0?u(x, t) — Au(x,t)

— Z qr(z, t)Oku(x,t) — qni1(z, t)Opu(z, t) — r(x, t)u(z, t),
k=1

xeR" teR, (1.1)

where p € CY(R? x Ry),> 0, gj,7 € LY (R? x Ry) for 1 < j < n+ 1. We always
set © = (z1,....,x,) € R, 9y = %, 0? = g—;, 0; = %, 1 < j < n,etc. and
A =37 ,07, By(xo) = {z € R"; |z — x| < p} with 9 € R™ and p > 0.

Let I' C R” be a hypersurface of class C?. For small p > 0 and zg € T, the
hypersurface I' divides the open ball B,(z¢) into D™ and D~. Let v = v(x) be the

unit normal vector to I' at x which is oriented inward to DT and we set % =Vu-v.

In this paper, we discuss

(1) unique continuation

(2) inverse problem

First we consider:

Unique continuation. Let u = u(x,t) satisfy Au = 0 in DT x (=T,T) and
u=29%=0o0nTl x (—7,7). Then can we find a neighbourhood U of zy where
u =07

This is the classical unique continuation, and there are many results. In the case
where the coefficients p, g;, 7, 1 < j < n+1, are analytic, we can apply the Holmgren
theorem or Fritz John’s global Holmgren theorem (e.g., Rauch [28]), so that one can

prove the unique continuation across I', provided that I' is not the characteristics

of the hyperbolic operator P. In the case where the coefficients are not analytic,
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for proving the unique continuation, one can apply Carleman estimates, and the
unique continuation holds if D is convex near I (e.g., Hormander [11], Isakov [18],

[19], Khaidarov [20]).

In particular, in the case where the coefficients are independent of ¢, Robbiano
[29] proved the unique continuation for not necessarily convex DT. Also see Lerner
[27]. The result by Robbiano was generalized by Hérmander [12] and Tataru [30]
where the analyticity of the coefficients in some components of (z, t) is essential. See
Eller, Isakov, Nakamura and Tataru [10] for applications to the Maxwell’s system

and the Lamé system.

The Carleman estimates used in Hormander [12] and Tataru [30], are very diffi-
cult to be applied to inverse problems which we are going to consider in this paper.
On the other hand, even for the analytic coefficient case, the unique continuation
breaks for general domain DT (i.e., in the case where I' is across the characteristics
of P). Moreover, in the case where D% is not convex near I', there are very few
trials by classical Carleman estimates, which are applicable also to the inverse prob-
lems. In the case where I is flat and A is a ultrahyperbolic operator, Amirov [2] -
[4] proved a Carleman estimate to apply it to an inverse problem of determining a
source term by lateral Cauchy data. Isakov [19] established a Carleman estimate
for a hyperbolic operator A and proved a unique continuation result across flat I'.
In Amirov [2] - [4], Isakov [19], we note that the principal coefficient p cannot be
constant. On the other hand, in the case of p = 1, Khaidarov [20] showed a coun-

terexample of the nonuniqueness in the continuation: there exists u € C*°(R" x R)
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and ¢ € C*°(R™ x R) such that
((02u = Au — q(z,t)0u  in R™ x R,

u=0 inz; >0,

(u#0 inz <O0.

Note that ¢ depends on ¢ also. As for other counterexmples, see Alinhac [1],
Kumano-go [25]. If ¢ is t-independent or analytic for some component of (x,t),

then we can know that if

0*u = Au — q(z,t)0u  in R™ x R,
u=0 inxz >0,
then for any = (0, x2, ..., x,), there exist a neighbourhood U of = and ¢y > 0 such
that u=01in U x (—to,to).
In this paper, in contrast with those existing papers, we will discuss a suffi-
cient condition on the principal coefficient p and the boundary I' for the unique

continuation, under that

(1) the coefficients p, ¢;,7, 1 < j < n+ 1, are not analytic in any components
of (x,t).
(2) D is not necessarily convex near T
As is seen by the counterexample by Alinhac [1], Khaidarov [20] and Kumano-go
[25] and by Amirov [2] - [4] and Isakov [19], we cannot expect the unique continua-
tion if p is constant. Furthermore for any I', we cannot have the unique continuation
across I'. For this, we will assume that the normal derivative of p at x¢ € I is neg-

ative. For specifying the condition on I', we introduce

Definition. Let g € I' and k > 0. We say that I" satisfies the outer paraboloid

condition with k at xg if there exist a neighbourhood V of xg and a paraboloid
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P which is tangential to I' at xy and that PNV C D~ and P is congruent to
T =K Z?:z |z;]? (after rotations, translation and symmetric transforms).

Now we are ready to state our first main result.

Theorem 1. Let g € I'\ OI'. In (1.1), let us assume that
p€ CHR" xR;), p>0inR” xRy,

(1.2)
g;,T € Ly (RY xRy), 1<j<n+1,
Ip
— 0) < 0. 1.3
8V(x07 )< ( )
Moreover T' is assumed to satisfy the outer paraboloid condition with
_9p 0
K< 200 (1.4)
A(llpll Loe (B, (z0,0) + 1)
Let w € H*(D* x (=T,T)) satisfy
Au=0 in D" x (-T,T) (1.5)
and
0
u= a—z =0 onl x (~T,7). (1.6)
Then there exist a neighbourhood V of x¢ and Ty € (0,T) such that
u=0 1in (V N D+) X (—Tl,Tl). (17)
Remark 1. Physically, V(x,t) = 8 corresponds to the wave speed, and so

v/ p(x,t)

assumption (1.3) means that %—‘lf(xo, 0) > 0, that is, the wave speed increases near
xo along a transverse direction.

Notice that assumption (1.3) excludes constant principal coefficients, so that our
result is compatible with the counterexamples by [1], [20], [25].

By the definition, we see that a hyperplane I' always satisfies condition (1.4),

because we can take Kk = 0. Therefore Theorem 1 yields
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Corollary. We assume (1.2), (1.3), (1.5), (1.6) and that I" is a hyperplane. Then

the conclusion of Theorem 1 is true.
The corollary corresponds with Isakov’s unique continuation [19].

Remark 2. Asisseen from the proof, we can further specify ¥ and T in conclusion
(1.7).
Thus we can sum up the unique continuation across I' for the equation p(z, t)0?u =

Au + q(z,t)0su as follows:

(1) Let p(z,t) and q(z,t) be t-independent. Then we can prove the unique
continuation across I' which is flat or satisfies some geometric constraint
([12], [29], [30]).

(2) Let p = 1 and q¢(x,t) be t-dependent without any analyticity. Then the
unique continuation across the flat I" is not true in general (e.g., [20], [25]).

(3) Let % < 0and ¢ € LS (R? x R;). Then the unique continuation across I

is true under assumption (1.4).

Furthermore we can prove the conditional stability in the continuation.

Theorem 2. Under the same assumptions as in Theorem 1, let u € H*(DT x

(=T,T)) satisty

Au=f in D" x (=T,T) (1.8)
and
ou
u=g, E—h onT' x (=T,T). (1.9)

Then there exist a neighbourhood V of xg, Ty € (0,T) and constants C > 0,
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6 € (0,1) such that

Hu”Hl((VﬁD+)x(—T1,T1)) < 050(51_0 + ||u||11q_1?D+X(_T’T))). (1'10)

Here we set

& = Il aps sy + 1943 oo gy + Nl sz

+HhHHQ(—T,T;LQ(F)) + “hHL2(_T’T;H%(F))'

Next we will discuss an inverse problem: In (1.1), we assume that the zeroth
order coefficient r = r(x) is t-independent. Then determine r(z) by means of

lateral Cauchy data on I' x (=7, 7).

Inverse Problem. Determine r = r(x) in some neighbourhood of xy € T' by
u|px (—7,1) and %\px(_nﬂ where u satisfies Au =0 in Dt x (=T, T), and u(-,0)
and dyu(-,0) are given suitably in DT,

This kind of inverse problem is related with the unique continuation and the
paper by Bukhgeim and Klibanov [9] is the first work, where a Carleman esti-
mate and an inequality for a Volterra integral operator in ¢ are essential. After
Bukhgeim and Klibanov [9], there are many papers with similar methodology con-
cerning determination of coefficients in hyperbolic or ultrahyperbolic equations by
lateral Cauchy data; Amirov [2] - [4], Bellassoued [6], Bellassoued and Yamamoto
[7], Bukhgeim [8], Imanuvilov and Yamamoto [14], [15], [16], Isakov [19], Khaidarov
[20], [21], Klibanov [22], Klibanov and Timonov [23], Klibanov and Yamamoto [24],
Yamamoto [31]. As for similar inverse problems for a Schrédinger equation and a
parabolic equation, we refer to Baudouin and Puel [5], and Imanuvilov, Isakov and

Yamamoto [13], Imanuvilov and Yamamoto [17], respectively.
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In all the papers treating hyperbolic inverse problems except for Amriov [3], [4],

we have to assume that D™ is convex near I', because the grounding Carleman

estimate requires the convexity of D*. Therefore the uniqueness in the inverse

problem has been not studied for non-convex D+. We will solve this open problem:

the uniqueness and the conditional stability, which are local around z.

Theorem 3. Let zp € I'\ 0T, and let us assume that (1.3) and (1.4) hold, and

let p = p(x) € CH(DT), qj,0iq; € L®(D* x (-T,T)), 1 < j < n+1. Let

ug € H*(DT x (=T,T)), { = 1,2, satisfy

Owuy € H* (DT x (=T, T))NL>=(D" x (-T,T)),

p(a:)@fw(x, t) = Aug(z,t)

+ qr(x, t)Okug(x,t) + qna1(z, t)Oue(z, t) + ro(x)up(x, t),
k=1

ue(z,0) = a(x), Owue(x,0)=0b(z), xe€ D

and

[Orue HLOO(D+ x(=T,T))s e ||H2(D+ x(=T,T))» |Orue HHZ(DJF X (=T,T))s

[rellLoe Dty < M, t=1,2.

We assume that

la(z)| > 0 on D+,

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

Then there exist a neighbourhood V of zy and constants C > 0, 6 € (0,1) which
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are dependent on M, a, b, p, q;, 1 < j <n+ 1, such that

I — 7“2||L2(VmD+)

1
SC{Z (Haf(m ~ )l 43w _ry

k=0
o
o (gt =)
v H2(—~T,T;L*(T))

+]|OF (ug — u2) || 52—, 1502 (1)) + ‘

of (%(ul = uz))

The proofs of our main theorems are based on a Carleman estimate with an

n (1.16)

L2(~T,T;H?2 (F))} '

uncommon choice of a weight function whose derivation is, however, quite conven-
tional. Our grounding Carleman estimate is proved Section 2, where the weight
function is same as in Amirov [2] and different from Isakov’s one in [19], and our
Carleman estimate is suitable for treating non-convex D™ .

This paper is composed of four sections. In Secion 2, we will establish a key
Carleman estimate and in Section 3, we will complete the proofs of Theorems 1

and 2. In Section 4, we will prove Theorem 3.

§2. A key Carleman estimate.
Let I' C R™ be a C?-hypersurface such that 0 = (0,...,0) € T'\ ' and v(0) =

(1,0,...,0). Near 0, we will parametrize I" by

T :7('1"27'"71:11)7 |£I§'2‘2++ ‘.ﬁll‘n|2 < p2‘ (21)
We assume that
—ag = (01p)(0,0) <0 (2.2)
Qg
Kk < (2.3)
A(llpll Lo (B, (0,0)) + 1)
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and
—k Y |z < y(ma,mn) B fasl? < o7 (2.4)
j=2 j=2
Here and henceforth we set
B,(0,0) = {(z,t) € R"; 2> + 2 < p?}, B,(0) = {x € R™; |z| < p}.
Furthermore we set

My = max{||p|lc1(B,0,0)), 1} (2.5)

Let

D™ ={z € B,(0) CR"; x1 < y(x2,...,zpn)}

and

Dt =B,(0)\D-.

First let us choose a > 0 arbitrarily such that oy > «a. Then there exists a

sufficiently small 3 > 0 such that 0 < §y < min{1, p*} and
(01p)(z,t) < —a if |2]? + 2 < dp. (2.6)

This is possible by (2.2).

Next by (2.3), we can choose N > 0 such that

1 o'
— 2.7
"SON S a(My+ 1) (27)
where we set
Mo = |pll L= (B,(0.0))-
For k and N, we will further choose sufficiently small € € (0, 1) such that
K 1 2 € 2kNe
2 —_ —_ — <4 2.8
c maX{l—ZNn’QN} T oNe T T aNe =% (2:8)




UNIQUE CONLTINUALTION AND INVEROSK FRUDLEEIVL 11

and

aN — 2(Mg + My) > 2(M3? + M)

1
9 € 2kNe |~
X < E + +ée+ ;

1—-2Nk 1—-2Nk
N2 >M1{€2

2

I
MaX T T oNk’ 2N

K 1/ n € s 2kNe
P 12Nk 2N 1—2Nk = 1—2Nk |
(2.9)
Here we note that (2.7) implies that 1 — 2Nk > 0 and aN — 2(My + 1) > 0. We

define a weight function by

1 & 1 1
(1) = Ny + 3 ; |z,|% + §t2 +5¢ (2.10)

and

Q.= {(:B,t) ER™ 2y > =k > al?, )yl < do, ¥l t) < u} (2.11)

j=2 =2
with § < p.
We note that

b(a,t) > g it > kY |z (2.12)
=2

In fact, by 1 > —k Y7, |2;]%, we have

n n n
1 € 1 1 €
2 2 2 2 _
—NHJZ_;I%I +§;\wg~| +§§Nx1+§;|xj| 5124 S = ()

By (2.7), we obtain

E _€ 1 "
- < - ——N 1% < .
5 <5+ <2 n) ;;;\xg\ < (1)

In particular, we see by (2.12) that

Qu#0 if,u>§.

Then we show our key Carleman estimate:
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Lemma 1. Let ‘|Qj’|L°°(Bp(0,0))7 HTHL“’(BP(O,O)) < M2 for 1 < ] <n-+1. Under the
above assumptions, there exist constants C' = C(p,e, My) > 0, n = n(p,e, M3) > 0

and sg = so(p,e, My) > 0 such that

/ (5|Vul? + 5|0wu|? + s3u?) exp (251~ ") dxdt

Q-

<C / | Auf? exp(2s1 ") dwdt (2.13)
Qe
for all u € HZ(Q.) and s > sg.

Remark 3. In our Carleman estimate (2.13), choice (2.10) of the weight function
is a key and was established in Amirov [2]. In fact, ¢ is same as in a Carleman esti-
mate for a parabolic operator (p.73 in Lavrent’ev, Romanov and Shishat-skii[26]),
which is not conventional for the hyperbolic operator. For example, for the unique

continuation across flat I', Isakov [19] uses the weight function

n
exp(2s exp[n(—2(z1 — B1)* — Z |z;]* — 0%t + 32)))
j=2
where 31 > 0, B2, 6 > 0 are constants. His weight function is isotropic with respect

to t and all the components x1, ..., x,. With our choice, we can prove the unique

continuation whose character has a similarity to the parabolic case.

Proof of Lemma 1. Let us set

t=ont1, (=(CCnt1), €= (& &nt1),
¢ =(CyenCn)s & =(&,&n)y V=(01,..,0n), Vagt=(01,.c.0n,0),
A = p(a, )07 — A, Alw,t,¢) = p(z,8)¢hyy — zn:sz-
k=1
Then it is sufficient to prove

/ (5| Vul?® + s|0pu|? + s*u?) exp(2s9~")dxdt

€

<C | Agu|? exp (251 ™) dxdt (2.14)
Qe
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for all u € C§°(Q.) and for all sufficiently large s > 0.
In fact, since

|Aul? < |Agul* + C(Jul* + [Vul* + |0yul?)

in Q. by (1.2), estimate (2.14) implies conclusion (2.13) for all u € C§°(Q.) by
taking s sufficiently large. Since C§°(Q.) is dense in H?(Q.), a usual density
argument completes the proof.

In order to prove (2.14), we can apply a general result by Hormander [11], Isakov
[18], [19], which gives a sufficient condition on )" and Ay in order that a Carleman
estimate holds true. Here we use the version by Isakov (e.g., Theorem 3.2.1 in [19]).

We set

By [19], we have to verify: If
Az, t,0) =0, (=E+isVarp, C#0,&€R™ (1) € Qo (2.15)
then

e JADA 1 _[R 9A __
k=1 3Ok 5\ o G

By J1 and J5, we denote the first and the second terms at the right hand side of
(2.16) respectively. First we have

(9= -0y~

00k = 1(n + 1)(0;) (Opp)yp ™"~

X (2.17)
—n(0;0k)Y ™", 1< k<n+1,

([ (=E&—ismy ™" IV, .
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Therefore (2.15) is equivalent to

P(&nyr = s P71 (0n119)?) = €7 = PP T2V (2.18)

and
Pent10n1Y = (£ V). (2.19)
Then, by (2.17), we have
M@t = S i+ Do) @224 A
1\4Ly b, _j’k:17777 J k 8<]8<k
_”f Ny L 0A DA
Lo T d¢; G
i
2
n+1 n+1 614
= n—2 _ -n—1
=n(n+ 1)y~ z_: % jz_:zm/ﬂ ac;
=Ji1 + Jio.

Here, by (2.17) and (2.19), we have
n+1

> @) on

j=1 64’]

=(2p(On1¥)&nt1 — 2(Vp - &) + 2isnp ™" (VY| — plOns19]?)

=2isn """ (IVY[? = plOns1t|?),
so that
Ji(z,t,¢) = 45 (n + D14 (|VY|* = p|0ns19]*)*.

Similarly we can calculate to obtain

Jia(,t,¢) = —dnyp™"™1 (Z €512 +p2§n+12) —4sPnpypo3 (Z [Tl +p23n+1¢2)
=2

j=2

> — A T HE P 4 pP &g P) — 4P 0 T3 (VP + 9P 0n 1 v]?).
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Therefore, by (2.18) we obtain

Ji(2,t,0) > =4y~ (€ + P |€nsa]?)
2
HASTY TS (4 1) | NP Y = pt? | = [ NP Yl o p
j=2 j=2
=—dny " Yp+ 1)p&2,,

2
+482n3¢_3”_4{(n +1) (N NI pt2)

—1) (2N2 +2 Z lz;* + (p* — p)t2) } (2.20)

Next we will calculate J5. For 1 < k < n, we have

A _
(8kA)§—Ck = (Okp)Ch 11 (—2)Ck

= — 20 {(&ng1 — $* P27 2100 110 %) — 20y ™" (Ont1¥)Ensa }
x{&k 4 ismp ™" (Op)}

and

(2

=25~ "N (0kp){2(0n110)ns18k — (D) (&2 11 — $* NP 2772|0p410]) )

Moreover we have

0A
8Cn—i—l

=2p(Op){(&2 11 — $*P 272|011 ¥0?) — 2ismp ™1 (O 1) Eng }

(0:A)

}{&ni1 + isn T (On410)}

and
N gA
s(@g)
=2p(8ep)smp ™" H (O 19) (€2 g — S* P21 2100410]%) — 2(On41¥0)E 1 )
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Therefore we obtain

Jo(z,t,¢) = 2" —{(Vp - V) + p(Orp) (On+19) Y211 + 2(Vp - &) (Ons19)En+1]

+25° YT 210 1 PH{(V - Vi) — p(0ip) 019} (2.21)

On the other hand, let (x,t) € Q.. Then

- 1 1 € €
_ 2o 2 2y & & 2.22
”;'xﬂ—ml 2N§‘xf| oN' v e ()
so that
1-2Nk~, o, €
7j=2
that is,
P<—° 2.23
7j=2
By (2.22), we have
EK €
< —_— . 2.24
‘xl‘_max{l—QNm’QN} (2.24)

Moreover, by (2.22) and (2.23), we obtain

eN 1, 1o ~=, o €
kY 4242 Ny 4 =t 12 s
"1 oNm 3 71t g +§‘%' 9’

that is,

2kNe

2 <oy 2HE
1 ok

(2.25)

Therefore, in terms of (2.8), we have

2 € 2kN¢e

2 2 2
£ < _° _arlve
[o]" +1" <€ T oNk TS 1T oNs

K 1
M T 22Nk 2N

=po(e) < do. (2.26)
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Hence, by (2.18) and the Schwarz inequality, we obtain

—{(Vp - V) + p(8ip) (On19) }eh 11 + 2(VD - €) (On+19)En 41
> — {(Vp- V) + p(0p) (On+19) Y 1 — [VD|[On419](|€'1* + |€ngr[?)
=—{(Vp-V¥) + p(0:p) (Ont1%) + |VD|[On+19](p + 1)}5721+1

~|Vpl0n 19 |s* P2 ( VY = plOns1y ).

Therefore, in terms of (2.26), inequality (2.21) yields

Jo(x,t,¢) = =2mp~ " H{(Vp - V) + p(0up) (On41¢) + VDl |01 (p+ 1)}y
+25*0* 1 H{(Vp - V) — p(8ep)0ng19) (Ong1¥)? — |V pl[On1tb| (VY ]? — plOns1p|?)}

> — 29T H{N(Op) + 2(M7 + M)\ 1o(e) Y2y — 28 n° 3173 x O(N, My, &).
(2.27)

Here and henceforth C (N, M, dp) > 0 denotes generic constants which are inde-

pendent of n > 0 and s > 0. Similarly, by (2.26), we have

(p + 1)5721+1 < (MO + 1)5721+1

and

2
(n+1) <N2 + ) gl th) - (2N2 +2) |z)* + (0 p)t2) ¥

Jj=2 J=2

2(7] + 1)(N2 - M11u0<6))2 - C(N7 Mla 60)7
so that (2.20) implies

Ji ((L’, t, C) > 452n3¢_3n_4{77(N2 - MLUO(E))2 - C(N7 M17 50)}

—dnp™ "N (Mg + Mo)& - (2.28)
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Estimates (2.27) and (2.28) yield

J(x,t,¢) > 209" R (=N (91p) — 2(M§ + Mo) — 2(M7 + M1)+/ po(e))

+45* 3173 {n(N? — Mipo(e))? — (1 +)C(N, My, 60) } -
By the first inequality in (2.9) and (2.6), we have

— N(O1p) — 2(M§ + Mo) — 2(M7 + M1)~/po(e)
>aN — 2(MZ + My) — 2(ME + M)/ po(e) = i (N, My, 6o, €) > 0.

Moreover, by the second inequality in (2.9), we choose n > 0 sufficiently large, so
that

n(N? — Mipo(e))* — (1 +¢)O(N, My, 60) = pz(N, My, dg, ) > 0.
Hence we obtain
J(@,t,¢) > 2mp™ "2 (N, My, 8, €) + 48> n* 172 o (N, My, 5, €)
for (z,t) € Q. if (2.15) holds. Thus the proof of Lemma 1 is complete.

§3. Proof of Theorem 2.

It is sufficient to prove Theorem 2 because Theorem 1 follows directly from Theorem
2. On the basis of Lemma 1, a Carleman estimate, we introduce a cut-off function
and apply a usual argument (e.g., Chapter VII in Hérmander [11], Chapter 3 in
Isakov [19]).

Since A is invariant with respect to rotations, translation and symmetric trans-
forms of the coordinate system, without loss of generality, we may assume that
xo =0=(0,...,0), v(zg) = (1,0, ...,0) and that I' is given by (2.1) near 0. There-
fore for k > 0 satisfying (1.4), we choose dy, N, € such that (2.6) - (2.9) hold. Let

1 be defined by (2.10) and let us set ¢ = ¢~" for sufficiently large n > 0.
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First we will determine the boundary of Q.. By (2.10) and (2.11), for 0 < p < ¢,

we have
0Q, = {@,t) € R" 2y = (29, ...y Zm\? < 8o, Y(z,t) < }
U{(az,t) e R 1 > v(2g, ..., Ty), Z 1z;|* < S0, ¥(z,t) = u}
j=2
U{(wnﬁ) e R" M 21 > (2o, ..., 1,), z”: |2 ? = g, Y(z,t) < u}
j=2

=0Q;, U 0Q>, U 0Q>,. (3.1)

We can prove that

8@3 = 0.

In fact, since #1 > —r D1, |;]* and 377, |2;]* < do by (2.23), we have

2Nk P+ ) |wiP + 2 <2Nay+ Y |zP 47 = 2(x,t) —e <2p—e <e,

=2 =2 j=2
that is, (1 — 2Nk)dp +¢* < & by 1 — 2Nk > 0. Moreover (2.8) implies =55~ < do,
so that e + t? < ¢, which is impossible.
Moreover
0Ql cQL,  j=12
and it follows from (2.25) that (z,t) € Q. implies
1
1] < ( i %) _— (3.2)

so that

GQ}L CA{z; 1 =v(xo, oy xn)} x {|t| < to},

8@3 C{x; Y(x,t)=p} for0<p<e. (3.3)
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Now we will proceed to the proof of Theorem 2. By the extension theorem, there

exists F' € H*(DT x (=T, T)) such that

( F
F =g, g—yzh onI'x (=T,T),

IF o ey < C(Hg||2 3 By (34)

H2(I'x(=T,T))

\ +||hH%[2(—T,T;L2(F)) + “hHiz(—T,T;H%(F))) =P

Set u — F' = v, and we have

Av = f - AF in DT x (=T,7),

3.5)
ov (
0—5—0 onI'x (=T,T).

Let us fix 0 < g9 < g arbitrarily and let us introduce a cut-off function x =

x(z,t) € C§°(R™*1) such that 0 < y <1 and

1, 1/1(5(3,t) S g — 280,

x(@,1) = { 0, e —¢eo <Yz, t) <e. (36)

We set

w = V.

Then, by the choice of ¢, N, k, noting (3.2) - (3.4), we see that
w e H(Q.).
By (3.5), we have

Aw = 2p(8,p)(9,x) + pv(92X)
n+1
—2Vv - Vyx —vAy — Z(Qjan)U + X(f - AF) in Q..

j=1
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Henceforth C' > 0 denotes generic constants which are independent of s > 0.

Therefore we can apply Lemma 1 to Aw, so that

/ (s3|w]? + s|Vw|* + s|0sw|?)e* P dxdt

2
n+1

<C | |2p(8:p)(Dex) + pv(97X) — 2V - Vx —vAX — Y (q;0;x)v| €**?dadt
Q- j=1

+C |f — AF|?e**?dxdt.
Qe

By (3.6), the first integral at the right hand side is not zero only if ¢ — 2¢¢ <

Y(z,t) < e —ep, that is, Y(x,t) ™7 < (e — 2¢9)~". Hence (3.4) yields

/ (s3|w]? + s|Vw|? + s|0yw|?)e**? dxdt

€

<Ollull(q.) exp(2s(e — 2¢0) ") + Ce**“ (|| fl|72(q.) + D)
for all large s > 0. Since

/ (83 |w|? + s|Vw|* + s|0sw|?)e**Pdxdt

1>

2/ (s3|v]? + 8| Vv|? + 5|0 |?)e** P dxdt
Q

e—3eq

26Xp(28(8—350)_’7)/ (P[0 + 5|Vo|? + 5|00 [?)dad,

e—3eq

by means of (3.6), we obtain

exp(2s(e — 3egg)™") / (s3v]? + s|Vv|* + s]0pv|?)dxdt
Q67360

<CllullF(q.) exp(2s(e — 260)™") + Ce** (| f72(p+ x (—,1y) + D)
that is, there exists a constant sy > 0 such that

Hv’|§{1(QE—3EO) S CHU||§{1(QE)€_SHB + 06250D1 (37)
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for all s > sg. Here we set ug = 2((e — 3g9)™"7 — (¢ — 2¢9)™") > 0 and Dy =
D+ ||f||%2(D+><(_T,T))'

In (3.7), setting s + sg by s, we replace C' by C’ = Ce?*°¢, so that we see that

(3.7) holds for all s > 0. If D; =0 in (3.7), then u = v and

—su3

HUH?Hl(Qs_g,EO) < CHU”%N(QS)@
for all s > 0, so that letting s — oo, we have u = 0in Q._3.,. Therefore conclusion
(1.10) holds. Next let D; > 0. If HuH%{l(Qs) < Dy, then conclusion (1.10) is obtained
already.

If HuH%ﬂ(QE) > D, then we can set

1 ||U||§{1(Q )
s = 0 = > 0.
20+/L3 & Dl

Then (3.7) yields

4C

n3
101 31(@._aey) < 20D lull il

By definition (2.11) of Q._3, and € —3g¢ > %e, we see that QQ-_s., is a non-empty

open set. Hence (1.10) follows. Thus the proof of Theorem 2 is complete.

84. Proof of Theorem 3.
We follow the argument by Imanuvilov and Yamamoto [14], [15], and the new
ingredient is our Carleman estimate Lemma 1. Let us set
U=1u; —uU, d=1r1—"o.
Then
(Au)(z,t) = p(x)0u(x, t) — Au(x,t)
— z”: qr(z, t)Oku(x,t) — gt (z, t)Opu(z, t) — ri(x)u(z, t) = d(z)us(x, t)

k=1
in Dt x (T, T), (4.1)
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u(r,0) = dpu(x,0) =0, x€ D (4.2)

and

u(z,t) = (ug —u2)(z,t) = g(z,t),

%(w,t} = %(ul —ug)(x,t) = h(z,t), (x,t)el x (=T,T). (4.3)

Here, by the smoothness of u; — uz, we note that OFu = 8{“2—5 =0,k=0,1on
' x {t =0}.

Similarly to (3.4), we can choose F € H*(D" x (=T,T)) N H3(-T,T; L*(D™))

such that
F=gy, 8—F:h onI'x (=T,T), (4.4)
ov
1 1
kz ||8£€FH§{2(D+><(—T,T)) < C(}{Z(Hafg“i{g(rx(_ﬂﬂ) + Hafg”flﬁ(—T,T;L%F))
=0 =0
k712 k|2 _
O bl 22— rs2(ryy + 110; hHL2(—T,T;H%(r)))> = CD;. (4.5)
Set
v=u—F
Then we have
Av = d(x)ug(z,t) — AF in DT x (=T,T) (4.6)
v(z,0) = —F(x,0), 0Ow(x,0)=—(0F)(x,0), r€ DT (4.7)
and
v= % =0 onl x (~T,7). (4.8)

Similarly to Section 3, we can assume that zo = (0,...,0), v(zg) = (1,0,...,0)
and that I' is given by (2.1) near 0. For x > 0 satisfying (1.4), we can choose

do, N, € such that (2.6) - (2.9) hold. We note (3.3).
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For fixed ¢ € (O, %), we choose the cut-off function x defined by (3.6). We set

t= Tn+41, at - 6n—|—l7

p(x,t) = ¥z, )" (4.9)

with n > 0 given in Lemma 1, and

z = (Opw)e*¥fx in Q.. (4.10)

Then, by (3.3) and (3.6), we see that

z € H2(Q.). (4.11)
Moreover, by (4.6), we can verify
n+1
Az = d(Opug)e®Px — 0y (AF)e* x + Z(@tqj)(ajv)ewx
j=1

+5{=2Vp - Vz + 2p(0,0)(812) + (Ap + r10)z} — 5° (plOsep|* — [Vp|?) 2
+2e*?{p(07v)(Orx) — (V(O) - VX)} + (0p0)e*? (Ax +r1X) in Q..
(4.12)
In fact,

0y = (210;0)¢x + (910)s(0;9)e™ X + (90)e™?D) X, (4.13)

that is,

(0r0;v)e*x = 0jz — (Ov)s(0jp)e’Px — (Opv)e™¥0;x, 1<j<n+1. (4.14)
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Therefore, by (4.13) and (4.14), we have

972 = (0,07v)e"?x + 2(010;v)s(9;0) e x + 2(0,0;v) €7 0; x
12(00)3(00)e" Oy + (Br0)s(@20)e x + (B)s |5l x + (Buw)e P
=(0:0;v)e*?x + 25(9;9){0;2 — (0v)s(9;0)e™ X — (Opv)e*?D;x}
+2(0:0;v)e™?0;x + 2(0v)3(0;0)e*? yx + (Opv)5(05p)e x
+(0p0) 5?0507 x + (Opv)e*$ 07 x
=(0,07v)e**x + 25(0;9)0;2 + ((05 ) — 5°|0;0]*) (Bpv)e* x
+2(B0;0)e 0y + (B)e* 0Py, 1<j<n+l.

Therefore direct substitution yields (4.12).

Moreover we set

w = (Op)x.

Then, setting s = 0 in (4.12), we have

n+1

Aw = d(Qzus)x — O(AF)x + Z(atQj)(ajU)X
+2{p(07v)(9ex) — (V(8w) - VX)} + (Ov)(Ax + r1X) in Q.
(4.15)
and
w e HE(Q.). (4.16)

Consequently we apply Lemma 1 to w:

/ (sPw? + s|Vw|? + s|0yw|?)e**?dxdt

n+1
SC’/ (|d(dsuz)x|? + |0:(AF)x|*)e**?dxdt + C’Z/ (0rq;)(9;v)x|*e** P dxdt
j—]_ Qs

€

e Q 12{p(97v)(9ex) — (V(O) - VX)} + (0) (Ax + r1x) [P e** P ddt
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for all large s > 0.
Henceforth C, C; denote generic positive costants which depend on p, g;, 1 <
j<n+1,ry, My, N, n, p, €, €9, but independent of s.
The third term at the right hand side contains derivatives of y as factors, and
so it is not zero only if ¢ < (¢ — 2¢¢)~" by means of (3.6). Therefore, noting for
the second integral that 0;(vx) = (9;v)x +v0;x, 1 < j <mn+1, in terms of (1.14),

we obtain

/ (s3w? + s|Vw|? + 5|0pw|?)e**? dxdt

1>

< / (d(Bytz)x €25 dadt + C1e 2 |0, (AF)| 22,

g

c / (V) + 1802 + lox )€ dudt
Qe

+C1 exp(2s(e — 2g9) ") (4.17)

for all large s > 0.

On the other hand, setting y = vy € H3(Q.), we have
Ay = duzx — (AF)x + 2p(04v)(0rx) — 2Vv - Vx + v(Ax + m1x)  in Q..
Therefore, similarly to (4.17), Lemma 1 yields

/ (83 [ox |2 + 8|V (0x)[2 + [0 () |2) €2 davdt

Q-

<Ci /Q |dx|?e?*% dxdt + ClecstAFH%z(Qe) + Crexp(2s(e — 2e9)™ ") s

for all large s > 0. Substitution of (4.18) into (4.17) yields

/ (s3w? + s|Vw|? + s|0yw|?)e**?dxdt
<Ci / |dx |2 e**? dxdt + C’leCQSHAFH%Il(_TmLz(Dﬂ) + Cy exp(2s(e — 2g9) ")
i (4.19)
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for all large s > 0.

Noting s3w?e?*? = 5322 and
s|0;2* = s|0jw + s(0;0)w|*e*¥ < C(s|V, w|?e*? + sPw?e??),
we see from (4.19) that

/ (5322 + 5|V2|* + 5]0;2|*)dxdt

1>

<Ci / |dx|?e**? dxdt + C’leCQSHAFH%Il(_TmLz(Dﬂ) + Cy exp(2s(e — 250)(_77) |
4.20

for all large s > 0.

Set Q- = {(z,t) € Q.; t < 0}. Multiply (4.12) by 0,2z and integrate over Q- :

/ (Az)(0z)dxdt = {d(Opusz)e®*Px 0z — O (AF)e*Px Oz }dxdt
Qe Qe
n+1
+/ (0r2) Z(@tqj)(ajv)es‘pxdxdt
Qe j=1

s{=2V - Vz+ 2p(0;p)(0:z) + (Ap + r1¢)z}

).

—s*(plowp|® — |Vel?)z

€

O zdxdt

+/ ) [2e*2{p(9}v)(Drx) — (V(O) - VX)} + (Op0)e*? (Ax + r1X)] Opzdadt.

1>

By I; and I; we denote the left and the right hand sides respectively. Then, by

integration by parts, 2 € H3(Q.) and the Schwarz inequality, we have

1 1
L2 0uplon?)dwdt + —/ 0|V 2|?)dadlt
2 Jo: 2 Jo:

—Cs / 7(|Vz|2 +10¢2|* + |2|*)dxdt

1

:—/ (p(2)[(902) (2, 0)2 + |V 2(z, 0)|2) davdt
2 Q:N{t=0}

_Cy / (VA 41021 + |22 dadt.

1>
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Furthermore by (1.15), (4.5) - (4.7) and (4.10), we obtain

102)(2,0)] = |@0)(@,0) 2E2 (20) 1 (820) (2, 00O (2, 0)

ot
>[p(z) 'O d(x)a(z)x (@, 0) — eV x(x, 0)(97 F) (x, 0)|

—|(0eF) (2, 0)[|5(Dsp) (,0)x (,0) + (Dex) (, 0)[e#(*0)
>Cyld(2)][e*?@ O (2, 0)| — Cse“s*Ds,.
We can estimate |Vz(x,0)|? similarly, so that
I >Cs / (@) [2x (z, 0) 262590 4y — CresCo,
Q:N{t=0}

—Cg/ (|V2]? + 10¢2)* + |2|*)dxdt

g

ZC'?/ d(2)|?|x(, 0) 220 dadt — C’7/ |dx|*e**? dxdt
Q-N{t=0} Q

(e)
—0763081)2 — 07 eXp(28<€ — 250)—77)

(4.21)

by (4.20). Moreover, arguing similarly to the estimate of the last term at the right

hand side of (4.17), by the Schwarz inequality, we obtain

I, < C’g/ |d]262s“’x2da:dt+09/ |0:(AF)|?e**¢x2dxdt

€ €

—I—C’g/ (832 + 5|V 2|? + 5]0;2|?)dadt

o
Q

Applying (4.5), (4.18) and (4.20), we have

n+1

€

I, < C’g/ |d]262s“’x2da:dt + CgeC10%Dy + Cy exp(2s(e — 2g9)™ ")

€

for all large s > 0. Hence (4.21) and (4.22) yield

[ @R 0P ds < Cy [ JdPe s
Qsﬂ{t:O}

€

+Cge*“10Dy + Cy exp(2s(e — 2g0) ")

Z 10,v)% + [v]? | x?e**¥?dxdt + Cq exp(2s(e — 2e9)™").
j=1

(4.22)
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for all large s > 0. Replacing the integral at the left hand side over Q. N {t = 0}

by the one over Q._3., N {t = 0}, in terms of (3.6), we have

/ |d(z)]?e25° @0 dg: < Cy (/ |d|*e**? dxdt —|—/ \d|2628‘px2dxdt>
Q€—350 m{tZO} QE—3EO QE\QE—3EO
—l—CgGsclODg + Cy exp(2$(5 — 28())_77)
<Cy / |d|?e**?dxdt + Cy exp(2s(e — 3g0)~")
Q€—350
+Cye*C10Dy + Cy exp(2s(e — 2e0) ") (4.23)

for all large s > 0. Since Q-—3:, C (Qe—3:, N{t =0}) x (=T, T), we have

/ |d|?e?5% dadt

Q67360

T
< / |d[2e2ee@0) / 25 @D =0@0) gt | g,
Q5,350ﬁ{t:0} T

Here the mean value theorem implies

gO(:L',t) - 90(:["70) = ¢(x7t)_n - ?/)(1'70)_77

A (e 0) = (e 0) = A (5]

where A is a number such that ¢(z,0) < A < ¢(z,t). Here ¢(z,t) < e + Nl|z1| +
L (X5, [l + ) and
- 1< 1 E _ €
2 2 2
U(w,t) = —’fNj§:2 =517 + 5]'2:2 ;] + S ts235

for (x,t) € Q.. Therefore we apply (2.26) and can take constants Cj; > 0 and

CY, > 0 such that C7; < (x,t) < Cf, for (z,t) € Q.. Therefore

1 1
o(z,t) — o(z,0) < —5771/}($:t)_77_1t2 < —5011t2-
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Hence

T T 2 C
/ e2s(e(@:t)—e(2,0) gy < / e~ Cust” gy _ “12
-T T \/g

Substituting this inequality into (4.23), we obtain

C
<1 _ ﬁ) / () 262520 gy
\/g Q€_3goﬂ{t:0}

<Cyexp(2s(e — 3¢) ") + Coe” 10Dy

Again replacing the integral over Q._s., N {t = 0} at the left hand side by the one
over Q. _4.,N{t = 0}, noting that e?*?(@9) > exp(2s(e—4ep)™") in Q._4c,N{t = 0},

and 1 — “ > % for sufficiently large s > 0, we obtain

/s
/ d()Pdx
Qe 1cgN{t=0}

<Chq exp[—2s{(e — 4e0) ™" — (e — 3e0) "} + Cr4°71°Dy

for all large s > 0. Therefore we argue similarly to the derivation of (1.10) from
(3.7) in the proof of Theorem 2.

We note that (z,0) € Q.—_4-, implies that

- 1 — e — 8¢
=) o <o <=5 DIl +
j=2 j=2

By 0 <eg < g and k < ﬁ, in terms of definition (2.11) of Q._4.,, we see that
there exists a non-empty neighbourhood V of 0 such that Q._4., N {t = 0} D V.

Thus the proof of Theorem 3 is complete.
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